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INTRODUCTION. 


Numerous important branches of mathematics and physics concern them- 
selves with the asymptotic behavior of functions for very large or very 
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2 N. WIENER. 


small values of their arguments, or of certain parameters. Statistical 
mechanics is that branch of mechanics which concerns itself, not with an 
individual dynamical system of a finite number of degrees of freedom, but 
with the asymptotic behavior of dynamical systems as the number of 
degrees of freedom increases without limit. The analytical theory of 
numbers is likewise concerned with the behavior of assemblages of whole 
numbers as the size of these assemblages increases. To this domain of 
ideas belong asymptotic series in analysis, and a whole order of concepts 
clustering about the operational calculus of Heaviside and the Fourier 
series and integrals. 

The Fourier integral is of peculiar interest in the study of asymptotic 
problems. If f(x) is a function of Lebesgue class Zz, by a theorem of 
Plancherel,' there is related to it another function g(u), also of Z., defined 
by the equation 


1 ” 

. 1 ( a |, i. i | ux dx 
(0.01) g(u) = 1.i,m we | F@e x 
(where 1. i. m. stands for “limit in the mean’’), such that 
(0.02) LE loa au = J" Fe)? de, 
and 

, , “ 
(0.03) S@) = 1 i. m. rag f IM eur dy, 


The functions f(x) and g(w) have the reciprocal relation, that asymptotic 
properties of each correspond to local properties of the other. They are 
known as Fourier transforms of one another. It is easy to see that 
S(a+4) and g(u)e are likewise Fourier transforms of one another. 

There is a large class of asymptotic problems in which the asymptotic 
property to be investigated is connected in some obvious and simple way 
with the entire class of functions f(z+4). Since the Fourier transforms 
of the functions of this class only differ by factors e~*“, independent of 
the particular function f(~), Fourier transformation is here a peculiarly 
useful tool. An example of such a problem is the investigation of the 
asymptotic behavior of the integral 


(0.04) fi em se +ayaa, 


Many problems which on first investigation do not appear to be con- 
cerned with integrals of the above sort may be put into such a form by 
an elementary transformation of variables. For example, if we put 





1 Cf. Plancherel (1), Titchmarsh (3), Mellin (1), Wiener (7). Cf. Bibliography on p. 94. 
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(0.05) « = log&, 4 = logu, f(x) = 9(§), wk) = Q), 
the integral in question assumes the form 


(0.06) fe) 9) an. 


Thus the study of the asymptotic properties of this integral also fall under 
those accessible through Fourier developments. 

In 1925 a paper by Robert Schmidt? appeared in which the class of 
theorems known as Tauberian was brought into relation with the asymptotic 
properties of integrals of this type. Tauberian theorems gain their name 
from a theorem published by A. Tauber*® in 1897, to the effect that if 


(0.07) _Jim | oo > ina? = A, 
and 
(0.08) an = o(1/n), 
then 
o2) 
(0.09) > dn = A. 


9 


This is a conditioned converse of Abel’s theorem, which stated that (0.07) 
follows trom (0.09), without the mediation of any hypothesis such as (0.08). 
Such conditioned inverses of Abel’s theorem, and of other analogous the- 
orems which assert that the convergence of a series implies its summability 
by a certain method to the same sum, have been especially studied by 
G. H. Hardy and J. E. Littlewood, and have been termed by them T'auberian. 

It is the service of Hardy and Littlewood‘ to have replaced hypothesis 
(0.08) by hypotheses of the form 


(0.10) a, = O (-), 
or even of the form 
(0.11) Nan > — K. 


The importance of these generalizations is scarcely to be exaggerated. 
They far exceed in significance Tauber’s original theorem. The work of 
Hardy and Littlewood, unlike that of Tauber, makes very appreciable 
demands on analytical technique, and is capable, among other things, of 
supplying the gaps in Poisson’s imperfect discussion of the convergence 





2 Schmidt (2). 
3 Tauber (1). 
‘Hardy (2), Littlewood (1), Hardy and Littlewood (4), (10), (13), (18) ete. 
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4 N. WIENER. 


of the Fourier series. For these reasons, I feel that it would be far more 
appropriate to term these theorems Hardy-Littlewood theorems, were it 
not that usage has sanctioned the other appelation. 

As we said, Tauberian theorems reduce to theorems on the conditioned 
equivalence of the asymptotic values of certain averages. The auxiliary 
conditions of Hardy and Littlewood, together with certain more extended 
conditions given by Schmidt® and discussed by Vijayaraghayan® and Szasz,’ 
become restrictions on the magnitude of the function or mass distribution 
of which the average is to be taken. An even further reduction eliminates 
this function from all consideration, and finds the essence of the Tauberian 
theorem in the linear properties of the weighting functions used in deter- 
mining the average in question. The linear properties which are of 
importance concern the closure of the set of functions derivable from a 
given weighting function by translation, and the first chapter of this 
monograph is devoted to the study of such closure properties. The second 
chapter is occupied with the formulation and proof of the fundamental 
Tauberian theorems concerning averages, and the third with the trans- 
formation of these theorems into a recognized Tauberian form. 

Some of the most interesting applications of Tauberian theorems have 
been in the analytic theory of numbers. Here two different avenues of 
approach are possible. Hardy and Littlewood® have shown that the prime 
number theorem, to the effect that the number of primes less than n is 
asymptotically n/log n, is entirely equivalent to the Tauberian theorem 
concerning Lambert series, that if 





SN An x” 
1 li a 4 
(0 2) ou 0 1—2" 
and 
(0.11) N in > —K, 
then 
(0.09) > an = A. 
0 


This theorem falls under the category of theorems demonstrable by the 
methods of the present paper, and involves no further information concerning 
the Riemann zeta function ¢(o-++77) than that this must be free of zeros 
on the line o = 1. This theorem was already contained in the author’s 
first note on his method, dated 1928, and establishes the usefulness of 
Lambert series in the proof of the prime number theorem, which had 

* Schmidt (1) and (2). . 

6 Vijayaraghavan (1) and (2). 

7Szasz (1) and (2). 
SHardy and Littlewood (11). 
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frequently been questioned’. The proof was however needlessly complicated 
by the fact that after a good deal of labor was spent in transforming the 
author’s average theorem into recognizable Tauberian form, this form did 
not appear to be especially direct in its relation to the prime number 
theorem. The present memoir gives a much more direct proof, starting 
from a theorem of the average type. 

The other approach to the prime number theorem employs a theorem 
of S. Ikehara’®, which is itself a generalization of a theorem of Landau. 
Landau"? showed that if >’a,n-” is a Dirichlet series with positive 
coefficients, representing a function w(x) analytic on and to the right of 
R(x) — 1, except for a pole of order 1 at x = 1, for which the residue 
is A, and if the function in question is O(\x|*) for R(x) > 1, then 


(0.13) i + Pa = 4. 
0 


n—->oo 
Ikehara proved by a Tauberian theorem that the condition that w(x) = O(|a|*) 
is inessential. By applying the theorem to w(x) = —{’(x)/f(a) it is at 
once seen that the prime number theorem again follows from the fact that 
the Riemann zeta function has no zeros on the line R(x) — 1. 

Chapter V is devoted to miscellaneous applications of Tauberian theorems. 
Among these perhaps the most important are to trigonometric developments 
and their summability. Here a theorem of Ramanujan’ on Fourier trans- 
forms is of service. A particular application of Tauberian theorems to 
the criterion of Young’® for the convergence of a Fourier series is due 
to Dr. Littauer™*, and is here discussed. We also take up the application 
of Tauberian theorems to asymptotic series and Wintner’s”® work. 

There is a further field of application for Tauberian theorems where we 
need to introduce something like Robert Schmidt’s’® notion of “gestrahlte 
Matrizen”. This we discuss in Chapter VI. In this category we find 
certain theorems of Hardy and Littlewood'’ related to Abel summation, as 
also the Tauberian theorems that concern themselves with Borel summation”™. 


9 Wiener (4). 

10 Tkehara (1). 

1! Landau (3). 

12 Hardy and Littlewood (8). 

3 Young (1). 

4 Littauer (2). 

‘5 Wintner (1). 

16 Schmidt (2). 

17 Cf. Hardy and Littlewood (10), (13), (18); Karamata (1), (2), (3), (4); Szasz (1), (2); 
Doetsch (3); etc. 

18 Cf. Hardy and Littlewood (2), (3); Doetsch (4); Schmidt (1); Vijayaraghavan (1); 
Wiener (4). 
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In Chapter VII, we discuss certain theorems not strictly of a Tauberian 
nature, in that they involve no positiveness or boundedness condition. We 
here follow an earlier paper’? in which the author proved the Hardy- 
Littlewood necessary and sufficient condition for the summability of a Fourier 
series. There our result was not a “best possible” one, as the work 
of Bosanquet®® and Paley has demonstrated. At present, our method has 
succeeded in yielding their strict theorem. 

Chapter VIII is devoted to the development of certain Tauberian theorems 
intimately connected with our generalized harmonic analysis*’. These suggest 
certain new definitions of summability, and we discuss definitions of this sort. 

The genesis of the present paper may deserve a word of comment. In 
the preparation of a previous investigation on generalized harmonic analysis, 
the author found himself obliged to make use of certain theorems communicated 
to him by Mr. A. E. Ingham and of a Tauberian nature. A correspondence 
arose with Professor Hardy, finally resulting in a number of papers of 
a Tauberian character. While interested in theorems of this type, the 
author had the work of Dr. Robert Schmidt brought to his notice, and at 
Dr. Schmidt’s suggestion, began to search for a method of combining the 
trigonometric attack of his own earlier papers with the generality of the 
Schmidt standpoint. It was only by a radical change in the manner in 
which trigonometric methods were applied that this attempt succeeded. 
This change consisted in a logarithmic change of base before the intro- 
duction of the harmonic analysis. It was quite along lines contemplated 
by Schmidt, who correlated with his Tauberian theorems a certain moment 
problem. Schmidt, however, found in the problem of uniqueness the signi- 
ficant aspect of this moment problem. The present author looked for it 
rather in the problem of the existence of a solution together with certain 
associated problems of approximation. It was Dr. Schmidt himself who 
furnished the experimentum crucis which established the greater scope of 
the methods of this paper. He suggested that the Tauberian theorem for 
Lambert series had resisted his methods of proof, and that it might be 
desirable to try on it the edge of any new method. 

The origination of a new method is but the prelude to a large amount 
of detailed application before its power can be judged or its limitations 
defined. In this task the author has had the valuable aid of his students, 
Drs. S. B. Littauer and S. Ikehara. He also wishes to express his gratitude 
for the criticisms of Professors Hardy and Tamarkin at more than one 
stage of his work. 


‘9 Cf. Hardy and Littlewood (12); Wiener (5). 
20 Bosanquet (1); Paley (1). 
2! Wiener (7). 
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CHAPTER I. 
THE CLOSURE OF THE SET OF TRANSLATIONS OF A GIVEN FUNCTION. 


1. Closure in class L,. Let f(x) be a function, real or complex, 
defined for all real arguments over (—, 0). Let it belong to Lebesgue 
class L,—that is, let it be measurable, and let 


(1.01) [ \s@P a 


be finite. We shall term the class of all functions f(x-+-4) for all real 
values of 4 the class of translations of f(x). We wish to know when 
this class is closed or complete—that is, when it is possible, whenever 
a function F(x) from ZL, is given, and any positive quantity «, to find 
a function F(x) of the form 


(1.02) Ko) =D Ae fet), 
such that 
(1.03) [|F@-R@lae <«. 


The situation is governed by the following theorem: 
THEOREM I. The necessary and sufficient condition for the set of all 
translations of f (a) to be closed is that the real zeros of its Fourier transform 





1 ° ™ 
(0.01) gu) = Li. m. Van is I (x) & dx 
should form a set of zero measure. 
The existence of this Fourier transform results from a familiar theorem 
of Plancherel.t This theorem further requires that 





(0.02) [i locoPau =f" | F@ eae 
and that 
(0.03) S(z) = 1 i. m. = f. g(u) e-* du. 


The Fourier transform of f(x+4) is e~g(u). 

On account of (0.02), properties of convergence in the mean are con- 
served under a Fourier transformation, for these concern merely the integral 
of the square of the modulus of the difference of two functions, which is 
equal to the integral of the square of the difference of their Fourier 
transforms. Accordingly, Theorem I is a corollary of: 
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LemMMAla. Jf g(u) .ts a function belonging to Le, then the set of 
functions eA g(u) is closed when and only when the zeros of g(u) form 
a set of zero measure. 

Since every zero of g(u) is also a zero of e~*“g(u), the necessity of 
this condition is at once obvious, for if 


nv 


(1.04) G,(u) = p> Ak ~~ g (w) 


—iuh, 





is any linear combination of the functions e g(u), then 


B 
(1.05) f. 'Gi(u)—1|? du 


must equal or exceed the measure of the set of the points between A and 
B where g(u) vanishes. That is, if the measure of this set is not zero, 
the function which is 1 between A and B and zero elsewhere cannot be 
a limit in the mean of functions G;, (w). 

Now as to the sufficiency of the condition in Lemma Ia: let 


a 


1—-——,, [|u| < A]; 
(1.06) iw a? (| SA] 
0, [|| > A]. 
Then 
1 yo, 
(1.07) y(u) = yf eee an. 





This is an absolutely convergent integral, and hence a limit of a sequence 
of polynomials 
(1.08) > An em itn 


converging boundedly, and uniformly over every finite interval. Hence 





. UNE 


(1.09) . = gy (u) g (u) 


is a limit in the mean of such functions as those in (1.04). 
Now let w(u) be a quadratically summable function satisfying the con- 
ditions 






—iuna 


A 
(1.10) J vevm@ate 4 du = 0. 
[n =.---, —2, —1, 0, 1, 2, ---] 


Since w(u)(u)g(u) is absolutely summable,?* we shall have 


(1.11) w(u)p(u)g(u) = 0 








2 This follows from the Parseval theorem for Fourier integrals. 
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except over a set of measure zero.** If g(u) does not vanish except over 
a set of measure zero, since g(u) has no zeros, w(u) vanishes over 
(—A, A) except over a set of measure zero. Thus if g(u) +0, there is 


no quadratically summable function not almost everywhere zero, ortho- 
—wUnnt 
gonal to every function e 4 g(u)g(u) over (—A, A). This means that 
every function of Z, vanishing everywhere outside (—A, A) is a limit 
—iun7t 
in the mean of polynomials** in e 4 (w)g(u) and hence in e ““"g(u). 
Every function of LZ, is however the limit in the mean of a sequence of 
functions of ZL, vanishing for large arguments. Thus Lemma Ia and 
Theorem I are established. 
2. Closure in class Z,. The Lebesgue class Z, consists of all mea- 
surable functions f(x) which are absolutely integrable over (—o«, «). 
If f(x) is such a function, its Fourier transform 


—iuh, 


1 “a ; 
(2.01) g(u) = Van {so eur dx 


of course exists, and is bounded and continuous. As before, the Fourier 
transform of f(x+4) is e-@g(u). 

We shall say that a class C of functions gj(x) of Z, is closed Z, if, 
whenever F(x) is a function of Z, and « is a positive number, there is a 
polynomial 


(2.02) F(x) = 2 Ang, @) 
of functions of C, such that 
(2.03) [| F@-F@\de<e. 


We shall prove the following theorem: 

THEOREM II. Jf f(x) is a function of Iy, a necessary and sufficient 
condition for the set of all translations of f(x) to be closed L, is that its 
Fourier transform 

1 


(2.01) g(u) = Von f_seeda 


should have no real zeros. 





*3This follows from the Riemann theorem on the unicity of the function with a given 
Fourier series. 

24Here we make use of the familiar theorem that if any linear class of functions of 
I, is given, every function of ZL, is the sum of a function expressible in the mean by the 
functions of the class and a function orthogonal to all functions of the class. 
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The necessity of this condition is again obvious. If g(w,) = 0, the 
same is true for the argument a, of the Fourier transform of 


(1.02) (a) = Dy An fle+ ax). 

Let f,i(x) be a function of LZ, with a Fourier transform 9; (x) for which 
ni (u) $0. 

Then 


/ 


| 00 | | 
i_ CA (x) — F, (a)) elt? et | 
= V20n |m(m)|>0. 


b |Fi(a)—fi(w)| dx = 


1 \ 





(2.04) 


This proves that f, is not a limit in the mean (Z,) of any sequence of F;’s. 
To prove the sufficiency of the condition of Theorem IJ, we shall have 
recourse to a sequence of lemmas. 
Lemma Ila. If 


(2.05) f@=Sae, fa —Snem, 
and oe eis 

(2.06) Bingen, Dini - #<e, 
and if = _ 

(2.07) Ala) fala) ~ > en ei” 

then ” 

(2.08) S| < AB. 


The proof is immediate, for 


. S| & 
mien} = | 2 aebnei S 2D 


(2.09) — a la n=—0 k=—0o 


= > |an| > |bn| = AB. 


LemMA IIb. Jf f(x) is a function of period 2a, and if at every point y, 
there is a function fy (x), coincident with f(x) over some interval (y—ey, y+éy), 
of period 2, and such that its Fourier series converges absolutely, then the 
Fourier series of f(x) converges absolutely”. 


| ax | | Dn—x | 


25 We shall say that a Fourier series converges absolutely when the sum of the moduli 
of the coefficients converges, the series being represented in complex exponential form. 
This is of course equivalent to the absolute convergence of the series in this form for 
any single real argument. 
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To prove this, let us reflect that by the Heine-Borel theorem, any period 
of f(x) may be covered by a finite number of overlapping intervals 
(y—éy, yey). Let such an interval be (A, B), let its neighbor to the 
left have its right-hand end-point at C, and let its neighbor to the right 
have its left-hand end-point at D. There will be no loss in generality if 
we suppose that A<C<D<B. Let us define y,(x) by 





0 ; [—z < x< A] 
r—A Pa n_—~ FI 
pa 3 eee 
(2.10) py(x) = e | [ Ceo 2x<D 
B—zx 
«IA OO wat 
fe | FESS 
- « [ Bc a<al. 


It is easy to show that the Fourier series of y,(x) converges absolutely. 
Thus the Fourier series of 


(2.11) vy (x) f(x) = vy(@) fy) 


converges absolutely, by Lemma IIa. However, if we add together the 
functions y,(x) for a set of intervals completely covering a period of f(z), 
the sum will be f(z) itself. Thus f(x) will be the sum of a finite number 
of functions with absolutely convergent Fourier series and must itself have 
an absolutely convergent Fourier series. 

LemMA IIc. Jf 


(2.12) f(a) = Lane 
and 
—1 oe) 
(2.13) |ao|> > |an| + > lanl, 
—o 1 


then the Fourier series of 1/f (x) converges absolutely. 
We may write 





1 1 
a a 
f() a + bs An eine 4. Zz An eine 
—o 1 
2.14 me! , 00 
( ) _ : 3 { a 5 yo An gine 1. >" An cn 
Ay ao L—« 1 


1 —1 ee) 2 | 
= —= > An eine +. >" An cn ates oh | , 
a L—« 1 


That this is more than formally true, and that 1//(zx) is continuous, 
results from the fact that the geometrical progression 
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10) 2 f+ [3S onl+ Zleal] + [3 |an| + S lanl] + 4 


—o 


converges. Term by term, series (2.15) is greater than or equal to the 

sum of the sums of the moduli of the coefficients of the Fourier series of 

the successive terms of (2.14), and hence is greater than or equal to the 

sum of the moduli of the coefficients of the Fourier series of 1/f(z). 
LemMA IId. Let 


(2.16) > |u| = A<e, 
and let : 
(2.17) Sin) = > ane”, 
Let es 

fy) +0. 


Then there is a neighborhood (y—e, y+e) of y and a function fy (x) with 
absolutely convergent Fourier series such that over (y—e, y+), 


(2.18) Sy) = f(a) 
and that the Fourier series of fy(a), let us say 


(2.19) p> Cnr ein 
has the property that 

—] a) 
(2.20) |eo| > Qe len| + Qi len|. 


There is manifestly no restriction in taking y to be 0. Let us intro- 
duce the auxiliary function 


1 ; []x|<e] 
(2.201) Pe (x) = g— 2; [6 <|x|<2e] 
0 . [2e<]a|]. 


This will have the Fourier series 





36S e+e (cos en — cos 2en 
(2.202) a * 2 ep ( ) 


If we represent the function { f(x) ye (x)+f (0) [1—ge (x)]} by the Fourier 
series 


oo 
2 Cn enn, 
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we shall have 



































G = = ant P Sak Ont (cosek — cos 2ek) 
~ cos én — cos2en 
2% pea Be [n + 0], 
(2.203) k Sek 8 
cosek — cos 
Co = M% +3 (ex+an) [1+ “= zee . 5H. 
Hence 
(2.204) —e | > ax — | £(0)|>0, 
e—>0 —oo \ 
and 
SI en| +|c—n|] 
o | 
“ | cosen—cos2en _ cose(m—n)—cos2e(m—n) | 
a a am =. | mu n* € am (m —n)* € | 
(2.205) 4| cosem—cos2em Be || 
| 1am € Qn | 
2) 
antes ps | am | Am. 
—n* 
Here >” means that the values 0 and m are omitted. 
We have 
2 sin" en 22 | Se 
cosen — cos 2en) 2 2 | 2’ 
(2.206) ; = ‘ | 
un” € 1 n* € |= 2 
mn re’ 
and 
| cosen—cos2en __cose(m— n) — cos2e(m —n) | 
an* a(m—n)*® € 
_ f Si cone EE d | 
asi) = | Jn—m ax wae a 








max a ld 
dy y | 


| n 
é f 
Uw | Jn—m 


This formula may be applied in the limiting form whenever m= or 
m=0Q. It results from (2.205) and (2.206) that for all sufficiently small « 





| < |mie*c. 


I/\ 


(2.22) has a[+4i]3£+ — $s > nc”, 


WE [i/e) 
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and from (2.205) and (2.21) that for all sufficiently small « 
io.¢) 
Pa n~? 
—8/ 


€ ws) 


Am 2[e-22 +1] | m|e® e+ 
(2.23) 8 | 
< 642 [2|m|ce+9/n]. 


Combining (2.205), (2.22) and (2.23), we get 


(2.24) lim > |an| 4m = 0, 

which with (2.204) yields us 

(2.25) ¥ flewl + |e-nll <eol. 

If we take 

(2.26) Sy(a) = f (&) ve(x) +f 0) (L— ge (2)), 


Lemma IId is established. 

As a direct consequence of Lemmas IIb, IIc, and I]d we obtain: 

Lemma Ile. Jf f(x) is a function with an absolutely convergent Fourier 
series, which nowhere vanishes for real arguments, 1/f(a~) has an absolutely 
convergent Fourier series. 

To prove this let us note that, in every neighborhood, by Id, f(x) 
coincides with a function which by IIc has a reciprocal with an abso- 
lutely convergent Fourier series. By IIa, since in every neighborhood 
1/f(x) coincides with a function with an absolutely convergent Fourier 
series, its Fourier series converges absolutely. 

Lema IIf. Let f(x) be a function with an absolutely convergent Fourier 
series over the interval (—a, 7), and vanishing over neighborhoods including 
nm and —m. Let f(x) vanish everywhere outside (—1, 7). Let 


(2.27) g(u) = ee ” f(x) ee der, 


a7 


Then the integral 
ioe) 
(2.28) [loo | aw 


will converge. Conversely, if f(x) vanishes over the region indicated, and 
(2.28) converges, its Fourier series will converge absolutely. 

Let ¢ be such that f(x) has no non-zero, values outside (—7-+2¢, t—2e), 
Let us define 9(x) by: 
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1 3 [| x | < m1 — €] 
(2.29) g(x) = ae |lam—e<l|a|\<a] 
0 - [a</\e]] 

Let 
(2.17) Sia) = >> An ee”, 
We shall have 

_ - —iux COSU cos u(%—e) —cosum 
(2.30) yg (x2) = - foe — du, 
and hence 

fe) = f(e)9(«) = tf. du > agenitu-myxe LOU (x = ies cosun 

(2.31) — : 





_ =i" jue| > S1  cos(u-+-n)(1#—«e)— ceete tn F 
€ a an— (un)? Uu; 


where the rearrangement is possible since both integral and sum form part 
of an absolutely convergent double summation process. Then 





__ = ~~ cos(u+n)(a—e) —cos(u-+-n) a 
gu) = 2 =” (u+n)*« 


will satisfy the condition that (2.28) shall be finite, and equation (2.27). 
To prove the converse part of Lemma IIf, let us notice that as a result 


of the convergence of (2.28), 
m-1/2 | 
{ g (u) du| 


re) 
n—1/2 


(2.32) 


(2.33) Bs 


—o0 





converges. Now, 


n-j-1/2 1 - ats 
= 3/2 ux 
io glu)du on i foyae {" eiur dy 


gee i” fla y Rein ai? ine dp. 


2 sin x2 
H 4 


(2.34) 





Thus the Fourier series of 


(2.35) | f(a) 





converges absolutely. Since the same is true of the Fourier series of 


(2.36) 2 a ze 2 
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as may be determined by a simple computation, it follows from Lemma Ila 
that the same is true for the Fourier series of f(z). 
LemMA IIg. Let f(x) be a function of class L,. Then 


ie) 
(2.37) lim \f(a+te)—f(x)| dx = 0. 
e>0 Y—-” 
This is a well-known theorem and is proved in Hobson’s Theory of Functions 
of a Real Variable. 
Lemma Ith. Let f(a) be a function of class L,. Then if D(y) is any 
Junction of class L,, differing from 0 only over (—e, 8), 


dx 





io ‘Se {- Oy) dy—J f(a+y) ®(y) dy 


(2.38) 20 
< fi @ (y) | dy yo im S(ata—f (a) | da. 


The proof of this lemma merely depends on the inversion of the order 
of integration in an absolutely convergent double integral. 
Lemma Ili. Let f(a) be a function of class L,. Then 


(2.39) lim f f(x) —- flat yor = dy| 


N—>0O eJ —0Oo as rn 





ga == @. 





This is a theorem of the Fejér type. It depends on the splitting of 


sin? n y 
Dy (y) = a, ; 
into the sum ®,(y)-+ ®,(y) where 
Oy (i—ly|n™);— [y| <n] 
(2.40) O,(y) = * [ly | >n-"], 


Lemmas IIg and IIh enable us to show that 


(2.41) lim f S (x) — 2. { S(aty) D (y) ay| dx = (0) 


n> eJ —OO | 
while 


Jim fitf. fle-+y) ©,() dy| az 


- ("| r@laz tim 2 (~ 
= f. \F@) we wun J. ee ) dy 


(2.42) 
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Now 
DP 


1 
seer D;(y) dy 
—e 


tun 
—1/2 


= — f. ba. J dy— Af “i— 1/2) sin? ny 1 
wn —o y” Y “70N J—n—!? yin y* ay 


| 1 (* sin®z ae al sin? z 
(2.421) —_ if —— dz—- f (1—! z|n—"2) —— dz 
iA —~ Zz Ww —yn)l2 Zz 


1/2 


/ 
2 ( sin®z 2 "sin? z 
ve a iz gt de-r xe | “_ de 
== O(n? log n). 


Hence 


(2.422) lim f =| f(x+y) ,(y) dy|dx = 0, 
—o}| Tn —o 


non 


and Lemma IIi is established. 

We are now in a position to proceed to the proof of Theorem II. Let 
F(x) be any function of Z,. By LemmaTIli, we can find a function 
F(x) of the form 


} 1 sin? ny 
such that 

4) 
(2.44) i_ | F(a)— F,(a)| dx<y. 


The Fourier transform H,(u) of this function F(x) is 


1 <n fies 1 f. sin® ny 
———— MUL a a l 
Faw 5.0 au Pot SPF 


1 1 * sin? ny 
a a — Pn a ee 
(2.45) Von iw Pe a8 ® 7 
|u| 1 ia iuxr 7], lal — 
i— Ven F(z) é dz; [ U | <2n| 
0 ; [|u| = 2n) 


and will vanish for all values of its argument w larger than 2m” in modulus. 
The same will be the case with the Fourier transform Hz (x) of 


# fa+y) sin? pny i 








(2.46) oan 


to 
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which will vanish for values of its argument greater in modulus than 4n, 
and only for such values. If we expand these Fourier transforms in 
Fourier series over (—8n, 8n), by Lemma IIf, these series converge 
absolutely. 

By an argument substantially identical with that used in proving Lemma IIb, 
we see that in the neighborhood of every point of (—3n, 3n), there is 
a function coinciding locally with 1/ H(#), and with an absolutely convergent 
Fourier series. It follows from Lemma Ila that the same is true of 
H, (u)/Hz(u) over the same interval. Since 0 enjoys this property also, 
the function which is A, (w)/Hy(u) over (—3n, 3) and O over the rest 
of a period (—8n, 8m) has an absolutely convergent Fourier series, and 
hence, by Lemma IIf, an absolutely convergent Fourier integral. That 
is, we may write 
(2.47) H,(u) = Hs (wu) Hg (aw) 


where H;(u) is of the form 


(2.48) H,(u) = ‘. O (x) ce” dx 
and 
(2.49) f- | O(@)| dx 


converges. We shall then have 


1 io] 
Vix J F@ ee aa 
ss al sin? ae “a —T 
‘ var J. Fan Of feta nh ay foe om ad 
(2.50) 1 ‘int 
~ Van x ™ 


1 —* *” sin? 2ny _ | 
<[stef_feteyde fa O(y—o) dy}, 


oe) 
f eiun d x 
—0o 


(2.51) F my _ 
>< | Fy (x) — say "feet o)dw 2 ~ O(y—w)dy| =0. 


Here we may replace e“” by any function with an absolutely convergent 
Fourier integral, and hence by functions positive over an arbitrarily small 
region and zero everywhere else. This can only be if 

















or 











TAUBERIAN THEOREMS. 19 


1 i 6) oo si 2 
F, (x) = jan f. S(z+) do ‘. = a D(y—w) dy 


Y 





(2.52) Z 
= [-, fleto) #(w) ao), 


Here %(m) is absolutely integrable. 


By Lemma IJh and Lemma Ig, 
aww n—1 
f f (a+) #(o)do— 2 f (2+ 4) { H(w) do | dx 
—o k=—n? LI] Sk 


ioe) 
lim { 
Nn >D eJ—-D k 


(2.53) ‘av n 


k+1 
n 





Combining this with (2.52) and Lemma IIi, we obtain Theorem II. 
With only a slight modification of detail, we have proved: 
THEOREM III. Let fi(x) and f(x) be two functions of L,. Let 





1 ™ 
(2.54) I (x) = te ol f. Ki (x) et dx 
and 
(2.55) UP (is) = WE {. , (x) ciur de, 


Let the set of points where g2(u) +0 consist only of inner points of the set 
where gi(u) +0. Then if €>0 there is a polynomial 


N 
(2.56) f(a) = 2 ain f(a + An) 
such that " 
(2.57) [|A@—KO| da<e. 


On the basis of Theorem III, we are in a position to prove the general: 

THEOREM IV, Let = be a class of functions of L,. Then a necessary 
and sufficient condition for the class ,, containing all functions f(x+4) 
whenever f(x) belongs to =, to be closed Ly, is that there should be no real 
zero common to all the Fourier transforms of functions of =. 

The proof of the necessity of the condition of Theorem 1V does not 
differ from the similar proof in the case of Theorem II. As to the suf- 
ficiency, it follows at once from Theorem III and the fact that the Fourier 
transform of a function of Z, differs from 0 on an open set, that for 
every w, an € may be assigned, such that 
(2.58) einer ~ 


Q* 





2 ERR ee RM AMPS <a a ee 
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is a function approximable Z, by polynomials in functions of 2,. Let 
(—U,U) be any interval of frequencies. By the Heine-Borel theorem, 
this may be overlaid with a finite number of overlapping intervals U;,— én, 
Un+teéen. Let us form a 

(2.59) P Pod = 5 

for this set of intervals. This will be a function of Z,, approximable L, 
by polynomials in the function of 2,, whose Fourier transform may be 
shown to be 


2.00) S2(1—2| Mt fagn(r—a| Sat" I 4] 


and to have no zeros over (—U,U). Thus by Theorem III, every function 
of LZ, with a Fourier transform vanishing outside (—U+n”, U—vn) will 
be approximable Z, by polynomials in the functions of 2,. At this stage, 
the introduction of Lemma Ili serves to complete the proof of Theorem IV. 

In Theorems II and IV, the necessary part is nearly trivial and all the 
difficulty resides in the proof of sufficiency. There are certain appli- 
cations, however, where it is precisely the necessary part of the theorem 
that is significant. We may prove a function to have no zeros if it is 
the Fourier transform of a function of Z, the set of whose translations is 
closed L,. To establish this closure is indeed more than is needed: it is 
enough to produce for each w among the class of functions to which we 
may approximate Z, by polynomials in the translations of our given func- 
tions, at least one function whose Fourier transform does not vanish for 
the argument w. 

It may be shown if F(a) is a non-negative function for which 





00 
(2.61) i F(a)dx>A 
and 
Ci 6] —B 

(2.62) {f, +f, |P@ax<ea, 
then 

a , | 1 3 | 1 | 
2 ») itt . 5 se P 
(2.63) [Fee edx| > (5 ~)4 “i Sop . 
This results from the fact that for —B<14< B, 

iux) — = had —_ 1 
R (e™”) cos Ux 2 C08 3 2° 


Accordingly, if for every value of B and «, we may find a function of 
this sort which may be approximated Z, by polynomials in the trans- 
lations of f(x), the Fourier transform of f(x) has no zeros. As in the 
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case of Theorem IV, the function f(~) may be replaced by the class 2, 
and the class of translations of f(~) by =,. Then the condition that the 
Fourier transform of f(x) shall have no zeros is to be replaced by the 
condition that there shall be no zero common to all the Fourier trans- 
forms of functions of =. 

This method is a conceivable one for the investigation of the zeros of 
functions with known Fourier transforms, and might be applied to the 
study of the zeros of the Riemann zeta function. So far it has yielded 
no results. Under certain conditions, the Taylor series may be introduced 
to reduce the question of the closure of the set of translations of f(x) 
to that of the closure of the set of functions 


(2.65) f™ (x). 


This matter has not yet, however, been subjected to an adequate investi- 
gation. 

3. A sub-class of Z,. In connection with Stieltjes distributions of 
mass, we shall have to consider “kernels” of class L,, fulfilling a certain 
more restrictive condition. This condition on a measurable function /(x) 


is that the series 
co 


(3.01) a lim \F(@) | 

k=—00 kA+Bsxsk+1)A+B 
shall converge. We may easily verify that this condition is in fact inde- 
pendent of A and B, and that it can only be fulfilled by functions of L,. 
With it goes a certain definition of the “distance” between two functions 
F(x) and g(x), this “distance” being defined as 


ve) 


(3.02) (f@),9@) = X lim |f@)—g@)|. 
This notion of “distance” has a very important difference from 
(3.08) [\f@—9@) tae 
and - 
(3.04) LE, \fe@—9@) an 
in that it is not true that if (3.01) is finite, then 
(3.05) lim > im (|f(@e+e—/(x)| = 0. 


e—>0 k=—0 ksxsk+1 
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Accordingly, if we are to prove theorems analogous to those in the last 
paragraph without a radical change in method of proof, we must intro- 
duce a restriction which will make (3.05) hold. Otherwise we shall be 
unable to establish the analogue of Lemma Ilg. 

A condition of the desired sort is that f(x) shall be continuous. It will 
then be uniformly continuous over any finite interval, and we shall be 
able, first to choose A so large that 


«0 


(3.06) 2 max F(a) |+ max F(a) i <e€ 


k=0 | A+ksrsA+hk —A—k—lsxs—A-k 


and then to choose 7 so small that for —A—1 <a2< A+1, 0<m<y, 


—— , é 
(3.07) max PAC: + i)—J (x) << QAt+2° 
It will follow that for 0< 4, <4, 
ive) 
(3.08) > max | f(ete—f(z)| < Be. 
k=—oo ksxvek+1 


We shall call the class of all continuous functions for which (3.01) is 
finite, the class M,, and we shall say that a class = of functions of M, 
is closed M,, if whenever F(x) belongs to M, and «>0, there is a poly- 
nomial 


it 


(3.09) F(z) = = An fu(a) 
in functions of the class = such that 
eo 
(3.10) p 2 max | F(x)—F,(x)\ <e. 


k=—o ksxsk+1 


The following theorem is valid: 

THEOREM V. Let f(x) belong to L,. Then a necessary and sufficient 
condition that whenever f,(x) is a function of M, and e>0, there shall 
exist a function a(x) of M, such that 


(3.11) , Ps max | fi (x) —{. iabute—dee\< é 


=—0 ksxsk+1 | 


is that for no real u 


(3.12) se f Saye dx = 0. 


The proof differs in no essential respect from that of Theorem II. Let 
us note that if f2(~) belongs to Z, and 
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(3.13) sa {. Is (z)&d«z = 0, [| «| > A] 


then f2(x) belongs to M,. To see this, let us put 


1 “4 —iue —s . 
(3.14) vaS __ me dx = gs(u); 


g2(u) is bounded and differs from 0 only over a bounded range, and hence 
belongs to Z,. Thus 


1 B , 
15 x . —_— A tUL a 3 
(3.15) Lim. f _gcderedu = flo) 





exists as a function of Z,. Further 

1 B 
3.16 = Lim. —— Seu 
(3.16) G2 (u) .i.m Van ff (x) eur dx 
exists and belongs to Z,. If we put 
(3.17) F(z) =|". G(u) edu 


where G belongs both to LZ. and Z,, it follows readily from (3.14) and 
(3.16) that 


(3.18) [, F@LA@—A@l ax = 0. 


We can choose a set of F’s vanishing outside a given finite interval and 
closed Z, and hence ZL, over this interval. Then over this interval, which 
is arbitrary, f2 and fg can differ at most on a null set. Thus /f2 belongs 


to Dy. 
Now 
(3.19) g2(u) = go(u) Wu) 
where 
0 ; [| «| > 2A] 
(3.20) W(u) = g—lsl, [A< |u| << 2A] 
. » [| «|< A] 


Thus by the Parseval theorem, 


Ax (x) = oS f. Faly) dy f W(u) &&@— du 


ae A(a— y) — cos2.A (a— 
-2Af[ so0™ (2 — y) —cos2A (x D ay. 


(3.21) 





(a—y)? 
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From this it follows that. 
< - 1 7 1 \? 
ymax | fale)| S = {. LAW idy dy 0(;+—_) 


(3 22) k=—0 ksxsk-+-1 
<0 [Alay 


and that f(@), which obviously can be modified so as to be continuous, 
belongs to M,. 

It only remains to prove the analogue of Lemma IIi, and to show that 
every function of class M, may be approximated with any degree of 
accuracy in the M, sense by functions with Fourier transforms vanishing 
for large arguments. This follows exactly the lines suggested by Ili. 
We wish to show, that is, that if f(a) belongs to M/,, 


sin “Ns al. 





(3.221) im 1 (F@), = = = S(et+y) “NY ay) = 0. 
As before, we put 

sin? Ny — 

———* (1—|y| N); fiy| < NO? ] 
(3.222) ®,(y) = y ly ) y| = 

0 [ly > N-*] 
. sin? N 
(3.223) 0,(y) = — Oy), 
The proof that x 
(3.224) im (F@), f F(e+y) Oy) de) = 0 
N-> © yi —~* j 

follows exactly the lines of that of (2.41), for the analogue of Lemma Ig 
has already been shown to be true, while that of Lemma IIh is proved 
by the same arguments of absolute convergence as the lemma itself. 
Again, 


oa) | 
lim > max |— os f(a+y) ®(y) iy) 
Noo k=—ew kexvek+1 aN 
(3,225) < 5 mx |fety)| jim f. O,(y) dy 
k=—o ker N- © 
<2 bs max Ff @)| tim _ @, (y) dy, 
k=—o ksxek+1 > 0 


and this, by (2.421), is zero. This completes the proof of (3.221). 
An extension of Theorem V in the direction of Theorem IV is the 
following: 
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THEOREM VI. Let = be a class of functions of L,. Let , be the class 
of all functions of the form 


N 
(3.23) bs 
1 


where fi, +++, fw belong to > and a, ---, ay to M,. Then 2%, is closed 
M, when and only when there is no real value of u which is a zero common 
to all the functions 


1 20 
(3.24) Von {. Tn(a) eb dx 


corresponding to functions fn(x) of class =. 

As an easy corollary of Theorem V, using (3.10), we have: 

THEOREM VII. Jf f(x) is a function of M,, a necessary and sufficient 
condition for the set of its translations to be closed M, is that for no u 
should we have 


oa) 


Tn (y) ay (x -b y) dy 


1 io) 
(3.25) ye om f f(x) da = 


CHAPTER II. 
ASYMPTOTIC PROPERTIES OF AVERAGES”. 


4, Averages of bounded functions. Our fundamental theorem is: 
THEOREM VIII. Let f(x) be a bounded measurable function, defined over 
(—o, ©). Let K(x) be a function in L,, and let 


1 . , 
(4.01) va. f. K, (x) &“" dx + 0 
Sor every real u. Let 
(4.02) lim [ s@) KG—-a) ds =f Kab. 


Them if Kz(x) is any function in I, 
(4.03) lim [ 7@ K@—a) as = Af K@as. 


co 
Conversely, let K,(&) be a function of Ly, and let f At (§)d&+0. Let 


(4.02) imply (4.03) whenever Kz (x) belongs to L; and f(x) is bounded. Then 
(4.01) holds. 


26 The emphasis here placed on averages is in the same. order of ideas as was first 
introduced into the theory by Schmidt (1) (2). 
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As to the first part of Theorem VIII, it is clear that it is valid whenever 


K:(x) is of the form S) Ay Ky (a+-Ax). It is also clear that if 
k=1 


(4.04) lf(~)| < B; [ vs | Ko(a~) — Ky (x)| da < e, 
then 


| no (8) Ke(§ —a) d— | _ £8) Ky (8a) dé | < Be. 


An application of Theorem II completes the proof. 
As to the second part of the proof, it is merely necessary to suppose that 


1 20 | 
(4.05) Von f . K, (x) &* dx = 0 
and to take 
(4.06) T(x) — eite 


to obtain a contradiction. 

Theorem VIII has an extension in the sense of Theorem II, in which 
K, (x) is replaced by a class of functions >, (4.02) holds for every function 
of the class, and there is no « for which for every function Ky, (x) of 

Io 


(4.07) j kK, (a) eitur da — (). 


V2n 


ms 


The converse of this extended theorem is also valid. 

5. Averages of bounded Stieltjes distributions. Here our the- 
orem is: 

THEOREM IX. Let f(x) be a function of limited total variation over every 
Finite range, and let 


y+ 
(5.01) Pare 
be bounded in y. Let K(x) be a continuous function of L,, and let 
(5.02) > lim [Kj (a)| 
k=—00 kgask+1 e 


converge. Let 


(4.01) - f Ky (a) eiur dx + 0 |—- Oomu< on] 
V 27a J—x 

and let a " 

(5.08) lim [KE —a)af® = AY, Kak. 

Then if Ks(x) is any function of M,, 

(5.04) lim K3(§ — x) df(§) = Af K, (8) d&. 
r—>an J—* —— 
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es) 
Conversely, let (5.02) converge. Let | a K,(x)dx + 0. Let (5.03) imply 
(5.04) for every function of Ks of M, and every f(x) for which (5.01) is 
hounded. Then (4.01) holds. 
To prove this theorem we need the following elementary: 
LEMMA IXa._ Let 


“y 4 1 + 0 
(5.05) Ir, dAf(z)) < B [—nm<y< a] 
and let 
2, * sae - - me 
(5.06) > lim |Kz(x)— K(x)| < e. 
k=—% kewrek-+-1 


Then 


ww Ces) 
(5.061) | L. Ks (€ — x) d f(x) — os K3(é —ax)df(xz) < Be. 


With this lemma at our disposal, the proof of Theorem IX does not 
differ in any important respect from that of Theorem VIII. Of course, 
as in Theorem VI, we must replace the polynomials in translations of K, 
that figure in Theorem VIII by absolutely convergent integrals in these 
translations. The proof of the lemma itself is immediate. 

The modification of Theorem IX with a hypothesis involving a whole 
class of kernels will be used later, so we shall formulate it as a separate 
theorem: 

THEOREM X. Let f(x) be a function of limited total variation over every 
Jinite range, and let 


(5.01) J - Af (x) 


be bounded in y. Let = be a class of continuous functions of L,, each 
one of which, for example K,(x), has the properties that 


ic 4) 


(5.02) > lim |K,(z)| 


k=—o kerek+1 


converges, and that 
2) 


(5.03) lim [ KE—nafe = Af, Kae. 


Let there be no u which is a real zero for all the functions 


(5.07) - a f K, (x) dx 
27 J—x 





Jor which K,(x) belongs to =. Then if Kz(x) is any function belonging 
to M,, 
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(5.04) lim [ KG—aafs@® = Af, Kae. 


wre 


Conversely, if the class >) contains at least one function with non zero 
integral and has the property that each member of it is a member of I, 
and satisfies the condition that (5.02) shall converge, and if, whenever f(x) 
satisfies the condition that (5.01) be bounded, and (5.03) for every member 
of =, then (5.04) holds for every function Kz (x) belonging to M,, then there 
is no wu such that (4.07) holds for every function K,(x) belonging to =. 

6. Averages of unilaterally bounded distributions and functions. 
Let K,(x) not be equivalent to 0, and let it be a continuous function (or 
a function continuous except for a finite number of finite jumps) not identic- 
ally zero and such that 

v9) 
(6.01) Ki(z)>0, D> max K(z)<p (-x<ar<o), 


=—0o ksxsk+1 


We shall say that the mass-distribution determined by f(x) is bounded 
below when 


6.02) f” |af@)|—fYt 4S) SN (-@<2<a) 


and that it is bownded above when — f(x) determines a mass-distribution 
bounded below. We shall prove: 

LemMA XIa. Let the distribution corresponding to f(x) be bounded below 
(or above). Let (6.01) hold, and let 


6.03) [ KG—odgf®™<M SM; (—wK<2<x). 
Then there is a Q such that 
(6.04) Pr iar@lse@  Cx<y<e), 

To prove this, let us notice that 


fi xe—oafiawi < f me—oa[fiarwiro] 
+f me-na@ sy 3 mx KO +o 


=—% ksxsk+1 


(6.05) 


Since K is “stiickweise stetig”, B, a and b exist such that 


(6.06) K,(w>B>0 (ax<u<b). 
Hence 


(6.07) M+N > max K,(&) > Bf af \are), 


k=—o ksxsk+1 
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or in other terms 


sali #llpsal tf arty -4 max K, @} 


y+ 
> I \df(z)|  (—x<y<o). 





If we combine this lemma with Theorem X, we get: 
THEOREM XI. Let f(x) be a function of limited total variation over every 
Jinite interval, for which 


6.02) [”" \af@)|—fytH4tF0) SN (—2<y<a). 


Let = be a class of continuous functions K,, for each of which 


k=0 


(5.02) > max |K,(z)| 


k=—o ksxsk+1 
converges, and let 


oo ” 
(5.08) lim [ K@—2) af® = Af Kas 
roo eF — 0 Nitin 
Sor every K, belonging to =. Let there be no real u for which every 
1 , 
5.07 =< f K. pds 
V2 J—0 a “ 


vanishes, for which K, belongs to =. Let Q(x) be a continuous function 
belonging to =, for which 





6.09) Q@) 20, |f e@—aaf@| <7 (—x<2<a). 
Then if K,(—<x) is any function belonging to M,, 
(5.04) lim [Ki (S—2) af® = Af K@ as. 


We shall have frequent occasion to use Theorems X and XI in a form 
in which the infinite range of x is mapped on a semi-infinite range by an 
exponential transformation. This may happen in two ways: either 0 or » 
for the new argument may correspond to + for x. In the first case, 
let us write: 


(6.10) § = —log2, f@)=f2 dy@, Kia) =AN 2H, QO = 2MQ) 
and in the second, 
(6.11) ¥=—lg’, fO™= f I dg(@), Kia =&4Mald), Q®) =AM@). 
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Then Theorem XI yields: 
THEOREM XI’. Let (A) be a function of limited total variation over every 
interval (€, 1/&) where O<ce<1. Let »(0) = 0 and let 


(6.12) [’ a ag(a)|—|- A1dg(4)< N (O<u<o). 


Let = be a class of continuous functions N,(4) for each of which 


(6.13) > max 2/|N,(a)| 
k=—o oF <j <o*t! 
converges, and let . 
1 i) oo 
(6.14) lin xi N, (4) dg(u) = A f N, (wu) du 
A—0 (0) A 0 A 0 


Sor every N,(4) belonging to =. Let there be no real u for which every 
iv) 
(6.15) f, N, (A) a da 


vanishes, for which N, belongs to =. Let M(A) be a function belonging to =, 
Sor which 


(6.16) M(A) = 0, +f M (+ dy(s) | < const. for O<A< am. 
| . | 


Then if Nz(4) is any continuous function for which 


(6.17) > max 4|N,(A)| 
k= —0 ok <) <okt! 
converges, 
1 oe) i 2) 
(6.18) lim =| (5 dg(u) = A { No(u) du. 
A—>0(00) ” 0 eJ0 
In the case where ; 
(6.19) g(4) = J, f(x) dx, 
(6.12) will be satisfied if 
N 
(6.20) SQ >-— Plog 2 ‘ 


If the other hypotheses of Theorem XI’ are satisfied, (6.18) will become 


(6.21) lim + J y M (5) f(udu = A { : Ne (u) du. 


A—>0(00) A 
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As a particular admissible Vz, we may take 





1 5 (Osne<l 
(6.22) Mw) =j1-#—"*;_ i<p<ita 
0 . [lte<p) 


Thus (6.21) will assume the form 


1 A *(1+e) 
2 jin [J roant fo | 


Now, by (6.20) 


A(1+€) A(+e) 
1 _ ae “| =a | ;— ea =2.) 
(6.24) 7 f (1 f(w) du Sm wad du 





"*) pada =A (1+) 








one — Ne 

— 4log2° 
Hence by (6.23) 

Ne 
(6.25) lim ay fudp <A (1+ s\+ cae 
Since ¢ is arbitrarily small, 
(6.25) lim ag Swdu<aA. 
4—>0(00) - 


Again, we may write (6.21) in the form 
Aa+e) dat#) 1 
. a 
626) im tan an] = 4003 
(626) lim sp Fwdu— J, 
from which we may conclude as above that 





A 
(6.27) lim + f fields > A 
A010) 0 
Combining (6.25) and (6.27), we see that 
(6.28) lim 3% S(o)du = 
A—>0(00) Lh 


We thus get 
THEOREM XI”. Let f(x) be a function bounded over every interval 
(e, 1/e), where O<e< 1. Let 


(6.29) (2) > —K (or f(a) < K) 


for every argument. Let = be a class of continuous functions N, (4) for 
each of which (6.13) converges, and let 
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(6.30) lim + {- y, ( febte = A f ” Nw) da 


A—>0(00) A 0 


Sor every N,(4) belonging to =. Let there be no real u for which every 
expression (6.15) vanishes with N, belonging to =. Let M(A) belong to &, 
and let 


x \°2) 
(6.31) M(A)>0, + J M (4) f(u)dp < const. for OSA < om. 
0 


Then (6.28) is true. 
Another case where a stricter conclusion than (6.18) may be drawn is 


where (A) is monotone. In this case, (6.12) is automatically satisfied. 
If we take N,(~) as in (6.22), we shall be able to write (6.18) in the form 


A(i+e) ‘ 

— a 2 _ os | a e 
3%) tmp [o@t J. (1—"F*) avo] = 4(t+ 5] 
and hence 
(6.33) i 22 x 4. 


A— 0(%) } 


From the analogue of (6.26) it follows that 


(6.34) lim g (A) > A, 


4>0(0) 


and hence that 
(6.35) pl(A)rwdA., 
We thus obtain 

THEOREM XI’”, Jf in the hypothesis of Theorem XI’, (6.12) is replaced 
by the condition that »(4) is monotone. Then (6.35) follows. 

It is even possible to weaken the hypothesis here given, and to replace 
(6.12) by the condition that 


, ——— uu (1+e) uu (1+) 
(6.36) lim lim [f A | dg (a)| — f 1-1 ay(a)| = 0 


e—>t+0 —o<u<e 


to establish (6.25). 


CHAPTER III. 
TAUBERIAN THEOREMS AND THE CONVERGENCE 
OF SERIES AND INTEGRALS. 
7. The Hardy-Littlewood condition. We now enter upon the realm 


of ideas which has longest been associated with Tauberian theorems.” 
The class = of the last paragraph now consists of all functions of the form 





27 Hardy (2); Hardy and Littlewood (4), (10), (13) etc.; Littlewood (1); Landau (9), (4). 
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(7.01) M(x) — M(x +A) 
for which we have 


(7.02) M(—«)=—1, M(w) = 0, i- M(§—~-x)df(§) bounded. 


Condition (5.02) now asserts the convergence of 


Co 
(7.03) > max |M(z)—M(x+4)| 
k=—0 ksask+1 
which will be automatically fulfilled if M(x) is monotone and satisfies (7.02). 
We shall also suppose M(x) continuous. Condition (5.07) becomes the 
condition that 


(7.04) : 


V 2x 


shall not vanish for any real w for every 4. Let us suppose M to vanish 
exponentially at +0, and let 





f [M(x) — M(a+A)] & dx 


1 — 
V2a 
y(z) will clearly be analytic over some vertical strip to the right of the 
origin. We shall obviously have 


(7.05) 





f M(x) & dx = g(z). 


(7.06) WHE f , M@) —Me@+d) edz = 9@)—e*) 


over this strip, and by analytic continuation, which we assume to be 
possible, the non-vanishing of (7.04) becomes the non-vanishing of »(z) 
over the imaginary axis. 


If 

(7.07) lim M(E—x) df(§) = B, 

rao J” 
(5.03) is satisfied for d =O. As is obviously permissible, let us put 

M(@@)—1 3; (~#<§<0) 
(7.08) K(8) =)M@—14=; O<§<e) 
M (8) » ( SF< a) 

Then (5.04) assumes the form 
(7.09) lim |. K: (§—zx) df(§) = 0, 


re 
which becomes 


(7.10) lim is @+f(- 4) as a # 


3 
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If we put 
(7.11) S(—2x) 0 
(5.04) assumes the form 
EE iw 
(7.12) lim — | S(§) d& = B. 
re 6 FX 


Restating Theorem XI in this new form, we get 
THEOREM XII, Let f(x) be a function of limited total variation over every 
range (—«, A), let f(—«) = 0, and let 


y+1 se 
(6.02) J l\af(@@)|—fytD+fy <N (-—o<y<). 
Let M(x) be a monotonely decreasing continuous function, such that 
(7.13) M(— 0) = 1, M(2z) = O(e-”) at wo (a > 0). 
Let 
1 ri¢) 
(7.05) { M(x) &* dx = g(z) 


V2a0 J-« 
over a strip to the right of the origin, and let y(z), continued analytically 
on to the imaginary axis, have no zeros there. (We assume the possibility 
of this continuation.) Let 


(7.14) i " ME—a) af ® 

be bounded, and let 

(7.07) lim in M(§—x)df(&) = B. 
Then — ae 

(7.12) tim + {or@as ot 2. 


Let us put 
M(logx) = N(x); f(logx) = F(z). 
Theorem XII then becomes: 
THEOREM XIII. Let F(x) be a function vanishing at the origin and of 
limited total variation over any finite range (including the origin), and let 
for some A>1, 


Ay 
(7.16) J, \dF(x)|—F(4y)+ Fy) <N O<y<o). 
Let N(x) be a monotonely decreasing continuous function, such that 


(7.17) N@) = 1, N(x) = O(a) at [A> 0]. 
Let 


(7.18) oe f, N@) dx = 9(¢) 
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over a strip to the right of the origin, and let y(z), continued analytically 
on to the imaginary axis, as we assume to be possible for all points but the 
origin, have no zeros there. Let 





oooh 
(7.19) f, N (=) are) 
J 0 L 
be bounded, and let 
« ~ 
(7.20) im J N (=) dF(§&) = B. 
Then if 4, >>1, 
1 ies dé 
(7.21) lim ——— F(§)— = B. 


ean Uh de g 


A case of particular interest and importance is where 
[x] 


(7.22) F(x) = D an. 
n=0 
Here 
; Ay (Ay) 
| \d F(x)| — F(Ay)+ Fly) — p4 (— dan + | an}) 
(7.23) Jy n=(yj+1 
- jmax 2nan; (n < [4y)), 
= té, 


if 4 is sufficiently near to 1. (7.23) is to be interpreted as meaning that 
the expression on the left hand side is less than or equal to the greater 
of the two expressions in brackets. 

We thus obtain the 

CoROLLARY. Jf N(x) is sulject to the conditions of Theorem XIII, if 


(7.24) f N (=) dF(§) = > anN (* 
0 r Lr 


n=0 
is bounded, if 


(7.25) NA, <—K (or na, > — K) 
Jor all n, and of , 
(7.26) lim > aN (2) _— 
rn n=0 4 
then ‘ 
(7.27) Ee = 8B. 
0 


Here instead of (7.27), what we directly prove is 


1 vA, 8) dé 
(7.28) i ——— >, a— 


rn log A, Je rn=0 


= B. 


- 
~ 
> 
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(7.27) may however be written in the form 


1 wa Sak 
.281) li ee ne ie 
(6 ) ane log 4, f. px g B 


Our conclusion (7.27) will then follow if we can show that we can so 


choose 4,, that 
——. 2 
lim 
xr—> oo log 4, x n=([x]+1 


(7.29) — 1 cA, (2 A,1 
lm ———— 
xr2—>oo log 4, x n=[§]+1 . 
However, 
1 x A, §) dé 1 x A, K dé 
———— le —(7 A,— rr) ——_— = —1), 
(1.30) oa, J, ie te Sea |, g CAO = KAD 
Again, 
1 vA, (A, a] dé 
; a a n — < - ins . 
(7.31) ax. Bia" ¢ SK(4—-1) 
Since we may take 4, as near to 1 as we wish, (7.29) is established, and 
(7.27) follows at once. This type of argument is to be found in the work 
of Szadsz. 

8. The Schmidt condition.** This last corollary covers the work of 
Hardy and Littlewood on Tauberian theorems. An extension of their con- 
ditions is due to Robert Schmidt. To arrive at theorems of his type, let 
M be subject to the conditions stated in the hypothesis to Theorem XII; 
let us put 
(8.01) g(a) = fle@+e)—f(@) 
and let us assume that 
(8.02) —f(x)+'\ f(z) <A(et+|x|) +e (A,c > 0). 


As the integrals in question converge absolutely by (8.02) and (7.13), 
whenever they exist we may invert our order of integration and write: 


Y+e — yt+e 0 
{ ax | M(§—-x)df(§) = { ax { M(§)df(&+ x) 
e/JY —® Jy —e 


=f Ma(sety+o—se+y) a8 


(8.03) ~~ 
= { _ ME—W(SE+O—fO) AE 


" { ME—y)9 ak. 


*8 Schmidt (1), (2). Throughout this section, the author has been strongly influenced 
by the methods of Vijayaraghavan and Szasz. 
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Thus if 1/(x) is subject to the conditions in the hypothesis to Theorem XII, 
if it is bounded above or below, and (7.07) is valid, and (7.14) bounded, 
whether (6.02) is true or not, it follows from Theorem XII itself on replacing 


fio) by +f" g@ a8 that 


aye *r 
B= lim i | a2 yak 


y>n & Jy eJ —~ 
1 Ye dz -t-a 
(8.04) + =ln f a J, SQ a 
ne eh 
| = lim oe JS E+e+y) @—|8) a8. 


Let us now introduce Schmidt’s notion of a “slowly decreasing” function. 
Let f(u) have the: property that when w and v run through a sequence of 
pairs of values for. which 


(8.05) vu, v—u-0 

then 

(8.06) lim (f(v) —f(u)) = 9; 
un 


we shall call f(u) slowly decreasing. (Schmidt treats sequences instead of 
functions, and on another scale, but the difference is unimportant.) Schmidt 
shows that we may write 


(8.07) fu) = AW+AW 


where /2(u) is monotone increasing, and /,(w) satisfies the condition that 
whenever (8.05) is fulfilled, then 


(8.08) lim (A(v)—A(@) = 0. 
uUu—> 00 
He proves that there exists a function 7'(@) such that 
(8.09) lim |A@—AM| = TE) 
_ wsvsu+a 
(8.10) lim T (a) = 0. 
a—>0 


He proves that a number 7’ exists, such that 
(8.11) lA (w—A()| < T-w—u) (v>u+e), 


From this, it readily follows that if f is bounded near —, (8.02) is 
valid and g(x) is bounded below. Furthermore, 


@12) lim(r@—4 ['sete+a) (e—|))a8) < 720) 
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and 

(8.13) lim {— + [ s@+e+a) («—|8|) d8+f (w+ 20) > — T (2a); 
going to the limit 

(8.14) lim f(x) >—T(2«)+B 

and : 

(8.15) lim f(x) << B+ T7(2e). 


Then by (8.10), it follows that 
(8.16) lim f(z) = B. 


Loo 

This yields 

THEOREM XIV. In the hypothesis of Theorem XII, condition (6.02) may 
be replaced by the assumption that f (x) ts of limited total variation over any 
Jinite range, and is slowly decreasing, and the conclusion (7.12) may be 
replaced by (8.16). Again, Theorem XIII becomes 

THEOREM XV. In the hypothesis to Theorem XIII, condition (7.16) may be 
replaced by the condition that if u and v run through a sequence for which 


‘ v 
(8.17) vu, rs >] 
then 
(8.18) lim (F'(v)—F(u)) 2 0. 


In the conclusion to Theorem XIII, (7.21) may then be replaced by 
(8.161) lim F(a) = B. 


tw 


In the corollary to Theorem XIII, (7.25) may be replaced by the hypothesis 
that if 
(8.19) Sy = (ly + Ay + st + An 


and p>, q> © in such a manner that 


dl qd 
(8.20) q>P, . —>1 
then 
po 


The conclusion of this corollary remains unchanged. 
The hypothesis that (8.20) shall imply (8.21) is Schmidt’s hypothesis 
concerning slowly decreasing sequences in unaltered form. 
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It will be noted that the proof here given for the Schmidt theorems 
does not essentially differ from the proofs given by Vijayaraghavan™ and 
Szasz*° for theorems of these types. In both cases the transition is made 
to a Tauberian theorem of more standard type in which s, is itself averaged, 
instead of appearing in the conclusion as the average of a unilaterally or 
bilaterally bounded mass distribution. In both cases, moreover, the Schmidt 
condition is again used to give a bilateral or unilateral estimate of the 
difference between s, and its average. 


CHAPTER IV. 
TAUBERIAN THEOREMS AND PRIME NUMBER THEORY. 


9, Tauberian theorems and Lambert series. One of the most 
important applications of Tauberian theorems is to the proof of the prime 
number theorem of Hadamard*! and de la Vallée Poussin,** to the effect 
that the number of primes less than N is asymptotically N/log N. The 
prime numbers bear an exceedingly close relation to series of the form 


> = 
{ siakinigaiaanialiain 
(9.01 ) An 1 an 


known as Lambert series, after their eighteenth century discoverer. Until 
recent times, however, all attempts to employ Lambert series effectively 
in the study of prime numbers had proved a failure, and indeed Knopp* 
has characterized one of these directions of attack as “verfiihrerisch”’. 
Hardy and Littlewood*™ finally showed that the prime number theorem 
was equivalent to a Tauberian theorem concerning Lambert series, but 
did not succeed in establishing an autonomous proof of this theorem. 
Our general Tauberian theorems suffice to furnish this autonomous proof, 
and indeed, the Tauberian theorem which we shall find it easiest to establish 
_ directly leads more directly to the prime number theorem than does the 
theorem of Hardy and Littlewood. The latter is also directly demonstrable 
by our methods. In both, the cardinal point in the proof is that the 
Riemann zeta function, ¢(#+ iy), has no zeros on the line x = 1. The 
proof of this goes back to the first proofs of the prime number theorem, 
and has always been recognized as that property of the Riemann zeta 





29 Vijayaraghavan (1), (2). 

30 Szasz (1), (2). 

3! Hadamard (1). 

32 de la Vallée Poussin (1). 

33 Knopp (3). 

34Hardy and Littlewood (11); Hardy (6); Ananda-Rau (2). 
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function which is most central in the proofs of this theorem, but all earlier 
proofs had made some use of the behavior of the zeta function at infinity. 
These further properties now appear as inessential, and the non-vanishing 
of the function becomes the only non-elementary feature of the zeta 
function in question. 

For example, the usual proof of the prime number theorem employs 
a lemma of Landau® to the following effect: 

LANDAU’s LEMMA. Let 


(9.02) F(z) = z ayn n-* [R (x) > 1] 
and let 
(9.03) an > 0 ' [n = 1, 2,--+]. 


Let F(x) when analytically continued be without singularities on R(x) = 1, 
except for a pole of order one at x = 1, with principal part A/(a—1). 
Let there be some « for which 


(9.04) F(x) = O(\x/*) 
in the right half-plane. Then 
(9.05) A=lm — 1 > a. 


n—>o 


In the following section, we shall show—following Ikehara— that con- 
dition (9.04) is not needed. When the lemma is used in the proof of the 
prime number theorem, 


(9.06) a, = 4, (to be defined immediately); F(x) = —{' (a)/f(a) 


and it will be seen that here too the only non-elementary property of the zeta 
function which we use is that it does not vanish on the line R(x) = 1. 

To return to Lambert series, let /(n) be the number-theoretic function 
determined by: 

A(p*) = log p if p is a prime and k is a positive integer; 

A(n) =0 if m is not of the form p*. 


Let 0 < x<1; then 


(9.01) & log ma =z am > A(n) =m Zo = A(n) i —" ‘ 


nim n=1 








35 Landau (1). 








TAUBERIAN THEOREMS. 41 


Hence 


es) gn 2. gm gmt 
A _—__—- — 4 -— 
pa (n) 2a log m — 
== “2 log =~ ) a m 
(9.08) 
— (3.)| gm 
(— 





x 1 < 1 f 
a he 12 te? r) 2 |. 
If we put x = e-* and multiply by £ we have 


é ng é y-$ < 1 ra ‘ 
(9. 09) > A (x) [—> z 2st oF z= O (+5) e™ — log (1 anon -| ° 


ene 
1 


For & > 0, the derived series on both sides converge absolutely and uniformly, 
and we may differentiate (9.09) term by term. On multiplication by & 
this “— us 


8S ain) 5%, (2B) 


_ §eF(1—F — —§) = _ —m 
= a og (1—e-) - 0(<s) ¢ | 


(9.10) 4 £2 6-§ ©: et a on 


1—e$ 1 
== 0(&) [O(log §)—0(1)] + [§ + 0)] i+ + O (log »| 
= 14+ 0€ log §) 
as §>0. If we put 











ss d ue --} 
(9.11) MW) = (Se 
this leads us to 
(9.12) lim § > 4(n) N,(n§) = 1. 
s—>0 1 


This is a particular case of (6.14), which forms part of the hypothesis to 
Theorem XI’. 4(n) is positive, as the hypothesis of that theorem further 
demands. The function N,(u) may be written 


u _ 14+(u—De" _ jo) as u>0; 





a—e?  lO@e as u-e. 





(9.138) M(u) = a (5 


Thus of that part of the hypothesis of Theorem XI” containing N,, which 
is now both VM and the whole class =, it only remains for us to verify 
the boundedness of 
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(9.14) & >’ A(n) N, (né) 
1 


which follows from the fact that there is a K such that for §>&>0 





ey A(n) Ny (n :) <, KS n(nte") 
(9.15) 2 
= KS 7 a —-0 as §-0 
and from (9.12), and to verify further that 
lee] 
(9.16) f N, (u)w” du + 0. 
Now 
~ 
J Ny (u) uw” du 
0 





a yee 
0 . r= 


u 
= lim c iets q (== 
A—0-2/0 1— e” 


zi.) 
é U ein cai 
= — lim d (ule 
0 1— e” ( ) 


A—>0 











ev 


(9.17) =— Jim ety [ itd —ft 


mee jim aty {- yirts (eu t e-wi ...) dy 
= tin Gata) FGéetatil) (1+ 2-@ rt 4 3-@tstp 1...) 


A—>0 


— jim a+ 4) P Gx + a+ 1) €@a+4-+1) 
= ix V(ia+1) S@r+1). 


Let us take over from the theory of the Riemann zeta function the 
following facts: 

(a) that the Riemann zeta function ¢(z) is analytic on the line with real 
part 1, except for a pole of the first order with principal part 1/(¢—1); 

(b) that the Riemann zeta function has no zeros with real part 1. 

It then follows that 


lee) 
(9.18) I N, (u) wv” du + 0 


for any real x, and that 
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oo 
(9.19) i N,(u) du = lim 4r(2+1)¢(4+1) = 1. 
0 A—>0 
Thus it follows from (6.35) that 
1 2 
(9.22) lim — ps Atm) = 1. 


N- © N n=1 


Let us put (wu) for the number of primes less than or equal to uw, and 


let us write 


(9.23) O(u) = a(u)+da(e?)+ia(i*®)+.-- 


It is easy to prove by elementary means that 

















(9.24) lim 7% _ 9, 

uUu—>o Uu 
Moreover, 

| nial nail! 
| , bani oe (yl 70g) | 
|o(u) — a(u)| = | 4 (es )teeet+ “ ullog 2141 | | 

(9.25) < uw? ((log u/log 2] + 1) 

= O(u"? logu). 
Thus 
(9.26) lim =) == (0, 

We may write (9.22) in the form 
wy ba 
(9.27) lim —> log ud@(u) = 1. 
N-o N 
On integrating by parts, we see that 
; f @o(N) log N 1 as @(u) du _ 
—_ | i one 2 eeeaed hades 
Now 
(9.29) lim ae — du = 0 
N->o N 

because of (9.26). Thus 
(9.30) sip OES ni 

N-« N 
or 
(9.31) o(N)~T5 nd 

, log N° 

From (9.25) it follows that 
(9.32) n(N)~— 


log N° 
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This is the famous prime number theorem of de la Valleé Poussin and 
Hadamard. 

10. Ikehara’s Theorem. The Landau Theorem (XVI) received several 
successive generalizations at the hands of Landau himself, and of Hardy 
and Littlewood, perhaps the most general of which was indicated by Hardy 
and Littlewood*® to be the following: 

THEOREM XVI, Let: 

(i) the series Say4n* be absolutely convergent for R(s) > %% > 0; 

(ii) the function F(s) defined by the series be regular for R(s)> ec where 
O0<ce< 6) and continuous for R(s) 2c, except for a simple pole with 
residue gq at s = ¢; 

(iii) 

(10.01) F'(s) 0 (et) 


for some finite C, uniformly for 6 = ¢; 
(iv) 


i, 
(10.02) : 


An — 


>» I: 
(v) an be real, and satisfy one of the inequalities 
(10.03) (n a Kk hd ; (A, aoe An- 1), An Kk S* (A, i An—1) 


or complex, and of the form 
(10.04) O18, (dn — An—1)} 
Then 
ghn 


(10.05) An = 4, + “lg -- oe — An™ — ; 


The vital change between the Landau and the Hardy-Littlewood theorem 
is the looser form of (iii), which replaces a restriction of the form 


(9.04) F(s) = O(t/). 


Both these restrictions are inessential, and the true theorem is that of 
Ikehara*’, which reads as follows: 
THEOREM XVII. Let a(x) be a monotone increasing function, and let 


(10.06) ‘. a“ da(x) = f(u) 


36 Hardy and Littlewood (8). 
37 Tkehara (1). 
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converge for R(u)>-1. Let 


(10.07) S(u)— A = g(u) 
converge uniformly to a finite limit as 
(10.08) Ru) 1 
over any finite interval of the line R(u) = 1. Then 
(10.09) i= te Se. 

von WN 


To prove this, let us put 


(10.10) B(E) = «(Aye +" eta(é)dE—A&. (E>0). 
Thus 
(10.11) AB(§) = e*da(é)— Adé&. 


Let us assume—what is no essential restriction—that 


(10.12) A(z) = B(+0), (—xS7<0). 
Then (10.07) becomes . 
(10.13) g(u) = {. e1-5 dB(§), [R(w) > 1]. 


What we wish to prove is that 


(10.14) lim if e—7 dB(s) = 0 
47m * 


which is equivalent to (10.09). 
If «>0O and 7 is real, we have 


2B | 
fo (1 atu pet 1) ama 
J-B 
(10.15) es - ID y 
= (1— : ) au | eu M—5) ee 1 B(8), 
B \ — 





B 


As this double integral is absolutely convergent, it becomes 


. u| | 
—s5 | & (1— es iug—s) | 
{. e- = dB( f Be du 


e/ —B 


(10.16) 





* 2(cos B(y—§)—1) _cz pase 
— mar ” Biy =) x > A B(§). 
Now, 


2B Saal . 
lim { (1— ea g(iu+e+1) e dy 


- £—>0e/—B 
(10.17) ~~ 2 et 
= if (14) gin +1) 0" dy. 
B 


eJ— 
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Thus 


_ ( 2(cosB(y—§)—I1)e 1), 
(10.18) . jim {. B@—® dB (§) 





exists. Remembering that 


f 2 (cos B(y — §)—1) oe gs 
0 


dé 





B(y—&P 


-{" 2 (cos B(y — §) —1) - 
i 0 B(y —&)* “— 


lim 
(10.19) *~° 





and that 
9 a. ; 
(10.20) : =< = 2 Y) 3-98 dae) 





is a non-positive integrand, we have, by a theorem due to Bray* and 
fundamental in the theory of the Stieltjes integral 


«o 
Cn ee 


— f. : rE —s e sda (e*) 





(10.21) 





and hence 





tim [ 2(cos Bg — 2) — 1) 5 gag) 


e—>0 B(y — 5)? 


= [ee Bo—D—) ae, 


(10.22) 





Moreover, 





, *® 2(cos B(y — §) —1) 
a AG 
(10.23) qe J. B(y — &)? dB(§) 


B 1 
== lim { (1.— 4) giutbne du = 0 
_B B 


omnes) 


because (1— ) gut) is summable over (— B, B). Similarly 


(10.24) f i a Fa 8 (8) 





may be proved to be bounded because of (10.23) and (10.12). 
We know that 


(10.25) i 1B) > A 


38 Bray (1). 
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and that all the other conditions of Theorem XI are satisfied, with the 
possible exception of the non-vanishing of (6.15). To see that this is also 
satisfied, we need only reflect that 


” 2(cos By —1) , 1 a! 
c = Ff piuh is Cia ae ee ey luj< 
(10.26) {. Br el dy as (1 / [lu < B). 





Thus there are no zeros common to all these functions for all values of B, 
and the non-vanishing of (6.15) follows. 

It will be observed that the full force of our Tauberian method is 
scarcely needed for this theorem. In Theorem XJ, which is the critical 
part of the proof, the difficulty of proof is considerably lessened if K, (x) 
assumes such a special form as 2(cos Bx —1). 

As a corollary of Theorem XVII, we may prove: 

THEOREM XVIII. Let y(x) be a monotone increasing function, and let 


e¢) 
(10.27) f.. a“ dy(x2) = g(u) 
converge for R(u)>1. Let 
(10.28) F(u) = e@ (u—1)4 [0O<A< 4] 


when continued analytically, be regular for R(w) = 1, and let it not vanish 
for u = 1. Then, 


, 1 (*% 
(10.29) A= ia + flow « dy (x). 


N->© 


To prove this, let us put 


J. .los Ear® == «(z); 
— 9 w) = fu). 


The theorem then reduces itself to Theorem XVII, provided we can establish 
that (10.07) approaches a finite limit as R(w)—1. From the regularity 
of (10.28), it follows that 

(10.31) y (u) + A log (% —1) 


(10.30) 


is regular for R(w) — 1, except for logarithmic singularities with negative 
infinities. It is also clear that there is no singularity for «= 1. 
Now, 


(10.32) KR (y (a)) =f 
so that ” 
(10.33) Riwdtetiv) = f a—1+®) eos (vlog x) dy (x); 


+0" 


2) 


i. x-® cos (YJ (wu) log x) dy (x) 
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2) 


(10.34) Rp +e+ 2iv)) i r-“IT®) eos(2v log x) dy (x); 


1-0" 


and 
200 
(10.35) p(ite = [att ay(a. 


140° 
Thus 
3p --6)+4R (oO +e + iv) +R +e4 2iv) 
(10.36) ott (y ( (p(1 4 ) 
[ a "r®) (3 +- 4 cos v log a +- cos (2v log x)) dy (x) 


1-40 
and since 
3-+4cosy-+cos2y — 3+4cosp+2cos?y —1 
(10.37) 2(1 + cos »)? 
0 
it follows that 
(10.38) 3¢(1--e) L4AR((1 te tir) + RUA +e+2iv)) > 0, 
or 
(10.39) Rip +e+iv)) > —FpU+e)— LRA +e42iv)). 
Thus 
- KR(p +e-+-7r)) 


lim 
e—0 log é 


— lim p(1+e«)- R(yp(1 + e+ 2iv)) oA. 4. 


s—>o loge log € " = 


(10.40) 

} lim 
e—0 
On the other hand, if 1-+/v is a logarithmic singularity of » with a 

negative coefficient, it is a zero of F'(w) of integral order n, and 


_ fie BOG +e se) 
e—>0 log é 


Thus  («) + A log(# —1) has no logarithmic singularities with negative co- 
efficients, for R(w) = 1, and hence is analytic throughout this whole line. 
Thus, by differentiation. 

A 

—| 


(10.42) fw) —~ 


is analytic on the line in question, and the finiteness of the limit of (10.07) 
is established. 

It will be observed that our proof, which completes the demonstration 
of Theorem XVIII, follows closely the lines of Landau’s proof*® that the 
Riemann zeta function has no zeros on the line R(w) — 1, and includes it 


3% Landau (2). 
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as a particular case. The prime number theorem itself is a particular 
case of Theorem XVIII. Let us put 


(10.43) y¥(x) = G@(z). 
Then 
(10.44) er) — O(u) 


and the hypothesis of Theorem XVIII is manifestly satisfied. (10.29) then 
becomes 


N 
(9.27) = li a f log «dm (zx) 
; 4 i+0 


which we have shown to be equivalent to the prime number theorem. 

Thus we have repeatedly shown that the prime number theorem is basi- 
cally Tauberian in nature. It might consequently be expected that the 
more refined theorems as to the distribution of the primes, based on Rie- 
mann’s hypothesis as to the distribution of the zeros of the zeta function, 
and established by Hardy, Littlewood and others, might be easy to esta- 
blish on a Tauberian basis. Such a formula as 


(10.45) lim & >) (4(n)—1) n® (n-@ &-« N, (n&)) = 0 (0< ax 5] 
E09 1 zZ 


which follows from (9.10) much as does (9.12), appears to lend a certain 
color to this view. Here the theorem to which this seems to lead is 


* 
(10.46) lim J > (A(n)—1) n* = 0, 
N>m» N 1 


and the condition of non-vanishing on the Fourier transform becomes the 
Riemann condition 
(10.47) C(iat+1—a)+0. 


The author considers these hopes illusory and deceptive. Let it be noted 
that (10.45) does not form a satisfactory hypothesis to a Tauberian theorem 
until we have some hold on the boundedness of the mass distribution whose 
integral is 

[ee] 
(10.48) M(u) = 2 (4 (n) —1) n*. 
Such information would already presuppose as much information as (10.45) 
ean yield concerning all smaller values of @ than occur in (10.46). In 


other words, Tauberian theorems merely transform a 0 into a o. 
4 





50 N. WIENER. 


Another way of stating the same thing is to say that a Tauberian 
theorem always operates in the neighborhood of a single ordinate in the 
plane of -the zeta function. This is because it depends on a division of 
the range of this function into near and remote parts, and because this 
division has validity in the theory of functions of a real variable, not in 
the theory of functions of a complex variable. On the other hand, the 
more refined properties of the distribution of primes depend on the behavior 
of the zeta function in the entire strip between ordinates 4 and 1, inclusive, 
and can only be discussed with the aid of Cauchy’s theorem. 

Of course, no proof of the limitations of so vague a thing as a method 
has real mathematical cogency. At any time some super-Tauberian theorem 
may come to light and prove to be central in the utmost refinements of 
prime number theory. For the present, however, Tauberian theorems do 
not seem to lie on the main avenue of progress. 


CHAPTER V. 
SPECIAL APPLICATIONS OF TAUBERIAN THEOREMS. 


11. On the proof of special Tauberian theorems. In the sequel, 
we shall show that the greater part of all known Tauberian theorems 
may be proved without great difficulty on the basis of the general theorems 
of the present paper. However, most of the particular theorems were 
proved in the first instance by entirely different methods. In individual 
cases, these methods are simpler and more direct than the general method 
here indicated. This is especially noticeable in the case of Karamata’s*® 
proof of the original Abel-Tauber theorem. 

Being in possession of a general method, we may consider with advantage 
the particular methods and why they function. All Tauberian theorems 
of the type discussed in this paper are intimately related to the solution 
of an integral equation of the form 


(11.01) f. F(y) Gia—y) dy = H(z). 


The most direct and general method of solving such an equation is by the 
use of Fourier transforms. Nevertheless, there are many cases in which 
a repeated differentiation will reduce such an equation to a linear 
differential equation of finite order, and many more where the same repeated 
differentiation will lead to a differential equation of infinite order, but of 
manageable form. Thus it is appropriate in many cases to employ a technique 


4° Karamata (2), (3), (4). 
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of repeated differentiation, and this has been done by Hardy, Littlewood*', 
and Vijayaraghavan,* though scarcely from an explicit consideration of 
the integral equations in question. So far, the successes of this method 
have been confined to cases where the analytic properties of the Fourier 
transform of F’ are extremely simple, and it has failed to throw any light 
on the Tauberian theorems of prime number theory. 

The methods of Robert Schmidt** lie more along the lines of the present 
paper, in as much as he has seen the essential role played by the integral 


y 
(11.02) , K (a) x" dx = R(u) 


in the study of the kernel of a Tauberian theorem. However, he has 
devoted his attention to 22(w) for real integral arguments instead of for 
complex general arguments. Furthermore, Schmidt’s general theorem con- 
cerns the unicity of the solution of his moment problem rather than its 
existence theory. As a consequence there is a wide gap between his 
general moment theorem and the particular Tauberian theorems which he 
obtains as corollaries. This gap he actually fills in in two cases, that of 
the Abel-Tauber theorem and that of the Borel-Tauber theorem, but he 
gives no general method by which it may be filled in in a new case. His 
actual procedure is closely allied to that of Hardy, Littlewood and 
Vijayaraghavan. Schmidt’s chief service to the subject is in his great 
improvement of what may be called the auxiliary apparatus of the theory 
of Tauberian theorems, through his invention of the notions of “langsam 
abfallende Funktionen” and “gestrahlte Matrizen”’. 

Karamata’s elegant method leads to the study of the closure of a set 
of translations of a given function, and thus most closely approximates 
to that developed here. His function is 


iaeaeed {@) = ee" 


and the problem is solved through Weierstrass’ theory of polynomial 
approximation. The translations considered are accordingly those of 
the form 


(11.04) J (a+ log p). 


Szasz has carried further the study of this particular set of translations 
of a given function. This is a far more difficult study than that of the 





41 Cf, Littlewood (1). 
42 Vijayaraghavan (1), (2). 
43 Schmidt (1), (2). 
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closure of the complete set of translations, and here the general solution 
of the closure problem is not yet known to me. 
12. Examples of kernels for which Tauberian theorems hold. 
Among the kernels admissible in the role of the N(x) of Theorem XIII are: 
(1) The Riesz kernels ** 


(i—a2)*; [0<2x< 1] 
0 ; [l<a2] 


[4 > 0]. 


(2) The Abel kernel 
(12.02) N(x) = e*; 
(3) The kernel 


(12.03) oe 


1T+2?’ 
corresponding to the method of summation of the series 2a,, which gives 
as its partial sum the Abel average 


(12.04) 1 , F(a) e-* dex 
of the cosine series 
(12.05) f(z) = D an cos nz. 


In the respective cases we have 
(1) 


aie 3. .. (@t+UT®@. 
oy f N(x) de = FGa sry 3 
2) 


(12.07) yy N(x) 2?" dx = I(e); 
(3) 7 
(12.08) f N(a2) 22 dx = nama 


m2 
2 sin — 
2 





None of these functions vanishes for purely imaginary values of z. 
A possible N,(u) of Theorem XI’” is 


(A+1)(—py; (0<p<1) 
0 [1< pl] 


” ar ay tw a, — LA+2) PGu+1) 
f N;(H) we dpe = TGu+at2) 


+ 0 if uw is real. 


[2 > 0]. 


(12.09) Ni (ve) = 
Here 





(12.10) 





44 Riesz (1). 
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13. A theorem of Ramanujan. As a lemma in our further work, 
we shall find it convenient to introduce a theorem formulated by Ramanujan * 
and first proved by Hardy and Titchmarsh,** although with a formulation 
somewhat different from that here given. The theorem is intrinsically 
interesting, and is perhaps worth presenting in some detail. 

Let f(x) be a function of Z,, defined over (0, ©). Then e”? f(e”) will 
also belong to LZ. over (— %, ©); for 


(13.01) [i letreras =" ireltae. 


The Fourier transform of e”? f(e”) will be 


A 
h(u) = Wye l.i.m. few ev? f (e) dx 


A->o 


l/e 
peat im. f S (a) x12 dz. 
<6 


The sine transform of f(x) will be 


(13.02) 


=— B 
(13.03) nly) = ye lim. J (x) sinzy dz, 
wT Bow JD 


and its cosine transform, 


— B 
(13.04) ge(y) = 2 1. im. I (x) cosxy dz. 
wT Bow J0 
Let us put 


ie 
(13.05) k,(u) = —— ],i,m. f nly) yy"? dy, 
ara Qa e—>0 € 


and 


1/e 
(13.06) alu) = A Lim fos) ay. 
e—> 
We have 


1 ' y2f 1 f , 
— sas d 
. f nly)dy = x Jo J (x) dx Zz edo smmxvy ay 


ie oe 1— cos xz 
= 2 f I (x) —— dx 
Similarly 


(13.08) if gx(y) dy = V2 {- f(x) SB 


45 Hardy and Littlewood (8). 
46 Hardy and Titchmarsh (1). 


(13.07) 
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However, on an exponential transformation, these become 


c  9-§ ts a we _.. oe . 
(13.09) { e 2 (el? gs(e”)) dy = / s | sin(e+*)e 2 (2 f(e)) dé, 
J—-xn eee 


and 


© 25 ase 2 , =. 
(13.10) { e 2 (e%? gy (e))dy= Z f (1—cos(e*))e 7 (eF2fle%))dé. 
—00 7 ie 





If we now make a Fourier transformation and make use of the Parseval 
theorem, it appears that 


7 [9 ‘aid ee 
(13.11) hy (a) f e722 eit) dy = |/ os h(— | (1 — cos e*) e792 et &, 
0 —o 


and 


< 1.9) [2 aw 

(13.12) ke oo | e722 et dy = | h(— af sin e e—*? e* dé, 
0 7 —~ 

Thus 


- iv) 


/ 9 
| td ”) 
) me (1 — cos x) gi 3/2 d: Yr 


Ww .J0 


key (a) 


h(—u) ” 
( ) ‘ = /2—iu) dy 


‘eo . £ lt es 1 
= V2 sin (iu + 3) 9! (i u-+ 5): 


Here we make use of the formulae: 


(13.13) 


(13.131) f, x” sinzdx = Pv +1) cos > (—1 => R(v) > —2] 


and 
st = . vat 
(13.182) | 2” sittin ae =  [-1>R0)>—3). 
Similarly Did 
ke (u) -//2 (i ijz ( _ 
(13.14) is — COs tu+ a) 9 Fiaut+ a}: 


The duality of the relation between k,(w) or ke(u) and h(u) is shown by 
the familiar formulae of the gamma function, 


2 aint 2) ua(-oet A) Erle Erin d 
gase) = Zenlt 3) Serene A] Erie rin 


1 pogo , 
= — cosiun r(ivt 5) r(—int 5 
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Thus 


(1 3. 1 6) ks (u) ky (u) _ 


| h(—u) | oe lh(—w | 


and the real zeros of k,(w), ke(u), and h(—w) are the same. In other 
words, if the integrals in question exist, the zeros of 


9) 
Vax J, Soret ae, 
7 0 


1 ie) 
Vaz J, sored, 


i) 
and a= I, ga ly) yy"? dy, 





are the same. This is a very valuable way of determining new kernels 
whose Fourier transforms (on a logarithmic scale) have no zeros. 
14, The summation of trigonometrical developments. Let f(z) 


be an even function of class Z., and, as above, let 


= B 
(13.04) ga(y) = 2 Lim. f J (x) cosxy dz. 
Uw Bow J0 
Let K(x) belong to Z. over (0, ©), and let us form 


(14.01) at g2(w) K(wa) dw. 
This will equal 

1 - E Zz 
(14.02) a f ef (=) ds, 
where 


B 
(14.03) kG) = ,= Lim J KG enws du: 
wT Bw 0 


for the cosine transform of 2 K(w2) is k(=). Thus an average of gz (w) 


at infinity will appear formally as an average of z/(z) about the origin, 
and an average of g:(w) about the origin will appear as an average of 


, 1 
z f(z) at infinity. The kernels in the two cases will be K(x) and = k@). 
Now by § 13, we have formally 


(14.04) Ves HO) 5 a| = VS K(x)a~ dzx\, 
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when (A) ,, If 


= 


| = ela) | ’ E 
(14,05) | rile and Kir aA4* da 
Zit oJo FH «Jo 


’ 





converge for QO — RA) ,. it then follows that 


, | he), 
(14.06) ae da | ft) | y " , 
94 alfa 1 


when, and only when, 


| " 
(14,07) 9 Kina de 10 | ae | |, 

Zt Vo 
Thus if k(r) rin the role of Ny (a), and N,(r) satisfy the other conditions 
specified in the hypothesis of Theorem XI, and (14.07) holds, it is possible 
to infer from 
(14.08) lim oo | dee) Kew) die A | K (av) dae 


s0 
~ 


to the conelusion that 


(14,09) lim H by [ e t\(e) Neo (¢ a) de A [ Ng (ze) de. 


> 0 
0 


r 





The condition that # belongs to i. may in many cases be very considerably 
altered and relaxed. 

It is possible to read the relation between (14.01) and (14.02) in the 
reverse direction, and to infer from 





an 


(14,10) lim Heh (7) de Ak (0) 
ela vr 


vr >o 


and other conditions completing the hypothesis of Theorem XI, to 


aon aoe 
(14.11) lim a [ de (w) Ny (tew) dw A | K,(w) dw. 


ro 


The condition that 


200 
(14,12) kia)at— da 
e/0 


} 2a 
should determine a function over a strip to the right of the origin, which, 
when continued has no zeros over the imaginary axis, becomes the same 
condition for 


200 


: | 
i 2n e/0 


(14.13) 


K(x) a? dx. 
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We thus arrive at a whole class of theorems relating the partial sum of 
a Fourier development with the average of the function represented about 
some point. Kor example, it is easy to prove: 

Theorem XVII. Sf f(x) i¢ a non-negative function of dass Le ower 
(mw, 0), if it is summuable at any point by a Riesz mean of any positive 
order, or by an Abel mean, to any value A, it i¢ 80 summable to A by 


Ktivsz meuns of all positive orders, and by an Abel mean. A necessary and 
efficient condition that this should take place at a given point « is that 


(14,14) lim J | Ka) da A, 
e-> 26 Jae 

This theorem is due to Hardy and Littlewood. 

ih, Young’s criterion for the convergence of a Fourier series. 
We now come to a region in which S. B. Littaner has done work, which 
constitutes the theorems proved in the present section. Young has proved 
the following theorem: for the Fourier series of the integrable function f (u) 
lo converge los for u x, tt is sufficient that 


(15.01) p(t) 
and that 


+ 
(15.02) | Au p(n)) » Of) 


for small t, where 


(15.08 w(t) » fo+ L #(e—t)—2e}. 


Further work on this theorem has been done by Young, Pollard, Hardy 
and Littlewood. The chief theorem to which Hardy and Littlewood came 
was the following: 

Tunornem XIX. A necessary and sufficient condition that the Fourier 
series of the integrable function f(u) be summable (C, —1+-8) for any 
positive 0 is that 


(15.04) y(t) = off) 
provided that 


JO 


a - 
(15.05) | i\d(ug(u))| = O(8), [o< 1<m\| 


where 


(15.06) yp, (t) =f 9 du. 


0 


This theorem in its original form is not directly adaptable to proof by 
the methods of this paper, inasmuch as Cesaro summation of fractional 
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order does not depend on a kernel of the form N(nz). On the other 
hand, if the Cesaro summation is replaced by Riesz summation, the theorem 
is reduced to a particular case of theorems already proved. We shall 
here content ourselves with proving this related theorem, as applied to 
Fourier integrals rather than series, in the case where /(x) differs from 
zero only over a finite range.*’ Let us write 


(15.07) tp(t) = w(t). 
Then (15.05) becomes 

t 
(15.08) fiawo| —O), [0<t<nal 
which yields the boundedness of 

2M : 2u 
(15.09) f A-1|d w(a) if A d wa). 
Furthermore 


#1 (t) “if _— du = a, = <n 
du edu 
0 u Jo 0 . a 
= 
=| log —dw (v). 
0 v 


Thus (15.04) becomes 


vt 


(15.11) lim as log - dw(v) = 0 
t>o t Jo v 
We have 
‘1 
(15.12) Jog A dt dd = —(tut+1)? +0. 


This is similar in form to (6.15). 
The Riesz sum of kth order of the Fourier series of /(x)—s for x = 0 is 


ee PF ne y(t) dt ’ ' 
Le | fase J Pew 


— 
= tint fr TU+h pa ae 





(15.13) ‘ - 
=iim+ {" wens rtrd, (1 —A)jF cos —" di 
; 1 ie) 
= jim — : dw (u) ™ ety ety I (1—A)F cosdtdi. 


It is 3 possible to make the transition to Theorem XIX, but several of the steps re- 
quire some consideration. In particular, the equivalence of Riesz and Cesaro summation for 
orders >—1 was proved by Riesz (Proc. Lond. Math. Soc., 2 (22), 412-419 (1924). 
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Here if k> —1, 
eco | * | 
(15.14) i J. (1— 4) cosdtdih| di 





is finite, and the inversion of integration in (15.13) is hence applied to an 


absolutely convergent integral, in view of (15.08). 
We have 


Y _ dv ' 
{ (itt dw f tTU+h f (1 ae L)k cos d t d d 
1 “ wit ' 
= ——-—— ee — })K j, d 
rae f TA+h io [ (1— 4) cos4od 
Pe) tas a= ° 
a an { a f 1 — aye Gsin de 
tut+tl Jo FU+Kh) — o 
1 , . 
i  seninman tacit scmabine aces iu—1 — Jj jj 
Gu +1) rd f w ao [ (1 — 4)* sin Aw dd 
1 : 4 
ia la aa al — )\k-1 } iu—1 si d 
Gutprée f (1— AajF-1 dd f o sin 4a da 


_—_ 1 . k—1 )—iu {- iu—1 oj , 
(15.15) = acenre J, (1—A) A di , z sin zdz 


_ 1 r'(k) FA— iu) ‘. ae. 
= GetIT® FEFiI—iw TEM eGe—) 5 
—  Frd—iu) Feu vail mwiu 
~~ (utiyrik+1—iu) 2 

1 U 

2 
—™ Gut+1)r(k+1—u) sin wiu 


mw 


2(iu+1)r(k+1—iu) cos 
+ 0. 














m sin 








UU 


2 





In proving this, we have made use of (13.131) and (13.132). 

The other conditions of the hypothesis of Theorem XI’ are readily 
proved to be satisfied, and we have already shown that if (15.05) is satisfied, 
(15.11) and 


=i. 2 ye 
(15.16) lim if TUL Jo (1— 4)* cos d 0, 


e—>0 
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are equivalent. Thus if (15.05) zs satisfied, (15.04) 7s completely equivalent 
to the statement that the Fourier series of f(x) is summable to s by Riesz 
(or Cesiro) sums of any given order exceeding —1. 

16. Tauberian theorems and asymptotic series. Certain asymp- 
totic problems arise in the discussion of the behavior of an integral 


(16.01) [oor omar 


for large values of x. By a change of variable, this problem may be 
reduced to the consideration of 


(16.02) f * eat @() dt. 


In particular, let us discuss the situation which arises when »>0O and 














(16.03) lim 2” . et M(t) dt == A, 
wen 
which we may write 
” . 
(16.04) lim 2 f (wey et PO ay = A, 
wo 0 
If 
(16.05) of (wt)”-1 et = dt 
is bounded and @(#) is positive, it will follow by Theorem XI” that 
*1/x 
(16.06) lim x | s dt = —z 4 = Fy ' 
ro eJ0 J, jv-1 et dt 
or that 
.— _- oS... A 
(16.07) pase > ; pa at => T() ° 








Again, it will follow that 


ie) ; 
(16.08) —_ f | i i 


ose Jie fo ef Ti)’ 











which yields 


, gem 1 _ A 
(16.09) time +0 (> +\at= e 


é—0 


The condition that " 
(16.10) rGut+y) = i et fut>—1 dt +0 
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is obviously satisfied. Indeed the Tauberian theorems of this section 
(which are due to Ikehara**) differ only from those of the last section in 
that x tends to infinity instead of to 0. 








If co is bounded and tends to B at the origin and »>0, 
(16.11) lim x { (xt) =| OW —Blar = ©, 
To 2/0 t 
Then 


, O(t) 4 
(16.12) lim of (at)”— eat par at = B al Poe di = BI (vy). 
To / 0 
Thus 
io) 
(16.13) lim aw et M(thdt = BI). 


wo 
In particular, let there be a neighborhood of the origin in which @(?) is 
y—1 times differentiable, with a bounded derivative of the (v —1)st 
order. Let 





(16.14) ®(0) = 0; (0) = 0; .-- O20) = 0; OY) = A 
O (t) ; ; , 
and let -- be bounded outside the neighborhood in question. Then 


a. 
20 
(16.03) lim wf e“ O(t)dt = A. 
rn 0 


If now @(t)— A?’ has a bounded derivative of order ~—1>yv—1 at 
the origin, and vanishes there with all its derivatives of order less than 
Af’ 
(iv 





#—1, and #(t) is a function which equals ®(t) — in some neigh- 


ae is bounded and tends to A at 





borhood of the origin, and for which 
the origin, we have 
ie) 
(16.15) lim x“ j et U(thdt = A. 
aon 0 


By a repetition of this process, it is easy to show that if 


A f.-* 


4 As ('s* At 
(1) I'(3) 


er Fo 


if %(t) is bounded and (« —1) times differentiable with bounded («#— 1)st 
derivative in some neighborhood of the origin, if 


(16.16) @(f) = 





+ w(t), 








4S In a paper not yet published. 
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(16.17) (0)=0; #(0)=—0; --. weDv¢0) = 0, 
and if w>,, w >, +++, w > r,, then 
(16.18) , e “M(t dt = Ax + Aa t+... + Apo + O(2 Mt) 


as xo. This is an adequate basis for the theory of asymptotic ex- 
pansions of Laplace integrals, and enables Wintner’s work*® on the subject 
to be greatly simplified. 


CHAPTER VI. 
KERNELS ALMOST OF THE CLOSED CYCLE. 


17. The reduction of kernels almost of the closed cycle to 
kernels of the closed cycle. In the present section, we shall approach 
very close to the work of Robert Schmidt®® in his discussion of “gestrahlte 
Mittelbildungen’’, although our terminology will be somewhat different. 
Up to this point, we have been discussing means of the form 


(17.01) f K,(& — x) f(§) dé 
or i 
(17.02) in K,(&—2) d9(), 


or means only differing from these by a change of variable from §& to 
a function of §. Let us now turn our attention to means of the form 


(17.08) [mG 0 a9®, 
where 
(17.04) K,(§, 7) = K,(§—2)+ Ky (§, x) 


where K, (x) satisfies the condition that (5.02) converges and that (5.07) 
does not vanish, and where 


(17.05) lm > max |Ki y, x)| = 0. 


LPO —O NEYEN+1 


Let Ki (x, y) and K,(x) be continuous, and let 


20 y+1 | 
17.08) [Kile dg) and f" lay) —9yt)+9W) 





49 Wintner (1). 
50 Schmidt (2). 
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be bounded. Let _ 
(17.061) lim [KGa d@ =A, KOas. 


The argument of Lemma XIa will need no substantial alteration to show 
that there is a Q such that 


y tl 
(6.04) J \dg(x)| < Q. 
It will then follow from (17.05) that 
00 iv) 
(5.08) lim [ K@—a)dg® =4fl KOas 
rn J” — 
and that 


a Ki (& — x) dg (&) 


is bounded. Hence, by Theorem X, if K, is any function belonging to N,, 


60 lim f K@—ndy@ = Af K@as. 


ow * 
In Chapter ITI, the kernel K (§ — x) is replaced by a kernel of the form 

(17.07) M(§+ea—2)—M(E—7z) 

where M(x) is a monotone function for which 

(7.13) M(—o) = 1, M(x) = O(e™) at +0; [uw >0] 

and for which the function 


1 
V2". 


which is defined over a strip to the right of the origin, when continued 
analytically on to the imaginary axis, has no zeros there. We can replace 
the kernel M(& — x) by a kernel of the form 


(17.08) M(§, x) = M(F—2)+ MEE, x) 





(7.05) i M (x) e** dx 


where MV, (x) satisfies the conditions we have already laid down for M(q), 
and where 


(17.09) lim | dM, (&, x)| = 0 
ro JO 
and 
(17.10) MM, (&, x) = O(e—“) at © uniformly. 


Under this change, Theorem XIV still remains valid. 
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18. A Tauberian theorem of Hardy and Littlewood." Hardy 
and Littlewood have proved the following theorem: 


THEOREM XX. Let f(x) = > anzx” be a power series with positive coefficients, 
and let 


- A 
(18.01) aie ee I (@ >0, x1). 
Then 
n* A 

(18.02) ym ~ T(a@+l) (n~o), 
We may write (18.01) 
(18.03) > ane" ~ AE“ 
or 
(18.04) lim & > 2 (n8)e-1e-" — A, 

§—>0 n 
This falls under (6.30), and 

co 
(18.05) I ge—-1 o—5 giu dE — F(at+iu) +0. 


Since a,/n*!>0, 





(1/8) £ Ge—1 dé A 
(18.06) lim § } ee aaa (ney = A * Seay 


because of Theorem XI’. Writing m for 1/f, and letting m become infinite 
through integral values, we get 


A 
(18.07) Jim 8 me =r * FesD’ 
which is only another way of writing (18.02). 
This however is not the most general theorem proved by Hardy and 
Littlewood in this connection. They show that if 





; A 1 
where 
(18.09) L(u) = (logu)" (log log uw)” - - - (log uw)“ 
and 
(18.10) u“ L(u) + O(1) at w, 
then 
. n* A L(n) 





5! Hardy and Littlewood (4). 
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We may write our theorem to be proved in the form that if 


<2) 
y a ’\0 c eo 
(18.12) 8 ei (n§)¢ ew AL(E-), 
then (18.11) follows. This we may again write 
ie 2) 
(18.13) el ps _ ellogn—1) (@—1) p- eogn—p AL (eH) 


1 


as >a. Now, if M(§) is a continuous function, defined over (0, «), 
and asymptotic to L(&) at #, we may show that: 


Cle 2] enh 
(18.14) f ume oe" (et) du M(e") i ee" du~ L(e). 


Here M(&) is introduced instead of L(&) in order that we may have no 
trouble with finite singularities of ZL (&). 
To prove (18.14), let us reflect that 


wn u—A / 
(u—j2) . ‘ . (u—F) 
J, ume oO NT (gt) dy = i eM E ge M(e) du 
( 
uA 


(18.141) eu-Me oe 


UA 


saad (it--ts) 
/ ~" 
7 f gu—we ee” M(e“)du. 


utA 


Since M(&) is asymptotic to Z(§), which is asymptotically increasing, the 
first integral is asymptotically less than 


Le) f°” eu - ~)G oe 
< Le@) f ee" du < Le) eA, 


(u—p) 


M(e“) du 


(u—y) 


du 
(18.142) 


As to the second integral, it is asymptotically 


A 
(18.143) L(e*) in et ee" du, 


while the third one is ultimately less than 


a) 
A ; 
oe” ee f eo U— L(e“) du 


eJ UtA 


Pie] 
< eA? ee“ out J L(e’) d(—e™") 
At 


(18.144) a ; 
== ¢A* ee E (ef) + ou | e~* 7 (L (e")) an| 


u 
ri) 


en yr—U2 an| , 


< ¢A* oe" [x (e“) + Ce# J 


fod 
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+A 1/2 200 1/2 
—u «—1/2 a, —1/2 —u 
i} eu! du = — Ji u! ) 
Jlt 


en io 11/2 + J, ” (a, pa }) sg ad 4 —/2 d u 


ee ee re 


<— Qe i Miiaad ; 





Now, 





(18.145) 





Thus by (18.144) 
Clee] 
(18.146) * ia 2 &) M (ec) du < e& ee“ [L(e*) + 0(L(e))]. 





Combining this with (18.141), (18.142) and (18.143), we see that 





lim f ete pe“) M(e") du— Le) f et ee au|/L (eM) 
(18. 147) | uo 
< (A) 


where y(A) vanishes as A becomes infinite. Since A is arbitrarily large, 
(18.14) follows. 
Consequently, by (18.14), if we put 










[re] 








(18.15) dw(u) = -d a= “___ A M(u), 
(18.12) becomes 

Ir) 
(18.16) , (w&)* et dd w(w)> 0. 


On the other hand, we may write (18.11) in the form 





(1 8.17) ij (w 5 ad yw (w) —(). 


Both integrals, (18.16) and (18.17), converge absolutely. We wish to make 
the transition from (18.16) to (18.17). 

If «, < 1, Ww) is “slowly decreasing” in the sense of Schmidt, we 
can apply Theorem XV, and it appears that w(4)-0 as 4-0. From 
this it follows that 


1/§ 1/§ 
(18.18) f (w&)* dw(w) = w (=) —w(0)—« { E¢ wt W(w)dw— 0. 
0 : 0 


We now come to the more general case where «, >1. Our hypothesis 
becomes 


(18.19) e“ D nt (og ny elogu—w)(@—1) ¢—el0B NM 
1 


log n'! 


i ~AA(er), 
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where 
(18.20) A(u) = (log u)“~" (log log u)“ - - - (log wu)" 


The kernel of (18.19), in the sense of § 17, is 


{e,] ps [e.1 
e@—)) (y—z) pe 4 Shes &e—D(y—x) pe" & L a “ 
x — 


4 s [er] =—¥ 4 [a] He e—# Led ey. 


(18.21) 








It hence appears that this kernel is of the form indicated in (17.04) where 
K, and K;" satisfy the appropriate conditions. Thus if we put M* (§)~4(8) 
at cand M*(&) is continuous, and if 


[ee] On 


1 
2k sate pera -— - CAI ] * 
(18.22) dw* (4) = ‘ d > nn (Io en) {1 M* (2), 





it follows just as in the case where @, < 1 that 
1/§ 
(18.23) , (w &)" dw* (w) > 0. 


This however is only another way of writing (18.11). 
19. The Tauberian theorem of Borel summation.®? The Borel 
sum of the series with partial sums s,, is 


cs) v 
(19.01) lim e—* ad = 
rn 0 nN. 


Let us put n = [w?] and 


(19.02) ¥ im (Vin —V m—1) = f(u) 


for w>0. Let f(uw) = O for negative w. Let us also put « = y’. 
Then (19.01) becomes 








% en¥ yt df(u) 
19.03 ] f Hl es 
( ) jaa 0 Fw+1) »—Vve—1 ; 
Now 
e-¥ yr V2 _ (2) ( ( 1 
———_——- — — et ZF 1+0 | 
(19.04) PeF+1)(u—V au? —1) 4d u u® | 


Qu? / 


— m 53 2 e~2(u—y? ee —duyt+y* (4 =a | 
u 


1+0(4)). 





52 For this section, cf. Schmidt (2); Vijayaraghavan (1). 
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Thus over the range y— y® Cu < y+ y"*, 


yy? 2,2? eS 
(19.05) ~ ae Y — — p% e2tu— yy —— mf e~ 2%u—-y? O ( "| 
Pw? +1) (u —-Va—1) 7m 1 y 


because 
2u? 
eaw—suy+-y* (4) 
Uu 








= 34% — ytoe|you_ gw (‘ew 
= Xp {3x 4uyty?+2u ¥ 58 +O 3 

— 
= ] +- O (Y=) 


= 1+ 0”). 


(19.06) 


Moreover, it is always true that 


r (2 ea ue —1 i. : \eev (2) (1 ils (“=)) 
(19.07) < \ 5 ew ¢ — ( 140 (4) 


VEcmx(1+o() 


Thus the conditions (17.05) and (17.06) are satisfied if we put 


e —y* yr 


Toe + 1) (u—Vu?—1 ) 





(19.08) = K,(u, y) 


and 
(19.09) 2 e~2u-y* —= Ki (u— y). 


7 
It follows at once that 


2 io) 
(19.10) lim yz { ew da f(u) = 
yon wt —w 
and that 


(19.101) 2 {. e 2(u—v* d f(u) 
is bounded. 

We now introduce again in its appropriate form Robert Schmidt’s 
definition of a “langsam abfallende Folge”. The sequence {sm} has this 
property if, whenever g = q(p) (py = 0,1,---) runs through such a sequence 
of indices that 


(19.11) q=>p_ and = —_ 
Ve 
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then 
(19.12) lim (s,— sp) = 0. 
pn 
Schmidt proves by elementary methods that if s9, s,, --- is such a sequence, 
then 


(19.13) C(4) = lim ss (sy— 8p) 
poo 
psqep+AV p 
exists, and 
(19.14) bon CLH = 6. 
0 


Furthermore, he shows that there exists a constant K, such that 
(19.15) 8) — 8» > —K(Vq—V>p) 


for all p = 0,1,--- and all g >p+Vp. Thus he shows that a K 
exists such that 


(19.16) ——_-_— = — K (p = 0, .. res), 


Let the sequence s» be “langsam abfallend” and let (19.01) hold. Still 
following Schmidt, we see that 











oe [x t Va | re (oa) — 
e- all es na e wd S; Cb e “9. So 
For. Fee cee, FS ae 
0 nN: [a}-+-1 nN: [xtVax ju nN: 
(19.17) = —2Yn+1 n [e+Va] xn [r+Va ] 2 ay 
e "VV n+1 « e~*z ety 
>—-KD +8 2D - po OU) ba en 
0 nN. [x]+1 nN. [x]+1 nN. 


If we build up the appropriate /(w) as in (19.02), and make the trans- 
formation which led from (19.01) to (19.03), we get: 


-¥ rane ent gt d(u®) 
=Jo Twt+l) yw—-VuF—1 | 





(19.18) 





Again, by (19.07) 
7 * As} —- 
(19.19) a> Vn+1 2 <{ e-u-Vz)’ O(y) du = O(V zx ). 





n! 
Obviously 
[atVar } —x 
Bt eB 





(19.20) 


(71M! 
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On the other hand 


la} Vex ] —H ry 
mS > te Se [Va+1] 
aso iw}ti we p-eVe (yt Vy )* Vo a(a+V x ) 


(19.21) ; Va e \"e 
= lim = (. 
27 


r—>o (1 -[- 5 V 2x 
r 


Thus (19.17) yields 
(19.22) lim a? sun < lim = [sa?2?-++ KO(1) + C(1) a] = O(1), 


ro r—>00 


which we may simplify and write 


( 19.23) Sf] = 2) (a1/?) . 


Let us now introduce the function 


1 P xr+20 a+-0 
By (19.02), “ | 


(a-+-200)? (aoe)? a ‘ 
(19.25) ge(x) - : | | ‘ | wi 8m(Vm—Vm—1 ). 
Le at 





oVM “4 


axa)? 
Now, 


‘ [M1] : Seg Oe ee 
- —— 8m (Vm — Vm—1) 
{ 2V 4A 2 


0 1 


ee ae 
26 = S'am(Vm —Vm—1 | —— 


Mi ~VEOT VR). 
1 


Substituting this in (19.25), and writing S for an average of the s,’s for 
x<n<(x+2a)?+1, we have 
1 [(v+2a)*} 


ga(x) = a3 2 sm(Vm — Vm—1 ) (a2 +2ae—Vm) 


2 [(v-+-)*] oe ran 
ae a sm(V m —Vm—1 \(ateae— Vm ) 
1 
i & 


+ = > en(Vin —Vm—1) (a—Vm) 
a 1 


1 [(ac-er)*] = a poe 
4 sm(Vm —Vm—1 ) (Vm —z) 
oF | atts 

[(w42er)*] 


ul¥x VET )e+2e—Vin)| 


[(v+-@)*]+1 
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> (Vm —Vm—1) (Vm —2) 
[a7] +1 
[(a-+-2a@)*] 


' [(a-+a)?] 
(19.27) a “| 


a 


a VEST Gee Vn)| 
for 


S ‘[{. -{" Vitae 
{! +3 i -{"] (V [23|—. ”az| 
sfr+0(4)4 


>> a) [w+ 20)") 
140 (=) + | oes ee 


\ 
it | 


It is indeed easy to show that as x increases, the weight of the later 

s,’s averaged in S increases at the expense of the weight of the earlier ones. 
We may show that the condition that {s,} is “langsam abfallend” may 

be put in the form that if 

(19.28) v>u, v—u->0 

then 

(19.29) lim (sry2y — 8tum) = 0. 


un 


= § 


a. a") 


Hence by (19.27) and (19.23), we may readily show that 


(19.30) lim (ga(v)—ge(u)) = 0. 


ue 


Again remembering (19.23), which makes all the integrals in question 
absolutely convergent, we have 


lim 2 f eu ga(u) du 
yo —o 
000 1 uta dv i 
_ Ld —2Au—y)? ape Ss. ‘ 
(19.31) tim V2 {ue yw du 1 f d f (w) 
yt+e 
- lim BS is zi wf “aw [ e2tu—u? ] f (u) 
you & 
= lim yz f e uw d f(u) = 8. 


yon 


An integration by parts yields: 


= oo) oe 
(19.32) s = lim y2f d ga(v) f e 2u-¥? du. 
yoo Uw J—w v 
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Similar methods establish the boundedness of 


| Q 30 ci 8) 
(19.33) © \ “9 d ga (v) e-u-w? dy. 


We may then apply Theorem XIV, taking 


2 D 
(19.34) M (2x) - \2 et" du, 


In this case , 
(19.35) y(z) = 1 eAl8 | 
Qn 


Hence 
(19.36) lim Ga (x) = 8. 

Let us now return to (19.27), making use of the existence of (19.13) 
and of (19.14). Then if « is sufficiently large, 


(19.37) S— su) > C(5e) 
and 
(19.38) S[(a4-2a)2] — S > C(5 at). 


It then follows from (19.27) and (19.36) that 


(19.39) lim s, < s—C(5@) 


nu—>@® 
and 
(19.40) lim s, > s+ C(5e@). 


n—> oo 


Combining these, and remembering that C(/) < 0, we see that the following 
theorem holds: 

THEOREM XXI. Let (19.01) hold, and let sm be “langsam abfallend”’. 
Then 
(19.41) im & = 


n> eo 


CHAPTER VII. 
A QUASI-TAUBERIAN THEOREM. 


20. The quasi-Tauberian theorem. Up to the present point, all 
the Tauberian theorems we have discussed have involved some auxiliary 
condition of boundedness or positiveness or slow decrease. In the present 
chapter, we shall discuss a theorem without any such auxiliary condition 
as to the function averaged. The type of theorem is so fundamentally 
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different from that already discussed that the nomenclature, “Tauberian”’, 
seems to the author unfortunate. The theorems now to be discussed are 
in essence much closer to Abel’s theorem than to Tauber’s theorem. 

By an integration by parts, we establish the following: 

LEMMA XXIla. Let 


fo 
(20.01) J, F(x) |d f(x) 


exist for every U > B, and let 

(20.02) {- F(x) df (x) 

exist as the limit of [Fo d f(x) us C>xn, Let 
(20.03) { G(xr)| | f(x) 


exist for each C> B, let G(x) and F(x) be continuous, and let 


G(x) BP! G(x) | 
2 >L us 2>%; |< 
(20.04) F(x) Lous 42>; {, d Fn) a 
Then 
ge) 
(20.05) J, G(x) df (x) 


will exist, and 


{ Ga) df) 


ee) . 7H G(x) a 
- Lf F(a) ari) — (G2) [ F(é) af(®). 


Now let us suppose that f(7) is of limited total variation over every 
finite interval, that K,(x) is bounded and continuous, that 


(20.06) 





ie?) 
(20.061) f ” | d (K, (x) e~*”)| < const., 
and that 
oO 
(20.07) f K, (—x)d f(z) 


exists in the sense of (20.02). Let us suppose further that as r>—c 
(20.08) Ky (a) ~ Ay ee, (A P Q) 
where 4;+ 0. Then 
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—D | ha 
20.081 |d-——— | < 
( ) r. d Kita) | < const. 
if D is sufficiently large that for « << —D, 
(20.082) |e“ Ki (x)| > const. > 0. 


As a particular case of (20.06), if B is large enough, 


f, et df (x) 
B 


= + f- Ki (— x) d f (x) = 4 d (| { K,(— §)d f() 


and hence 
(20.084) [, e* d f (a) 
is bounded. A further application of (20.06) yields us 

{, Ky—aase@) 

1°) 3 er ” 

= A, eY I eae d f (x) — f, d(Ki(y — x) e&”) f; e*s d f (8). 
From this we may conclude that 

oO 
(20.09) f, Ki(y—a)d f(z) = 


and that 
(20.10) lim ev i e-dd7) mo 


Boo 


(20.083) 


(20.085) 


O(e4¥”) as yoo, 
O(1) as y>—o@ 


uniformly in y. 
Now let R(z) be a function for which 


(20.11) [- no |aR)| 
and m 
(20.12) I. a RZ) 
are finite. It follows from (20.10) that 
[ary—af, Ki (e¢—2x)d f(z) 
00 B 
=item | &8@—0 f, K,(e—2)a f(a) 


—oO 


(20.13) Bw 
— . frar@ [_, Ke—aaRy—a 


= [aso f" my—2—aaRe. 
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Thus if 

(20.14) lim f° Kiy—a)d fe) = A iz K, (a) dex 
Yoon —e 

then s 


(20.15) i. Ki (y—=x)d f (x) 


will be bounded, by (20.09), and it follows that 


lim { apa) { Ki (y — «— 2) dR(z) 


yo 
= lim aRy—2) K, (e — x) d f(z) 
yo J—% —oo 
(20.16) = i- dR(—z) lim ¥ Ki (¢+y—2x) df(z) 


yo 
= Al, K, (a) dxf dR(—2z) 
=Af ac f K@—2aRe. 

Hence if K,(x) is bounded and continuous, if f(x) is of limited total 


variation over every finite interval, if (20.14), (20.061) and (20.08) hold, 
if (20.11) and (20.12) are finite, and if 


(20.17) Ky(a) = [7 Kya —2 aRO, 
it follows that 
(20.18) En. { Ke(y—ax)df(z) = A I. Kz (x) dz. 


This is a sufficiently important theorem to dignify by a number; we shall 
call it Theorem XXII. 

A closely related proposition is: 

THEOREM XXIII. Jn the hypothesis of Theorem XXII, in case 


(20.19) K, (x) = 0, [x > 0}, 


we may replace the assumption of the finiteness of (20.11) and (20.12) by 
that of the finiteness of 


(20.20) f ~, |aR@)|. 


The conclusion remains valid. 
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To prove this, let us reflect that if (20.08) holds as «— ~%, since 
@o2) f° Ky—a)afe) =f" Ky—a afer, 
it will follow from (20.06) that 


- . sail 200 
{ e** d f(x) = — i K, (y — x) df (x) 
y 


— Y 


_ oe ee) 
(20.22) J a( ‘a J K,(y—8 af® 
= ev O(1). 


By a precisely similar argument, 
cr 2) 
[, Ky — a) af) 
: R : Clee) tyes) a 
== A, eu ed f(x) — i dic (2* K; ( y — x)) i es df (&) 


= 4,40-P0(1) — dole Ki (y—2)) (2 0(1) +e 010) 


O(eY-®) as Bow 


(20.23) 


| 


le) 
if B>y. Thus by (20.21), I, K,(y — x) d f(x) is less than a function 
which is bounded and decreases monotonely to 0 as B becomes infinite. 
Consequently, by a theorem of Daniell on the Stieltjes integral,®* in com- 
bination with the finiteness of (20.21), 


(20.24) lim { dRy—2 { K, (zg 
Bow J—-* B 





x) df(x) = 0. 


Thus the inversions of integration in (20.13) are again permissible. 
Formally and heuristically, (20.17) is equivalent to 


f Ky (xe dx x 
(20.25) ; —— al dR(z). 


io) 
in K, (x) e“* dx 


If K, and Ky, are both O(e~“t®7) at + © and O(e**”) at — om, 





(20.26) ke(u) = f.. Ka (x) &” dx 
and " 
(20.27) k, (u) = f- a K, (x) e& dx 





53 Daniell (1). 
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are both analytic over —ée<R(w)<e+ym. Formally, 


6 » ais = F of ‘c wg Ke (u) ens 
(20.28) R(x) = | ag f. Tes (u) ° du, 


2772 Jo 





the second integral being taken along any ordinate in the strip 
—ée<oR(u)<ety. 

Now let K,(x) belong to Lz. Let kg (u)/ky (u) be analytic over — ¢ < R(u) 
< wt+e, and let it be quadratically swnmable over every ordinate in that 
strip. Then 


, er Keg (0) sae 
(20.29) e Lim [ te e du 
and 
' , kz (iu) 
9 (U+8)2) im. : e7 tue } 
nee aati =: £ skin? 
are quadratically swmmable. As a consequence, 
. kg (Gu) o-tux 
(20.31) Liem. [- . Iu) ° du 
and 
; keg (Gu) 

Le ae . ow tux 

(20.32) ( }.i,m f ka Gu) ° du 


are absolutely summable. If we assume F to be defined as in (20.28) 
and « = 2, we obtain: 

THEOREM XXII’. Let K,(x) be bounded and continuous. Let f(x) be of 
limited total variation over every finite interval. Let (20.14), (20.061) and 
(20.08) hold. Let kz(u) and k,(u) be defined as in (20.26) and (20.27), 
respectively. Let K,(x) belong to Lz. Let ko(u)/k,(u) be analytic over 
—eée< R(u) < 4+ 8, and let it belong to Ly over every ordinate in that 
strip. Then (20.18) follows. 

Similarly, we have: 

THEOREM XXIII’. In the hypothesis of Theorem XXI1I', in case K, (x) 
vanishes for positive arguments, we may replace the strip —@ < R(u) <A+e 
by the narrower strip —ée< Ru) <e. 

21. Applications of the quasi-Tauberian theorem. If 


(m+ 1) (1 — e”)™ e*; la< 0] 


6 7 (mv) —_ 
(21.01) K™ (2) . el 


and 


+ ~ 71 
(21.02) K(x) = ze J (1—z)™cos(ce*) dz; [m>0] 
y 0 
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then (20.08) is clearly satisfied for 4 = 1, and 


(21.03) K, (a) = K™ (a) 
or 

(21.04) K, (x) = ™K(za). 
If we put = 

(21.05) tm(u) = f K™ (2) eda = 


and 


I'(m+ 2) F(w+1) 
Fut+m+2) ’ 


(21.06) om(w) = { (™ K (a) & da = I'(m-+ 1) _ 
J —« Fim +1— x) cos 








a 


then as |Y(u)| >a 





| Om (u) 2I'(m - 1) ae . 
21.07 | 1™ |S Ree) —m-+-n+1/2 , 


Thus if n> m, then 


ee) ire) 
(21.08) lim f MK (y — xd f(x) = Af ™K (ax) dx 
> 
will imply 
(21.09) lim f, K% (y— a) d f(z) = Af K™ (2) dz, 


yO 
while if m>n-+1, (21.09) will imply (21.08). 

With a little manipulation, already indicated by the authors in question, 
this result is seen to be equivalent to an important theorem of Hardy and 
Littlewood,* which gives the necessary and sufficient condition for the 
summability of Fourier series and integrals by Cesaro sums of some order. 
In the integral form, the theorem reads as follows: Let f(x) be a measurable 
Junction defined over (— ©, ©), and zero outside (—A, A). Let 


(21.10) oy) = t{f@ety+f@—y) — 2s}. 


Then if we write Bm for the proposition 


1/A 
(21.11) lim 4 lim _ gly) (L—Ay" dy = 0, 


Amn 


and Cm for the proposition 


x 1 
(21.12) lim 2 lim y (y) ay |. (1— 2)" coshyzdz = 0, 
e—>0 € 


—_s 


Bm implies Cn+e for m = 1, while Cm implies Bm+i+- for m>O0. 


54 Hardy and Littlewood (12). 
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While the general method of the present section has been developed in 
an earlier paper of the author,®® his final results were not stated correctly. 
The correct result is due to Bosanquet®® and Paley, who have shown it 
to be a “best possible” result in both directions. Their theorem also 
applies to m>-—1, and is otherwise somewhat more general. 


CHAPTER VIII. 
TAUBERIAN THEOREMS AND SPECTRA. 


22. A further type of asymptotic behavior. The O and o symbols 
do not exhaust the possible terms in which we may describe the behavior 
of a function at infinity. A proposition which may be regarded as in 
some wise a generalization of 


(22.01) lim f(x) = A 
@~-D 
is 
1 B 
(22.02) lim rf, | f(x) —Al?dx = 0. 
Bo ow B 0 


If f(x) is bounded and measurable, (22.01) clearly implies (22.02), while 
(22.02) does not imply (22.01). Proposition (22.02) has a certain analogy 
to the different types of “strong convergence” to a limit which a function 
may exhibit: namely 


(22.03) J, f(x) —A!\ dx converges 
and 
io 

(22.04) f, f(x) —A "dex converges. 
The series analogues of the latter 

oe 
(22.05) Pa '8,—A_ converges 

1 
and 

iv) 
(22.06) >, |t—A * converges 

1 


imply the ordinary convergence of s, to A, but are not implied by it. 
On the other hand, neither (22.03) nor (22.04) is implied by ordinary con- 
vergence, although (22.04) implies (22.02). In contrast with propositions 





55 Wiener (5). 
56 Bosanquet (1), (2); Paley (1). 
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(22.03)—(22.06), which represent various types of “strong convergence”, 
we shall express (22.02) in the usual language by saying that f(x) is 
strongly summable*’ to A as x-oo. We shall say that A is a sublimit 
of f(x), and shall write 


(22.07) slm f(x) = A. 
w—>oe 


The sublimit of a function f(x) differs markedly from the ordinary limit 
in that neither its existence nor its value are invariant if we replace x 
by a monotone function of x becoming infinite with z. On the other hand, 
the sublimit of f(x) has a relation to the harmonic analysis of f(x) far 
closer than does the ordinary limit. 

Closely related to the notion of sublimit is that of subboundedness, which 
bears to the ordinary notion of boundedness much the same relation which 
that of sublimit does to the ordinary notion of limit. A function /(«) 
is said to be swbbounded if 


*B 
(22.08) A f Sf (x) Pda 


is bounded. This juxtaposition of a notion of limit and a notion of 
boundedness suggests a generalized form of Tauberian theorem. To be 
specific, let us ask what conditions beyond the subboundedness of f(x) are 
sufficient to make 


(22.09) slm { K, (a@—§)f(§)d& = A K, (8)d& 
Lo 0 —oo 

imply 

(22.10) slm f Ks (a—§) f(§)dF = af K, (8) dé. 
tN” 0 —o 


This problem belongs to the range of ideas treated by the author in his 
work on generalized harmonic analysis. It gives a clearer picture of the 
real significance of Tauberian theorems. On the other hand, it does not 
at present offer an alternative approach to them, since Tauberian theo- 
rems of the type already discussed in this paper play an essential role 
in the establishment of a theory of generalized harmonic analysis. Results 
involving these theorems will be applied in this section. 

To return to (22.09) and (22.10), no generality is lost by taking 
A = 0, as this simply amounts to replacing f(z) by f(x)—A. Let us 
then take A = 0, and let us put f(7) = 0 for negative arguments, which 


57 Hardy and Littlewood (15). 
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is clearly permissible. We then wish to find a set of conditions which 
in conjunction with the boundedness for large B of 





; .. 
(22.11) 2B i T(x) |? dx 
(or what is the same, with the fact that - belongs to Zz) and the 
proposition 
1 7B) 7 \2 
(22.12) lim | J Ki (a—§) f(§) d&| dx = 0 
Boo 2 B —B | —o 


are sufficient to imply 


B| 7% 2 
(22.13) lim vel | Ks (x—&) f(&) d&) dé == 0. 


Bo 2B eJ—B —o 


We shall prove the following: 
THEOREM XXIV. Let f(x) be measurable, and let (22.11) be bounded. 
Let (22.12) be valid. Let K, and Ky be measurable, and let 


fata)? |K@Pdr<x 


(22.14) Me 
(ana hence | (i+ |x|) |. K,(a)| da<e), 
and 
[La + ix)" | K@ dae<x 
(22.15) tees 


~~ 
(ana hence {__ (1+| a!) | Ke(x)) de<2}. 
Furthermore, let 
iva) 
(22.16) ji _ Ko) et dx $0 
Jor all real u. Then (22.13) is true. 


For this theorem we shall need the following: 
Lemma XXIVa. Let (f(x, u, 4) belong to Le as a function of u and be 


lee] 
measurable in (x, w). Let | iF (x, u, 4)|?du be bounded, and let 


(22.17) i- F(x, u, A\— f(a, u) |? du-0 


uniformly over any finite range of x as A>~x. Let K be measurable, 
and let 
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(22.18) os | K(x)| dx 
be finite. Let 


(22.19) : K(a) fla, u, 4) dx 
exist for all 4. Then 


(22.20) [7 i- K(x) f(a, u, 4) ax—f K(x) f(x, u) dx ‘die as A> 0, 


To prove this lemma, let us reflect that 


[f K(a)| dar] max iS f(x, u, 4)—f(x, u) |? du 


B IB 200 
2J,|K@| def iK|ay J, duise, uv )—F@, | 
(22.21) <|Sy, u, —fy, w)| 
= [auf K@| a2 f'KM| ay Fe, u, D—S@, w) 
<|Sy, u, 4)—fly, u) | 


> [oan f, K@ LA, u, De, a) aa 


By taking A large and B infinite, or —B large and —A infinite, we may 
make the left-hand member uniformly small. Over any finite range (A, B) 
the left-hand member tends to 0 as4—oo. By combining these facts the 
lemma follows. It will be noted that it involves the existence almost 
everywhere of : 


(22.22) i K(x) f(x, u) dz. 


We may now return to the proof of our main theorem. In a previous 
paper’’, the author has shown that 


_ (22.23) s(a) = +f. f(x yt de+ lim. yf on ee piuc 


exists. Moreover, 


=, = Gi A+lEp I K@raE If (@—s)/? as] 





~» (+]§)? 
<ow, 


e rithaee (7). 
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so that 


1 B 
ss! —oo ( “ ~ 

ore Re : a 
<syf de [ im@life—alazf 1K S(x—4)| dy 








| 








1 Pye) rin) B+ ISi+ly| 
<< | K, waz f \K play f _ F@) [Pax 
2B e7—D —* - —|si—lyl 
_- const. " me ix ) 
a2 {im@las [imate tial 
< const. 
Thus the function 
00 
(22.26) fie) = [ Ke—H fae 
and the analogous function ( 
(22.27) fila) = | Kee—)s@ as 


define functions s,(w) and ss(u), corresponding to them in the same way 
in which s(u) corresponds to f(z). 
In his previous paper,®® the author has shown that 


A ‘ 
(22.28) s(ute)—s(u—e) = Lg l.i.m. f ST (x) SM C® due da, 
7 Aw J—A x 


Similarly 
81 (u-+e)—s, (u—e) 


22.29 A gi sa 
Oa: andi f SB ewan [Ki @ fle—Hak. 
7T = A—>00 —A & —o 
There is no trouble in modifying (22.28) into 
A—t 
(22.30) s(u+e)—s(u—e) = + Li.m. J * ) Sass eur da. 
A—>oo —A 


Thus M 
8 (ute) — 8, (u—e) — (su+2)—su—e) K, (§) et d& 


~ = +hiim. 3 K@as [- fle—¥) BEE gue ger 


A—>o 


(22.31) _ K,@)a8 Lim [ ia » sine seein B® ame da | 





7 A> 


In the proof of this we have used our last lemma. 
6* 


io) io) B 
a if 1K, (8) a8 f Ky (n)|dy J If@—8)| [f@—a)| da 


a S : 
+ him. iQ K,(8)d& if aie Dawe aw, 
—o ay x ts 
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Clearly 
(22.32) | sinex sine(w—é 


| ex € (x — &) 


sinex __ sin €(x—&) | a -|{2 (sme) ayy 

ex e(x—&) | at a5 ew 

| (” &wcosew—e sin ew 
= 

ig] COS Ew sin €w 


max sae 2 2 
win(x—&, x) Ew é Ww 








Again, 





dw 








(22.321) 


2e|&| max -———- 


|ew| 
8é | 


|x|+|§| 
Thus and hence ly an application of (22.32) 


A ‘ 
(22,38) 2s eS sin ¢ (a — ay jute 


a—é& 





converges in the mean uniformly in wu as Ao over sail finite range of &. 
Hence by our lemma, we may write 


Pee ee ee a ae Se f. K,(®) ak 
(22.34) ' A ; las s) 
* = bf é é _ ‘ 
=1f K@atiim [ fe@—9[ on ene ewe ar. 


a—é& 





By a further use of (22.321) and our lemma, since 





; dial 
(22.35) Liem sag aay |. i.m. = fla —» [7 sin e (x )| suede = 0 
e=—> el “$ x—é 


uniformly in §, it follows that 


a ae 
lim if |#(u + €) —s1(u—e) 
(22.36) are —_ 


300 2 
— (s(u+ ¢) —s(u—e)) {. K,(&) &4 d&| du = 0. 


From (22.12) and a theorem of the previous paper,®® it follows that 


(22.37) lim if. | si(u-+e)— si, (u—e)|?du = 0. 


&e&—>0 





39 Wiener (7), (5.52). 
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Combining (22.36) and (22.37), we get 


1 io) # 
(22.38) lim — Lf f K, (8) e&4 
e—>0 —— ——- 


Since over any finite range, by (22.16), 


€é)—s(u—e)? du = 0 








ie) 
(22.39) | f a K, (§) e4 dé | > const., 


it results that for any finite C, 


c 
(22.40) lim - A is(ute)—s(u—e) |? du = 0. 


e—>0 


As in (22.36), we have 


rio.) 
lim 4 .|% (uw + €) — s3(u— €) 
(22.41) — 


— (s(u+ ¢) —s(u—)) | Ky (8) es ds) du a @, 





This yields us 


1 (° 
lim if 
eo ° =o 
—(uto—su—e) f K, (&) ee d&| du = 0. 


Combining this with (22.40), we get 


8y (uw ++ €) — 82 (uw —é) 





(22.42) 


9 


Cc 
du = 0. 





(29.43) lim = 


e—>0 —C 





82 (w+ €) — 8 (w—é) 


By our previous paper,®° 








WF a sin’ ex ae xe 
(22.44) af | fe (x) |? 7 dx = +f | sy (w+ €)-— 82 (u—e) * du, 
‘ —o y; —6O 








Qe 
and 
1 * sinte 1 : 
af eg ;~ dx at's fulet nay) 
Ué —oo x 24 
(22.45) sn 
inci sin Ae 82 (u + €) — se (u—e) |? du. 
De = ~ Atay? 2 


Wiener (7), (5.52). 
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Now 
——| 1 (| , sin? ex cs sateen | J 
jin |e Jet ae 2a 


- = Const. * sin? ex 
= In eis Rey filet yay) eda 


im 
>o & J —« | 


ioe) 


_ = fim 2 ee. 


e—>0 é — 


sin? ex 


A 2 
=| K@— [. Ke+way]as ae 


_— 1 2B oo . 
(22.46) < lim const. sty | ¥ T(x — &) 


Boo 


ee ees . 
~_me-—t [ metnay] dx 
< const. lim + {- KeO—1 [met )dy| as 
ee ee 2\s 2} a | 2\s Y y 


xf Kn —sy J Kedteae dy (B+ |§|+ ||) 


i 200 A ! 2 
< const. lim il KOs) KE+Hdy (1+ “2 a| ’ 


Bow —~ 


fim f. K, (8) — Lf K+ )d i+ Fas 
Bon J—w ie 2a wae ”) ay) ( Ks 
300 A 
={- KO—f { Ke+Hay ag 
Hence 


jim lef (a yee i sg sin*ex | | Lf 
oupei #8 . Ttj.0 . = yy _j 


(22.48) < const. Lf | K, (§) — rt f Ks (§+y) dy | az]. 


As we have seen in section 1, 


(22.47) 


4 oe a 
(22.49) tim ff KO— sz J KE+waylas om 








i; 
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from which it immediately follows that 
lim lim 


2 2 SES a ta 
A—>0e—>0 +f Pe a)| 


a * sin? on ae| a 
UE J—eo Dy Ss 


In combination with (22.44) and (22.45) this yields us 





(22.50) 
= 0. 





ss 2), | 
(22.51) lim lim Bal (1— ee +) laut.) —a(u—e)/Pdu == (, 


,4—>0€e—>0 Ze J—co 
Since 


sin? Au 4) 2 
(22.52) I-A eit w>z 





it results at once that 


—C" 
(22.53) lim lim zl {- + {- 
C>0 e>02 


Combining this with (22.43), we may readily conclude that 


so (u+«e) — s(u—e)|*du = 0. 





(22.54) lim | |sg(u +6) —s(u—e)|?du = 0, 
e—->0 2E J—w 


or in view of a theorem of our previous paper, that 


(22.13) dim at. | fe(a)|*dax = 0. 
This establishes Theorem XXIV. It will be noted that this theorem has 
an immediate extension in the direction of Theorem XI’. 

There is another Tauberian theorem concerning strong summability which 
we may discuss here. It is due to Hardy and Littlewood. The particular 
case of it which most directly interests us is the following: 

THEOREM XXV. Let 





§ 
(22.55) +f | fla) |* da 
Ss 0 
be bounded, and let 
€ 
(22.56) tim 2 f fiz) da = 0. 
e—>o0 © J0 


°' Hardy and Littlewood (16). 
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Then if 
nowt 1 ‘ 


(22.57) atte a} Aa- — 





it follows that 
N 
(22.58) lim + >'\s,(0)|? = 0. 
N->o© N 0 


In the proof of this theorem, it is easy to see that we may replace the 
conclusion (22.58) which we are to establish, by the equivalent 


. » 2. sin ux 
2 a — (2) —— = 
(22.59) im. ah, | ms { I (a) - dx| du 0. 
By a Tauberian theorem of the type of Theorem XI, already established 
in a previous paper of the author,®® it follows that (22.59) is completely 
equivalent to 


io a) 
(22.60) la 2 sin? os sin Ux 


e—>o0 % J0 


2 
a du. 


On the ein siti that f(x) = 0 if x >a, we have by the Plancherel 
theorem 


2 ©. gin? eu sin 2 ‘ 

a 42 

— — du 
mt J, eu os te a on 


2 
sin €u sinuax 
on du 


* sin eu usin we “Le ) 
ra 0 


Hy sin eucosuxdax Is rm as| 
7 0 Jz § 
if (sin w(a+- +—ante-cie LO as 


oe (§) 5 





ake 











af. (sinu(x +«)—sinu(a— —é))dxz } 
ad |a+e} 2 

al a a at, du 
TU J—w jae, § | 


| c-+-€ | 
2 Ue 
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Thus (22.59) and (22.58) are equivalent to 


|c+e} 
(22.62) lies {- f. SE asl ax = 0. 
eo € 0 g 


xr—e| 
By the Schwarz inequality, 
\r+e| 

1 | f® 2, 








é 





2 |a+e} arte! 
<i fi vera [oe 


wey (ie. 1 I an ow 
= ior ar a Lf f (8) Pas. 


Thus by the boundedness of (22.55) we have uniformly in « for all suf- 
ficiently large values of N: 
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This can be made as small as we wish by taking N large enough. 


Moreover, 
We) crlatel 4 - 2 
=tf | fo taf rovan| ae 
|ja—e| § 


*|e+e| 
a i iT Oa) = 
' |a-+e| ie 
=1{" ls Seo] +f “faba do 
(22.65) Bee’ te rae 




















where 
a3 
(22.651) 4>|t fray O<& <|N+1\e) 





90 N. WIENER. 


By (22.56), we may make A as small as we wish for a given N by 
taking « small enough. Now let W be so large that for all «, 


*lat-e| ‘ 2 
é 
(22.66) 4 a LO) ae dx < «,/2, 


and then let ¢ be so small that 
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It will then follow that for this and all smaller values of 
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Thus (22.62) follows, and Theorem XXV is established. 

23. Generalized types of summability. The subject-matter of the 
last section leads us to interesting reflections on the notion of summability 
itself. The ordinary processes for summing a series are linear processes: 
that is, they consist in replacing the partial sums of a series by linear 
combinations of partial sums, and then investigating the ordinary limits 
of these linear combinations. This much of linearity must always remain 
in a definition of summability, that if two summable series are added term 
by term, the corresponding sums are also added, in the sense that the 
new sum-series will be summable to the sum of the sums corresponding 
to the individual series. 

It is possible, however, to consider summability from another standpoint, 
from which linearity is not so obvious an attribute of the process. We 
may confine our attention to series, or rather to their sequences of partial 
sums, which are summable to zero. Thus a method of summability will 
sum to A the series whose partial sums are: 


(23.01) is dea saian thn 


if it will sum to zero the series whose partial sums are: 
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We may thus center our concept of summability about the notion of 
null-sequence or null-function. Whatever definition we choose for the class 
of such sequences or functions, this class should be closed additively, in 
the sense that the sum of any two members of the class must belong to 
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the class. Jt 2s not however essential that a member of the class should be 
characterized by the vanishing of some particular linear transform of that 
member. In this sense, we are introducing a non-linear theory of sum- 
mability.© 

It is clearly a desideratum of a definition of a null-function that every 
function tending to a zero limit at infinity should be null. This require- 
ment at once makes the corresponding definition of summability consistent 
with convergence and inclusive of it in scope. It is not satisfied by 
definitions of the type that assert that / is null if 


(23.03) f «| £@) Pde <e 


but is satisfied by the definition that / is null if 
B 
(23.04) lim + f 1 (@Pae = 0. 
Boo B —B 


. We have already seen that if s(w) is defined as in (22.23), this last 
statement is equivalent to the assertion that 


(23.05) lim 35 |s(u+«)—s(w—e)/?du = 0. 

e—>0 —— 
This suggests an even looser definition of a null-function, according to 
which a function f(x) is null if 
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for all finite A, or even if (23.07) is true for some A greater than 0. 
The first of these definitions will make f(x) null if (23.06) holds and 
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®? As far as the author knows, strong summability of various sorts is the only example 
of a summability process of this sort now in the literature. 
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The second definition will have the same property, provided only (23.10) 
holds for all values of « in some neighborhood of 0. All this follows 
from the theory developed in the last section. 

These two last definitions of summability therefore fit in well with the 
ordinary linear definitions of summability, which define the generalized 
limit of a function as an expression of the form 





(23.11) i * K(x, §) f(§) d& 
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on an appropriate scale of measurement. They have the great advantage 
of not involving any reference to a particular kernel K (a, §). They are, 
however, restricted to functions for which (23.06) is bounded. 

If we confine our attention to functions f(x) vanishing for negative 
arguments, this difficulty may be overcome in its turn. We now put 


(23.12) o(z) = 5a if I(x) & dx 


“ 
We, 


throughout the half-plane R(z) >: Then, by analytic continuation if 
necessary, o(2v) may be defined in some cases on a section of the real 
axis containing the origin. We put 


(23.121) s(u) = Jou) dw 


giving o its boundary value along the axis of imaginaries. We now define 
nullity as in (23.06) and (23.07). If for all z with real part between 
—e and uw+eé 

oe) 
(23.13) [-,|K@)| e# dx<e, 
we have 
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lo) 
so that if f — () e& d& is free from zeros and singularities in the left 
half plane, f(x) and = K(«x—§&) f(§) d& are null or not null simultane- 


ously. With an appropriate definition of “analytic continuation”, zeros 
and singularities not at the origin are of no concern, provided the function 
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2) 
[ ¥ K(&) e* d& is representible on a single-sheeted Riemann surface in 


the left half-plane. 
It will be noted that all the definitions here given of the nullity of f(x) 
depend on the scale chosen for x. If for all large x, 


(23.15) nr < const. for x< A 
and 
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then it at once follows that 
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A similar study of the effect of a change of scale on nullity of other 
types would be of interest. 

24. Some unsolved problems. In a piece of work of the ambitious 
length of the present, it is perhaps worth while to point out to the reader 
promising future directions of research. The following remarks may there- 
fore not be amiss. 

(1) The closure of the set of translations of a given function has been 
investigated in class Z, and in class Z,. The methods of proof have been 


widely different in the two cases, but both results may be stated in a single. 


formulation, that the set of translations of f(x) is closed in the appropriate 
class when and only when the Fourier transform of f(x), when properly 
defined and chosen, has no zeros. This formulation continues to constitute 
a reasonable proposition for Z,, where p is intermediate between 1 and 2, 
or even exterior to this interval. Is this proposition true? Certainly, for 
neither of the special cases already given is the method of proof extensible 
without serious modification. My own suspicion is that the general theorem 
is at least true for 1 <p <2. 

(2) Obviously the power of Tauberian theorems in number theory has 
not been exhausted. Is there any Tauberian theorem which will reach 
from one complex ordinate to another, and enable us to handle the more 
refined forms of the prime number theorem? 

(3) In particular, can we make a direct study of the closure of the set 
of all polynomials in the functions 
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and thus attack directly the problem of the zeros of the zeta function in 
the critical strip? 

(4) In section 22, the conditions to which K, (x) and K; (x) are subjected 
in Theorem XXIV are probably needlessly stringent. What is the best 
possible theorem in this connection? 

(5) The “quasi-Tauberian” theorem of section 21 has not yet been ex- 
ploited to the full. In particular, in the discussion of the relations between 
Riesz summability, Cesaro summability, Hilder summability, and the like, 
it is extremely desirable to have theorems of this type in which the kernels 
are not of the form K(x —y), but are in some sense nearly of this form. 
Here the cruder theorems, depending solely on the use of dominant func- 
tions, are probably not difficult to elicit. On the other hand, the more 
refined ones will almost certainly require the full armament of Carleman’s 
theory of singular integral equations and of the modern von Neumann- 
Stone® calculus of operators. Indeed, the time will soon come when the 
entire Tauberian theory must be reconsidered from the point of view of 
this calculus. 
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SUMMATION OF SERIES AND CONFORMAL MAPPING.! 


By T. H. GRonwALu. 


1. Introduction. A series uw+u%,-+us+--- is summable by the 
method of de la Vallée Poussin, or briefly, summable (V), to the sum s 
when the expression 


n 





n! n! 

(1) 7 x, (n—v)! (n+)! - 

tends toward s as m increases indefinitely. This method was investigated 
by its discoverer in the case of Fourier’s series only.* It was shown by 
the writer and independently by C. N. Moore® that any series summable 
by Cesaro’s means of any order is also summable (V) to the same sum. 
The original proof involved some rather long and artificial algebraic 
transformations, and in an effort to avoid these, it was found that with 


4z 
®) eam oe a 


there is the following generating identity* for the V,» in (1): 
2n 

(3) yu 2” = (1—w)? Pp ma Vn w” 

This is proved in paragraph 2. 


By means of (2), the unit circle |z|< 1 is mapped simply® on the w-plane 
slit along the real axis from 1 to ++ 0,° and consequently |w|< 1 is mapped 





' Received July 6, 1931. — Part of the results of this paper were presented to the 
American Mathematical Society, Oct. 31, 1925. 

20. J. de la Vallée Poussin, Sur l’approximation des fonctions d’une variable et de leurs 
dérivées par des polynémes et des suites limitées de Fourier. Bull. Ac. Sc. de Belgique 
1908, pp. 193-254. 

°T. H. Gronwall, Sur quelques méthodes de sommation et leur application 4 la série 
de Fourier, Comptes Rendus 158 (1914), pp. 1664-1665. Uber einige Summationsmethoden 
und ihre Anwendung auf die Fouriersche Reihe, Journ. f. Math. 147 (1916), pp. 16-35. 

C.N. Moore, Sur la relation entre certaines méthodes pour la sommation d’une série 
divergente, Comptes Rendus 158 (1914), pp. 1774-1775. 

* Professor de la Vallée Poussin, to whom the writer communicated this result, was 
kind enough to include it (without proof) in his Rice Institute lectures: On the approximation 
of functions of a real variable and on quasi-analytic functions, Rice Institute Pamphlet 12 
(1925), pp. 105-172. See p. 117. 

i.e. nowhere overlapping (German: schlichte Abbildung). 

° There is an obvious connection between (2) and the map w = 2/(1—2z)*, which gives 
the extremes in the distortion theorem. 

101 

















102 T. H. GRONWALL. 


simply on a region interior to |z|<1, and z= 0 corresponds to w = 0, 


This remark enables us to derive, from simple mapping, a whole class of 
summation methods, for which the connection with the Cesaro (and 
Poisson) sums may be established with the same facility as in the case 
of the summation (V). 

The definition of these new summation methods is based on two functions 
J (w) and g(w) with the following properties: 


J (w) is holomorphic for |w|<1 except at w= 1, 


and 

(4) z= f(w) 

maps |w|<1 simply on a region D interior to |2|<1 in such a manner 
that 2 = O corresponds to w = 0, and z = 1 to w —1. The inverse 
function is holomorphic on the boundary of D except at 2 = 1, and at 
this point 

(5) I1—w = (1—z (a+ ---), ae a>0, 


where the dots denote a power series in 1— 2 without constant term (the 
coefficients may be complex). As to g(w), we have 


(6) g(w) = Sn wo”, ob, +0, (n = 0,1, 2, ---), 
and 
(7) gw) = (l—w)*+7w), @>0, 


where 7(w) is holomorphic for |w| < 1, and finally 


(8) g(w) +0 for jwi<1. 


DEFINITION. When Uy, U,, Us, --+ are generated by the identity 


= 1 ¥ 

9 a n 

( ) cs Uy 4 g (w) 2 bn Un Ww ; 

and 

(10) On —> 9 as n—> oO : 

then the series U--u-+ Ue+ --+ is summable (f, g) to the sum s. 


Since /(0) = 0 in (4), the expansion of 2” in powers of w begins with 
the vth power, and it follows from (9) that 


(11) Un = Z Any Ur, (n ae 0, 1, 2, oe ‘); 


v=0 
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where the an» depend on the coefficients of f(w) and g(w) only, and not 
on the u,».’ The Cesaro sums are the limiting case /(w) w, g(w) 
—= (1— w)-*-"; here D coincides with |z|<1. 

The main properties of the (/, g) summation method are contained in 
the following three theorems, which are proved in paragraphs 3 to 5. 

THEOREM 1. (Connection with Poisson summability.) Let the series 
Up +u-+uUe+ +--+ be swummable (f, g) to the sum s, so that the function (ez) 
defined in the neighborhood of z = 0 by 

ice) 
¢y(z) = > Uy 2” 


v=0 





is holomorphic inside D. Then 
g(z)>s as z>1 


uniformly for every path of z interior to D, which reaches 2 — 1 inside 
the sector 
(12) 2=1—re, —%<0<%, O&<n/2a4, r2D>0. 


THEOREM 2. (Connection with Cesiro summability of any order k). Let 
Up +t + ug +--- be summable (Ck) to the sums. When 24> 1 in (5), the 
series is also summable (f, g) to the same sum..® 

THEOREM 3. (Comparison of two summation methods (f, g)). Let f, (w) 
and gi (w) satisfy the same conditions as f(w) and g(w), but with other 
constants 4,, a, bin, @, and a different map region D,. When 4, >4 
and D, is interior to D, then any series which is summable (f, 9) is also 
summable (fi, 91) to the same sum. 

In paragraph 6, we introduce a generalized de la Vallée Poussin sum- 
mation method (Vk) of order k > 0, obtained by making 

c= ass 0% 

(13) a = 3 *, fw) = a g(w) = (l—w)*, 
where (1—w)* is that branch of the function which reduces to unity at 
w = 0, so that (V) is the special case k = 1. The main properties of 
(Vk), as given by Theorems 1 to 3, are summarized in Theorem 4. We 
next consider the geometric series 1+¢+¢?-+.--- and determine the 
region in which it is summable (Vk) to the sum 1/(1—¢), Theorem 5; 
it is shown in particular that for any ¢ which is not real and > 1, the 
T When the series to the left in (9) has a zero convergence radius, we may avoid the 
formal reckoning with divergent series and obtain (11) by making u,, = 0 for y>n. 

SThe condition 4>>1 is essential. As will be shown in the proof of equations (14) in 
paragraph 7, 4 = 1 for the Euler sums (Ep) of order p introduced by K. Knopp, Ober 
das Eulersche Summierungsverfahren, Math. Zeitschr. 15 (1922), pp. 226-253. Knopp shows by 
examples, pp. 251-253, that a series may be summable (C1) without being summable (Fp) 
for any p or, conversely, summable (£1) but not summable (Ck) for any k. 


7* 
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ae f series is summable (Vk) with a sufficiently large k. We finally show that 
Pe the summations (V, k) and (V, k+1) are connected by a recurrent for- 
iat mula, so that (Vk) takes a particularly simple form when & is restricted 
to the positive integers. 

In paragraph 7, it is shown that the generalized Euler summation (Zp) 
| of order p = O is obtained with 
a : 5 dw 7" d 
i | GG 2 = 89,78 — 77a G—w) G—a—w)’ 








Various results due to Knopp® are proved, and finally the connection 
between (Zp) and (Vk) is established, Theorem 6. 
2. Proof that the de la Vallée Poussin sums (1) are generated 
i by (3). 
We begin by showing that, z being that root of equation (2) which 
vanishes when w = 0, we have for |w|< 1 


< (2n)! 
nav 2%(n—v)!(n+r)! 
In fact, for » = 0, (15) is the binomial expansion of (1—w)—”?, and for 
v = 1, we observe that (2) gives 
te)" er 1—(1— w)?  ——- 2—w —2(1—w)* 
b 








(15) (l—w)7?2” = w", (y = 0,1, 2,---). 








men | 





TFel? * =~ 1F0=w = aa: 
whence 
(1—w) 12y — (= —1) (1—w) eet 
ca 2(2n+2)! Ga)! ) ip 
or > (SeatietD — Prtnt)® 


8 ll 


~ (2n)! m 
50 p> 2"(n—1)!(n+1)! ° 





To proceed by complete induction, we note that (2) may be written 
2*-+(2— 4/w)z+1=0, whence, multiplying by (1— w)—? 2”—, 


(Egy * +- (2 — *) (1— ww)? 2 +(1— vw)?! = 0. 


Assuming (15) proved up to the exponent » > 1 inclusive, the preceding 
equation gives 








= yt+1 <i ." (2m)! n 
(—w)7?2 HH = (= 2) —, Pn —v)! m+n)! w 
~ (2n)! 





At we 2"(n—vy+1)!nm+rv—1)! ” * 
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Collecting terms to the right, the coefficient of w’— vanishes, and that of 
uw” for n= v is 








4(2n+ 2)! uate 2(2n)! 
Q2nt2(n+1—y)!(n+1+y)! 2"(n—v)! (n+)! 
(2n)! 





a 2°" (n —v+1)!(n+r—1)! 
_ (2n)! [(2n+ 1) (2n+2)—2(n—v+1) (n+v+1)—(n+y) (n+r+1)] 
a. 2°° (mn —v+1)!(n+r+1)! 
__ (2n)! (n— ») (n— v +1) 
22% (m —v+1)! (n+v+1)! 
0, n= 2»; 
= (2n)! 
222 (n —v—1)! (n+r+1)!’ 








n>v,. 





Now multiply (3) by (1— w)—'”, introduce (15) and compare coefficients 
of w” on both sides; the result is (1). 

3. Proof of Theorem 1. First we shall establish some preliminaries 
common to the proofs of Theorems 1 to 3. In the special case u% = s, 
uy =0(v>0), the left member of (9) reduces to s, and consequently 
Un = s for all n. Now (11) shows that replacing our series by 
(tu —s) +m +ue+---, Unis replaced by Un —s, and consequently there 
is no loss in generality by assuming s = 0. Next, we note that in (6), 
the exact order of magnitude of b, is « —1, i.e. 


(16) by = O(n"), = n*—1 = O(n). 
In fact, the binomial theorem gives 


(17) (1—w)-* = A Toate prin s (ay 





and using the Cauchy majorant for y(w) in (7), we have 
(18) lm—Ai< ME", Rk>1, 


whence (16) by the application of Stirling’s formula. Finally we show 
that when w lies in the sector 


(19) w= 1—ee%, —g<e<g; P<7/2, e>), 
then 


(20) Stal lol = Ol g(w))) as 0. 

















ners nae ee ee 
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Since A“ +0 for «2-0, we have according to (17) and (18) with |w|<1 


> |bs| |)" < 3 [a join + ar (HL) | 


n=0 


= (1—|w))-"+ MR/(R—|w)), 





v2) 
\g(w) | > 2 An w" | — bt u('wl). == |1— w|-*— MR/(R— jw), 
r= { n= 


and (20) follows by the application of the well known inequality °® 
ll— w| 2 
1—|w] ~ cos 9’ 

w in (19) and @< COS G. 

Turning now to the proof of Theorem 1, we note that by (10) and (16), 
the series to the right in (9) converges for |w|<1, and by (8) and (4), 
the power series to the left in (9) converges for |z 
defines a function y(z) holomorphic inside the region D. Consider a path 
interior to D and reaching z = 1 inside the sector (12). We may then 
choose an angle y)< 7/2 so that the corresponding path in the w-plane, 
obviously interior to |w|<1, reaches w == 1 inside the sector (19). As 
shown above, we may assume s = QO, so that to any «, >0O there corre- 
sponds an N = WN(e,) such that |U,|< «4, for n>, and consequently 
for w ssaairel to (19) 


| > Dr Un wo | 


| n=0 











N 


S ait n On| |wi*+ ye {onl es [20 “4 


n= N. 





N 
~ - > [bn On| + & > lin | w |" . 


By (7) and (20) there exist two constants c, and c such that for w in 
(19) and o ee small 

casi <4 0% ’ Ps | Dn} |w |” << es |g(w)|, 
and the preceding inequality gives 


| 
2 ) iv n 
(21) ray 2 Ua wr] < 
To any assigned « >0 we may choose an €,< ¢/2c. and then a o(e) so 
small that with N = N(e,), ce z \bn Un|<«/2 for o<o(e). Hence 


there exists an r(e) such that for 2 in (12) and r<_r(e) 





Un| + 6 &. 





®See, for instance, E. Landau, Darstellung und Begrindung einiger neuerer Ergebnisse 
der Funktionentheorie, 2nd ed. (Berlin, Springer, 1929), pp. 54-55. 
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(22) ip (2)|<e, 
and our theorem is proved. 

4, Proof of Theorem 2. Let the series uw +%,-+we+--- be sum- 
mable (Ck); as before, we may assume the sum to be zero. The generating 
identity of the Cesaro sums of order k shows that since s™©>0 as n> 0, 


ins) ed) 
(23) g(2) = D we” = (1L— 2k DS Akt gio yn 
v=0 


n=0 
is holomorphic for |z|<1, so that for any R,<1 
(24) p(z)|< M, => M,(R;) for lz| < Ri, . 


Moreover, if in the argument leading to (21) we replace w by z, g(w) by 
(L—z)-*-, b, by A**» and U,, by s, we find that to any 6,< 7/2 and 
any ¢>O there corresponds an r = 7(6,, €) such that (22) holds in the 


sector 
(25) g=1—re*, —6,<0<0, O<r<r(@, 8). 


Since we assumed D to be interior to |z|<1, and f(w) holomorphic for 
lw| <1, w+1, we may choose any 8 between 0 and 7/2, and then e, >0 
such that f(w) is holomorphic, and | f(w)|<1, for 


(26) jw] S|1+ee%|, |w—1|2> a. 
Since 4>1 by hypothesis, we may choose 8 and 4, such that 
—— beac = 





and in (26), we may make o, = @,(¢) so small that (5) maps the sector 
(27) 1—w = ge, B—miogsa—f, I0<0elf a= ale) 


on a part of the z-plane interior to the sector (25). Consequently, we may 
choose R,< 1 such that (24) holds for z= f(w) and w interior to or on 
the boundary of the region enclosed by the curve C= C\+Q,+O;+G, 
where 

C, is the circular are obtained by making @ = @9< @ in (27); 

C, the straight line w= 1+ ee, 0 S<e< a; 

C; the circular are |w| = |w,| = |1+e@,cF|, |w—1|> 0; 

C, the straight line w= 1+ee, 9, > eZ. 
Making z= f(w) in (9), the application of Cauchy’s integral formula gives 


(28) 27i bn Un = f 9(s0o) 9) 2% = 4h4+h+h. 
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On C,, C. and Cy, we have |g(f(w))|<« by (22), (25) and (27), and 

» Y dw < Qo dg 
|g (w)|< es @o~* by (7). On Ci, we have @= Q and | mt |= Gri 
by (27). Consequently, using (16), 


I, |  e(ne)'-*e 


Qni bn | ~ (1—op)"* * 


On C, and (,, we have |w|? = 1+ 20 cos8+0?>1-+2¢@ cos, so that 











(29) 





1 _ att 
tL | <2 605% J) (1+2e0cosf) ? do 
- Se. 8 “3 
saa my Mt 260 c08 8) 
and by (16) 
| Is +L. 
(30) it | <alneyree. 





On C;, we have |p(f(w)) g(w)|<ce(e) (dependent on « but not on n), 








and 

|Ts|< ee(e) | HN = tea a < 2m 6 (e) | wv, |, 
and by (16) an 
(31) Ini | < @%(€) —*| 1+ a, (e) bt |", 


Now since 0<f<m/2 and consequently |1+0,(«) ef*|>>1 for «>0, it 
follows that by taking first ¢ sufficiently small, then m sufficiently large 
and finally ¢) = 1/n, we may make (29), (30), and (31) as small as we 
please, and hence by (28) 

Un-0 as n>o, 
which proves Theorem 2. 

5. Proof of Theorem 3. This proof proceeds along the same lines 
as that of Theorem 2. We have now two mapping functions z = /(w), 
mapping |w|<1 on asimply connected and nowhere overlapping region D 
in the z-plane, and z = f,(w), mapping |w,|<1 on a region D, with 
the same properties in the z-plane, and D, is interior to D. Eliminating z, 
we obtain a function 








(32) w = W(w) 
mapping |w;|<1 on a simple and nowhere overlapping region A interior 
to|w|<1; moreover, f, being holomorphic on |w,| = 1 except at w, = 1, 


and the inverse of f holomorphic on the boundary of D except at z= 1 
it follows that w(w,) is also holomorphic for |w,|<1 except at w, = 1. 
Eliminating z between (5) and the corresponding equation 
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1— wu, —_ attr ds... A, = a, a, >0, 


we find 
A, A, 


(33) 1—w, = aa * (i—w)*+4+.. 


By hypothesis, U,—>s as n>, and as before, we may assume s = 
Consequently 


(34) O(w) = ae > in I tw 


is holomorphic for |w|<1, and as in the proof of Theorem 1, it is seen 
that for any ¢ however small, 


(35) | P(w)|<e 
when w is inside the sector 
(25’) wl —re, iy 6; <b6< 6, ’ 0<r< vr} (e) 


where 6,< 2/2 is fixed (independent of «) and 7,(e) sufficiently small. 
Since 4, >4 by hypothesis, we may now determine 8< 7/2 and 6, so that 


A 
me (a a 8) <. 6; ’ 
1 
and (33) shows that for 0, (e) sufficiently small, (32) maps the sector 


(27) 1—w, = ee, B—x< 9S 2-8, 0<e la = ale) 


on a part of the w-plane interior to the sector (25’). By (34), (9) and 
the corresponding equation involving w,, we have 


1 i.e) 


Din Uin wi, 
i (Ww) v=o 





O(w) = 


and the proof, by Cauchy’s integral formula, that Uij,>0 as n>, is 
identical with the proof of Theorem 2, except for replacing z by w, 9(z) 
by O(w), w by w,, f(w) by w(w,) and g(w) by gy: (w,). 

6. The generalized de la Vallée Poussin summation (Vk) of 
order k > 0. The nth (Vk) sum we denote by Vv”, and it is defined 
as the value of Up in (9) when f(w) and g(w) are giyen by (13). The 
choice of k instead of a — 2-* to denote the order is due to the desire 
to have the order increase as the summation method grows more powerful 
(see Theorem 4 below); moreover, the special case when k is restricted 
to the positive integers is of particularly simple structure on account of 
the recurrent formula (53). 
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First, we must verify that (13) satisfies the conditions imposed on /(w) 
and g(w). With regard to the latter, it is evident that (6) to (8) are 
fulfilled, and by (17) 





a I'(n+ @) 
(36) b, = hi a Pm — I'(a) F(n+1) : 
n+1) 
From (4) and (13) we obtain 
is . 
(37) it, = day, 
so that (5) is satisfied with 
(38) oo - =>] 


and a== 2-4. To investigate the map of |w|<1 it is convenient to in- 
troduce the auxiliary mapping function 








1—z 
so that, by (37) 
(40) Z = (1—w)*. 


Now (40) maps the w-plane slit along the real axis from w —1 to +, 
represented in polar coérdinates by 


(41) ' l1— w = eegi, —- <<, o> 0, 
upon the sector in the Z-plane 


(42) Z = r 6% , —-anZlga<en, r>0, 


and the map is simple. In fact, since that branch of (1— w)* was chosen 
which reduces to 1 at w= 0, we have r = 0“, 6 = eg, and two different 
w-values oe? and o’e?* cannot give the same Z unless @ = 0’ and 
ay — ag’ = 2ma, where m is an integer. But since » and g’ both lie 
between —za and a, we have |y — g’|<27, so thatm=—Oandg =gq’. 
By (39), the sector (42) is mapped on a region in the z-plane bounded by 
two circular arcs symmetrical to the real axis and intersecting at z= 1 
and z== —1 at an interior angle of 2e7z. 

The half plane Rw< 1 is represented in (41) by —a/2<y<a/2, and 
consequently mapped in the z-plane on a region similar to the preceding 
one except that the interior angle is now ea <7, so that this region is 
interior to |z|<1. Since |w|< 1 is interior to Rw<1, |w|<1 is mapped 
on a simple region D, interior to |z|<1, and it is evident from what 
precedes that f(w) is holomorphic on || — 1 except at w= 1, and the 
inverse function holomorphic on the boundary of D;, except at z= 1. 
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To prove that Dx, is interior to D, when k, >k, we note that by (39) 
and (40), (32) becomes 


*, 


w = 1—(1— w)*, 


and our proof reduces to showing that this maps |w,|<1 on a region 


interior to |w|<1. The polar equation of |w,| — 1 is 
1— wv, = 2cosg-e®, —a2< » < xn/2, 
and writing 
=— = = g-, — Re 
a 


we therefore have to show that 


w = 1—(2 cos g)Peh% 


satisfies ww—1<0O for 0 < » < a/2 (and hence by symmetry for 
—n/2<q < 0; for » = 2/2 we have w = 1). Now write 








ww—l F 

= ee a —— ff 8—cosfq, 
(43) F(¢9) 32 cos 9) (2 cos g) cosfy, 
whence 
(44) cose dF (9) == — sin(1l— 4)g— F(9)sing. 

B dy 

Since 8< 1, F(0) <0 by (43), and therefore at the smallest value of ¢ 
between 0 and a/2 (excl.) for which F(y) = 0, we must have 


dF/dg > 0 whence sin(1—)y < 0 by (44), and this is impossible. 
Hence F'(y) < 0 for 0 < » < a/2, and Dy is interior to Dy when 
k>k. 

By (38), 4, >>4>1 when k, >k> 0, and consequently all the con- 
ditions for the applicability of Theorems 1 to 3 are satisfied. We may 
therefore state 

THEOREM 4, Any series summable (Vk), k > 0, is also summable Poisson 
to the same sum. A series summable Cesaro of any order is also summable 
(Vk) for any k>0O to the same sum. A series summable (Vk) is also 
summable (Vk,) to the same sum when ky >k = 0. 

In order to investigate the (Vk) summability of the geometric series, 
it is necessary to consider the boundary curve L, of the region Dy. A 
parametric representation of LZ, is obtained by introducing the polar 
equation of |w{| = 1 in (37): 

(Lx) 1—z = (2 cos y)* F*, = 


1l+z 


bo| a 
IA 
e 
lA 
ro| 3 
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By L,* We denote the curve obtained by inversion of Z;, with respect to 
the unit circle, or what is the same on account of LZ, being symmetrical 
about the real axis, by replacing z by 1/z: 
(Liz) STi = Goosyeem,  —F 
We shall now prove 

THEOREM 5. The geometric series 1+ +O?-+.-- is summable (Vk) to 
the sum 1/(1—) when ¢ is inside f Pm ; and the summability is uniform 
for © in any closed region interior to Ix’. For £ on or outside Li, the 
summation is divergent. 

First we dispose of the case ¢ = 1; here u» = 1 in (9) so that the 
left hand member is 


lA 


bea 
7 2 $ 


| 


1 
is + aw 


by (37). Consequently (9) and a give 





® yn = Bo ae 
Das ‘> @ ~ 2(1—w)# + 2(1—w)* ’ 


expanding to the right by (17), comparing coefficients and replacing b, 
by its value (36), we find 
1,1 (e)F(n+2e) 


=> == >oasn-o, 
2 ‘T(Qe)T(n+ a) . 





When €¢+1, we proceed as usual by subtracting the sum s from the 
original uw, i.e. we now make uw —1—1/(1—f), w=”, (v>0). 
Writing 














(45) “4 =: 
we have for |z|<|z9| 
FF iff ae See ee 
v=0 1— te j= ¢ i—¢ i—ts 
ee 1—ze (i1—w)* i+¢2 
~ 1—C e-em 1—€ #—%’ 


the last step by (37). Using Cauchy’s integral formula on (9), we now 
find 


(46) bp VP ae f ,_ ite iS. 





222 J 1—f e—eZ%q wt? 


the integral being taken over a sufficiently small circle around the origin. 
We shall deform this path of integration into the curve C composed of 
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the straight line from w=—1 to w—1+h, (h>0), the circle | w| = 1+h 
and the straight line from w—1-+hA to w= 1; this deformation is 
permissible when hf is chosen properly. First let ¢ belong to a closed 
region interior to Zz, then the z corresponding to any such ¢ by (45) 
is exterior to Lx, and the smallest distance of any such z from Ly is 
positive, say 20. The region interior to C is mapped on a region D in 
the z-plane, and since |w| = 1 is interior to C (except that w = 1 lies 
on C), Ly is interior to D, except that z= 1 is on the boundary of D. 
As h>0, the boundary of D approaches Z; uniformly along its entire 
length, and we may therefore choose h so small that every 2 under 
consideration is exterior to D, and the smallest distance of any such 2 
to the boundary of D exceeds d. Consequently, there exists an M such 
that 

(47) | 1 1+<z 


1—C z—Z <* 





for ¢ in the region considered and z on the boundary of D. Since 2 is 
exterior to D, we may replace (46) by 


(48). Lf. 1 i1+2¢ dw — 2,7. 


Qi 1—C z—Z% wt! 





The integral over each rectilinear part of C is less in absolute value than 


1+h 
dw 
uf yn <uf +s iE a ae 


and the absolute value of the integral over the circle |w| = 1+h is less 
than 2a M(1+h)-”". Hence we have 


1 wet) ae (4) 
i) Ick 2—Z wet ? n 


uniformly for ¢ in the region considered, and from (16), (48) and (49) it 
follows that 








. = 0) 


uniformly in ¢, which proves the first part of the theorem. Now let ¢ + 1 
be on or outside Ix; then, by (45), z +1 is on or inside Ly (and hence 
interior to D, no restriction on A being necessary here). The point wo + 1 
corresponding to z is therefore interior to or on the unit circle, and (48) 
is replaced by 


60) = Ses c pas aa = bn Vn’ + residue at wo, 
iii ——~ #0 
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the residue being equal to 
1 1+2% ew 2 (1 — w) 1 


i—t Gz/duy, wt ~ ai—HU—a%) we’ 








(51) 


Yvidently (49) holds for the particular ¢ under consideration and since 
wy! <1, wo $1, (50) and (51) show that Vm does not approach a finite 
limit as noo, and this completes the proof of Theorem 5. 

It is appropriate to note here that any ¢ not on the real axis from 1 
to +o is interior to an Ly provided that k is chosen large enough. 
In fact, this is equivalent to stating that any z = 1/f not real and between 
0 and 1 inclusive, is exterior to Zx, or by (39), that any Z not real and 
between the same limits is exterior to the Z-transform of ZL, which is 


(52) Z = (2 cos )*e&"', —a/2<p<a/2. 


Since the abscissa of this curve lies between 0 and 2%, inclusive, and the 
absolute value of the ordinate does not exceed 2%sin(a@7i2), the curve 
approaches the line segment 0< Z7<1 as a0, i.e. ko, and the 
statement follows. 

In concluding this paragraph, we shall prove the following recurrent 
formula connecting (Vk) with (V, k+1): 





n 
(53) err . F (2n—v—1)! 1w yo 
n, n EA 92n—v (n—v)! n! ? ? 


for n >1. (When n = 0, we have the trivial formula Vi” = Vi? = w). 
Denoting by @, and w, the @ and w belonging to (V,k+1), we have, 
by (13), a, = 2-*-1 = a/2, and by (37) 
| wes 2 — —— _ — az /2 
l+2 >a (1 w) —" (1 Ww) ’ 
so that 


(54) 1—w = (1—w,)"; 
moreover, (13) gives g(w) = g, (w,). From (9) it therefore follows that 


2.2) 2) 
Le vw = Soe re ad, 
and (53) is obtained by substitution of the power series for w” to the left 
and comparison of coefficients of w*. All we have to show is consequently 
that 

v (2n—v—1)! 





uy” 


eo 
5 y — ’ 
(55) cer p> 2"—¥ (n—y)I nt 1? 
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where for y = 0, the constant term to the right is to be replaced by 
unity. For » = 0, (55) is evident, and for »=-1, it is obtained by 
applying the binomial theorem to (54). For »>1, we observe that (54) 
may be written w*—2w-+w, = 0, whence the recurrent formula 


: ut = 2w”—w, w’—!, 


and the verification of (55) proceeds in the same way as in paragraph 2. 

7. The generalized Euler summation (Zp) of order p >0. The 
nth (Ep) sum we denote by ‘and in order to obtain formal agreement 
with the work of Knopp,® we define it not as U, but as by, U, in (9) 
when f(w) and g(w) are given by (14). This deviation from our general 
definition is irrelevant, since by (14) 

1 1— 

9) = Fe 1-0 — ae’ 








and consequently 
bn = 1— (1 ne Kerr, 
so that bn > 1 as n>@. 
Written out, our definition of Ey” is 











eo a a — io 4) 
(56) > lve” = ea bth a > Ei” w", 
v=0 oa n=v 
where # -—— 2-? and 
z Sw z w 
5 = = 3 .—<——- 
67) wo 9+i—De’ *~ 1——HPw’ 1-2 i—w 


Comparison of (5) and (57) gives 4 = 1, a = 1/%, and the map of 
lw| <1 is the circle 





(58) (2— SA 27—(1— A (e+ 27)— 9 <0, 
or 

i— 9 1 
™ $3 |<a>> 


which is evidently interior to |z|<1. 

We shall now show that our definition of Ey” coincides with that of 
Knopp, and also that any series summable (Zp) is also summable (En) 
to the same sum when p, >p > 0.?° Both these statements are proved by 
setting up the relation between (Zp;) and (Ep). Eliminating z between (57) 
and the corresponding equation where # and w are replaced by +, and w, 
we find 


Knopp, lc. §& p. 247 and following. Our Theorem 3 is inapplicable here, since 
4, = 4 = 1 (although D, is interior to D). 











{ 


; 
i 
2 
: 
f 
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ro h UW, 
(59) ae t- 0a 
where 
(60) A= 2. 
From (14) and (59) ° 
9: (w;) = 4, (1— w) (1— (1— 9) w) ae h 











g (w) on F(1—w,) (L—(1— 4) rm) oat (1— (1— h) w,)®’ 
and (56) gives 





~ 1 Ot ax h (PD) Wy 
QE MPD 4 sit Gana, yz DP 


— > bert wy : 
v= (l1—(1—h) w,)"" 





By the binomial theorem 


wy (+1 N—V ayn 
(1 — (1— h)w,)”*? aot ea i) oo: a 





and introducing this in the preceding equation, we find 


Ei — . eee Le yt oot (p) 
(61) « a, 1 eG — ay BS 


When p = 0, } = 1, w = z, and (56) becomes 
in?) io2] 
> we” = (i—2z) > EO ?, 
v=0 n=0 
whence 


(62) mn = Up tuyte+-+un. 


In (61) we now make p = 0, so that h = 4; replacing p, and A, by p 
and #, we therefore have with the aid of (62) 


n 
(63) “7 cai ihe oe: ) HTT (1 — 9)" (Ug toy +--+). 
v=o \y +1 

Except for changes in notation, this is Knopp’s definition." 

Now let Uo Us +uz,+--+ be summable (Hp) to the sum zero, so that, 
for any «>0, |Z BP \<s for » = m = m(e). When p,>p, we have 
0<h<1 by (60), and each of the m first terms in (61) contains the 
factor (1—h)"-™, so that the sum of these terms approaches zero as 
n> co. The sum of the remaining terms in (61) is less in absolute value than 





"Tc. § p. 245. 
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«> oa hed (1 — hye” 


vy=m 
1 


nt 
=e > 


¥=m+ 


3 ‘ety h” (1 — A)" <e(h+1—hj = «, 
and consequently E,””+>0 as n>. 
We shall finally prove the following theorem, which establishes the 
connection between the summation methods (Zp) and (Vk): 
THEOREM 6. A series which is summable (Ep), p = 0, is also summable 
(Vk), k>0, to the same sum when 


Since we assumed k>0O, the 4 in (Vk) is >1, while that in (Fp) is = 1, 
and our theorem follows from Theorem 3 as soon as we have shown that 
I, is interior to the circle (58) (except that z = 1 is common to both 
boundaries). By (39) the map of (58) on the Z-plane is the circle 


2(1— #) ZZ—Z—Z<0, 


and all we have to show is that (52), the Z-map of Lx, is interior to 
this circle (the point Z = 0 excepted). In other words, we must show 
that F(v)<0 for —a/2< y<2/2, where 


F(y) = (1—¥#) (2 cos ¢)* — cos ag. 
Now (64) is identical with F(0)<0, and we have 


cosy dF(y) 


= —sin (1 —a@)y— F(g) sin 9; 
ce dg 


except for the notation, this is the same as (44), and the proof proceeds 
as there. 
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A RULE OF SIGNS INVOLVING CERTAIN 
ORTHOGONAL POLYNOMIALS.' 


By Morris MARDEN. 


At the beginning of last summer, in a lecture delivered to Mathematical 
Colloquium at Zurich, Switzerland, Professor Shohat raised the question 
as to whether a rule of signs involving Legendre polynomials, as given 
by Laguerre in his Oeuvres, t. I, pp. 144-146, could be carried over to 
other sets of orthogonal polynomials.* The present note attempts to answer 
this question, following the general lines of reasoning given by Laguerre. 
It suggests a rule of signs involving a set of orthogonal polynomials P, (x) 
which may be defined as follows. 

1. The polynomials P,,(z). 

(a) Definition. The polynomials P,(x) are to have the form 


Py(a) = a® +e, 27%1+ --- +en, (n = 0,1, 2. ---) 
and satisfy the orthogonality conditions 

b 
(1.11) . p(x) Pm(x) Pr(x) da = 0, mtn. 


The weight-function p(x) is to be non-negative on the interval —wo<a<x 
<b<o, and satisfy the equation 


(1.12) £[K(x) p@)] = La) p@) 
where 

' K(x) = Ao?+ Bret, 
(1.13) | (x) a* aha : 

L(x) = De+H#, 

(1.14) AD>0, 
and 
(1.15) Jim K(x) p(x) = lim K (a) p(x) == ©, 


Below are tabulated some well-known sets of orthogonal polynomials 
which are special cases of these polynomials P, (2). 





"Received November 15, 1930.—Presented to the Society on September 12, 1930. 
*The author wishes to thank Professor Pélya for reference to Laguerre’s article. 
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Polynomials p(x) A BC D E a b 
Legendre 1 —1 01 —2 0 —1 1 
Tschebyschett (lI—a2*)}t¥? —101 —(2+1) 0 —1 1 
Jacobi (1—a)* (1+)? —1 01 —(e++2)<0 B—ea —1 1 
Laguerre init 010 —1 a+] Ox 
Hermite er 001 -—-] 0 -—e « 


Among the polynomials P,(a2) there are, however, none which differ 
“essentially” from the five kinds listed above. For, equation (1.12) has 
the following integrals: 

1. If A+ 0 and q = B’—4AC<0, 

m 
p(x) K(x) = [K(a)}?4 exp (= an—! 22 
V—q V—e | 
where F = 3+; (24E— BD). 
2. If A+0 and q>0, 
p(x) K(x) = (a — a)M (x -—— a)” 
D F D F 
yl = &£ DIA = -_— — ee . 
where APIA, » 7 a Va and 2 A Va , and K(z,) 
=> K (ae) a= @, 

3. If AO, but B+ 0, 

p(x) K(x) = P/O (Ba + C)% 
where @ = 45 (BE—CD). 

4, Finally, if A= B= 0, 





ba. Ro: Ge 
p(x) K(x) = exp. (s52 +2). 

If the first integral is to fulfil requirement (1.15), K(a) = K(b) = 0, 
which is impossible. For, its discriminant q being negative, K(x) cannot 
have any real roots. If the second integral is to fulfil requirement (1.15), 
then 

a=, b= %, pw >O, y<0.' 


For the third integral to satisfy condition (1.15), then G@>O and eithe 
D/B>0 in which case a = —o, K(b) = 0, or D/B<0O in which case 
K(a) = 0 and b = +o. Finally, for the fourth integral to satisfy 
condition (1.15) 

DIC<0 and a=—o, b=+0. 


a* 





= 
¥ 
Kd 
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In short, the polynomials P,(z) include only the Jacobi, Laguerre and 
Hermite polynomials and such polynomials as can be reduced to one of 
these three kinds by affine transformations. 

(b) Properties. As orthogonal polynomials* the P(x) have only real and 
simple zeros, all lying in the interval a<ix<b. 

These polynomials furthermore satisfy the differential equation 


(1.21) K(a) Py’ (x) + L(x) Py (x) — n[A(n — 1) + D] Pr(w) = 0. 


For,’ by twice integrating by parts and using condition (1.15), one finds 
7) d b , 
a = [K (x) p(x) Pa(x)] da = —m [ a” K(x) p(x) Pa(x) dx 
(1.22) : P 
= mM [ Py, (a) os [a K(x) p(x)| dx. 
Now 


(1.23) S [x1 K(x) p(a)] = [(m —1) a”? K(a) + 2" L(a)] p(x), 


where the brackets contain a polynomial of at most the mth degree. Hence 
by condition (1.11) the right hand side of (1.22) vanishes for m < n—1. 
This means, since 


(1.24) & [K (x) p(x) Pa(w)] = [K (x) Pn (x) + L(x) Pn(a)] p(@), 


that the polynomial of nth degree contained in the bracket on the right 
hand side of (1.24) differs from P,,(x) only by a multiplicative constant. 
That is to say, 

(1.25) K (x) Py (w) + L(x) Pa(x) = M(n) Pr(@). 


By comparison of the two sides of equation (1.25) one calculates M(n) to be 
(1.26) M(n) = n[A(n —1)4+ D]. 


2. The rule of signs. In what follows it will be assumed that 0 is 
a finite number. This restricts the polynomials P, (a) to be essentially 
(cf. § 1(a)) either Jacobi or Laguerre polynomials. 

Our principal theorem is then the following: 

Given any real polynomial F(x) of degreen. By suitable choice of con- 
stants 4;, F(x) may be written as 


F(a) = do Po(x) +4, Pi (x)+ --- -+ dn Pn (a). 


3 Stieltjes (Euvres, vol. I, p. 380. 
*Cf. Pélya-Szegé, Aufgaben und Lehrsiitze, Berlin (1925), vol. II, pp. 75-97. 








A RULE OF SIGNS. 121 


Then, the number of real zeros of F(x) greater or equal to b does not exceed 
the number of variations of sign in the sequence do, 44, +--+, dn. 

Throughout this note the symbol oy will be used to denote the number 
of real zeros which a given function g(x) has in the interval x > b. 
The quantity sg x will be taken as equal to +1, —1, or 0, according 
as x is positive, negative or zero. 

If V represents the number of variations of sign in the sequence 
dy, 41, +++; 4n, then the relation to be proved is that »F < V. 

The theorem is evidently true when V= 0. For, as P, (2) + 0 when 
«2 6, 

sg Pn (x) = sg P,(o) = 1, x= b. 


The constants 4; all being of like sign, the function F(a) cannot vanish 
anywhere in the interval x => 5; that is, »p/ = 0. 

Suppose the theorem were true for V—1 variations of sign in the 
sequence Ay, 4,,---,4n. Would it therefore be true when there are V 
variations of sign? 

To answer this question, we follow the reasoning of Laguerre (I. c.). 
Assume that 





Anis ao Ante See SS Ansi-1 = @, but Lr hit <<, 
As, in any interval b < « < c<m, the function R(w) = has 
” Prt (x) 
a derivative R’( oor: where 
TP OF 
(2.2) (a) = Pra (a) F(a) — Pri (x) F@). 


it follows from Rolle’s theorem that 
2.3) oF < of +1. 


Now, from relation (2.2) one deduces that 
. | Pj (x) Prt (x) | 





(2.4) J (x) - Pat | P; (a) Presi (x) |’ 
and from relation (1.21) that 
ad f{_,.|Pi@ Pir@| _.| 
(2.5) EOle Pei (a)|” es 
, = [M(j)-— M&+D) p(w) P; (a) Pest (v) 
where 


M(j)—Mk+) = j[AG—D+ D]—k4+)[AK+/—-D+ VD] 


(2.6) = (j—k—D)[AG+k+l—1)4 DI. 














122 M. MARDEN. 


Because of condition (1.14) 
sg [M(j) —M(k+)] = sg (y—k —D sg (A+ D). 


On combining equations (2.4) and (2.5), one obtains 


d 


dx K (x) p (a) f(a) : = p(x) O(x) Pr+1(x) 


(2.7) 
where 
M(x) = > a;[M(j)—MKk+D)]P;i(z). 

j=0 


Now, let a(x) = K(ax)p(x) f(a) and w(x) = p(x) @(x) Pxsi(x). Then 
0% = o9K +opto/, ot = op+o®. By Rolle’s theorem, 97 < ot’ +1; 
i.e. of <oP+1—,)K. As 9K —1 (ef. § 1(a)), 


(2.8) of S o®. 


On the other hand, @(x) is a linear combination of the P(x) with only 
V—1 changes of sign in its coefficients. 

By hypothesis, therefore, 
2.9) o <V—1. 


On combining results (2.3), (2.8) and (2.9), one finally concludes that 
of < V, as was to be proved. 

This proof and, consequently, the rule of signs are equally valid, in the 
interval b < x < ¢ < o, for an infinite expansion 


F(x) = 4) Po(x) +4, P; (x) + 4, Po(x)+---, 


where the sequence of coefficients 4), 4,, 42, --- shows but a finite number 
of variations of sign, provided that each of the two series 


(1) ZilA(j—1) + DIP), (2) Da P/ (a), 
j= J=1 


converges uniformly in the interval ) << a2< c. For, the summations 
and differentiations performed in the proof are legitimate when the 


three series 
ve) 


(4) = 4; P;(x), (5) 1 4; Bj (a), (6) >a P(x), 
ae j= jJ=2 


converge uniformly. Now, the uniform convergence of series (4) is gua- 
ranteed by that of series (1), and, due to equation (1.21), the uniform 
convergence of series (6) is assured by that of the series (1) and (2). 
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3. Corollaries. The rule of signs of the preceding paragraph differs 
from Descartes’ rule only in two respects. First, the polynomial P;,(z) 
replaces the polynomial 2* of Descartes’ rule and secondly, the interval 
(a, b) wherein lie all the zeros of the polynomials P,,(x) replaces the point 
x = 0 of Descartes’ rule. 

This analogy is carried further in the corollaries which will now be 
stated. 

CoROLLARY 1. Lf there is a lacuna of length k+1 in the sequence 
Ig; Ay. +++, An, then f(x) has at least k zeros which are not on the real 
axis in the interval x => b. (That is to say, there are k zeros which are 
either imaginary or real and less than b.) 

CoroLLaRY 2. If p(a+b—zx) = p(x), then the number of real zeros 
of F(a) less than or equal to a does not exceed the number of variations 
of sign in the sequence 4g, —A,, 4g, --+-, (—1)"Ay. 

CorotLary 3. If p(a+-b—2x) = p(x) and if all the zeros of F(x) lie 
on the real axis in the intervals x < a, x => b, then the number of zeros 
greater than or equal to b is exactly equal to the number of variations of 
sign in the sequence hg, 44, --+, 4n, and the number of zeros less than or 
equal to a is exactly equal to the number of variations of sign in the 
sequence 

hy, Ay, Aa, 02+, (—1)*dn. 


To prove the first corollary, suppose that 


Aya — Ayo —=_.eee = A Lip = 0 but hy Ayt-kit + 0. 


Then V< n—k and hence »F < n—k or n— .)FZK. 

To prove the second corollary note that, because of the requirement 
p(a+b—2x) = p(x) (which requirement restricts the P, (x) to be Jacobi 
polynomials with « = £), 


7 2% 
. p(x) Pr(x) (atb—a)”da = — [. p(atb—-x) Prlat+b—a)a™ da 


b 
= —f p(x) Pr(a+ b—-ax)x™ dx. 


The left hand side of this equation being zero for m<n—1, so is the 
lower right hand side. Hence, P,(a+b—z) differs from P,(x) only 
by a multiplicative constant. That is P,(a+b—ax) = (—1)” Pra). 
Accordingly, 


P(a-- b— ax) = dg Py(x) — 4, Py(a) + de Po (x) + «+: + (—1)"4n Pn (a) 
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Consequently, by Corollary 1, the number of zeros for a+b—zx = }, i.e, 
x <a, does not exceed the number of variations of sign in the sequence 
ho, —A,, ds, oe (—1)"A,. 

To establish the last corollary, let »>#’ denote the number of real zeros 
of F which are equal to or less than a, and V’ the number of variations 
of sign in the sequence 

do, — Ay, dn, ++, (—1)*dn. 


Then >/+ fF’ =n. Since V+V' <n and oF < JV, oF’ < V’, it follows 
that ./' = V and ,f” = V’. 

The writer is now considering the possibility of a similar rule of signs 
involving arbitrary orthogonal polynomials. 
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ON A CERTAIN INEQUALITY OF STEINER.! 


By E. J. Mc SHAne.?” 


One of the most useful inequalities in problems dealing with the areas 
of surfaces is that of Steiner.* The inequality of Steiner can be stated 
thus: Given a region D of the xy plane, and two surfaces z = f,(x, y), 
z = fo(x, y) (x, y) on D). Then the area of the surface 


e= (A(z, y)+Al@, y)) 


is equal to or less than the arithmetic mean of the areas of the surfaces 
z=f,, z= fe. In enunciating this theorem Steiner did not mention 
the definition of area which he used, nor did he state the restrictions 
upon the functions f,, f2. It may easily be shown that if the area be 
defined in the sense of Lebesgue, then the inequality is valid for all con- 
tinuous surfaces z = fi(x, y), 2 = fo(x, y). 

For some purposes it is desirable to exclude the sign of equality from 
this relation. Section 2 of this paper is devoted to finding conditions 
under which the inequality holds in the strict sense, the remaining sections 
to certain applications of the inequality. The first such application is the 
finding of a necessary condition that the areas of a sequence of poly- 
hedra tending te a surface z = z(x,y) shall tend to the area of that 
surface. If we examine the well-known example of Schwarz, of a sequence 
of polyhedra inscribed in a circular cylinder, having the maximum length 
of side tending to zero and the areas increasing without limit, we see 
that this necessary condition is not fulfilled. 

The second application is that of establishing the analytic character of 
the surface of least area. The results are contained in Theorems VII to 
X. Since these theorems are of interest in themselves, quite apart from 
the preceding sections, a second proof (of an elementary nature) is given 
for Theorem VII, which makes it possible to read from § 4 on without 
reference to preceding demonstrations. 

I wish to thank Prof. Rad6, first for directing my attention to this 
problem, and second for a suggestion which enabled me to replace certain 
less elegant results by the present §§ 2, 3. 

1. Preliminaries. In order to avoid repetition, we shall understand 
throughout that each rectangle referred to is assumed to have its sides 





‘ Received March, 1931. 

? National Research Fellow. 

* J. Steiner, Gesammelte Werke, Bd. II, S. 298. 
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parallel to the codrdinate axes: a, < « < h, @ < y < by. The ordi- 


nary notation for the partial derivatives of a function z(a, y) will be used: 


0 0 , , 
= ae q = gf and in case several functions are present we shall 
use the same subscripts on the p and q as on the z: 
eg ae eee. YS. 
ere et ay? Oa’ dy’ 





etc. The frequently occurring radical |/ 1 + (22) + (52) will be denoted 
by w(f;x, y), or simply by w(f); and the area of the surface defined 
by ¢ = z(x,y) (x, y) on Q) will be denoted by Ag(z). 

2. The inequality of Steiner. In the theorems of this section we 
shall have occasion to use the partial derivatives p(x, y), q(x, y) of a 
function z(x, y) (a, y) on Q), knowing only that Ag(z) is finite. That 
these derivatives exist almost everywhere in Q is a consequence of the 
theorem‘ that if on the square Q: (aq <x < bh, a2 < y < bg) the sur- 
face z = 2(x, y) has finite area, then z(x, y) is of limited total variation 
in x for almost all fixed values of y in the interval (az, b.) and of limited 
total variation in y for almost all fixed values of x in the interval (a, ),). 
The functions p(x, y), q(x, y) are measurable.° 

Let us now turn our attention to surfaces z = f(x, y) ((x, y) on Q), 
where Q is a square. If we are given two such surfaces z = 2, (x, y), 
2 = 29 (x, y), we can then state that 


Ag ([z; + 29]/2) <3 (Ag (2,)+ Ag (é2)). 


Our object in this section is to establish conditions under which the 
equality is excluded; such conditions are established in Theorems I and Il. 
But before proceeding to these theorems we shall give examples to show 
that the equality cannot always be excluded. A trivial case is that in 
which z,;— ze is constant. More important, we can give an example in 
which z,;-—2. is not constant, and yet 


Ag ([21 + 22)/2) = Ag(e:) = Ag(ée). 
Let g(x) be a continuous® monotonically increasing function such that 
y (x) = 0 almost everywhere, »(0) = 0, y(1)=1. The length of the 


curve y =kg(x) (0 <x2<1) is easily shown to be equal to 1+/k!. 
Define now 





‘L. Tonelli, Sulla quadratura delle superficie, Rend. Lincei, ser. VI, vol. Ill, p. 357. 
T. Radé, Sur Vaire des surfaces courbes. Acta Szeged, vol. 3 (1927), p. 165. 
> Carathéodory, Vorlesungen iiber reelle Funktionen, p. 642. 


° For an example of such a function, see, e. g., Carathéodory, Vorlesungen iiber reelle 
Funktionen, § 509. 
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a(e,y)=9@—1) (1S@<2, 0<y <2); 


l/\ 


and define 


2(”, y) = 9 (a) O<#<1,0<y<2), 
Ze(x, y) = 1 (Q<r<s2, 0S y<2). 


These surfaces are cylinders with generators of length 2 parallel to the 
y-axis; and we readily calculate that 


Ag (lz: +22]/2) = Ag(e:) = Ag(@) = 6. 


Having seen that the equality cannot always be excluded, let us establish 
conditions under which the exclusion is possible. We first restrict our- 
selves to the particular class of continuous surfaces whose area is given 
by the ordinary double integral; we can then state: 

THEOREM I, Jf the functions 2 (x, y), 22(x, y) are defined and continuous 
on a square Q, and Ag(z,;) and Ag(zz) are both finite, and 


Ag(z) = J Joo x, y)dxdy (j = 1, 2), 


Ag (le: + 22)/2) < $ (Ag (41) + Ae (é2)) 
oY 2,—é, 7s constant. 
Tonelli has shown’ that if Ag(z) is finite, then 


Ag(z) = J Joe x,y) dx dy 


if and only if z(@, y) is absolutely continuous in y for almost all fixed values 
of x, and absolutely continuous in x for almost all fixed values of y. Such 
a function will henceforth be called absolutely continuous. (In particular, 
if 2(@,y) represents a polyhedron it is absolutely continuous.) It is 
clear that if z, and z. are both absolutely continuous, then so is (2; +-22)/2. 
Hence we have 


3 (Aq (2) + Ag(és)) — Ag (le + 221/2) 
as f [Ree + w(z2)) -—w (le + 22)/2)] da dy. 


then either 


But the integrand on the right is never negative, and is greater than 
zero if w([z,+22]/2) is finite and 





V (p: — ps)? + (1 — 92)® + 0; 
7L. Tonelli, loc. cit. 4, p. 633. 
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for 4w(2,), 4w(ze) and w([z,+ 22]/2) are the sides of the triangle whose 
vertices are (0,0,0), (p./2, q:/2, 1/2) and ([p:+ pe]/2, [a+ 2]/2, 1). Hence 
either the left member of the equation is positive or 





V (1 — ps)? + (4: — G2)? = O 


almost everywhere. We now show that in the latter case 2,—z is 
constant. 
Let the set EF consist of 
1) all lines x = 2 such that 2;(xo, y) are not both absolutely continuous in y; 
2) all lines y = y such that 2;(~, yo) are not both absolutely continuous in 2; 
3) all points (7, y) such that p(x, y), pe(x,y), mw, y), and ge(x, y) 
are not all defined; 
4) all points (x, y) at which 


V(p: — ps)? + (a — 4)” + 0. 


This set has measure zero. Hence for almost all points (a, yo) of Q the 
lines 2 = a and y= y have in common with E at most a set of linear 
measure zero. Fix on one such point (x, y), and let (a, y) be any other 
point with the same property. Then 





2) 
a (x, y) — 21 (20, Yo) =" n, (x, wdc + fa (a, y)dy, 
; xe 3 y 
29 (x, y) — 22 (ao, Yo) = [i ne, yde+f” Qe (x, y)dy. 


But except on a set of linear measure zero the integrands on the right 
are equal; hence 


21 (x, y) —- a(x, Y) = (Xo, Yo) — & (xo, Yo): 


This being true for almost all (x, y), and z, and z being continuous, it 
remains true for all (x, y) in Q. 

In the above demonstration we have made use of the hypothesis that 
the areas Ag(z,) and Ag(z2) are given by the classical double integral. 
Since this imposes an essential restriction upon the class of surfaces con- 
sidered, it is desirable to develop a theorem in which the surfaces are 
assumed merely to be continuous. We therefore state 

THEOREM II. Jf the functions z,(x, y), 2(a, y) are defined and continuous 
on a square Q, and Ag(é:) and Ag(z2) are both finite, and 


Vp) a > 0 
on a set of positive measure, then 


Ag (lei + 22]/2) < 4 (Ag(&) + Ag (és). 
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Let us designate by ¢ the function [z; (a, y)+ 2. (2, y)]/2. The function 
of rectangles $(Ar(2i:)+Anr(é2))—Ar(f) is additive and nowhere negative; 
hence if it be zero when R = Q, it must be zero for every R contained 
in Q, and its derivative must therefore be identically zero. But its derivative 
is almost everywhere® equal to 


(Vite tg Vite @) Vite te, 


and on the point set (of positive measure) on which p,, q@:, ps, ge are finite 
and V (p;— ps)? + (41 — qe)? > 0 this is positive. Hence the assumption 
that 





$ (Ag (e) + Ag (2e)) — Ag (f) = 0 
leads to a contradiction, and our theorem is established. 
THEOREM III. Jf the functions 2,(a, y), z2(a, y) are defined and con- 


tinuous on a square Q, and Ag(zZ) is finite and equal to J, w(z,)dady 


and 





V (1 — ps)? + (a —a)? = 0 


almost everywhere, then either 2,(x, y)— 22(x, y) is constant or Ag(éz) > Ag(eéi). 
Since p, = ps and g; = qe on almost all of Q, we have 


Ag (21) =f [owe dxdy =f [wes dx dy. 


It is known® that 


Ag (é2) > J fot) dx dy. 


If the sign > holds, then Ag (ze) >Ag(a). If the two quantities are 
equal, then z2(x”, y) is absolutely continuous, and as in Theorem II we find 


2:— 2, constant. 
3. Sequences of surfaces approaching a given surface. We now 


sharpen somewhat the results of Theorem II. 
THEOREMIV. Jf the functions z(x,y), 22.(x, y) are defined and con- 
tinuous on a square Q, and there exist positive numbers G,€, 6, such that 
1) Ag (2) = &, Ag (22) < G; 
2) V (1 — ps)? + (i — Gs)* > & on a set of measure at least equal to 6; 


then 





Ag (lz: + 22]/2) < $ (AQ (21) + Ag (22) tii j u(G, é, d), 


where w is a positive number whose value depends only on G,«, and 6. 


*S. Saks, Sur Vaire des surfaces z = f (x, y), Acta Szeged, vol. 3 (1927), p. 170. 
*L. Tonelli, loc. cit. 4, p. 445. S. Saks, loc. cit. §, p. 175. 
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Let us again designate by ¢ the function (2,-+2)/2. Since 


J Joes 2, wdedy < dole) < @, 
we have 
3) we; x, y) < 4G4d-' on a set of measure > m(Q) — 0/4. 
Likewise 
4) w(ee; x, y) < 4G@6—' on a set of measure > m(Q) — 0/4. 


Therefore there exists a set E of measure > 0/2 on which inequalities 2), 
3) and 4) are all valid. Consider the function of four variables p,, q;, pe, qo, 
defined by 


(VW1+p4+e@4+Vitpt+e@) — Vit (pt pel/2)?+ da + a)/2)?. 





On the bounded closed set of points (p1, 41, p2, gz) for which 


Vitpte<446, Vitpre < 44, 


1= 
Vin — ps)* + (a — qe)” 2 &; 


this function is continuous and positive, hence is 2 k>0, where k depends 
only on G, d and «. Moreover, it is never negative, whatever be the 
values of p1, 91, Ps; Qe. 

The function of rectangles 4 (Ar(z,) + Ar(2e)) — Ar() is non-negative, 
and hence is not less than the integral of its derivative, so that 


4 (Ag (41) + Ae (Z2)) — AQ(S) = SJ, [3 (w(e1) + w (ee) — w(0)] dady 
> f fb eoG) +e) —wO] de, y) = ke: 


and since ke depends only on G, 6, and «, our theorem is proved. 

THEOREM V. Let z(x, y) be defined and continuous on a square Q, and 
Ag(z) finite; and let {zj(x, y)} be a sequence of functions continuous on Q, 
such that lim z; = z uniformly on Q. Then in order that lim Ag(zj) = Ag(2) 
it is necessary (but not sufficient) that V (p;— p)?+(q;— 4)? converge in 
measure to zero. 

Suppose the theorem false; we can then find a sequence {z;} and a pair 
of positive numbers ¢, 6 such that limz;—z uniformly on Q, lim Ag(z)) 
= Ag(z), while 











V (pj—pP+Q;—-O =e 


on a set of measure > 0. There is no loss of generality in assuming that 
Ag(zj) < Ag(z)+1 for every 7. Define 


Ci(x, y) = (ev, y) +a (a, y)). 
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By Theorem III we have 


Ag(&j) S 4 (Ag(e) + Ag(z)) — #(Ag(e) +1, €. 9); 
and since 
lim Ag(z;) = Ag(z), 
this implies 
lim sup Ag(Sj) < Ae(e) — #(Ag(e) +1, «, 9). 


But by the lower semi-continuity of area, we must have 


lim inf Ag (fj) > Ae(z); 


this is the desired contradiction. 

It is possible to give a sufficient condition that a sequence {z;(x, y)} of 
absolutely continuous functions tending uniformly to z(z, y) shall have the 
property lim Ag(zj)) = Ag(z), but this condition is in a form which appears 
less applicable than that of Theorem IV. Let us recall that for all surfaces 


40) —f fw dxady => 0, 


and vanishes if and only if z(z, y) is absolutely continuous. 

THEOREM VI. Let z(x,y) be defined and continuous on a square Q, and 
let {z;(a, y)} be a sequence of absolutely continuous functions defined on Q, 
such that lim 2;(a, y) = 2(ax, y) uniformly on Q. Then 


tim int ff, V (pj — p+ (qj— oO’ dx dy > Ao) — J w(z)dxdy; 


and 





, lim Ag(zj) == Ag(z) 
] 


tim f [VPP + @— oF ar dy = Ag) —J [we av ay, 
First, 








V (pj—p? + Gi —@? = wle)—w). 


Integrating and passing to the limit we find that 





lim int J \V ai Fao dx dy 


= lim inf Ag(z;) —J Jive (z)dxady => Ag(z) —f [we dx dy. 


Second, assume 


lim f [Vp @— a ax dy = Ag —f fw) dex ay. 
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Then, since 


w(z)) < w(e)+V (pj—p)?+@j—@*, 
we have 
Ag(z) < lim inf Ag(zj) < lim sup Ag(z;) 


<f [io ae ay-+iimf Vr GaP ax dy = Aol), 


so that 
lim Ag (Z)) = Ag(z). 


4. Surfaces of least area in the form z = z(z, y). Suppose that 
I'*: x =-2(t), y= y(t) is a simple closed convex curve in the zy plane, 
and that the curve V: « = x(t), y= y(d), e =2(d), projects orthogonally 
in a one-to-one way on the curve /*. Let D be the point set consisting 
of /* and the interior of 7*. If now we know that a surface z = z(z, y) 
has minimum area amongst all surfaces bounded by 7, can we say that 
it is a minimal surface in the sense of differential geometry? The demon- 
stration is easy if we assume that z(x, y) has continuous first and second 
partial derivatives, for then it must satisfy the Euler-Lagrange equation 


for the problem of minimizing J f Vi+p?+¢q? dxdy, and this is the 


differential equation of minimal surfaces. If we assume merely that p 
and q are continuous this method fails; the proof for this case was given 
by Rad6’*, and extended by Haar" to the case y, q bounded. If we make 
no hypothesis on p and gq, this method in turn fails, or at least cannot 
be directly extended; but the result remains true, as we shall see in 
Theorem VII]. We shall however restrict the region D to be a square; 
the case of general convex regions D is included in Theorem X. 

The demonstration consists of two parts, a uniqueness theorem and an 
existence theorem. The uniqueness theorem is: 

THEOREM VII. Let Q be a square in the xy plane, and T a continuous 
curve which projects orthogonally in a one-to-one way upon the boundary of Q. 
[Let the lower bound A of the areas of surfaces z = z(x, y) bounded by T 
be finite.|’® If there exists a continuous surface z= (a, y) bounded by T 
and such that 


Ag) = J wi) da dy = A, 


then z¢ = C(x, y) és the only continuous surface bounded by I whose area is A. 


T. Radé, Uber den analytischen Charakter der Minimalfliichen, Math. Zeitschrift, 
vol. 24 (1926), p. 321. 

"A. Haar, Uber das Plateausche Problem, Math. Annalen, vol. 97 (1927), pp. 124-158. 

"2 We shall see (p, 136, last paragraph) that this hypothesis is always fulfilled. 
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Let us suppose that z= z(z, y) is a continuous surface bounded by I 
for which Ag(z) = A; we must show that z(z, y) = C(z, y). 

A very short proof of this can be given on the basis of previously proved 
theorems. For by Theorem II we must have 


V (p—a)?+(q—2x)? = 0 
almost everywhere, since otherwise we would have 
Ag (lz + £1/2)< $(Ag (@) + AQ) = A, 


which is impossible. Since Ag(z) = Ag(¢), we find by Theorem III that 
z—{ is constant; and since on the boundary of Q z—{¢= 0, it follows 
that z(a, y) = C(@, y). 

This result can also be established by more elementary methods. Let 
us construct a sequence of polyhedra {z;(x, y)} (7 = 1, 2,---) tending 
uniformly to z(x, y), such that lim Ag (zj) = Ag(z). It should be observed 
that the existence of such a sequence does not follow immediately from 
the Lebesgue definition of area. For the Lebesgue area is the lower 
bound, for all possible sequences {Sj} of polyhedra 





Sj: = xj (u, v), 7; oo 2 (u, v), ie zj(u, v) 


tending in the sense of Fréchet to z = z(z, y), of the quantity lim inf (area Sj). 
We here consider polyhedra which do not possess a simply covered ortho- 
gonal projection on the xy plane, and hence cannot immediately conclude 
that amongst the smaller class of polyhedra representable in the form 
z= f(x, y) we can find a sequence {z;(x, y)} with the desired properties. 
That such a sequence can be found follows from a demonstration by Rad6."* 
Having chosen such a sequence we define for each «>0 the set Hj (e) as 
the set of all points (x, y) for which 


V (p—ayt+q—#)? = «. 


We first show that for each ¢ lim m(E;(¢)) = 0. Suppose the contrary; 
we can then find an « such that lim sup m(Z;j(«)) >0, and therefore we 
can find a positive 6d and a subsequence of the z(x,y) (for which we 
retain the same notation) for which m(£;(«)) 2 44. We can assume 
without loss of generality that for every 7 


Ag (z)) =f fw) ardy< A+1, 


so that the point set Ej on which w(z)) < (A+ 1) 46 must have measure 
at least equal to m(Q)—d. Likewise the set E* on which w(t) < (A+1)d 








°T. Radé, loc. cit. 4, p. 160. 
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has measure at least equal to m(Q) — 0. Therefore the sets Ej (e), Ej, E* 
have in common a subset M; of measure at least 20. 
If we regard the expression 
9 (Dj Vi» 7, x) 
= 4(Vitpt+ Gg +V 14 att 24) —V1 + (p+ 2/2)? + (ai + 212)? 





as a function of the four variables P;, qj, 7, *, we see that it is positive 
and continuous on the bounded closed set defined by the conditions 


Vitet@g < (Ate, VitePF < (ate, 
V (pj — 2)? + (qj; — 2%)? = «, 


and on that set must therefore be = m>0O, where m depends only 
on A, oO and «. For all points (x, y) in M; the derivatives p;, qj, 7, x 
satisfy the conditions; hence 


4 (AQ (2) + Ag(S)) — Ag (le + $1/2) 
cs JJ, {4 (w(zj) + w(S)) — w([z; + £1/2)} da dy 
= sf. 14(V1+p? +g +V1+2?+2') 
—V1i+ (p+ 22)? + ly + #/2)"} da dy = dm. 
Hence 
lim sup Ag([zj-+ ¢]/2) < lim 3 (Ag(z)) + Ag(S)) —dm = A—dm. 








But the surfaces [z;-+¢]/2 tend uniformly to [z+ ¢]/2, and by the lower 
semi-continuity of area we have 7 


Ag (lz + ¢]/2) < lim inf Ag([z; + 6/2) < A— dm, 
which is impossible. We have thus established that for every « 
lim m(E;(«)) = 90. 


We now show that the assumption z(x, y) $= (x, y) leads to a contra-. 
diction. Suppose, for concreteness, that 2(x, yo) >€(ao, yo) at the point 
(%, Yo) interior to Q. (We consider Q as the point set a, <x < h, 
aS ySbe.) Set 

2(%0, Yo) — C(x, yo) = 4d>0; 


then there exists a positive 2 such that 


2(%o, y) —C(x, y) = 3d 
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for all y such that 
Y¥— Yo Sh. 


For all sufficiently large integers 7 it is true that 
lav, y) —2(@,y)| Sd (x, y) on Q). 
Hence for all y such that |y— y| <h we have 


e(ai,y)— (mM, y) = a(u,y)—2(u,y) Sd 
and 


2j (Xo, y) ial! C(x; y) = 2 (x, y) itd (xo, y) F lz(a, y) — 2 (2%, y)| = 2d; 
so that 
Xo 
J. (p(x, y) — a(x, y)) dx => ad, 
and 
Yoth 
i Ir (pjp—a)dady => 2hd. 
A fortiori, 





JJ, Var PF GH deady > 2d. 


Let y represent the number 2/d/5, and in the definition of E;(«) choose 


é = y/m(Q). 
The triangle whose vertices are (0, 0,0), (yj, qj, 1), (4, #, 1) has for 


the lengths of its sides w(f), w(z;) and Vin; —a)?+ (qj; — *)*; hence we 
have everywhere 
w(z)) — w(t) > Vip — _ )* + (qj — x)? — 2w(f). 
On Q— E;(e), 
| w(zj) — w(b)| < V (pj— 2? +@i— 2)? <e = 7/m(Q). 


We can therefore write 


J J,co@)—w) ax dy 
> J Jpg, o@)—w@) de ay 


ff. V (pj—2)* + (qj —#)* dx dy — 2s J. w(t) dx dy 
ff, (w(e)—w) azay + ['f, V (pj —7)* + (qi— x)? dx dy 

wy hey V (pj—a)? + (qi—2)? dx dy 2 ffw© dx dy 
< ~r+br—7—2 f fw andy. 














g* 








ey 








136 E. J. McSHANE. 


Since m (E;(e)) tends to zero, for all large enough values of 


JJ,@ dx dy <7, 


and so 


J [cee —w) de ay > r. 


But since 


lim Joo dxdy = A 


JJowo dxdy — A 


this is absurd. Hence the assumption z (x, y) = (a, y) leads to a contra- 
diction, and so we must have z(z, y) =¢(a,y), proving the theorem. 

If now it be possible to assert that there exists a surface z= ¢ (a, y) 
which is minimal in the sense of differential geometry, is bounded by I 
and has area Ag(f) = A, we could then state immediately that every 
continuous surface z= z(x,y) bounded by TF and having area A is 
analytic; for then by Theorem VII we have z(z, y) = C(a, y), and ¢ (x, y) 
is an analytic function’* of 2 and y. We can in fact make such an 
assertion, thanks to the researches of Radé, who established the following 
important result: 

For any Jordan curve T in the x yz space, the problem of the least area 
has infinitely many solutions. Among these solutions, there is always an 
analytic surface, and if T bounds at least one continuous surface with a 
Jinite area, then there is even a minimal surface solving the problem of the 
least area.’® 

The surfaces here considered are in parametric form. For our case we 
easily exhibit a surface bounded by I and of finite area, hence the least 
area A* of all surfaces of the type of the circle bounded by TF is finite. 
Hence there exists a minimal surface x =f, (u,v), y=fo(u, v), 2 =fa(u, v) 
bounded by J’ and with area A*. We have now only to apply the 
theorem’ that whenever F has a simply covered orthogonal projection 
on the zy plane, the minimal surface bounded by I can be represented 
in the form z= C(x, y). Since z= ¢(a, y) has least area amongst all 
continuous surfaces of the type of the circle bounded by J, it has area A. 


and 





4'T. Radé, loc. cit. 1. 


*'T. Radé, The problem of the least area and the problem of Plateau, Math. Zeit- 
schrift, vol. 32, p. 763. 


'°T. Radé, Some remarks on the problem of Plateau, Proceedings of the National 
Academy of Sciences, vol. 16 (1930), p. 247. 
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(This shows incidentally that the hypothesis that A is finite, used in 
Theorem VII, is always satisfied.) 

Combining these results, we have 

TueorEM VIII. Let Q be a square in the x y plane, and I a continuous 
curve which praects orthogonally in a one-to-one way upon the boundary 
of Q. Then if the surface z = z(a, y) is bounded by T and has the least 
possible area amongst all surfaces 2 = f(x, y) bounded by T, it is analytic, 
and moreover it is a minimal surface in the sense of differential geometry. 

It would be interesting to have an independent proof of this theorem 
which would not require both the uniqueness theorem and the existence 
theorem used in the preceding pages. 

Anticipating the extension of Theorem VIII to general convex regions, 
we can sum up the results thus far in 

THEOREM IX. Let the closed curve I have for its orthogonal projection 
on the x y plane a simply covered convex curve I'*, and let D be the point 
set consisting of I'* and its interior. Then 

1) there exists a unique'’ minimal surface bounded by IT, and this sur- 

face can be represented in the form z = C(x, y) ((x, y) on D); 
2) amongst all continuous surfaces z == f(x, y) ((x, y) on D) bounded by 
I there exists a unique surface z = 2(x, y) having least area; 

3) these two surfaces coincide. 

5. Surfaces of least area in parametric form. Let us now turn 
our attention to surfaces defined by three continuous functions x = x(wu, v), 
y = y (u,v), 2 = zlu, v), w+? < 1. Suppose that we are given a closed 
curve I’, such that the lower bound of the areas of all such surfaces bounded 
by Fis A. It is then definitely not true that every surface x = z(u, v), 
y = y(u, v), 2 = z(u,v), u®+v? < 1, bounded by F and having area 
A, is a minimal surface, as has been pointed out by Lebesgue;'* for 
given any one such surface we can alter it by adding a spine without changing 
its area, and such a surface cannot be minimal. Moreover, examples of 
such surfaces with spines can be given possessing any desired number of 
continuous partial derivatives, so that addition of hypotheses as to the 
number of derivatives of x, y, z is of no avail. It is, however, sufficient '* 
to assume that the first partial derivatives are continuous, and that 
EG—F* +0. The effect of this last hypothesis is to make a sufficiently 
small portion of the surface a topological image of a portion of the wv 
plane, and in fact to assure a one-to-one orthogonal projection on a certain 





7 T. Rad6, loc. cit. '*, p. 247. 

‘SH. Lebesgue, Intégrale, Longueur, Aire, Annali di Matematica, Serie III*, vol. 7 
(1902), pp. 231-359. 

 T. Rad6, loc. cit. *, 
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plane; that is, it introduces a condition of topological regularity. We will 
now show that this topological condition is all that is needed, without 
reference to derivatives. It seems probable that every portion of such 
a surface which is a topological image of a region of the wv plane is 
minimal; this I have not been able to prove. However, it is possible to 


prove 

THEOREM X. Let the surface S: x= <2x(u, v), y= ylu, v), z= 2(u, v), 
w+tv? <1, be bounded by the curve T, and have a finite area which is 
the least area amongst all surfaces bounded by I. Then if a portion of 8 
have a simply covered orthogonal projection on some plane, that portion of S 
is a minimal surface in the sense of differential geometry. . 

There is clearly no loss of generality in assuming the plane to be the 
ay plane. Our hypothesis can then be restated in the form that a region 
of the wv plane is carried by the equations x = x(u, v), y¥ = y(u, v) into 
a region of the xy plane. Let Q* be a square af <a < DF, apy < dy 
lying in this region; to each point (x, y) in Q* there corresponds one and only 
one (u,v), and to Q* corresponds a one-to-one continuous image P*. 
Then the surface S*: «= z(u,v), y= y(u, v), 2 = 2(u, v), (u, v) in P*, 
ean be represented in the form z = f(x, y) ((a, y) in Q*). Since S* is 
a portion of S, its area is finite; hence for almost all x in the interval 
(ax, bs) the function f(x, y) is of limited. total variation in y, and for 
almost all y in the interval (ay, by) the function f(x, y) is of limited total 
variation in x. We can therefore find a square Q: (a, <2#< hh, a2 Sy < be) 
interior to Q*, such that the curve I): z = f(z, y) (x, y) on boundary of Q) 
is rectifiable. Utilizing certain results given by Lebesgue®® we find that 
the area of the surface z = f(x, y) ((x, y) on Q) is least amongst all 
surfaces z = g(x, y) (x, y) on Q) bounded by Zy. (The point of importance 
here is to show that if a surface be divided in two portions by a rectifiable 
curve, the area of the whole surface is the sum of the areas of the two 
portions. This result, which seems intuitively evident, can be deduced 
from Lebesgue’s thesis; it would seem to be of some interest to give an 
independent demonstration of that portion which is needed here.) Hence, 
by Theorem VIII, z = f(x, y) is minimal and consequently analytic, and 
the theorem is proved. 


Onto State UNIVERSITY. 
February 28, 1931. 


20 'H. Lebesgue, loc. cit. 


THE EXPANSION OF ANALYTIC FUNCTIONS IN 
GENERALIZED LAMBERT SERIES.' 


By J. M. Fewp. 


. Introduction. The purpose of this paper is to show that any 
wi function f(z) =3 (n 2" can be represented in the form 





(1) f@) = w+ D be 
1 An 2 

in some region about the origin, where the b, (x +0) are a set of pre- 

assigned constants with the restrictions that for all values of » except 

zer0, | bnia| > |b»| >1 and that | b,|"<M where M is a positive constant. 

From this it will follow that any function analytic and equal to unity in 

the neighborhood of the origin can be expanded in the form of an infinite 


product 
sai 
[[ G—aney™". 
1 


The product expansion is a generalization of an expansion found by 
J. F. Ritt.? 

2. Let f(z) be formally represented in the form (1). Expanding the 
right. member of (1) in a power series and equating coefficients we get 
the recursion formulas 


co = bo, 
Gl bi a1, 


QQ). £ -q = re ay 


C= thas mh ee + bya a,» 
where dy) = 1, d),---, dt, m are the divisors of m and d is the greatest 
divisor of m-smaller than n. 

From (2) we get 


1 : . 
i Jan < ey [lel + Ia, ]. 





' Received May 12, 1930, September 5, 1930, and June 24, 1931. 
? Mathematische Zeitschrift, 32 (1930), pp. 1-3. 
139 





ey; 











140 J. M. FELD. 


Let |b, a%”| be the greatest of the terms appearing after the > in (3). 


Then 
n 


le ae nin, 
|@u! > Tha] [ Cy| + D) Dp, an, | 


since ¢+1 cannot exceed n/2. 
If 
| ~ nN nin, | | 1 
len] 2 > 16 a, *\5 lan| < GT lel] < 2\ eal, 


a | bn | 


An |t/n < Qin | Cn |1/m vi or 


where 7 is the least upper bound of the set |c,|, |c./"?, ---, |en|#, --- 
If 


nin, \ 
ny, / 


~n 1 nin. 
Cn] <-z [dy a |an| <p [On en, > 


|b ijn 
1 n 1/ 1 1/n 1/n 
jan [<< | alan | << nan, |. 
n 


By the same reasoning we have either 


j an, [1 .. 2r 


/ 
| an, |t/m, < nny | dn, 1 ny 


where m2 is a divisor of m less than m,. Repeating this procedure we 
finally arrive at 


(4) | An [1/™ < nin ni eee nin | An, Pear a 


where i121 and m>2. From the recursion formulas (2) we find 
|a,|<2r. We can therefore always obtain an inequality (4) in which 
the last factor 

| dingy | Mtoe < Br 


From (4) we obtain 


1 2 1 2 1 
my 108 |an| <> log n+ = log m + tee + =, log m+ log (27). 


Since Np => 2np41 we have for n, +3 


1 k= 
5 108 | an| < log (2r) + = oe log 2% — log (2r)+log 4 = log 8r. 
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If n = 3 we get 





* tog | dn |< log Qn)+ ; log 3-2 


es. 


| bo ro 


= log (2r)+- 3 log 3- Tisciew 
Thus we always have |a,|/"<8r = R., 


1 
For 2|< a 


n= | n n n n 
ane” | R* \ 2 mace 

E ere |< Di BE < Ziel 

n= 








An gh —|Rz|" : 
Re nu 
But >| bal > ois R: h is a Lambert series and converges in the same region 
in which s) |b» |w" (where w= | Rz|) converges. If > | b,| w" converges 


uniformly for w<7, (1) will converge uniformly for (z!| less than the 
smaller of the numbers 1/R and /J/R. 
Writing (1) in the form 


S@—b = —eS (—. 2282) 


n 1— ay, 2 
we get 
z Fa 
F(z) ae f [2—%. dz = = |—* On log (1 — an2")| 
0 Z 1 
= log I] (1 — ay 2")! 
1 








and 


iv) 
O (2) = FO = [] (1—aye)-o 
1 


where @(z) is regular in the neighborhood of the origin. This reduces 
to the product expansion obtained by J. F. Ritt if b, = —n. 

We have therefore proved 

THEOREM 1. Given an infinite sequence of constants bn, n>O0 such that 
Ont] > |bn| 1, |bnl"<M, any function f (2), analytic in the neigh- 
borhood of the origin, can be uniquely represented in the neighborhood of 
the origin as a uniformly convergent series of the form 


An 2” 
1—anz” * 


by + z 6, ———— 
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THEOREM 2. Given an infinite sequence of constants bn, n>O0O such that 
Dnta| =| bn} 1, |bn|"< M, then any function ® (2) analytic in a neigh- 
borhood of the origin and equal to unity at the origin can be represented 


oo 
as an absolutely convergent infinite product Il (1— an z2")~*n! in some neigh- 


borhood of the origin. 

If the a are preassigned a unique set of b, can be found for which 
(1) will converge uniformly in some region about the origin. This follows 
from theorems due to Pincherle,*® Izumi, Okada*® and Narumi.® 


3 Pincherle, Memorie della Accademia delle Scienze dell’ Instituto di Bologna, (4) 3 
(1882) 151-180. 

‘Izumi, Tohoku Math. Journal, 28 (1927) 97. 

> Okada, id. 27 (1922-3) 324. 

6 Narumi, id. 30 (1928-9) 441. 


New York, N. Y. 





ARITHMETICAL PERIODICITIES OF 
BESSEL FUNCTIONS.! 


By D. H. Lenmer.? 


Introduction. The arithmetical theory of the solutions of a difference 
~ equation depends on the order of the equation and on the nature of its 
coefficients. It is possible to associate such theories with the functions 
of analysis which satisfy the type of difference equation under discussion. 
Thus we associate the arithmetical theories of recurring series* with ex- 
ponential, circular, elliptic, or hyper-elliptic functions according as the order 
of recurrence is 1,2,3, or more.* Again the topics allied to Wilson’s 
theorem give arithmetical properties of the Gamma function. From this 
point of view the present paper is that part of the arithmetic of Bessel 
functions which deals with their periodicity with respect to a modulus. 
The difference equation under consideration is 


(1) Onta = (an+b) Un+eUn-1 
where a, b, and ¢ are integers. 

The first. part of the paper (§§ 1, 2, 3) shows the connection between U,, 
and Bessel functions. The latter part deals with U, modulo M, the main 
theorem being Theorem 6. A part of this theory (c = 1) has been con- 
sidered by D. N. Lehmer® in discussing the divisibility of the numerators 
and denominators of a certain set of convergents of special Hurwitzian 
continued fractions. By contracting® the continued fraction, these numbers 
may be shown to satisfy (1). 

Comparing what follows with the theory of recurring series, one sees 
that the present paper is distinctly non-algebraic. In fact there is no 
“characteristic equation” and consequently no associated algebraic number 
field in which to study the solutions of (1). Moreover, neither the formulas 
giving the complete solution of the difference equation nor the actual 
prime factors of the modulus are essential to the discussion. 

1. The complete solution of (1). It is often convenient to introduce 


the number 
a = b/a 





"Received February, 1931. 
* National Research Fellow. 
*That is, linear difference equations with constant coefficients. 
‘This has been done by Lucas: Amer. Jour. Math., 1 (1878), pp. 184-239, pp. 289-321. 
* Amer. Jour. Math., 40 (1918), 375-390, Proc. Nat. Acad. Sciences, 4 (1918), pp. 214-218. 
°Perron: Die Lehre von den Kettenbriichen (Berlin, 1913), pp. 134, 202. 
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and write (1) in the form 
Uns1 — a(n-+ «@) Un+cUn-1.- 


The function U, is completely determined when a, «@, c, Uy, U, are given. 
That is 
U, = U, (a, «, & Ge, U,). 
The two functions 
Un(a,a@,c;0,1) and U,(a, e, c; 1, 0) 


are of special interest and are designated by Sn (a, «,c) and Ty (a, e, c) 
respectively. In terms of these functions the general U, is given by 


(2) Ux —— Up Trt U; 8... 


As for the actual formulas for S, and 7;, they are polynomials in c/a’. 
In fact it is not difficult to verify that for n >0 





[(m—1)/2] 
sino nL: egal 
Sn (a, a, c) = qr ee (c/a*)* (" k ‘ He a + ; 


k=0 
and for n>1 





og Oe es (t —k—2\ P(n—k+a) 
Tr (a,a,c) =a = (c/a*)* ( i T(kpa+2)* 


Substituting these expressions in (2) we obtain the complete solution of 
the difference equation (1). 

2. Solution of (1) by Bessel’s functions. If, in the well known 
recurrence formula for Bessel’s functions 


(3) Imti() = 7 Jn (e) — Ins (2), 


by (—c)™+%? we obtain 


bo cern In+e+1 | 


a 


ere 


+ c(—c)"-P2 Intent (2¥ =<) : 


= @ (n + a) (— c)w2 Inte 


Hence the function J* defined by 


Ps (a, a, c) ae (—ce"? Jase| 


lone 2 
a / 


is a particular solution of (1). 
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In the same way it is seen that the function 
a (a, a, c) = (— cw i = +e part ra 
ct 

where Ym(z) is the second solution of Bessel’s equation,’ satisfies (1). The 
complete solution in terms of Bessel’s functions is a linear combination of 
Y* and J*. 

3. Lommel’s polynomials. The particular solution J* of (1) may be 
expressed in terms of S and T: 


In = Je TatdSs & 
= cw Pe pe) 


a 


or 


(4) pacer 
2 = “| Sn(a, @, c). 


a 





/ 9 ok poe 
= J, (2¥—<) Tr(a, @,c)+ V—cdJass 


By successive application of formula (3) it is possible to express Jm+, 
linearly in terms of J» and J,1;:. The coefficients entering into this 
expression are known as Lommel’s polynomials.* In fact we have the 
relation® 

I inty (2) — Rm-1, +41 (2) dy (2) —_ Rn-2, v2 (z) Jy +1 (z). 


If we multiply both members by (—c)”* and replace (m, v, z) by 
(n, «,2V —c/a) we obtain the following relations, after comparing with (4). 


Sh (a, a, c) = (— c)@—be2 ; & -1,0-41 (2¥ =<), 
Tr(a, a,c) = —(—c)”? Rn», a+2 (2¥—<) . 


4, The general solution U,, modulo M. In what follows we consider 
Un modulo M, any number prime to a. In all congruences where the 
modulus is not indicated it is understood to be M. 

THEOREM 1. Let b/a =a =—o (mod M). Then if k = 0 ts an integer 


Uoik =  Up-~ (mod M). 


Proof. The theorem is trivial for k= 0. Supposing it true for k<h 
we may prove it for k = h as follows. Since ag-+b =O we have from (1) 





*See for example Watson’s, Bessel’s functions, Cambridge 1922, chap. 3. 
‘Lommel, Math. Annalen 4, pp. 108-116 (1871). 
* Watson, loc. cit., chap. 9. 
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Uo+n = [a(e +h —1)+)] Uprn-t ¢Ue+n—2 

a(h —1)c"} Uo-n+1 +1 Uo—n+2 

o {Uo-ni2— [a(g—h+1)+ b] Uo—n+i} 
= ch Uo—1 ° 


This completes the induction. Since o has an infinity of values differing 
by multiples of M we may state Theorem 1 in the form 


where r and & are any integers > 0. In case c=1, (5) states that the U’s 
taken modulo M are palindromic with centers at e, M+e, 2M+e,---. 


5, First Periodicity Theorem. 
THEOREM 2. If n is any integer, then 


ll 


ll 


Urure+k = & Urut+o—% 


‘ 


Proof. Let n= (r—1)M+e+k. Then by (5) 


Untem = Uru+o+msn = ro U~—)M+0—k 


= cH Uy—yutotk = ce! Un, 
which is the theorem. Applying this theorem r times we have 


(6) On4-2rM = ou Un. 
This gives us the following 
THEOREM 3. Jf ac is prime to M and if e is the exponent to which c 
belongs (modulo M), then Un (mod M) is periodic of period 2eM. 
THEOREM 4. Let 4 and w be any integers. If the congruence 


(7) On+im = HU n (mod M) 


is true for any two consecutive values of n then it is true for all values of n. 
Proof. Let n= v—1 and n =v be the values of n for which (7) is 
true. Then it is sufficient to show that (7) is true for m=yv+1. We. 
have in fact Bie as 
Oysitin = [a(v+4M)+)] Uy4iae+ cUy-.am 
| = w(av+)) tec = wy. 
Hence the theorem. 
6. Second Periodicity Theorem. It is now time to come to an 
understanding about the terms of the sequence U, (n= 0,1,---). It is 
clear that no great generality is lost in supposing that U) and U, (and 
hence U,) are integers. Moreover any factor common to Up and U, will 
be common to all U,. This extraneous factor may be removed without 
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changing the essential character of the sequence U. We therefore require 
in what follows that Up and U, be coprime integers. All possible solutions 
of (1) are then to be obtained from the set just abstracted by multiplying 
every U, by an arbitrary constant which may or may not be an integer, 
With this fundamental hypothesis we may proceed to strengthen Theorem 3. 

THEOREM 5. Lf ac 1s prime to M, then the proper period of Uy, (mod M) 
is divisible by M. 

Proof. Let a be the proper period in question. Then we will have 
in particular 


; Un41 == U; 

that is 
(ta+ b) Unt cUn-1 = VO+cU_: 
or 
(8) ataU, =O (mod). 
From the condition 
Unie = U, 

we derive in the same way 
(9) . rau, = 0. 


Now since Up) and U, are coprime, integers x and y exist for which 
Ux+tUiy = 1. 
Multiplying (8) by « and (9) by y and adding we get 
awa = 0 (mod MU). 


Since a is prime to M, the theorem follows. 
THEOREM 6. Jf ac is prime to M the proper period of Un (mod M) is 
the product of the L.C. M. of e and M by some divisor of twice their .G.C.D. 
Proof. By Theorem 3 there exists an integer k such that 


(10) kx = 2eM 

a being the proper period of U,. By Theorem 5, a is divisible by M. 

Hence k is a divisor of 2e. If in (6) we set rM = a we obtain 
Onton = Uy, = Uy, 


since 2a is a period. Therefore a is a multiple of e and it follows 
from (10) that k is a divisor of 2M. Hence k is a divisor of 2(e, M), 
writing 


kd = 2(e, M) 
we have from (10) 
(11) — cw = |e, M)6 


Where ¢ is some divisor of 2(e, M). Hence the theorem. 
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CoroLuary 1. If e is prime to M, then either m= eM, or m= 2eM. 

CoroLuary 2. If M = p* is a power of a prime, then m = yegp*t” 
where 4 == 1 or 2 and 0 < vy < a@—1 and & is the exponent to which 
c belongs modulo p. 

Theorem 6 gives the upper and lower bounds of 7 considered as a function 
of a, b, Uj, and U,, with ¢ (and hence e) and & fixed, That is 


2eM > a = [e, M). 


The example in § 7 shows that these limits are actually attained. To 
illustrate the case in which both inequalities hold, consider the sequence 


1,1, 7, 65, 859, 14733, 311111, --- 
in which 
Uns = (4n+1) Uz +2U0,-1. 


Let M = 21, then e = 6 is the exponent to which 2 belongs. According 
to Theorem 3, 7 might be any of the 18 divisors of 252. Theorem 5 rules 


out all but 
21, 42, 63, 84, 126, 252 


while Theorem 6 rules out 21 and 63. As a matter of fact 7 = 84. 

7. The special case a=+2b. Since the Bessel functions of order 
n-+ ce are elementary when « == +1/2, one might expect that the case 
a = +2b should also be simple. At any rate such is the case. Since 
(M, a) = 1, M is odd in this section. 

THEOREM 7. Let a = —2eb, where ¢ = +1 and where M is prime 
to a. Then for any integer i, 


(12) Ome = Us_ycetO-"2 (mod M). 


Proof. In Theorem 1 set 0 = (M+ «)/2, k —~41+(M—.)/2, we have 
then 

otk = M+4, and o—k == «—A. 
Hence the theorem. 

Let us next consider under what conditions the proper period 7 will 
have the smallest possible value, namely M. It is necessary in the first 
place to make e = 1, because any larger value of e would be even and 
hence [e, M]>M since M is odd. In other words c = 1. It is next 


necessary that : 
Un = Up. 

In view of (12) this becomes 

(13) 
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By Theorem 4 it is finally sufficient to impose the condition 


Oui = U,. 
That is 
(14) U,, = U,. 
We shall now show that (13) implies (14). In fact this is obvious when 
¢=1. When « = —1, (13) becomes 
(15) U, = 6+) 
while 


U,, = VU» = HY — 0b —a 01 = 6+0DUH= U,. 
Hence we have 
THEOREM 8. Lf a=—2eb, ¢€= +1, then im order that the proper 
period a should be as small as possible it is necessary and sufficient that 
¢=1 and that U, = Up. 
Example. The convergents to the continued fraction 


fag Bi th Bes 9 ee 


1+6+10+ 14+ 18+... 
for the Naperian base are 
ie SS 2 3 4 5 6 7 
Ay 1 3 19 193 2721 49171 1084483 28245729 


B 1 1 #7  +=+T 41001 18089 398959 10391023 





The numerators and denominators both satisfy the recurrence 
On+1 — (4 n+ 2) Un + Un-1. 


In this case a = 4, b=2, c—=1, ¢=—1. Moreover A, = 3 = (b+1) Ap, 
hence for an arbitrary odd integer M the condition (13) is satisfied so that 
modulo M the numerators have M for a proper period. The denominators 
on the other hand have a proper period of 2M. In fact it follows from 
Theorem 7 that 





By = B_; == — Bo; Buss = B, = — B,. 
Hence by Theorem 4 we conclude that’® 
Buin = —By 
For example if M —7 we have 
i. -@ £2 ees 2 ee £ oS OM we eM OD se, 
es 41S AS 8 41 8.6.4 8 8 & DL B evs, 
Re’ Ge GO AG 64 © 6. 2 DT coe 


These simple facts about the convergents to the Naperian base furnished invaluable 
checks in computing A, and B,. See American Journal of Mathematics, vol.48 (1926), p. 140. 
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8. Divisibility of S, and T,. It is natural to inquire for what values 
of n is U, divisible by M. This question does not have a simple answer 
when U, and U, are not specified.’ But when (Ua, U;) = (0, 1) or (1,0) 
we have the following theorem which is an immediate consequence of (5) 
and (6). 

THEOREM 9. Jf r is any integer and if ao+b = 0 (mod M), then 

















Sou = Sou+e = Tora = Toem+o+1 = 0 (mod M). 


{ Other theorems similar to Theorem 8 may be written down when a given 

term U, is known to be zero or congruent to zero. On the other hand 
there may be an n not of the form 27M or 2(rM-+¢) for which S, = 0. 
/ Although such an event is practically unpredictable we may infer from it 
the existance of infinitely many other multiples of M in the sequence U,. 
That these unpredictable cases must occur for some values of M is seen 
from the fact that the terms of S, increase much more rapidly than 
itself. The following table, giving the decompositions into prime factors 
of S, (1,0, —1), » < 14, shows that there is no simple law of “apparition” 
or “repetition” of primes. 





n Sp n Sp n Sn 
} 0 0 5 7 10 90865 = 5-17-1069 
11 633 =8-11 11 898409 = prime 
2 1 7 191 = prime 12 9791634 = 2-3.- 1631939 
gS 1 8 1304 = 25.163 13. 116601199 = 11-13-29-31-907 
4.2 9 10241 = 77-11-19 14 1506023953 = 7 - 215146279. 





In this case ¢@ = 0 so by Theorem 8 we can assert that the prime p will 
occur as a factor of S.,. A glance at the above table shows how weak 
this assertion is. It also indicates that a complete theory of the divisors 


of S, is practically out of the question. 







'' In the same way the general recurring series Unsi1 = PUn—@QUn—1 has no simple 
divisibility theorem. 
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A NOTE ON HYPERGEOMETRIC FUNCTIONS 
OF TWO VARIABLES.! 


By Tuomas H. Raw es. 


The series 
<= a-B a(a-+1)8(8+1) , 
F(a, 8,7, x) = ee yyv+1)1-2 a 

was called by Gauss* the hypergeometric series, and the second order 
linear differential equation of which it is a solution is known as the hyper- 
geometric equation. 

Generalizations of the Gaussian function are due to Pochhammer® and 
to Goursat.* The former defines as a hypergeometric function of the kth 








order one which has, among others, the following properties: ‘ 
1) It is the general solution of a linear differential equation of the th 
order, 


2) It has +1 distinct singular points of which one is at infinity. 
The two other conditions prescribed are concerned with the development 
of the function in the neighborhoods of the singular points.® 

From this definition Pochhammer derives the differential equation satisfied 
by the function, and then shows how the solution of this equation may 
be expressed by means of the definite integral 


h 
ae J, (u — a) (aw — ag)» (way) (W— a) du, 


where g and h are any two of the quantities a, d,---,a,2. This 
reduces to the Gaussian function if we put k = 2, a4 = 0, a = 1, 
bb = a—y+l1,h =y—f,4 = 1—«. 

According to Goursat® a hypergeometric function is one defined by the power 
series 2 An x”, where the ratio a@»+4:/an is a rational function of n. 


‘Received January 26, 1931. 
* Gauss, Disquisitiones generales circa seriem infinitam 1+ SB et eee, 


*Pochhammer, Uber hypergeometrische Funktionen ter Ordnung, Journal fiir die reine 
und angewandte Mathematik, vol. LXXI, 1869, pp. 316-52. : 

‘Goursat, Sur les fonctions hypergéométriques d’ordre supérieur, Annales de |’Kcole 
Normale, vol. XII, 1883, pp. 261-86, pp. 395-430. 

° Pochhammer, loc. cit. p. 324. 

°Goursat, loc. cit. p. 261. 
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The development of the theory of hypergeometric functions of two and 
more variables is due principally to Appell.’ Besides contributing numerous 
memoirs to their study he has, in collaboration with Kampé de Feriet, 
devoted an elaborate treatise to the investigation of their properties. 

The viewpoint of these authors follows that of Goursat in that they 
regard as a hypergeometric series one in which the ratio of adjacent terms 
is a fixed rational function of the rank of one of them. That is to say 


ifs = pp a2” y" represents the series then dm,n+1/dmn = f(m, n) 


and m+, lanaien == g(m, n) where f and g are rational functions of m and n. 
A further extension of this conception is toward the consideration of 


oOo 80 
series of the form z = > > dmn2%mYn in which the coefficients, amn, 
0 0 


satisfy two linear difference equations 


D Dd Pro (m, n) amirnre = 0, 


(1) 
side Qrs(m, N) Amtr,nts = 0, 
P,s and Q,s indicating polynomials in m and n.° 

Another suggestion put forward is that the definition of the hyper- 
geometric function of two variables might well be extended by generalizing 
Pochhammer’s integral in the form 


arr il (u— a) (u— aig) (Wate) (Ue) (w— yd. 


Where g and h represent any two of the quantities a,, a2,---, ax, %,y, ® 
It is the object of this note to show how the functions defined by this 
integral are included in the functions which may be expressed by the 
series whose coefficients satisfy the equations (1). 

Let us first consider the function 


=k 


(3) G = I] (u ee ai)" uf? (u ve jean 


i=1 


and suppose that a, and ad, are of the same sign, and that b;>0 if 
ag > US 1. 


7 Appell, Kampé de Feriet, Fonctions hypergéométriques et hypersphériques—Polynomes 
d’Hermite, Paris, 1926. Also, Appell, Sur les fonctions hypergéométriques de plusieurs 
variables, les polynomes d’Hermite et autres fonctions sphériques dans l’hyperespace, 
Mémorial des Sciences Mathématiques, Paris, 1925. Each of these works includes a biblio- 
graphy of the subject. 


S Appell, Kampé de Feriet, loc. cit., p. 147. Also, Appell, loc. cit., p. 41. 
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From (3) we obtain by differentiation 


kH1 
“ = {a—k —1) (3 Aj uk | (u — x)-k-2 





where 
i=k i=k i=k i= 
k—i — k-—i—-1 —_ oma» 
Da = [T@— ai), am Bin (s i mht (u— ai), 
A, = 1, Ass Be = Bry = 0; 
and 


iy | 
em 
z 
= 
— 
Aa 
-_ 
= 
ki 
m- ) 
i 


4 
Making use of the identity 


p> Ap utticr = p> &tixpi & Goo Ai ai (u— a) 








we may write 


dG dN 1 ant aa ee: ve 


(k a, 0 — =  (w — 8) A; + Bi) x/-*(u — no v, 





>) 





TS 


’ ‘4s dG / 
Now since ey du = 0 it follows that 


1 


j= ke} 1 ‘Si (k+1—))! 
Gk) p> ation (j—1)! 


x A git ih U(u — x du 











cae — 8) Ai + Bi) 


< gj—t f. és U(u—2z/7J du = 0. ‘ 


a, i=k 
=> J. (u — a; (u — a) (4 — y)* du 
a 
it follows that 


(6) 


OTB z 
da! OyP |y<6 





bed r(a) (uw) ae Rae 
= (—1)+# Ta—) Teh J. U(u—a2)7 du. 





10* 
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Also, it can be shown that when z is expressed by means of a double 
r—cs—-8 
power series, z= > 2, Ars x y®, we have 











r=0 s=0 
a* (| aPtaz ) __ al(p—r+e)!q! 
(7) Bat (x 0 xP 0x! ly=0 nat (a —r)! Ap—r--e, q+ 


We now express the integrals in (5) by means of the partial derivatives 
of z, making use of (6). Then we differentiate (5) « times with respect 
to x, and let x be zero. These operations and the relations (7) enable 
us to express equation (5) in the form 


its =F r(4—j)(—1) FH (k+1—3)! 4, “G+! 8! 














i pees bec a G7 “Gon 
‘Pj (—1V FD 4 4 py al +e)t Bt 
+2 P(A) (k—J)! ae het ae (2—j+ar “othe = e. 


Interchanging the order of summation in the preceeding equation it may 
be written 








i=k4+1 
a—k— 4) = (k+1—i)! (a+i)! 
re ra—j)(—1y 
(8) aes ™ > (k+-1—J)! (j—1)! (@a—j +a! 
+2 0-0 (+i)! 
re oe r(4—j) (—1) sities 


(k—j)! G—z)! (a—j +2)! 


We shall now show how 





ee Te r(a—j) (—1)i 
(9) Pa—k—-1) fi (k+1—9)! G—*! (@—j+D! 
oe (—1)*41 s=k}1-i '(A+s—k—1) (—1)8 








Ta—k-1) Sst (K4+1—s—d! (e—k—1 +s+i)!’ 
a polynomial of degree k+-1—7 in 4, may be expressed as a product of 
linear factors. 


If we let 4 = a+k-+2—p the summation in the second member of (9) 
becomes 
$s =k+1— 


—— P(a+s—p+1) (—1) 
(10) 2 s! (k+1—s—i)! (ea—k—1+4+8+4)! * 


In order to factor this expression we consider the identity 


(1—az)?7 = (1—2z)F (71 — gy) P-1-k—1+4 | 
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If «, p, k, i are integers such that « > k+1—i>p—1 then the coefficient 
of x* on the left hand side is zero. Setting the coefficient on the right 
hand side equal to zero we find 


— ket1—i! OS (w+ s—p)! (—1) 
~~ (k+1—i—p)! £0 (@+s—k—14+0!(k+1—i—s)!s! ° 








0 


Since this is true for p = 1, 2,---,4+1—zi the expression (9) is of 
T(a+k—A-+2) 
the form R Feti—its’ 
To determine R we equate the coefficient of 4**1—* in (9) to the corre- 
sponding coefficient in the expression which we have just obtained. The 


result is 





where F is independent of 4. 





(— 1} pol 
gvicna Tes, 
and (9) reduces to 
(—1)kH1 r(a+k—ij+2) 
I(at+i—A+1) (k+1—2! a! * 





Introducing this result in (8) and employing a similar one for the second 
term of the left member of that equation we obtain from it the difference 
equation between the successive coefficients in the power series development. 
The difference equation is 





i=k+1 o4s)! Flatk—a sm 
(11) 2 [(a+k—2+1—#+8) Bi] aera a =0. 


Since z satisfies Euler’s equation in the form 


0°z 
Ox dy 





(12) @—y) +@—1) 52—-@—1) 5 =0, 


we can obtain another difference equation between the coefficients in the 
r=S8 s=0 

power series z = ) DD arsax’y’. It is 
r=0 8s=0 


(13) (8+1) (@#—4+1) Ae,p+1— (a+ 1) (@—w+1) aetig = 0. 


If k coefficients, amn, m-+n = 0, 1, 2, ---,k—1, are chosen arbitrarily 
the two difference equations (11) and (13) enable us to determine uniquely 
any other coefficient. 











OT re wee 


i) 
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SUR UNE PROPRIETE METRIQUE DE LA DIMENSION.'! 


Par L. PontrgaGin ET L. SCHNIRELMANN. 


Le but de cette note est d’obtenir la dimension d’un espace métrique 
compact a l’aide d’un procédé de recouvrement par des « étalons de mesure » 
dont le nombre permet de définir la dimension. Cette méthode est analogue 
& la méthode de mesure employée en géométrie élémentaire. 

Dans les définitions de la dimension on se sert toujours de notions purement 
topologiques et on laisse de cété les propriétés métriques. Comme on va le 
voir, il existe cependant un lien fort frappant entre les propriétés métriques 
d’un ensemble compact et sa dimension. 

Nous emploierons la forme suivante de la définition de dimension (au sens 
bien connu de Brouwer, Urysohn et Menger): 

Un ensemble compact F' a la dimension 7, si x est le plus petit entier tel 
qu’il existe (« étant un nombre arbitraire positif) un systéme fini d’ensembles 
fermés recouvrant F, de diamétres ne surpassant pas ¢ et dont toutes les 
intersections de n-+2 sont vides. . 


Soit donné un espace métrique compact F. Nous le recouvrons par 
un systéme d’un nombre fini d’ensembles fermés de diamétres ne surpassant 
pas ¢. Ceci est possible d’aprés le théoréme de Heine-Borel. Nous pouvons 
définir le nombre minimum N(e) de tels ensembles nécessaire pour recouvrir F. 
N(e) prend des valeurs entiéres positives pour toutes les valeurs positives 
de « et croit indéfiniment quand « tend vers 0 (& moins que |’ensemble F 
ne contienne qu’un nombre fini de points). Cette fonction dépend évidem- 
ment de la métrique de l’espace F. Nous l’appellerons fonction de volume 
de l’espace F’ relative & la métrique donnée et nous la désignerons 
par Nr(e). 

Soit y un nombre réel quelconque; nous dirons que 7 appartienne 4 la 
premiére classe s’il existe un nombre positif c tel qu’on ait 

Nr(e) = = (quel que soit « >0); 


Yr 


dans le cas contraire + appartiendra 4 la seconde classe. La coupure de 
Dedekind ainsi obtenue détermine un nombre non négatif k (<< +0) que 
nous appelons ordre métrique de Vespace F. On voit d’ailleurs sans peine que 


ke <= lim int (~ “6 Net) 
log ¢ 





' Received July 11, 1931. 
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Pour les diverses métriques de F' nous obtenons les diverses fonctions 
de volume et les divers ordres métriques. Par exemple, un arc simple de 
Jordan, étant métrisé de la facon euclidienne, posstde comme fonction de 


hd c * * . 
volume (asymptotiquement) —, ou c est une constante. L’ordre métrique d’un 


tel arc est donc égale & un. D’autre part, nous pouvons définir une autre 
métrique d’un are simple de la fagon suivante: prenons un ensemble parfait 
partout discontinu dans l’espace euclidien a k dimensions R* dont la mesure 
est positive. Par un tel ensemble on peut»mener un arc simple. Cet are 
posséde automatiquement la métrique de l’espace euclidien R*, sa fonction 


de volume est asymptotiquement + et son ordre métrique est égale a k. 


Ainsi l’ordre métrique n’est point un invariant de F. Or, on obtient 
évidemment un invariant topologique de l’espace F en considérant la borne 
inférieure des ordres métriques correspondant a4 diverses métriques qu’on 
peut imposer & F' sans altérer les propriétés topologiques de cet espace. 
Le but principal du présent travail est de déterminer l’invariant topologique 
en question et de montrer qu'il est égale a la dimension Brouwerienne de 
Vespace F. On a donc le 

THEOREME FONDAMENTAL. La borne inférieure de lVordre métrique 

k = lim inf (—1og 72) 
log é 
pour toutes les métriques de lVespace compact F est égale & sa dimension. 

COROLLAIRE. Si la borne inférieure en question est finie, elle est néces- 
sairement un nombre entier. 

Démonstration. 

1. Soit K un cube euclidien & yr dimensions. [1 est évident que, dans 
sa métrique ordinaire, on a (pour «>0O assez petit et des constantes c 
et c’ convenablement choisies) 


c C 
ro > Nx (e) > 


2. Nous dirons qu’une transformation g d’un espace métrique /’ en un 
espace métrique F” est une transformation sans dilatation, si la distance de 
chaque paire de points de F ne croit pas en vertu de cette transformation, 


c’est & dire si 
e[y(a), y(b)] < e(a, b). 


Toute transformation sans dilatation est évidemment continue. 





*Les transformations de cette sorte ont été étudiées pour la premiére fois par 
M. Kolmogoroff dans ses recherches sur la théorie de la mesure. 


* 
ps 














sce EET 
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Il est facile de voir que s’il est possible de transformer sans dilatation 
un espace métrique / en un espace métrique F’, ona 
Nr’ (¢) S Nr(é). 
3. Montrons que pour un espace compact de dimension > r finie ou 
infinie, on a: 
7 c 
Ny (e) i ra 
(¢ suffisamment petit, c constante positive, dépendante de F.) 


On démontre d’abord la proposition suivante: 
THEOREME AUXILIAIRE. Un espace métrique compact F', de dimension = r 


Jinie ou infinie, peut étre transformé sans dilatation en un sous-ensemble r- 


dimensionnel d’un espace Euclidien a r dimensions. 
Démonstration du théoréme auxiliaire. Soit 


(1) 15 Ag, °**) On 


un groupe arbitraire fini de points sur F. A chaque point x de F corre- 
spond le systeme des nombres 
(IT) Qi, G2, ***, On, 


Oil 01, 02, -*-, Qn Sont les distances oe (a, x) = oe; entre x et les points du 
groupe choisi. Faisons correspondre 4 x un point 9’ (x) d’un espace euclidien 
& nm dimensions aux coordonnées cartésiennes 2, %2,---, 2n, OU 





es 
(IIT) Xi Va’ 


Démontrons que la transformation gy’ ainsi définie est sans dilatation. En 
effet, p’ et p” étant deux points arbitraires sur Fet rj, 72,---,7n3 715 125°) Tn 
les coordonnées correspondantes de leurs transformés, nous avons: 


ely’ (v'), 9 (p")) = V i — ri)? + 0F —13)?# 4+ + — 1)? 


Soit 7 un indice tel que 





|r —r7j| = | ri? —7;| (¢@ = 1, 2, ---, m). 
Nous avons: ‘be 
oly (y’), 9 (p")) < Wi —1r)) Vn = of’ —e). 


Mais en vertu de l’axiome du triangle, on a: 
|e’ —ej| < e(y’, p”). 
ely'(p'), 9 (py) < ely’, p")8 


*Cette partie de la démonstration n’est qu’une légére modification d’un raisonnement 
d’Urysohn (Comptes rendus Paris, 178 (1924), p. 65). 


Par suite 
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Démontrons maintenant que pour un choix convenable du systéme (I), 
Ja dimension de F’ = g’ (F) ne sera pas plus petite que r. Prenons d’abord 
(I) de telle fagon qu’& chaque point «C F corresponde un point a; du 


systeme (I), tel que e(aj, z)< 4 ol d est le r™® coéfficient d’aplatissement * 


de l’ensemble F (ce nombre est nécessairement positif puisque la dimension 
de F n’est pas inférieure a r).* 
Démontrons d’abord l’existence d’un nombre positif 6 vérifiant la condition: 
Si ely’(p), eM] <6 ona o(p, g)<d. En effet, supposons au contraire 
qu'il existe sur F’ deux suites infinies convergente de points 


(IV) Pis Poy ***s Pm °° 
et 

(V) Qiy Ya, ***s Ym; **° 
telles que 


o(pm; qm) a d avec ely’ (pm), y (qm)] —0 (m >), 


En désignant par p et q deux points limites de pm et qm, nous avons: 


o[y’(p), 9 (q)] = 0, o(p, q) 2 d, 
cest & dire 
(wn 9 (p) = ¥ @) 


e(p,g) 2 d. 
; l 
Il existe, par hypothése, un point aj du systéme (I) pour lequel e(a;, P)<5° 


Pour ce point oe(a;, o> (parce que dans le cas contraire on aurait 


e(p, g) < e(aj, p)+e(aj, <4). 


Par conséquent les j™°* coordonnées cartésiennes des points g’(p) et 9’ (q) 
sont distinctes, ce qui contredit la condition (VI). 

Supposons que la dimension de F’ soit moindre que r. II existe alors 
une couverture de F’ par un systéme d’ensembles fermés fi, f2, ---, Si; 
de diamétres moindres que 6 et l’ordre de cette couverture (c’est 4 dire 
le nombre maximum d’ensembles de la couverture qui peuvent passer par un 
méme point) ne surpasse pas r. 

En désignant par ; l'ensemble de tous les points de F dont l'image 
appartient a 7, nous obtenons une couverture de l’ensemble F par les 
ensembles f; de diamétre < d; l’ordre de cette couverture ne surpasse pas r. 





** Au sens d’Urysohn, Fund. Math. 8 (1926), p. 353. 
*Un tel choix du systéme (I) est toujours possible, d étant positif, et / compact. 
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Or cette derniére conclusion est impossible parce que le nombre r*™° q’Ury- 
sohn de F est égal a d. 

Supposons cependant que le systéme (I) soit choisi de telle sorte, que 
la dimension de F” n’est pas inférieure 4 r et dans cette hypothése faisons la 
construction suivante: soit R,, R.,---, Re ensemble de tous les plans de 
coordonnées & 7 dimensions de R”. Désignons par g;(F") la projection 
orthogonale de F” sur 2; nous écrirons, pour abréger, Fe pour l’ensemble 
y;(F’). Nous allons démontrer qu’un au moins des F; a la dimension r. 

Soit Q un cubillage de Lebesgue® de R”, les faces duquel sont paralléles 
aux plans des coordonnées. Soit 


(VII) Pry Pay °° *> Pt, °°: 


l'ensemble de toutes les intersections non vides de *+1 cubes du cubillage Q. 
Le systéme (VII) ne contient qu’un nombre fini d’éléments qui coupent F’. 
Soit ys un de ces éléments. Démontrons que si toutes les dimensions de 
toutes les projections F; sont moindres que r, il existe un écart paralléle 
arbitraiment petit w de l’espace R” tel que w(ps) ne coupe pas F’. 

Soit en effet R”—” Vespace n — r-dimensional qui porte ps. A cause du 
parallélisme du R”—" & l'un des plans de coordonnées, R”~” est perpen- 
diculaire & un des plans R;, par exemple & A:, et coupe A; en un point. 
D’aprés la supposition que la dimension de F;° est moindre que r, nous 
concluons que F; ne contient aucun point intérieur de R;, c’est a dire 
qu’on peut choisir un écart paralléle yw arbitraiment petit de telle sorte 
que les intersections de w(R"-") avec Fy et par conséquent de w(R"~) 
avec F’ et wW(ps) avec F’, soient vides. 

On peut supposer l’écart y si petit, que si l’intersection de p; avec F” est 
vide, l’intersection de ~(p;) avec F” est vide aussi. En répétant l’opération 
d’écart paralléle un nombre fini de fois, nous obtenons un écart paralléle y, 
tel que toutes les intersections de W (p;) avec F’ sont vides (i = 1, 2, ---). 

Désignons par 
(VII) Gir G2. ***) Qs 


Yensemble de tous les cubes du cubillage #(Q), dont les intersections 
avec F’ ne sont pas vides et par /; l’intersection de q; avec F’. Les inter- 
sections de tous les produits de r++ 1 cubes du systéme (VIII) ne coupent 
pas F’. Le systéme f{, f2,---,.fs forme donc une couverture de F” d’ordre 
ne surpassant pas r. 

Mais le cubillage Q (et par conséquent w(Q)) étant de petitesse arbitraire, 
la dimension de F” est nécessairement plus petite que r — ce qui est im- 
possible. 


6 Fund. Math. 2 (1921), p. 266. 
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Nous pouvons donc conclure qu’une au moins parmi les projections F;* 
de l'ensemble F’, par exemple F;, est de dimension *. Comme la pro- 
jection est une transformation sans dilatation, la transformation 9 (F) 
= gj[y’(F)] en est aussi une et elle transforme F en un ensemble Fj 
r-dimensionnel situé dans l’espace euclidien & r dimensions. Le théoréme 
auxiliaire est done démontré. 

Le ensemble que nous venons d’obtenir contient nécessairement un point 
intérieur de R” et l’on déduit facilement de la que, « étant suffisamment 
petit, 

(1) Nr (©) > Nry(e) > 5. 


4, Démontrons que r est précisemment la borne inférieure de tous les 


exposants 
lim inf |- ogee 
log « 


Dans ce but il suffit d’obtenir une métrique de F' dans laquelle Nr (e) 


devient moindre que , ou d(e)>0 si «> 0. 


ee. eee 
ertd@) 

Nous partons du l’approximation des ensembles dans l’espace euclidien.’ 

Etant donné l’espace métrique compact F de dimension r, il est possible 
de trouver dans l’espace euclidien R?”*1 & 2r-+1 dimensions, une suite 
Ci, Cy, «++, Cy +--+ de complexes polyédraux 4 7 dimensions, possédant 
les propriétés suivantes: 

1. la suite a une limite topologique F’ qui est homéomorphe a F. 

2. on peut la construire de telle maniére que si les m premiers termes 
C,, Cy, --+, Cy sont déja construits, on peut alors placer le (n+ 1)™° 
Cni1 dans un voisinage arbitraire de Cy. 

Nous pouvons supposer que tous les complexes de la suite C,, C2, - 
soient situés dans une partie finie G de l’espace R*”*!, Les complexes C;, 
étant polyédraux et la structure combinatoire de C; étant définie d’avance, 
il est possible de choisir pour chaque indice i et chaque nombre positif 4; 

r 
un nombre positif «; tel que No, («)< (=) +d; heeireed. Ci guektnene 
supposer que «=r, ob O<r<1 et les pj sont des entiers positifs 
avec pits >pi; 61, d2,--- S6tant une suite arbitraire de nombres positifs 
tendant vers 0. 

Supposons que C, ait une position déterminée dans G. Désignons par 
%j,) =P, Pit1, ---, pe—1 une couverture du complexe C, par des 


"Voir pour la démonstration un article de L. Pontrjagin et M** Tolstowa a paraitre 
dans le tome 105 des ,,Mathematische Annalen“. Voir aussi Lefschetz, Annals of Mathematics 
1931, vol. 32, no. 3. 
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oko 


ensembles de diamétres moindres que t/, telle que le nombre n’en surpasse 


1 \"t4, 7 P 
& pas (= . En élargissant tous les ensembles de la couverture de telle 
tT 
facon que les diamétres des ensembles élargis soient aussi moindres que 7’, 
nous obtenons une couverture g} d’un voisinage G; du complexe C,. Le 
nombre des éléments de la couverture gj est égal 4 celui de gj, c’est a 
: 1 \rte; 
dire ne surpasse pas (=;] ‘ 
En désignant par G, intersection des voisinages Gp,» Gp,+1; eeeg Gp,—1 


nous obtenons: 
" 1 \"t¢, <_ 
NG, (6) < (~) (pour ¢ = t; j= py, p+, ---, pe—l). 


Construisons le complexe C, 4 l’intérieur du voisinage G,. En répétant 
les constructions précédentes, nous obtenons une suite de complexes 
1, Co, +--+, Ci, +--+ et de leurs voisinages G,, Ge,---, Gi, --- qui satis- 
font aux conditions suivantes: 

1. la cloéture G; de G; est située dans Gi—-1; 

2. pour chaque indice 7, pi-1 <j < pi—1, on a: 

r+d,_ 

a.) < (5) i t 

Mais la limite topologique F” de la suite C,, Cy, ---, Cy, --- est située 
dans l’intersection de tous les G,, Gs, ---, Gn, «+ *: 

Par suite: 
pS 
t/ 


rte’ 
ie (©) <( * G>0, 8%) >0 et dj) tend 


vers 0, quand j croit indéfinément). 


Soit « <7 un nombre positif arbitraire. Nous pouvons le mettre sous 








la forme 
e= sti, t<s<l 
et nous obtenons: 
, ; logs—logr 
: ; J’ (j+1) +d” (j-+1) - —=———— 
Nr (st/) < N; (eit) <| : r ai < ( : ‘? Jr + 05 4) 





: 1 \"ro®) 
c'est & dire Np(e) < (= 
Notre théoréme fondamental sur la dimension est donc complétement 
démontré. 
‘ Moscou, 
mai 1931. 
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UBER STETIGE ALGEBRAISCHE KORPER.* 


Von L. PontrRJAGIN IN MosKAU. 


§ 1. 

Der Zweck dieser Arbeit ist, eine topologische Charakterisierung der 
Koérper der reellen und der komplexen Zahlen zu geben (Satz II). Wenn 
wir auf die Kommutativitatsbedingung, die in dieser Charakterisierung eine 
wesentliche Rolle spielt, verzichten, erhalten wir noch den Quaternionen- 
kérper (Satz I). 

Die Fragestellung, die zu dieser Arbeit gefiihrt hat, sowie zahlreiche 
Anregungen bei der Beweisfiihrung und bei der Redaktion der vorliegenden 
Abhandlung verdanke ich Herrn A. Kolmogoroff. 


§ 2. 


Definition I. Eine Menge K von Elementen a, b,c, --- bildet einen 
stetigen Korper, wenn folgende Bedingungen erfiillt sind: 

1. K ist ein topologischer Raum,’ 

2. K ist ein algebraischer, im allgemeinen nicht kommutativer Kérper, 

3. die Funktionen f(a, b) = a+b, f(a, b) = ab, f(a) = —a, 

Ji (a) = a sind stetig (iiberall, wo sie definiert sind, d. h. f,, fo und fs 
im ganzen Raum und f/f, iiberall mit Ausnahme des Nullpunktes). 

Im folgenden wird unter einem Kérper stets ein stetiger Koérper ver- 
standen. 

Definition II. Zwei stetige Kérper heifen isomorph, wenn sie aufeinander 
eineindeutig abgebildet werden kénnen, und zwar so, daB dabei sowohl 
die algebraischen als auch die topologischen Relationen in beiden Kérpern 
einander entsprechen (d.h. daB die Abbildung gleichzeitig einen Isomor- 
phismus der Korper und einen Homéomorphismus der Raume darstellt). 


* Received May 17, 1931. 

‘Eine Menge R von irgendwelchen Elementen soll ein topologischer Raum heifen, 
(vgl. Alexandroff, Math. Ann. 96, 8.555), wenn fir jede Teilmenge M von R die ab- 
geschlossene Hiille M definiert ist, und zwar so, dai folgende Bedingungen erfillt sind: 

I, Eine aus einem einzigen Punkt bestehende Menge ist mit ihrer abgeschlossenen Hille 

identisch. 
Ill. (A) = A. 

Mengen, die mit ihrer abgeschlossenen Hiille zusammenfallen, heifen abgeschlossen, ihre 
Komplementirmengen offen. Jede offene Menge, die einen gegebenen Punkt enthilt, heibt 
eine Umgebung dieses Punktes. 
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Satz I. Jeder stetige lokalbikompakte,* zusammenhiingende Koérper K ist 
dem Kérper der reellen, dem Kérper der komplexen Zahlen oder dem Quater- 
nionenkirper tsomorph. 

Satz II. Jeder stetige lokalbikompakte, zusammenhiingende kommutative 
Kirper K ist entweder dem Kéorper der reellen oder dem Kérper der 
komplexen Zahlen isomorph. 

In der Formulierung der Sitze I und II kann die Bikompaktheit durch 
die Bedingung ersetzt werden, da& K ein Hausdorffscher lokalkompakter 
topologischer Raum mit erstem Abzihlbarkeitsaxiom ist: 

Satz Ia. Jeder stetige lokalkompakte, zusammenhiingende Korper K, in 
dem das erste Abzihibarkeitsaxiom und das Hausdorffsche Trennbarkeitsaxiom 
erfiillt sind, ist mit dem Kérper der reellen Zahlen, dem Kérper der kom- 
plexen Zahlen oder dem Quaternionenkirper isomorph. 

Satz Ila. Unter den Bedingungen des Satzes la mit Hinzufiigung der 
Kommutativitiit von K ist K entweder dem Kérper der reellen Zahlen oder 
dem Kérper der komplexen Zahlen isomorph. 

Wir werden beweisen, daf die Bedingungen von Satz Ia aus den Be- 
dingungen von Satz I folgen, worauf wir nur noch den Satz Ia beweisen 
miissen: IT und Ila folgen ja unmittelbar aus I und Ia infolge der Nicht- 
kommutativitat des Quaternionenkérpers. 


§ 3. 
In jedem stetigen Kérper K gilt folgender Satz, der keines Beweises 
bedarf: 
Hitrssatz I. Wenn a+ 0 ist, so ist die Abbildung 


x =axt+b 


von K auf sich eine topologische (a. h. eineindeutige und beiderseits stetige) 
Abbildung. 

Dieser Satz zeigt, dab K topologisch homogen ist, d. h. daB man mittels 
einer topologischen Abbildung des ganzen Kérpers auf sich selbst jeden 
Punkt a in jeden Punkt b iiberfiihren kann: es geniigt in der Tat, die Ab- 
bildung x” — x—a-+b heranzuziehen. 


§ 4. 
In diesem Paragraphen setzen wir voraus, da®B der Korper K lokal- 
bikompakt und zusammenhangend ist. 





*Wegen der Kompaktheit bzw. Kompaktheit im kleinen, sowie der weiteren hier ge- 
brauchten topologischen Begriffe (wie Trennungsaxiome, insb. Regularitaét, Abzahlbarkeits- 
axiome u. dgl.), siehe Alexandroff, Math. Ann. 96, S. 555, sowie Alexandroff und Urysohn, 
Math. Ann. 92. 
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Hitrssatz II. Es existiert eine abziihibare Menge a,, dz, ---, dy, «++ (1) 
von Elementen von K, die 0 zum Hiiufungspunkt hat. | 

Beweis. Daraus, daB K zusammenhingend ist, folgt, daf alle seine 
Punkte Haufungspunkte sind (K enthilt ja mindestens zwei Elemente: 
Null und Eins). Sei @ eine offene Menge, deren abgeschlossene Hille G 
kompakt ist. Da alle Elemente von K Haufungspunkte sind, enthalt G 
unendlich viele Elemente. Sei 6,, bz, ---, by, +--+ (2) eine abzahlbar un- 
endliche Menge von Elementen aus G und } ein Haufungspunkt dieser 
Menge. Man sieht leicht, daB die Menge b,—b, b,—b, ---, b-—b, --- 
Null zum Haufungspunkt hat. 

Hitrssatz III. Sei F' eine bikompakte Menge® und 


(1) My, Ag, +++, Ap, ++ 


eine Folge von Elementen, die Null zum Hiiufungspunkt hat und @ eine 
Umgebung der Null, so existiert ein n, so dav F, = Fa,CcG.™ 

Beweis. Fiir jeden Punkt a gibt es stets eine Umgebung G(a) von a 
und eine Umgebung G’(a) von Null, so daB, wenn xCG@(a) und yCG@' (a) 
ist, ey in G liegt. Wenn nun a die ganze Menge F durchlauft, so iiberdecken 
die Gebiete G(a) die ganze Menge F; infolge der Bikompaktheit von F 
kann man aus diesem Uberdeckungssystem ein endliches Teilsystem G(a™), 
G(a), ---, (a) herausgreifen, welches ebenfalls F iiberdeckt; bezeichnen 
wir nun mit G’ den Durchschnitt G’ (a), G’ (a), ---, @’(a™). Man sieht 
leicht, daB das Produkt eines beliebigen Elementes aus F' mit einem be- 
liebigen Element aus G@’ in @ liegt. Da aber G’ eine Umgebung der Null 
ist, so gibt es unter den Elementen der Folge (1) sicher ein Element 
an G@’; daraus folgt aber F,CG, w. z. b. w. 

Hitrssatz IV. K ist ein reguliirer Hausdorffscher Rawm mit erstem Ab- 
etihlbarkeitsaxiom. 

Beweis. Es sei U eine Umgebung des Nullpunktes mit bikompakter 
abgeschlossener Hiille U und by, eine Folge, die Null zum Hiufungspunkt 
hat. Bei beliebiger Wahl der Umgebung V des Nullpunktes ist bei ent- 
sprechend gewahltem » U-b,CV, woraus folgt, dai die offenen Mengen 
U-b, ein der Regularitatsbedingung geniigendes abzaihlbares Umgebungs- 
system des Nullpunktes bilden. 

Wegen der Homogenitat von K (Hilfssatz 1) existiert ein solches Um- 
gebungssystem auch fiir jeden Punkt x. Daraus folgt bekanntlich auch 
das Hausdorffsche Trennungsaxiom (denn, wenn x und y zwei Punkte sind, 

*d.h., daB F als Raum betrachtet bikompakt ist. 


*“Wenn X eine Teilmenge von K und y ein Punkt von K ist, so bedeutet Xy die 
Menge aller Punkte xy, wobei x zu X gehort. 
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V(x) zu y fremd, U(x) in V(x) enthalten ist, so bilden U(x) und das 
Komplement K— U(x) zwei disjunkte Umgebungen von x und y). 

Auf diese Weise sehen wir, da8 in K die Voraussetzungen des Satzes Ia 
erfiillt sind. Wir gehen also zum Beweis dieses Satzes iiber. 


§ 5. 

Wir setzen voraus, da6B K lokalkompakt und zusammenhangend ist und 
dem ersten Abzahlbarkeitsaxiom und dem Hausdorffschen Trennungsaxiom 
geniigt. Ist 2 Haufungspunkt einer Menge HL, so kénnen wir aus £ eine 
Folge herausgreifen, die gegen x konvergiert.* Dies erméglicht uns, die 
ganze Untersuchung mit Hilfe des Begriffes der Konvergenz einer Folge 
zu fiihren. 

HitFssatz V. Wenn die Folge bn gegen Null konvergiert, so ist die 
Folge b, divergent, d. h. sie besitet keinen einzigen Hiiufungspunkt. 

Wenn namlich c ein Haufungspunkt der Folge b;° wire, so hatte die 
Folge 2, = ba-ba’ = 1 den Punkt 0-c = O zum Haufungspunkt, was 
offenbar unméglich ist. 

Hitrssatz VI. Zu jedem Punkt a gibt es eine gegen diesen Punkt kon- 
vergierende Folge von a verschiedenen Punkten. 

Beweis. Dies folgt daraus, da6 a kein isolierter Punkt ist, und aus dem 
ersten Abzaihlbarkeitsaxiom. 

Hiurssatz VII. K ist nicht kompakt. 

Es gibt nimlich nach Hilfssatz VI eine Folge b, mit b, + 0, lim bp = 0. 
Die Folge b,° ist dann nach Hilfssatz V divergent. 

Mitrssatz VII. Wenn F kompakt,> V eine Umgebung des Nullpunktes 
und lim bn = 0 ist, so ist fiir hinreichend grofes n F-b, CV. 

Man nehme das Gegenteil an. Dann gabe es unendlich viele Produkte 
tn = Snbx, (fr C F), die zu V fremd sind. Nun haben aber die /, einen 
Haufungspunkt /,; wahrend die b,, gegen 0 konvergieren. Die x, haben 
daher den Haufungspunkt £-0 — 0, was unmdglich ist, da sie aufer- 
halb V liegen. 

HitFssatz IX. Es seien U und V zwei Umgebungen des Nullpunktes mit 
kompakten abgeschlossenen Hiillen. Wenn an eine divergente Folge ist, so 
hat fiir hinreichend grofes n die Begrenzung U' von U mit V - an notwendig 
gemeinsame Punkte. 

Beweis. Wir betrachten den Durchschnitt D(U, Van). Diese Menge 
ist kompakt und enthalt den Nullpunkt. Da K selbst nicht kompakt ist, 
bildet sie eine echte Teilmenge von K. Da ferner K zusammenhangend 





‘Kine Folge 2, x2,+--+, an,+++ konvergiert gegen 2, wenn jede Umgebung von ~ alle 
bis auf endlich viele dieser Punkte enthalt. 
°“Kompakt” bedeutet in sich kompakt (d. h. kompakt und abgeschlossen). 
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ist, ist der Rand von D(U, Van), d.h. die Menge D(U’, Van)+ D(U, V'a,), 


gewiB nicht leer. Wenn fiir unendlich viele » der erste Summand leer 


wire, so ware fir dieselben n die Menge D(U, V'an) von 0 verschieden. 
Es wiirden m. a. W. die Folgen u,CU, v% CV’ und eine Teilfolge ay, 
von a existieren, so dah wu, = vg dm, ist. Offenbar kann man iiberdies 
voraussetzen, dai uw, und v, konvergente Punktfolgen mit 


lim wy, = uC U und lim % = vc V’ 


sind. Dabei ist v wegen der letzten Relation gewif von 0 verschieden 
(V’ ist ja die Grenze von V). Folglich ist lim an, = lim vz u, = vu, 
was der Divergenz der Folge a, widerspricht. 

HILFssatz X. Wenn die Folge a, divergiert, so konvergiert die Folge a~' 
gegen 0. 

Es geniigt zu beweisen, daf, falls a, divergiert, die Folge a>' Null zum 
Haufungspunkt hat: daraus folgt namlich, da auch jede Teilfolge von a>" 
den Nullpunkt zum Haufungspunkt hat, woraus sich vermége des ersten 
Abzahlbarkeitsaxioms ergibt, daB die ganze Folge a, gegen Null konvergiert. 

Es seien U und V zwei Umgebungen des Nullpunktes mit kompakter 
abgeschlossener Hiille (vgl. den vorigen Hilfssatz). Fir alle hinreichend 
eroben n ist D(U’, Vay) nicht leer, so daB man die Punkte v, in V so 
waihlen kann, daf fir alle Punkte wu, = vn a, zu U' gehéren. Man kann 
Teilfolgen wn,, Un, auswahlen, so daB wm, gegen «CU’ und vp, gegen 
v CV konvergieren, wobei « + 0 ist. Somit miiBte a, = “_" v,, segen 
u-'v konvergieren; da aber a», divergent ist, mu{ wv der Nullpunkt 
sein, w. Zz. b. W. 

HiLFssatz XI. Wenn a, divergiert, F kompakt und V eine Umgebung des 
Nullpunkts ist, so ist fiir hinreichend grofes n FC Van. 

In der Tat: a~! konvergiert wegen Hilfssatz X gegen Null und daher 
ist fir alle hinreichend groBen n Fa! C V, woraus der Satz folgt. 

HiLFssatz XII. Wenn F' kompakt und V offen ist, Pn gegen p konvergiert 
und Fp in V enthalten ist, so gilt fiir hinreichend grofes n: Fp, CV. 

Sonst gibe es eine Folge f;C F, so da fiir unendlich viele n, etwa 
mn; die Punkte a, = fx pn, auBberhalb V liegen wiirden. Da die pp, gegen p 
konvergieren und die f,, einen Hiufungspunkt /C F besitzen, so miissen 
die a, den Punkt fpCV als Haufungspunkt haben, was der Definition 
der x, widerspricht. 

Hivrssatz XIII. Wenn F beliebig, U abgeschlossen und oa Pn == p tst, 
so folgt aus Fp, CU, daB auch Fp CU ist. 

Andernfalls gabe es ein f aus F, so daB fpd= U; dann lagen aber auch 
fast alle fp» auBerhalb U, was unméglich ist. 
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HitFssatz XIV. Es sei a irgendein Punkt von K. Wenn die Folge 
a, a’, a, +++, a, «+ 


(die ,Potenzfolge von a“) den Nullpunkt als Hiiufungspunkt besitzt, so kon- 
vergiert sie gegen diesen Punkt, und dasselbe gilt auch von der Potenzfolge eines 
jeden Punktes b, der zu einer passend gewiihlten Umgebung von a gehirt. 

Beweis. Fir jede Umgebung G des Nullpunktes, deren abgeschlossene 
Hiille G kompakt ist, existiert vermége Hilfssatz VIII ein solches m, daf 


Ga"cG 
ist. Wegen Hilfssatz XII gilt die analoge Inklusion 
(1) GI" CG 


fiir jeden Punkt b einer gewissen Umgebung U (a) von a. 

Wir wollen zeigen, daf unter der Bedingung (1) die Folge b” gegen 
den Nullpunkt konvergiert. Damit wird der Hilfssatz XIV _ offenbar 
bewiesen sein. 

Wiederholte Anwendung der Formel (1) gibt zunachst fiir jedes ganz- 
zahlige q 
(2) Gb CEG VG-M™ C... CHIME. 


Wenn cCG, ¢ +0 ist, so gilt somit 
ch@™CGCE und daher b™CeG. 


Alle Punkte von der Form b?” liegen somit in der kompakten Menge 
c1G@, so daB die Folge b%” mindestens einen Haiufungspunkt besitzt. 

Wir nehmen jetzt an, die Folge besife einen von Null verschiedenen 
Haufungspunkt. Dann gibe es eine gegen diesen Punkt konvergierende Teil- 
folge b™%, wobei man offenbar voraussetzen kann, daB& gx—qx—1 = vx mit k 
unendlich gro®B wird. Offenbar konvergiert dann die Folge b%” gegen 
den EKinheitspunkt 1 von K. Andererseits haben wir nach (2) 


GoM CEMCE. 


Anwendung des Hilfssatzes XIII ergibt dann (indem man fiir das dortige U 
die abgeschlossene Menge Gb” wihlt) 


G = G-1CG4I"CG, 


was unmdglich ist, denn A ist ja zusammenhiangend. 
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Dasselbe gilt natiirlich auch fiir jede Folge der Gestalt b”+* mit kon- 
stantem k. Da aber die ganze Folge 6” aus m Folgen der obigen Gestalt 
besteht (die man erhalt, indem man k alle Werte von 0 bis m—1 gibt), 
konvergiert auch diese Folge gegen 0, w. z. b. w. 

Hinrssatz XV. Wenn die Folge a” eine divergente Teilfolge enthiilt, so 
ist auch die ganze Folge a" divergent. Dasselbe gilt auch von der Potenz- 
folge eines jeden Elementes b aus einer gewissen Umgebung U (a). 

Beweis. Die Folge a~” hat nach Hilfssatz X den Nullpunkt unter ihren 
Haufungspunkten; folglich konvergiert nicht nur a~”, sondern auch jede 
Folge b” mit b aus einer gewissen Umgebung von a gegen Null. Vermige 
Hilfssatz V folgt hieraus, daB a” bzw. b—” divergiert. 

HitFssatz XVI. Der Korper K zerfiillt in drei paarweise zueinander 
Sremde Mengen 4, w und 0, wobei ein Punkt zu 4, bew. zu mw gehirt, wenn 
seine Potenzfolge gegen Null konvergiert bzw. divergent ist. Die Menge e 
besteht aus allen Punkten, deren Potenzfolgen keine divergenten Teilfolgen 
enthalten und trotzdem den Nullpunkt nicht zum Hiiufungspunkt haben. 

Beweis. Folgt aus Hilfssitzen XIV und XV. 

HitFssatz XVII. 4--@ ist kompakt. 

Beweis. Man nehme an, die Punktfolge x, aus 4+ ¢ sei divergent. 
Dann konvergiert 2,1 wegen Hilfssatz X gegen Null und, da 4 eine 
Umgebung des Nullpunktes ist, sind alle 2-' bis auf endlich viele in 4 
enthalten. Es sei z7>'C4. Vermége Hilfssatz V ist dann 2? divergent, 
so daB x, zu w gehdrt, was unserer Voraussetzung widerspricht. 

HILFssatz XVIII. Wenn aCd-+eo ein mit jedem Element aus K ver- 
tauschbares Element ist, so gilt: a C4. 

Beweis. Wenn x CA ist, so konvergiert die Folge x, 2*,---,2”,--- 
gegen Null; da aber die Folge a, a®,---,a",--- keine divergente Teil- 
folge enthalt, so konvergiert auch die Folge az, a* x*,---, a” x", +--+ gegen 
Null. Da aber diese Folge wegen ax = xa mit der Folge xa, (xa)*, ---, 
(va)",--- zusammenfallt, ist auch azwC’. Es ergibt sich also 4a Ci, 
wenn wir von beiden Seiten dieser Inklusion die abgeschlossene Hiille 
bilden, erhalten wir: 2a C A. 

Hitrssatz XIX. Sei q ein beliebiges, von Null verschiedenes Element von 
K und F eine kompakte Teilmenge von K. Dann existiert ein endliches 
System von Elementen a, dz,-+-+, dm aus F, so daB es fiir jedes Element x 
aus F ein aj gibt, so dap x—a;Chgq ist. 

Beweis. Im gegenteiligen Falle wiirde eine unendliche Folge 


(1) M1, de, ***s Uny*** 


aus F' existieren, so da fir i+ 7 stets a;—aj 4q ist. Dies ist aber 
unmdglich: die Folge (1) hat namlich einen Haufungspunkt a und wenn 
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die Teilfolge a,, gegen a konvergiert, so konvergiert die Folge An,— Gn,., 
gegen Null, und daher ist fiir geniigend groBes 7 


in, — Mn,,,§ CAG: 


HILFssatz XX. Wenn F eine kompakte Teilmenge von K und p ein 
beliebiges, von Null verschiedenes Element von K ist, dann gibt es fiir jede 
ganze Zahl k eine ganze Zahl N, so daB, wenn 


(1) Hy, Tz, +++, XN 


heliebige N Elemente aus F' sind, es unter thnen k Elemente, etwa Ln,» Eng; 
++, In, gibt, so dap axn,—2tn,CAp gilt fiir beliebiges i und jg (i,j <k). 

Beweis. Wegen Hilfssatz VIII bilden die 4q bei beliebigem gq ein 
vollstindiges Umgebungssystem des Nullpunktes. Daher kann man q so 
bestimmen, dafi aus 2, C4q, x2 CAq folgt: a,+a2.CAp. Fir das auf 
diese Weise bestimmte q bestimmen wir ein System von Elementen a,, ds, 
++, dm, das den Bedingungen des Satzes XIX geniigt, und setzen VN = km. 
Dann entspricht jedem Element 2; des Systems (1) ein Element a,, so dab 
xi— dy C Aq ist. Da aber N= km ist, so gibt es ein solches Element a,, 
dem auf diese Weise mindestens / Elemente des Systems (1) entsprechen, 
etwa Xn, X%n,,°**,%n,. Auf diese Weise haben wir fiir (7,7) <k: an,—a, 
C Aq, dr—an, Cg und daher xn,—2Xn, = (%n,— ar) + (dr—an,) C Ap. 

HitFssatz XXI. Bezeichnen wir mit 4, die Menge aller Elemente der 
Form a+a%.+ ++: +an, wobei 2; ist, dann ist: 

1. 4, eine offene Menge; 

2. ihre abgeschlossene Hiille 4, besteht aus allen Elementen der Form 
tae ++» +ay, wobei 402 ist; 2, ist daher kompakt; 

3. A, = An—An ist nicht leer. 

Beweis. 1. und 2. erkennt man unmittelbar, 3. folgt daraus, daf K 
zusammenhaingend und nicht kompakt ist. 

Hinrssatz XXII. Wenn «2 Cd, und y Cig ist, so ist at+y C Arts; 
wenn «Ch, und y C dg ist, so ist ety Cdyss. 

Hinrssatz XXIII. Wenn «Ca, und y Cz ist, so ist x+y C dr+s. 

Beweis. Da yCAs ist, so gibt es fiir jede Umgebung @ des Nullpunktes 
ein zCG, so daB y—zCAy ist. Da aber 4, eine offene Menge ist, so 
ist fiir geniigend kleines G:x2-+2C4,, also 


aty = («#+2)+(y—2), a+zCAa,, y—zCd, 


und mithin nach Hilfssatz XXII: «+ yCAy,15. - 
HILFssatz XXIV. Fiir jedes ganzzahlige k >1 gibt es ein om, C4, so dab 
hk Wk qc hic le 
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Beweis. Sei p +0 so bestimmt, daf aus y;Cdp, i=1,2,---,k—1 
folgt: yi tyet+---+yr-1C4. (Ein solches p existiert, da die 2p ein 
vollstandiges Umgebungssystem des Nullpunkts bilden.) Die ganze Zahl N 
sei entsprechend Hilfssatz XX bestimmt fiir p,k und F= 4. Sei weiter 
zCay. (Infolge Hilfssatz XXI existiert ein solches z.) Dann ist 


2 % + are a eee -~ IN; ta G. h. 


Auf Grund von Hilfssatz XX kénnen wir annehmen, da6 fiir die ersten 
k Elemente dieser Summe x;— 2 C 4p gilt (¢,7 <k). Wir erhalten: 


2 = (a1 — ax) + (te — ax) + +++ + (ans — ax) + hae t areca t+ rpigt-+» +a. 
Wegen ai— a, Cap (¢<k) ergibt sich: 
aw = (a — ay) + (we — are) + ++ + (apr — an) CA. 
Aus der Inklusion 2, C4 folgt weiter: 
x” = teprtaesret-+-+anw CAn_x. 
Folglich haben wir nach Hilfssatz XXIII: 
x ta” CAN. 


Hieraus und aus kay C dy; ergibe sich dann nach Hilfssatz XXIII: 
zC Ay, was der Voraussetzung widerspricht. Wir erhalten also ka;CE Ax 
und wp, = 2x. 

HILFssatz XXV. Der Kérper K hat die Charakteristik Null. 

Beweis. Nehmen wir an, der Kérper K habe eine Charakteristik p + 0. 
Dann gilt fir beliebiges xc K:px =0. Dies ist aber unméglich, denn 
nach Hilfssatz XXIV gilt pop, dy1; 4)-1 enthalt aber fir p>1 den 
Nullpunkt. 

HILFssatz XXVI. Wenn e die Einheit des Kérpers K ist und m und n 


. . . Md “ cy € 4 
zwei ganze positive Zahlen sind (m => n), dann ist dm >>> A. 


Beweis. Jedes Element der Menge 4- ne kénnen wir in der Form 
at+a+---+a+0+0+4+ ---+0 (x n-mal, 0 (m—~n)-mal genommen), wobei 


xC4,. Folglich ist nach Hilfssatz XXI 2-neC&m. Indem wir diese 
Inklusion mit = multiplizieren, erhalten wir: 2 CA» - = 


Hirssatz XXVI. —™ e liegt in 4,0 oder jw, je nachdem ob m<n, 
n 


m==n oder m>n ist. 
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9) 
=_ 


Beweis. Wir betrachten zunaichst den Fall m>n. Ware = eCito, 


so hatten wir nach Hilfssatz XVIII 2 - rm eca , da =e mit allen Elementen 


‘ ae P - m 
von K vertauschbar ist. Da o, CA ist, ergibt sich > CA und folg- 
lich mom CA’; nach Hilfssatz XXIV wissen wir aber, da& mo» nicht 
in Am—: liegt. Daraus ergibe sich aber n >m—1, also » > m (anderen- 


falls hatten wir namlich ma» C2, C am—1), was der Voraussetzung wider- 


: ats 
spricht. Also ist = eC. 
Ist m<n, so ist ~eCp und folglich nach Hilfssatz X oe dh. 


Ist endlich m = mn, so ist ae =eCe. 

Hitrssatz XXVIII. Die Folge 
(1) e, 2e, ---, ne, «:> 
divergiert und die Folge e, 7 rey = -++ konvergiert gegen Null. 

Beweis. Anderenfalls gibe es eine konvergente Teilfolge der Folge (1) 
Ny €, Ne @, +++, Mee,-++ Wobei die ganzen Zahlen », eine wachsende Folge 
bilden. Die Folge (mz—m,)e, (mg—wmsz)e, ---, (me—Mx-1)e, --- Wiirde 
dann gegen Null konvergieren, was unméglich ist, da alle Elemente 
(nx—x-1)e nach Hilfssatz XX VII auferhalb 2 liegen und / eine Umgebung 
des Nullpunktes ist. 


Aus der Divergenz der Folge e, 2e,---, ne,--- folgt nach Hilfssatz X, 
daB die Folge e, x, ee, ate --+ gegen Null konvergiert. 


HiLFssatz XXIX. K enthiilt einen Kérper R, der isomorph ist mit dem 
gewihnlichen stetigen Kérper der rationalen Zahlen. 

Beweis. Nach Hilfssatz XXV enthalt K einen Koérper R, der im rein 
algebraischen Sinn isomorph ist mit dem Kérper der rationalen Zahlen; 
dabei schreibt sich jedes Element von R in der Form re, wobei 7 eine 
beliebige rationale Zahl ist. Nach Hilfssatz XXVIII bilden die offenen 


Mengen 4. ein vollstandiges Umgebungssystem des Nullpunktes im 


Kérper K. Daraus folgt aber, daB die Durchschnitte der /- = mit R ein 


volistandiges Umgebungssystem des Nullpunktes in R bilden. Diese Durch- 
schnitte bestehen aber nach Hilfssatz XXVII aus denjenigen Elementen re, 


fir die |r| < — ist. #& ist also tatsachlich isomorph mit dem stetigen 
K6rper der rationalen Zahlen. 
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Hitrssatz XXX. Im Kérper K gilt die Cauchysche Konvergenzbedingung, 
d.h. fiir die Konvergenz der Folge 


MN, Gigy °°, Any °°° 


ist notwendig und hinreichend, daf es zu einer jeden Umgebung U des Null- 
punktes eine ganze Zahl N gibt, so daZ ausr >N,s>N folgt a-—asCcu. 

Beweis. Die Notwendigkeit der Bedingung erkennt man unmittelbar; 
beweisen wir, daB sie hinreichend ist. Wenn die Folge (1) dem Cauchyschen 
Konvergenzkriterium geniigt, so gibt es ein V, so daB ay+,— ay CA ist; da 
i kompakt ist, hat daher die Folge ay41— ay, an+2— ay, +++, dni+k—<ay, °° 
mindestens einen Haufungspunkt a und enthalt keine divergente Teilfolge; 
infolgedessen hat die Folge (1) einen Haufungspunkt ay+a; andererseits 
hat sie aber, wie man leicht erkennt, auch héchstens einen Haufungspunkt 
und enthalt keine divergente Teilfolge. Sie ist also konvergent. 

HILFssaTz XXXIJ. Der Kérper K enthilt einen Korper D, der isomorph 
ist mit dem gewidhnlichen stetigen Kérper der reellen Zahlen; dabei ist jedes 
Element von D mit gedem Element von K vertauschbar. 

Beweis. Auf Grund der Hilfssitze XXIX und XXX iiberzeugt man sich 
leicht, daB die abgeschlossene Hiille R — D isomorph ist mit dem stetigen 
Kérper der reellen Zahlen. Da jedes Element von #& mit jedem Element 
von K vertauschbar ist, so gilt das gleiche auch fiir die abgeschlossene 
Hille D = R. 

HILFssatz XXXII. Sei A, die Menge der Elemente aus K der Gestalt 


t= ty 2% + es %y + Po + an Xn, 


wobei x4, 22, +++, Xn gegebene Elemente von K sind und die variablen 
Koeffizienten a; in D liegen. Wenn dann A, nicht mit K zusammen/fillt, 
so existiert ein Element zCe, das nicht auf folgende Weise dargestellt 
werden kann: 

g= ate, xCAn, 2’ CA. 


Beweis. Die Menge A, ist abgeschlossen in K. Wenn daher ac A, 
ist, so gibt es unter den Umgebungen von a der Gestalt a+4a, («C D), 
welche ein vollstaindiges Umgebungssystem von a bilden, eine solche, die 
mu A, fremd ist. Setzen wir dann a’ = ae, so ergibt sich, daf 
a+ = (a+ia)e— zu A, = Ana fremd ist. Sei nun B, die Menge 
der Elemente der Gestalt +z, xC An, zC4. Offenkundig ist B, eine 
offene Menge und a’ gehért nicht zu B,. Da K zusammenhangend ist, 
existiert also mindestens ein Randpunkt von B,. Sei 6 ein solcher Punkt 
und moge die Folge ax+-zx (ax An, 2x4) gegen b konvergieren. Die 
zx haben mindestens einen Haufungspunkt ¢ und die 2; daher den Haufungs- 
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punkt = b—z. Wegen xC An, b= a-+e kann z nicht zu 4 gehéren, 
als Haufungspunkt der Punkte z C4 gehért es aber zu 4; folglich ist 
zCe. Wenn sich nun z in folgender Form darstellen lieBe: 2 = 2+’, 
a’ C An, 2 CA, so ergibe sich: b = a+a'+2 = a"'+2, x’ CAn. Dam 
miBte aber b zu By gehéren, was unmdglich ist. Folglich geniigt z allen 
Bedingungen des Hilfssatzes. 

Hinrssatz XXXIII. Es existiert eine linear unabhiingige endliche Basis 


~ 


(1) HY, Ley -°%) Lm 


des Kirpers K beziiglich D, d.h. gedes Element von K kann auf eine und 


nur eine Weise in der Form 
me 


(2) zz 0; Xi (a; D) 
i=1 
dargestellt werden. 
Beweis. Sei x, = e. Nehmen wir an, wir hitten bereits in K ein 
System , 
(3) Us Hay se, Uy 


von beziiglich D linear unabhangigen Elementen derart, daB a; Co und 
aj—ajqc 4 fir i+7. Entweder fallt die Menge aller Elemente der Form 


(4) aur  (aCD) 
i=1 


bereits mit K zusammen, oder man kann das System nach Hilfssatz XXXII 
zu einem System 2, X2, -++, Zn, Ln41 erweitern, das denselben Bedingungen 
geniigt. Auf Grund der Kompaktheit von @ und wegen Hilfssatz XX er- 
kennt man, da8 diese Erweiterung des Systems (3) nicht endlos fortgesetzt 
werden kann, und folglich gelangen wir schlieBlich zu einem System (1), 
welches eine linear unabhingige Basis von K beziiglich D bildet. 


Der Hilfssatz XXXIITI bedeutet, daB K isomorph ist mit einer Divisions- 
algebra im Kérper der reellen Zahlen im Sinne von Dickson. In diesem 
Falle mu& K mit.einem der drei in Satz I angegebenen Kérper isomorph 
sein, was zuerst Frobenius bewiesen hat®. Ein Beweis dieses Satzes, der 
nicht den komplizierten Hilfsapparat von Frobenius benutzt, findet sich in 
dem Buche ,,Algebren und ihre Zahlentheorien“ von Dickson (deutsche Aus- 
gabe S. 4¢ Satz V). 


® Journal fiir reine und angewandte Mathematik, Bd. 84. 





ZUR BEGRUNDUNG DER PROJEKTIVEN GEOMETRIE:.' 


Von A. Ko~mMoagororr 1n Moskau. 


Wir wollen hier auf eine interessante Anwendung des Pontrjaginschen 
Satzes iiber die stetigen algebraischen Kérper*® hinweisen. Bekanntlich 
erhailt man, wenn man bei der Begriindung der projektiven Geometrie nur 
die (dreidimensionalen) Verkniipfungsaxiome annimmt, eine grofe Menge 
von méglichen Raumtypen. Diese. verschiedenen Typen von projektiven 
Raumen entsprechen den verschiedenen Typen der abstrakten algebraischen 
Koérper; in der Tat, in jedem projektiven Raume kann man bekanntlich 
(auf Grund des Desargueschen Satzes) eine Streckenrechnung einfihren, 
und dabei ist der so entstandene (im allgemeinen nichtkommutative) 
Streckenkérper bis auf einen Isomorphismus eindeutig durch den gegebenen 
Raum definiert; umgekehrt, wenn ein abstrakter algebraischer Ké6rper 
gegeben ist, kann man einen und nur einen ihm entsprechenden Typus von 
projektiven Raiumen konstruieren. 

Um die gewoéhnliche reelle projektive Geometrie zu charakterisieren, 
mufte man nach der klassischen Methode zwei neue Gruppen von Axiomen 
einfiihren, nimlich die Anordnungsaxiome und die Stetigkeitsaxiome. Erst 
danach konnte man durch Hinzufiigung von komplexen Elementen die 
komplexe projektive Geometrie begriinden. Jetzt aber gibt uns die abstrakte 
Topologie die Méglichkeit, Stetigkeitseigenschaften unabhangig von der 
Anordnung aufzufassen und folglich ohne die Anordnungsaxiome, welche 
nur fiir die reelle Geometrie gelten, die komplexe Geometrie in direkter 
Weise axiomatisch zu begriinden. Im folgenden soll ein solcher direkter 
Weg angegeben werden. 

Es seien drei Systeme von Elementen gegeben, welche als Punkte, 
Geraden und Ebenen bezeichnet werden und folgenden Bedingungen geniigen : 

I, Jedes von diesen drei Systemen bildet einen topologischen, zusammen- 

hangenden, bikompakten Raum. 
Il. Die Punkte, Geraden und Ebenen geniigen den gewodhnlichen projektiven 
Verkniipfungsaxiomen. 

III. Die Verkniipfungsrelationen sind stetig: die durch zwei Punkte gehende 
Gerade ist eine stetige Funktion von diesen Punkten (wenn diese 
Punkte nicht zusammenfallen) usw. 





"Received May 26, 19381. 
*Siehe die vorstehende Arbeit von Pontrjagin. 
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Wenn man in einem I.—III. geniigenden projektiven Raume auf einer 
Geraden drei beliebige (nicht zusammenfallende) Punkte als Null-, Eins- 
und Unendlichkeitspunkte wahlt und die entsprechende Streckenrechnung 
definiert, so werden in dem so entstandenen Streckenkérper, wie man leicht 
beweist, alle Forderungen des Pontrjaginschen Satzes befriedigt. Folglich 
ist dieser Streckenkérper entweder dem Kérper der reellen, oder dem 
Koérper der komplexen Zahlen, oder dem Quaternionenkérper isomorph. 
Folglich existieren nur drei verschiedene Typen von Réiumen, welche den 
Forderungen I.—III. geniigen, namlich der gewéhnliche reelle projektive 
Raum, der komplexe projektive Raum und der Raum, welchen man mit 
Hilfe der homogenen Koordinaten aus dem Quaternionenkérper konstruiert. 

Die letzte Méglichkeit wird ausgeschlossen, wenn man den Pascalschen 
Satz (und folglich die Kommutativitét der Multiplikation) als ein neues 
Axiom annimmt. Schlieflich wird die komplexe Geometrie durch das 
Vollstandigkeitsaxiom ausgezeichnet. 








ON THE RESULTANT OF THREE DOUBLE 
BINARY FORMS.! 


By Neat H. McCoy.? 


The primary purpose of this note is to give a determinantal expression 
for the resultant of three double binary forms. By using certain covariants 
which vanish for the common solutions of the forms equated to zero, 
Moore® has obtained the resultant in the form of a determinant for a limited 
range of cases. We shall here give a short discussion of the resultant 
from the standpoint used by Kénig* and then express the resultant in the 
general case as the quotient of a determinant by a power of a single 
coefficient of one of the forms. 

1. Definition and properties of the resultant. Let us consider 
the three general double binary forms; 


(1) fa (a1, H23 Yrs Yo), Gnu (1, He; Yr, Y2), Np, (21, Xe; Yr, Ys); 


where by the notation fm,i(%1, 2%; Y:, Ys) We mean a polynomial of degree 
m in the variables x,, 22; of degree 4 in the variables y,, y,; and homo- 
geneous in each set of variables. We assume that each of the numbers 
m, 4, n, #, p, v, is greater than zero. We shall also denote the forms 
(1) simply by jf, g and h respectively. 

It will be convenient to have a notation for the non-homogeneous poly- 
nomials obtained from (1) by placing v2 = y,=—1, 4 =z, y%=y, in 
each form. Let us denote these non-homogeneous polynomials by f’, g’, h’. 

In the forms (1), we assign the weight unity to 2, and then give each 
coefficient of the forms a weight equal to the weight of the power product 
of which it is the coefficient. This weight we shall call the weight of the 
coefficient with regard to x. In like manner we assign the weight unity 
to yz and define the weight of each coefficient with regard to y. 

We have now the following fundamental theorem. 

THEOREM 1. There exists one and only one polynomial® in the coefficients 
of the general forms (1), which we denote by R, with the following properties: 


‘ Received January 12, and August 21, 1931. -— Presented to the American Mathematical 
Society, Feb. 28, 1931. 

* National Research Fellow. 

*T. W. Moore, Extended results in elimination, these Annals, vol. 30 (1928) pp. 92-100. 

‘J. Kénig, Hinleitung in die allgemeine Theorie der algebraischen Gripen, B. G. Teubner, 
Leipzig, 1903. 

* By this we mean that if R, and R, are two polynomials with these properties, then 
R, = c Ry, where ¢ is a numerical constant independent of the coefficients of the forms. 
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+h) . (a) R = 0 (mod. 7’, 9’, h’).° 

(b) R is an irreducible function of the coefficients. 

(c) R is homogeneous in the coefficients of each form separately, of degree 

nv-+ppe in the coefficients of f, of degree mv-+ pd in the coefficients 

t of g and of degree mu+nd in the coefficients of h. 

¢ (d) R is isobaric of weight mny-+-mpy-+npd with regard to x and isobaric 

ie of weight mvyp+nvi+pip with regard to y. 

H This polynomial, R, whose existence is asserted in this theorem is 
defined to be the resultant of the general forms (1). We thus define the 
resultant only to within a constant factor which for most purposes is of 

no consequence. 

In a paper as yet unpublished the author has proved a theorem corre- 

sponding to Theorem 1 for the resultant of a system of forms homogeneous 

in any number of sets of variables, there being an arbitrary number of 
variables in each set.” We shall in this note merely outline the method 
of proof for the special case considered here. The theorem follows by 
some fairly simple modifications of the classical discussion of the resultant 
of a system of forms in one set of variables given by Kénig.® 
Let S,(y) be the ordinary resultant of /’ and g’ considered as polynomials 

in x; and S,(y) the resultant of /’ and h’ also considered as polynomials 
in x. Then by a known property of such resultants (Konig, p. 271), we 
have 

S, (y) = 0 (mod. f’, 9); 
and 

Ss(y) = 0 (mod. f’, i’). 


If now we let S denote the resultant of S,(y) and S3(y), we get 


S=0 (mod. 8, (y), Ss(y)), 
that is 
(2) S=o0 (mod./’, 9’, W’). 


We now state a lemma whose proof follows as in Kénig, pp. 267, 272. 


° That is, R can be expressed in the form, 
R=Qif'+oog' + 9sh’, 


where 91, f2, Ys, are polynomials in x and y. 

7For a statement without proof of the degrees and weights of such a resultant see 
: Sylvester, On the degree and weight of the resultant of a multipartite system of equations, 
Bhp Proceedings of the Royal Society of London, vol. 12 (1862-63), pp. 674-676; Mathematical 
| bes Papers, 2, pp. 329-330. 
3 





8 Loc. cit. 
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Lemma. Jf there exists a polynomial, Ww, in the coefficients of f,q,h. 


such that 
w =0 (mod. /’, 9’, h’), 


then there exists one and only one irreducible polynomial, R, with the same 
property and wW is divisible by R. Also R is homogeneous in the coefficients 
of each form and isobaric with regard to both x and y. 

This lemma together with relation (2) establishes the existence and 
uniqueness of the resultant and parts (a) and (b) of the theorem. There 
remains then only the parts (c) and (d) concerning the degrees and weights. 
It may now be shown by a detailed but fairly simple extension of the 
method used by Konig (pp. 276-284) that the resultant contains the term, 


(3) aN te pe pe 


with at most a coefficient independent of the coefficients of the given 
forms. Here a is the coefficient of 2” y/ in f, R, is the ordinary resultant 
of (g')e-o and (h’)z—o, and R, is the resultant of (g’)y—o and (h’)y—o. 
A calculation of the degrees and weights of this term gives the values 
stated in parts (c) and (d) of our theorem. There is no difficulty in the 
case of the degrees. Let us calculate, for example, the weight with regard 
to z. The coefficient a is of weight zero. Each term of (g’)z~o is of 
weight » and each term of (h’)r=o is of weight p with regard to x. 
Hence R, is of weight nvy-+py and Ri is of weight m(nvy+pp). Now 
R, is of the same weight with regard to x as weights are ordinarily as- 
signed in the case of binary forms and hence Ri is of weight npé with 
regard to x. Thus the term (3) is of weight mnv+mpy+npé/ with 
regard to xz. A similar calculation shows that the weight with regard 
to y is also that required by the theorem. This completes the proof of 
the theorem. 

2. The resultant in determinant form. Let us use the homogeneous 


ee 


forms (1) and suppose the notation so arranged that 4 > 2v. We 
consider the following set of. equations: 


(r, = 0,1, ---, n+p—1) 


Yr, ,wrp—r,—1 | 8 —s,—1 sans 
x, Ty Y Yo : tI 0 (s; = Gi, nics p—1), 
at's MtP—ra—1 8,  A—s,—1 a (r. = 0,1, ---, m-+p—1) 
(4) 20,° a aoe = 0 (so = 0,1, ---, A—1), 
r, .min—r,—1 8 A+ u—v—s | cl) (rs —— 0,1, sey m-+n—I) . 
Ly Ly > UY Yo salt 0 (ss = 0,1, ---, At+~—v—1). 


We have here w(n-+p) equations arising from /, 2(m-+-p) from g and 
(m+n) (A+-—yv) from h. These equations involve a total of (4+ ) 
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hi ‘Be ae (m-++n-+>p) unknowns which are the various power products of the variables 

aR i of degree m-+n-+p—1 in 2, 2; and of degree 4+-~—1 in m, ys. There 

A are thus n(u—v)-+m(4A—v) more equations than unknowns. We shall 
now prove the following theorem. 

4 THEOREM 2. Omit from the set of equations (4) the n(w—v) equations 

f of the first set where both r, = p and 5 = v, and the m(A—yv) of the 

second where both rz > p and sz = v; and denote by D the determinant 





of the coefficients of the unknowns in the remaining equations. If c denotes 
the coefficient of «a? y¥ in h and R is the resultant of the three general 
JSorms (1), then 

(5) R= (1 / cv mid—y) D. 


We show first that D does not vanish for general forms. For this 
purpose consider the special forms, 


f=py, g=ayftsy, k= apy. 


Each column of D is designated by a power product of degree m+-n-+ p—1 
in 2%, %; and of degree 4++m—1 in y%, ye. In each row of D arising 
from h we have one and only one element different from zero and it is 
unity. Hence we strike out the rows of D arising from h and the columns 
of D denoted by the power products which occur here with coefficients 
not zero, i. e. all those divisible by x? y¥. The remaining determinant still 
has the value +D. Next we strike out the rows arising from f and 
the columns denoted by power products which here have coefficients different 
from zero. These are all the power products not divisible by x? yf but 
Bi divisible 27” y/.° Again our remaining determinant is +D. Finally we 
consider the rows of D arising from g together with the remaining columns 
which are those denoted by power products not divisible by either 2? y’ 
or by 27 y}. A simple calculation shows that this set of power products 
may be written in the form 


+p—a—1 A+u—b—1 
farrier, 
where either 





(6) a<p, b>u—1, 
or 
(7) a>n+p—1, bd<». 


: Let denote this set of power products. The power products arising 
4 from g may be written in one of the forms, 


*That each row of D arising from f has a non-zero element among this set of 
columns is clear from the fact that the multipliers of f divisible by x? y¥ are excluded in 
the definition of D. 
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ants ater 8 Atu—8,—1 


(8) 4)" Vs 
or , ) ; 
(9) a? retest yf ss y aes, 


where either 72<p or ss<v. For any value of 72, 8, satisfying this 
condition, either (8) or (9), but not both, is contained in the set w. Also 
each one of the set » may be put in either the form (8) or (9). Hence 
there is one and only one element different from zero in each row and 
column of our remaining determinant. Hence for these special forms, 
D= +1 and therefore D +0 for general forms. 

It is readily seen that 


(10) D=0 (mod. fg, X’). 


For let us place zz = ye = 1, 27, = x, y, = y, in the equations (4). Then 
each column of D consists of elements which are coefficients of a given 
power product of x and y, of degree not exceeding m-+n-+p—1 in x 
and 4-++~—1 in y. Suppose the last column of D consists of the con- 
stant terms in the equations (4). Multiply each column of D by the power 
product of which its elements are coefficients and add to the last column. 
Each element of the last column is now of one of the types ef”, eg’, eh’, 
where @ is a power product of x and y. We have then the result (10) 
by expanding D in terms of the elements of the last column. 

It follows from the lemma in the previous section that D contains R 
as a factor. Also Dis clearly of degree nv-+ py in the coefficients of //, 
of degree mv -+ pd in the coefficients of g and of degree (m+n) (A+"—vr) 
in the coefficients of h. From Theorem 1 (c), we have that 


(11) D=TR, 


where 7 is a polynomial of degree n(u—v)-+ m(A—y) in the coefficients 
of h alone. We proceed to a determination of 7 by means of the weights 
of D and R. 

Each equation of (4), except those omitted, gives rise to a row of D. 
The weight, with regard to either z or y, of any coefficient in one of 
these equations is less than the weight of the power product of which it 
is the coefficient by an amount equal to the weight of the multiplier of 
the form which gives rise to the equation. Let us consider, for example, 
the equation, 

ef agetn-o-4 ye yxte-o-F-1 h= 0, 


where « and # have definite values. The weights, with regard to «, of 
the coefficients of this equation are uniformly less than the weights of 
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the power products of which they are the coefficients by an amount 
m+n—a—l. 

Let Ax represent the sum of the weights with regard to x of all power 
products of the variables of degree m+ n+p —1 in 2, xg; and of degree 
A+u—1 in y, yz. Also let Lz be the sum of the weights with regard 
to x of the multipliers of / in (4) (omitting those where 7, = p, s, >»); 
M; the sum of the weights with regard to x of the multipliers of g (omitting 
those where 72 = p, 8: =v); and Nz the sum of the weights with regard 
to x of the multipliers of 2. Similarly by means of the subscript y we 
will denote these weights with regard to y. 

Now each term in the expansion of D is a product of elements one and 
only one of which is taken from each row and each column. Hence D 
is isobaric of weight A, — Lz — Mz, — Nz with regard to x and isobaric 
of weight A,— L,— M,— Ny with regard to y. We have 


mt+ntp—l 
Ay = (A+ p) 8, 


s=0 
n-+-p—1 


p-1 
Le = (u—r) 2 (nt p—n—i+y , (n+p —"—1), 


r= 


p—1 m+p—1 
My, = (A—yvr) = (m+p—re—1)+¥ > (m-+-p—72—1), 
r,=0 r,=0 


mtn—l 


Ne = (A+ p—y?r) bs (m+n —r3—1). 
r,=0 
These are easily reduced to the forms, 
Ay = (4+) (m+n+p—1)(m+n+p), 
Le = tp(u—v)2n+p—1)+hr(n+p) (n+p —)), 
Mz= 4 p(4—v)(2m+p—1)+4(m+p)(m+p—1), 
Nx = $ (4+ —v)(m+n—1) (m+n). 
It follows that 
Ay— Lz— Mz— Nz = mnv-+mpp+npi. 
A similar calculation shows that 


Ay — Ly— My— Ny = mrp+nvitpiu. 


We have then by Theorem 1 (d) that D is of the same weight as R and 
hence 7' in (11) must be of weight zero with regard to both x and y. 
But the only coefficient of h of weight zero with regard to both x and y 
is c, the coefficient of x? y¥, and thus 7 must be a power of c. From 
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the consideration of the degrees above it follows that this power is 
n(u — v)-+m(A—v), which completes the proof of the theorem. 

It will be seen that in the special case 4 = w = yr, the expression (5) 
gives R in the form of a determinant without an extraneous factor. This 
is also clear from equations (4) as in this case we have the same number 
of equations as unknowns. Clearly the resultant is unchanged if we inter- 
change x, and y, 22 and yz, in the given forms. Hence if m=—n= p, 
we may also express the resultant as a determinant without extraneous 
factor. 

We have given only one expression for the resultant and in this the 
coefficient of 2? yf in A plays an exceptional part. It is clear that by 
omitting a suitably chosen set of the equations (4) a corresponding ex- 
pression for the resultant may be obtained in which the coefficient of any 
one of the terms, x? y?, xP yz, xP yi, xP yz, in h takes the place of ¢ in 
an expression similar to (5). 
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ON THE COMPOSITION 
OF DEPENDENT ELEMENTARY ERRORS.! 


By Crcrz C. Crate.’ 


1. Introduction. In the mathematical theory of statistics one of the 
standard devices for the representation of a probability or a frequency func- 
tion is to use its development in a series of Hermite polynomials under the 
supposition that the first few terms will give a satisfactory approximation. 
While the use of this series, called the type A series by Charlier, seems 
to be justified by the results in a wide class of cases, its justification on 
mathematical grounds has been very properly subjected to a great deal 
of criticism. The convergence of this and related series has been discussed 
by many investigators, but for the use mentioned above the convergence 
of the series is not of primary importance; rather the question is under 
what conditions a few terms may be expected to give a good approximation 
to the function in question and what improvement will be gained by adding 
one more term to those already used. 

In a memoir of the greatest importance to the mathematical theory of 
statistics, Cramér* has studied the type A series and another related to 
it from this point of view and has given results of the kind that had 
hitherto been lacking. As the title of his paper indicates, he considers 
the probability variable x, as the sum of m independent equal probability 
variables, 2,, 22,---, Zn, and he shows that, under certain quite general 
conditions on the probability functions of the component variables, the 
representations of the probability and frequency functions of x, by means 
of either the type A series or a related series devised by him actually 
have asymptotic properties with respect to n. 

It has long been known that under very general conditions the pro- 
bability function of x, approaches the normal probability function as 
increases indefinitely. Certain Russian mathematicians, notably Markoff 


‘Received March 30, 1931. 

? National Research Fellow. 

*Cramér, H., On the Composition of Elementary Errors, First Paper; Skandinavisk 
Aktuarietidskrift (1928), pp. 18-74. Also see by the same author: Das Gesetz von Gauss und 
die Theorie des Risikos; ibid. (1923), pp. 209-237; On the Composition of Elementary Errors, 
Second Paper; ibid. (1928), pp. 141-180; On the Mathematical Theory of Risk, Férsikrings- 
aktiebolaget Skandias Festskrift 1930 (Centraltryckeriet, Stockholm, 1930), pp. 7-84. 

Unless otherwise noted all references to Cramér’s work will be to the first paper listed 
above. 
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and Bernstein* have shown that the condition that the component variables 
be independent can to a very considerable extent be removed. Bernstein 
in the two papers cited above has given very important general results 
in this connection. 

It is natural to ask to what extent the independence condition imposed 
by Cramér on the component variables can be removed without doing away 
with the asymptotic property of the type A series shown by him to exist. 
The present paper by a combination of the methods of Cramér and Bern- 
stein shows that the independence condition can be replaced by conditions 
analogous to those imposed by Bernstein in the papers cited. 

2. Preliminary considerations and notation. We shall in this 
paper in general follow the conventions and notation used by Cramér. 
Thus we shall call V (¢) the probability function of z if for every real ¢, 
V(t) is equal to the probability that z is less than ¢ plus half the 
probability that z has exactly the value ¢. Then V(t) is a never decreasing 
function of ¢ with V(—o)—0O and V(o)=—1. For all values of ¢, 


V(t) = 4[V(t—0)+V(t+0)]. 


In case a finite derivative of V(¢) exists for all values of ¢, V’(¢) will be 
called the frequency function of t; the probability that z falls in the 
infinitesimal interval (¢, ¢-+d#) is then V’ (t) dt. Thus the normal probability 
Junction is defined by the equation, 


06) = A [" etna 
V2x eJ —0 
and the normal frequency function by, 


(a= 0 =e, 


The moments, “ordinary” and “absolute” of the probability function 
V(t) are defined by ; 


200 
ay, =[- td V(t), b= { \t”"adV(t), »=0,1,2,---, 
_ ees 


respectively, the right members being Stieltjes integrals. As a rule we 
Shall consider probability functions for which it is assumed that only 








‘Bernstein, S., Sur l’extension du théoréme limite du calcul des probabilités aux sommes 
de quantités dépendantes, Math. Annalen, vol. 97 (1927), pp. 1-59; Sur les sommes de 
quantités dépendantes, Bulletin de l’Académie des Sciences de l’USSR (1926), pp. 1459-1478. 
See these two papers for references to Markoff’s work. 

Unless otherwise mentioned all references to Bernstein’s work will be to the first 
paper listed. 
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a fmite number of moments exist. The variance (the square of the standard 
deviation) of z is 


Cle @) 
[Leeper = aa. 
Also the quantities o,, defined by, 
ay 
ey = ie 

play a very important part in the sequel. 

We shall make considerable use of the semi-invariants of Thiele. For 
the semi-invariants 7, of the probability function V(¢) with the moments «,, 
we have the defining identity, 


with respect to « which is to be regarded as purely formal. 

For the probability function W,(x) of the sum a, = 2, +2+---+2n, 
we shall use the special notations u,, 8,, and 4, for the moments and 
semi-invariants of x, respectively. For the variance of W,(x) we have 
the special symbol o*. Thus 

a = w,— ee. 

We also set, 

Fy, (x) = W, (ox), 


in which F, (x) is a normalized probability function if we choose the origin 
for each z at the mean which entails no loss in generality, since then 
F, (x) satisfies the two conditions, 


Clee] ww 
a xd F, (x) = Q, f x? d Fy (x) = 1. 


The adjuncts of the functions V(x), Wn(x), and F,(a) are complex func- 
tions which are defined for all real values of ¢ by, 


Cire] 
v(t) = i et d V(x), w(t) = € et qd Wi, (x), 
lee] 
fut) = [et dF). 
The type A series for F,(x) is formally, 


Fy(x) = O(@) + sr OMe) + OV (a) + ---, 
in which, 


(1) Cy = (—1)” | i H, (x) d Fy(x), 
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where H,(x) is the »-th Hermite polynomial defined by, 


. a ae sate 

qa e = (— 1)" H,(a)e . 
(Since F(x) is a normalized probability function, c, = c, = 0). If it be 
assumed that the frequency function F;,(x) exists, by formal differentiation 
we get, 


Fue) = 9@)+ sy 9M @+ FON @) +++. 


This is the development called by Charlier the type A series. 

We shall denote by & the greatest index for which the moments a, and 4, 
are assumed te be finite. With regard to k we shall, with Cramér, adopt 
the following conventions: 

The letter @ will be used as a general symbol for a quantity, real or 
complex, which is always less in absolute value than a constant depending 
only on k. 

The letter 4 will always denote a quantity which is less in absolute 
value than a constant depending only on & and the given function V. 

For a fuller discussion of these and other preliminary considerations in 
the case of equal independent component variables see Cramér.’ 

In the present investigation we suppose that x, = 2,+22.+---+2n is 
the sum of m dependent variables with the »-way probability function 
V(é,, 22, +++, 2n). We assume for our developments that the component 
variables, 2,, 22, --+, Zn are equal, that is, that V(z,, 22, ---, 2n) is symmetrical 
in the z's. It will be evident at the conclusion that the results obtained 
can be extended to the case of unequal component variables under conditions 
analogous to those indicated by Cramér for a similar extension in the case 
of independent components®. Then z taken apart from 2%, 22, ---, 2-1, 
Zita, +++, Zn has a probability function which we shall denote by V(¢), with 
the moments @,, 8,, the semi-invariants y,, etc.: That is, V(¢) expresses 
the probability that z is less than ¢ plus half the probability that 2 is 
exactly equal to ¢ for the totality of sets of values of 2; , 22, +++, 2i—1, Zi+1, +") 2m 
with which it may occur. In extension of the terminology used in the 
case of two dependent variables, V(t) is called the marginal probability 
function of z; and «,, £,, 7», ete., the marginal moments, semi-invariants, ete. 

Now let V;(zi) be the probability function of 2; after values of 2, 22, ---, Zi—1 
have been observed. Then V;(z;) is a function of 2, 22, --+, 2-1, as well 
as of 2; (though in a somewhat different sense), and so are its moments 


* Loe. cit., pp. 13-38. 
® Loe. cit., pp. 69-72. 
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and semi-invariants. These moments and semi-invariants, according to the 
sets of values of z;, 22, ---, 2-1 Which previously occur, fluctuate about the 
values a,, 8y, and yy. Let us suppose that this fluctuation of «®, defined by, 


[ee] 
ao =|" Pav, 


never exceeds ay in absolute value where a, ‘is independent of 7. Also 
let the corresponding fluctuation of 8® given by, 


aco 
a =f" \trav, 


never exceed 6, in absolute value where b, is also independent of i. 
Finally let cy be the greater of the two quantities, a,» and b,. 

3. Concerning the expansion of /,(/) and log f,(t). Now we 
shall consider the expansion of the adjunct w,(t/o) = fy(t). We have, 


00,+ ++, 00 ~it S,, 
Fn (tb) = "aU, ta Zn) e ae 


’ 


the integral being an n-tuple Stieltjes integral. Then by the above 


20,+ ++, 00 ~it"S's, 20 nthe. 
Sn(b) =. dV (2, 22, lh atid 2n—1) € 6 1 [E, @Vnlen) e ¢ 


a a a —i— Sz 
= aV(a,-:-, Zn—1) e i s. 


eJ —00,--+-, —00 


[1 ‘ pe (cr +97" cr) Ld ay 4g Gute” a) ( + "| 
\ “6 o 


— k! 


(\9-?| 51, r =1,2,---,k, and |9|<1. In the sequel 9, with or 
without superscripts and subscripts, will be used as a general symbol for 
a quantity, real or complex, of absolute value < 1.) 


= nol +E (4) +048 (8) 





/ 


n—1 


k—1 00.+++.00 F 
C : oar ots ~~ “te ay 
+2 mio ‘. dV(a,---, Zn) Fy a ceed 
! —0,+-., —00 
¢*—! 
ce [t\® [Pr - 2% 
+O are sagen 
a oO —00, ++-,—00 


(Since we have taken the origin for each z; at the mean, the first order 
terms in the expansion of the adjunct f,(¢) must vanish since the mean 
of a sum is the sum of the means.) ' 
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\ ay ° By, [| t \* 
= nsf sit) +08 (Oh 
k-1 
n— or t 
Fores Cetra a (sy 
Then by use of this recursion formula we get, 
@) ful) = al + al) LO, 
in which, 


| n,(t) = [: rf (—i£)'+ 04 (£)"] “age [- ()[" 


and 


wo Fors itfeo a (sy 
We know that, 
(3) — logata(t) = —9 £45 se (it) s 000 (£)": 
Then since, . 


(4) log fn(t) = log a(t) +log|1 + a 


we must consider the expansion of 


log [1 +5 voll) | = log(1 +0), 


1 Wyty ( t) 








and for this purpose we need |{|<1. 
Now for ¢ confined to a finite interval |7,(¢)| has a lower limit >0. 
In fact, 








and thus, 





if a. 7 ite! For 0<2<1, 


log (1 — 2) > —*#— 9G =a) , 


\ Canis i, on cit., p. 46, equation (45). 
5 Of. Crnmnée, H., Das Gesetz von Gauss, etc., cited above, Art. 4. 
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which gives in our case, 








> t! 

log |v ()| > wee ai, 
isl” 2 — f#\ ° 
4(1—2, 2 


Now let « = V na, Bi"; then, 
| \ 2/3 3 8 \ 2/8 
f ~ Bs | ¢\* Tao 05 | ¢| 
Beg S\ at | \nitag 
9 
since 
Bs” og 1/3 a < A 9 
ce eee Serr es 
Thus if we take 


tl< 1 V ni 
q Q3 
with q>1, we have 
ee ee 
2 Oo ~ ig 


(As we shall finally see, we can take g = V2). With this assumption 
on the range of ¢, 

















we |o(t)|> =e" —_ gt ernie 
6 } oO! | r. 2c 4 (q?— 1) o ni? 78 
> At q it? 
, Oy 4(q?—1) m2 768 ’ 
and thus, 
| | _ Bott q o3/t|* 
{i)| no as 
"VG 3 
This gives finally 
” npat™ __4 efit" 
2%" 2 f= 
(5) | ln (t) a é ad 4(q 1) | nv ny , 


Vx 
for |t|< 2. ae, 
q Vs 





It is also to be observed that |,(¢)| > |a,(t)) for 


von. 
Next, we can write 


(6) > w,(t) = (n—1) > d, 4 (— i 1) 24 ae 


o 


* Cramér, H., loc. cit. Art. 15, Lemma 1. 
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Let us suppose that 7 < @” in which O<@<1. Then 
‘ 








r @ Bik t r 
9, Cr or < Gee ; k = ) 
Then for 
hie = Vam —~1V 1 
q Ck oan Os 
we have 


SY ot 
o qr ‘ 


Thus we can write for ¢ confined to this narrower interval 


S y-(0| < @—n x4 (eal of lH) (a —1)(e— »(" ey 


Finally it will therefore be sufficient to have 





(7) 





(n —1) w? 














—-s 
My (t) a, 
From (5) for \t}<ot 2 Vn, 
Qq & 
1 1 
~ +A - 
(8) | 7 (t)| >e "le 49° (q csi —_ e%, 
n 
Then on setting #<(n—1)-"2e 2” we have 
BUR 2 
(9) |f|<(e—2) ——] <08<1. 
Thus we can expand log jf, (¢) in powers of ¢ under the conditions 
1. |t|< at rs: 2 * vith g>1, 
n. 
2. 2 < in which o<(n—1)-2e 2”, , 


= 
(As it will be seen below we shall finally take for » the smaller value, 


On = (n— 1)—12 eX F 
The formal expansion of /,(#) in powers of <. gives, as coefficients of 


the various powers, the moments of F,(x). The expansion of the first 
term on the right in (2) we know. The second member can be written, 
13 
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, k—1 . 3 
, ~ & it. oe eee 
' m—0)] arn (~i-5) nears) | 
so that for our expansion we have, 


In) 1 > Lee tI (nN a] (i=) + I Be+F' (n—1) ce (4) 


r! — o k! o 





in which each #, is now real since in the exact expansion of /,(¢) the 
coefficient of each power of 7¢ would be real. Therefore each “ordinary” 
moment of order r, ry = 2,3,---,k—1, of the sum a = 4+22+---+2Z, 
of our components with limited dependence differs by no more than 
(n—1)c, from the corresponding moment in case the components were 
independent. 


If log fn(é) is formally expanded in powers of < the coefficients give 
the semi-invariants of F,(x). Referring to (4) we see that we need the 
expansion of log (1+) in powers of =. For small enough values of ¢ 


we have already seen that this expression is convergent. And by the 
preceding paragraph in the same way that, 


log 7» (t) = log [i+ (12) + (-i4)'4. : |, 
also 
log (1+) = log|1 + (n—1) & (— 4) +5,m— S (—i-4)'4..-]. 


But since we have taken as hypothesis, 


(n—-1) ¢ < (n—1) @" £, << e-™%: w B, < w"—? 8, 
we can write, 


(10) log (1-4) = log [i+ “fs (—i+)'+ bo (—i4)'4...]. 





k 
Then from the known expansion of log [: +> = (—£)'],» in powers 
2 ! 


t . . . . 
of i the sought expansion is readily written out. In fact, we have 


For the general term of this expansion see Frisch, R., Sur les semi-invariants et 
moments employés dans l’étude des distributions statistiques; Skrifter utgitt av det Norske 
Videnskaps-Akademi i Oslo, II. Hist.-Filos. Klasse (1926), No. 3, p. 20; or the author, An 
Application of Thiele’s Semi-invariants to the Sampling Problem; Metron; Vol. VII, No. 4 
(1928); p. 12. 
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(since in the case of independent components any semi-invariant of their 
sum is the sum of the corresponding semi-invariants of the components),"! 


ho = Nyot 2 Bo, 
ds = Ny¥s+93@ Bs, 
A = nrst Soo" Aa— 398 


he = nro ha 18% to or Bata —10 Sa + 0 9 


(up to and including 4,). 
Taking 4,, for example, we have 


he = (n og + He w* Bs) —15 (nay Got Ay So w” 8 Bo) — 10(na3;+% w” B:) 
+30 (ne2+ 98 a) 


ses n|(o+ 2 w! fr) —15 (c. ty + A w* By 6] 





softs Ba 00 [ets 2) 





Swot) +158, A (1+ 87 a) 


~nsfaf+2 


+1083 (1+ +3083 (1 +%)| 











= gn (1+ we) 
and, in general, similarly, 
hs et n(1+—") Br, oY oe 
Let us set 
1+ = _ y = 2,3,---,k. 





Then from the example of the calculation in the case of 4, it is seen that 
the 6 in ys = 08,” is the same as the 6 in 44 = énmeBy. Thus we 
get, 44 = nagye, and generally, 


(11) A, = nney,,; y= 2,3,---,k. 


Vv 


4, Further developments. After these preliminaries, it now only 
remains to be shown that the lines of development followed by Cramér 


Mt Thiele, 1 T. N,, Theory of Observations, (C. & E. Layton, London, 1903), p. 39. Or see 
Cramér, H., loc. cit. Art. 15, Lemma 3. 
"8 Orsante, H., loc. cit., Art. 15, Lemma 2. 
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in the case of independent components can also be followed in the case 
of components of limited dependence as above specified. It will not be 
necessary to go into details whenever they are the same as or quite 
analogous to those in the case of independent components; it will be 
sufficient to make clear what the developments of Cramér’s articles 15-22 
become in the present case. For that purpose it will perhaps be best to 
follow the same scheme of nine lemmas and three resulting theorems given 
there. 

Lemma 1. We have Bi < Bx”? < B® <--- < BE. 

It is only necessary to observe that this is true of the “absolute moments” 
of any probability function. 

LEMMA 2. For v = 2,3,--:,k, 18 vy = Ofy. 


Lemma 3. For v = 2, 3, +, k, isdy = nay, in which 1 ——- Ses 1+7 : 


This has just been shown in the section immediately preceding. 
The symbolical polynomial P,(®) is defined by the formal identity in ¢, 


k—2) @)’t? " 


pk :. DER k—2 
(12) et Foi — 14> P,(O) H+ NHI4..., 
2 


v+2 = 


in which after expansion every power ®/ is replaced by the derivative 0," 
Lemma 4. If we put according to (12), 


P,(0) = D Hy; 0+ (a), 
j=1 


we have for vy = 1,2,---,k—2, 


in which py is defined as the least upper bound of 1, %2, 13, +++, Mk. 
Using the modified form of Lemma 3 as given above, the proof is other- 
wise exactly the same as in the case of the corresponding lemma for 
independent components. 
LemMA 5. For t>0, we have 


k 
2 f(t) = 14+ > = (it)”+ o(*), 


cy being given by (1). 

The proof does not depend on the manner of composition of x. 

The next lemmas which have to do further with the expansion of /,(¢) 
require consideration in more detail. 





'S This is the definition of Cramér’s polynomials P in which he also expands probability 
functions. See Cramér, loc. cit., Arts. 9-11. 
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—(L+1/n)* 
1/6 bi tll 
ae n'®, in which — a+ “Ta ya S = Sa—1 mye? 





Lemma 6. For |t|< 

















k-1 ty ty Ox prt k 8(k—2) 
(13) fal) = 14+. Sr (—i-} + onewe (| OPAC ee) 
3 v3 oO Ug 

(. = As?) i. €., the largest integer in ets). 

We had 

n—1 w (t) 
(4) log fn(t) = — wr 
‘ T y+41(t) 
and it is known that 
v k 
(14) logan (t) = —n-S foe ule *(—i- | +on(—%"_] 14 
o Vn my 
for |t|< oA nv6, And certainly 5. nib < i ns, 
Ok Q Ok PK Ok 

For the second term on the right in (4) we have seen that for 

It}h< — 1 Vin m which is >— ee n® (m>1) and for o<(n—1) ?e"?%, 
q Qk q Qk Pk 
n—1 
Wy (2) | , 
———— | = <= 9. 
o Frat | | 





Thus we can write 


lbg(it+t)= > (HINO 1 gene 





(15) 1s j<k2 J 
(—1)4* 0 By t* 
= 5 CU owt 
1s j<k/2 ) 


by (9). From (7) we see that the series, 


2: (as, 


is a majorant for ¢ and thus we have 


k—1 


= Fa, (is) oF) 
ny Ad By t* 
= 2 %,,(-i5) +0, 


“ Cramér, H., loc. cit., p. 46, equation (45). 
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Setting this in (15) and combining the latter with (14), gives 


k—1 
log fn(t) = pa “(4 4) + (on-+ 0) See 


or 
k—1 


| a i k 
(16) log [e"" fult)] = & <r = (—i<)" + on nt (et ); 





in which i’ < 1+—. (Now we take px, to be the least upper bound 
of 1, 2, %3,°++, Mr; ae 
Then for the “a of ¢ here considered, 
k—1 ee) v 
Ay. t\” 1 es 
2 l-ta) |<" Sarl Va 


t t 
<on(apelel) — = 6 (ox » t)? ——— ei P| | <@, 
N 7g mVn 








and 
Ox 1 t Ok Pk cis 
On <!0n < On! < @, 
| "eg) | n( ee ) | 
Thus 


k—8 Jy, 9(—it)”*? 
y va) 


2 f(t) =e? 8 POD! 4 On (ont). 
Vnn7ye 
But as is apparent from the last few steps the remainder of the proof 
of this lemma is precisely similar to that in the case of independent com- 
Ok Pk 
Cg 
Thus we also arrive, by the way, at 


ponents with the substitution of 





in place of ox. 


(17) loy|<6 (fePe Ck P Ps)" n-V2+is] — Y (2) neve 
7. 


2 
in which M is independent of n. 





LEMMA 7. For |t\< — 
4 \ op 


1 Pk (1 + 1/n)¥* 
G+im® =n, = G—in* 


3 = 
-} Vn in which 





we have 
lfn(t)|< et, 





5 Of. Cramér, H., loc. cit., p. 49. 
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For dependent component variables 


0O,+ ++, 00 00, +++, 00 
Fn (t) |? se i +65, —00 oh = dVin, ve dla Yn) dV (2, res, Zn) 


oO, 9 : 
t 

—i—| Sy— dz, 

tg (2-34) 


xe 
WO, +++,00 yttty QO 

cae eae tee AVY, +++) Yn) AV(%, +++, 2n—1) 

it 
—t3 > F "5 (Yn—%y) 

at = (3 sil zh i dValyn)dValenbe ° 

++, 

(18) <P as dV Gy ta) 


t ;n—1 n—1 
—iZ| Su- 2% ” t? 
<e =| 1 1 et ” 2) 


(a+ 9 * il” 
"7 = |fa(ol[1— 44 at; 4 wy 





(n—1) , e,4 oo ltt 
— Fy Ca + 3 3 3 
Repetition gives, 
19 t t<politS Urb) | 
(19) fn (Ol? < Pn a 
in which, 4 
Py (2) = [1 die o ae = Ay" | ua ? 
and, ee 
Uy (t) — IY c2 Po c++ 4 9? oy a 
Now 


P, (t) > Pr(d), n>Y, 


and P, (¢) has a lower bound > 0 for ¢ confined to a finite interval. In 
fact 


t? n 
and by the same sarge previously used, 


np q es itl 
Pr()>e am a(q?-1) Vana, — ¢ Xe, (q>1), 


ia 


‘6 Cf. Cramér, loc. cit.. Art. 17. 
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We can write 
2! : t? 4. t8 
2 U, (#) == (n —1) [- Vs Cy PI + 3 Fs Cy 5]. 
Let us set, 


n—1 U, (t) = 
+2 pg 7” 


since from (18) it must be positive. Since for any x>0, 


logz < «—1, 


we get 
21 < om—1|[—9.054+ 45.05] em 
ogt < F(n— M2 C2 8 3 138 O83 
t? 4 t° 
non — 9: Bsa +g Ibs, 
if 


w?(n—1)e"™ <1, 


Thus if we choose for » a value < w,< (n—1)—%e"" and if 





Nise 
ie = nm? we have 
q 03 
~tit = +2 Be La 
t<e 2 (38 le 
And since we know that, 
| —ng, £4 Sing Jf 
res ST ee 
we have on multiplication, 
-fati.figw _f,32385 8 
(20) \fn()| < e rea (ty) es —¢? '* Van 


within this interval for ¢, in which the definition of 73 is obvious. 
Finally taking g < 4, we have concerning the range of ¢, 


1 m3 Vn I Vn 
a S 
4 07, Pi; 7 Qs 








? 


if now px be taken as the least upper bound of 1, 72, 73, 73, +--+, 1x, k- 
And for ¢ within the narrower interval 


_4 eini*|t] 2 
3 Van 3 
which completes the proof of the lemma in question. 


1 





‘7 Cramér, H., loc. cit., Art. 17. 
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If we define with Cramér,'® 
k—1 


Qn(2) = Frlx)—O@)— Yo (a), 
3 H 
and 
k-1 


gn (t) = fu(t)—e*— Di ty et, 


and introduce integrals of generalized order defined as follows: “The integral 
of order » >0O of a function g(x) will be defined by the equation 


I g(x) = Fey ry (x— t)”— g(t) dt”, 


we have 
LemMA 8. For 0<w=<k—1, we have 


ad 1 - fe 
I Qn (x) = on ce Gi iy gn(t) dt. 


The proof of this lemma does not depend on the manner of composition of x. 
LemMA 9. For 0<m<k—1, we have 


21) 1 uta) = RI om fu oat] +0 (82) nae 


1 t (; pw+1 
+(-3)'ve a ) 


oD 


(R [x] = real part of z). 
The terms containing the factor 6 have continuous first and second derivatives 
8(k—2) 
with respect to x, both of which are of the form @ (@P | qq 88, 


By Lemma 8, we have, 


{ - itx 
I Qn(x) = +2 [ omen = A, +4A,+4A3+ Aq, 


in which, 
n' /6 
1 ; eae eit 
-4a[f" eens 
1 
a ovat] 
a= A (t)o*t {an()—Jn()} 
q 2 ’ 
5a 
tok etx 19 
4 =P 1 CG port tu) at ’ 
—2_pil/6 
ie ee a q Ox Pr 
= _— H., loc. Ay Art. 18. “4 
nee nile <7( nt for all n >64 ih , q>1). Only a slight modi- 


Sento of tthe aaa is sosnioed for smaller values of n. 
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and 


Ay = = R| Si saes ae Soll) atl 


4 é Dy 


The remainder of the proof is just the same as in the case of independent 


Qk Phe 
70. 


components with everywhere substituted for 7. 


This completes the set of lemmas preliminary to the establishment of 
our theorems on the asymptotic expansions of probability and frequency 
functions in the case of limited dependence. 

5. Theorems on the expansion of probability and frequency 
functions. First of all we give a theorem for the case of k = 3. 

THEOREM I: If V(é,, 22, ++, 2n) ts such that the marginal moment 8, is 


¢ 
finite, and = < oo”, r = 2,3, we have 


By, ~ 





| Fu(2)— © (a) | <3 (22 ) log n 


Vn ’ 
1/8 
in which P< tere , for n>1 and all values of x. 

This result is the analog of Satz 1 of Cramér’s paper, Das Gesetz von 
Gauss, etc., cited above. It is to be noted that in this paper the unit is 
different from that employed in his papers, On the Composition of Elementary 
Errors, and in the present one; to make comparisons one may regard the ¢ 
of the “Das Gesetz” paper as V2 times the ¢ of the later ones. And 
the «* which appears in the first paper is defined by 


8 n Bs @5 





3/2 BB n ? 
for equal components in the present notation. 


Inspection shows that to establish this analog of Satz 1, it is sufficient 
to show first, that 


é 


ET 
2's\ a, 








lfp)| Se Y 
3 — 
for 0<t<3 = Vn. 
8 \ es ps 
But in (20) we have just this inequality for o<t<t = n with 
843 


1<q < 4. If we choose further g < 8/3, we have 


es Lae 
=| — \Vn <= Ve, 
8 \ Os ps = 8 Osps 


and thus the first sufficient condition is satisfied. 
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The second sufficient condition is that 





(22) \falt)|>e 2 2V2'% 


tor 0< on ae nis, 
V2, 2 Os Ps 


In place of (17) we can write 


#00,+++,90 00,-++,00 
Sn) |? = ei on op EV Yty +s Yn—t) AV (2s, +5 Zn) 


n—t 


ae 2S u- ia] Pa 4 9) o) | 


27 —_ f? 
= |fra*[1—4 4] —9f oe S. 
Then by repetition 








n—1 
AO? > Ral [145], 
v-+l1 
in which, 
t? n 
Fn () = (1A) 5 
and 
2 
T, (t) = — #2 & 5 ; (9$ is real). 
We can write 
n—1 #2 
2 Tr () = —m—l hag 
and since 
t?\" 
Rn () = (I-A) » 
we have for |t|< = = Va->-— oe re n6, if q be taken finally < V2, 
2/3 
(n>1), 
R,(t)>@™. 
Then also 


<1 








= T v (t) | 2 e 2nYo 
Pe ET) Bu <|-@—D%e Bs ee 


for @ < w,<(n—1) "ee", Then for values of » < o 


Jn (Ol > Ba (O[1— 9 S|. 











i 
| 

j 
4 

: 
1% 
: 

: 

| 

J 

: 
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Thus " 
2 log | fa ()| > log Hn (t) + log (1— 9 Ay =}. 
ni!6 1 1 
Via V5 een 
nB,t NBst* a 
20° 2V20 





But for 0<t< n/6, we have 





+ jog Rn (1) > — 


And similarly 
tee — KHAst 


a SVE 





1 iogli— 9,4, 1 > 
y log|1— 1b a 


Whence on adding logarithms 
? wh) Bot® 


: nm {i+ = 
fn (t)| >e 2 n 2V20° 





and 





-4-+(% Fe 
| fn (t)| >e 2 32V2 \ %s Va. 


my 


if ps is now taken as the least upper bound of 1, 72, 73, 73, 73, and 73 
¢ 
1118 a 


: 1 0. 

= and if 0<t< —— —*_n", 
n V2 Osps 
The third and last sufficient condition is that 


with 23° = 1+ 





t8 
Vn’ 





(23) lamp fu (1)| < > Leal 


Ig 
7 
for 0< t< —* n6,21 


03 Ps 
Now from (6) and (10) with k = 3, 











2 8 
146 = 1-525 +o 4. 
Let 
1+¢ = re®, 
Then 
rcosy > 1—A,4,?— A, |e! 
I => 60°’ 





0 Cramér, H., Das Gesetz von Gauss, etc., p. 223. 


*! Referring to Cramér’s, Das Gesetz von Gauss, etc., Art.5,... the third of the properties 
of v(t) (in the notation used here) can be replaced by 


1 
8/2 
as may be seen from the calculation at the top of p. 225. 





e3 t, 


| amp v (f)|< 
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1 ITs 
nd for |¢|< —— ——- n* 
, 1< WF em 
AC 1 ae< l 1 
I = 2 we S Gnttpt <4 
for n>1. Also similarly, 
Bs | t|* 1 
— <.06. 
6 0° 12V2 np; . 
Thus 
rcos gy > 1— .25 — 06>. 
Also 
. A, t 
| Oe 
lrsing| < # a. 
for ¢>0. Whence 
; 1 e 
|| < |tang|<> Is Bs 
1 ni 1 Ms 16 





We know that for 0< t< —— Cas 
V2 @ ~V2Q OsPs 
#8 3 


2 
| amp 7n(t)|<-9- mAs oe < < 7b 





and therefore 
1 ( 03 Ps ) t® 


n Jd Po. 
jamp fa(t)|<t(1+-—) Be < = =o 


re 


if now ps is finally taken as the least upper bound of 1, 72, 7, 73, 73, 73 
od 1 Ls 
and miV with mv? =] — and if 0< t< —— —— nis , 
TH V2 0s Px 


To see that these three ities really are sufficient for the proof of 


digi 8 
Theorem I, write c= V2¢ and ¢* = (#22. n-*?; then the remainder 
2 


of the proof is exactly analogous to that of Satz 1 of Das Gesetz von Gauss, 
etc. with the ¢ and «* which appear there everywhere replaced by « and «°. 

Theorem I besides being of interest in its own right, is used in the 
proof of 


THEOREM II. If V(e,, ze, --+, én) is such that the marginal moment 
By (k >8) is finite and _ < wo, r= 2,3,---,k, we have forn>1 and 
r 


all values of x, 
k-1 


(24) [@-8) F(x) — @(x) ~- mI o” | — (@ePe rs (logn)* n-*!2 


* Oramér, H., Das Gesetz von Gauss, etc., p. 224. 
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in which ‘ 
" re 
Pe — (1+ nn)" _ int nt aD © 
1, = (1—1ny2 


The proof is exactly analogous to that for the corresponding theorem 
in the case of independent components for k>3** with one substituted 
2 


everywhere for x. 

This gives only an asymptotic expansion of an integral of a certain 
order of the probability function F(a). To get such an expansion of F(x) 
itself, in the case of independent components, Cramér, introduced his con- 
dition § on V(x), as follows. 

Since V(x) is a never decreasing function, it can be uniquely represented 
as the sum of three never decreasing functions: *° 

V(x) = §@)+a(%) +S), 
such that §(— oo) = 4(—a#) = ¢(--») = 0 and that, 
1. §@) = im E(t)dt = V'(@) dt for all values of 2. 
2. 4 (x), the “saltus function’, is equal to the sum of the saltuses of 
V(x) at all its points of discontinuity which have abscissas less than «x. 
If x is the abscissa of a point of discontinuity, half the saltus at this 
point should be included in this sum. 

3. C(x), the “singular function” is continuous and has “almost every- 

where” a derivative equal to zero. 

Then V(x) is said to satisfy the condition § if the term &(z) in the de- 
composition of V(x) is not identically zero. 

We shall also specify that Vi(x~), 7 = 1,2, ---, m, shall satisfy the 
condition § and moreover shall satisfy it uniformly, as defined below. 


We now have 
Viz) = Ke) + ui @)+&(@) 

etc. And as before as xo, &;(x) tends to a limit which will be denoted 
by &. Then 

O<F* <1; mi (~)+Ei(o) = 1-8, 
and 

cle.) 

wi) = fe d[8i(a) + ie) + G@)]. 

Further 


\u(t)| < I. e— ite Fi (x) ds| +1—£. 


3 Cramér, H., loc. cit., Art. 20. 
4 Cf. Cramér, H., pp. 59, 60. 


* See e. g., Lévy, Paul, Calcul des probabilités (Gauthier-Villars et Cie, Paris, 1925), 
pp. 142-149. 
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The first term on the right for any given ¢>0 is less than 


200 ri 
f. Ei(x) dx = & 


by a quantity we shall call d;. We say that the functions V;(x) satisfy 
the condition § uniformly if the 4;’s possess a lower bound 6>0 in- 
dependent of n. 

Then for the expansion of the probability function we have: 

THEOREM III. If V(a, 22,--+, én) is such that Vi(x), i == 1,2,---,n, 
satisfies the condition § uniformly, the marginal moment 8, is finite, and 


7-< w”, r = 2,3,---,k, we have 
. 
k-1 
(25) Fy (ar) = @ (x) - 2 = @M” (x) + An-* 


for k = 3, n>1 and all values of x. 
From the above, it is clear that we can determine a number } > 0 such 
that 


u(t) |<e a= 1,2,---,n, 
| \o 





8 ad 
for every ¢ > +( — Vn. Then since, 
— 4 \ Ox De 


its a eee 
fol) = [dV yee [ate * 


we see that we have 
(26) fn ()|<e-™ 
for such values of ¢. 


Thus by Lemma 9, noting that zB is bounded (n>1), we have 
2 


—bn 
T™ Qn (x) = A (ame +a 
for O0<w< 1. 
The remainder of the proof is just the same as it is for the corresponding 
theorem in the case of independent components. 
If in the decomposition of Vi (x), 4: (xz) =S(~)=0, i= 1,2,---,n, 
we have for every z, 


(27) V;i (a) =|" Vi (é) at. e 


Now for any given t>0, |v; (¢)| differs from unity by a quantity 6; and 
we shall say that the functions V;(x) satisfy (27) uniformly if the 4;’s 
possess a lower bound 6>0 independent of n. 








a ee 


a tl ene en ks as 
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Then, finally, for the expansion of the frequency function, we have the 
following: 

THEOREM IV. If V(e,, 22,--+, Zn) ts such that a) (27) holds uniformly; 
b) the derivative Vi (x), i==1,2,---,n, is uniformly of bounded variation 
in the whole domain —w<a<@; c) the marginal moment By is finite 


(k = 3); and a) = < of, r = 2,3,---,k, then 


k—1 


(28) Fy (x) = 9(x)+ 2 = gy (x) + An-*" 


Sor n>1 and all values of x. 


We have 


f. d Vn (én) —+i+,| ani 1 ¥: dVi.( ) 4 | Ls 8 lv, 
| Jue n (2n) € ~ = itle J _o n \2n) e@ ty; lé| ca n (Zn)| 


MVn 
|¢]’ 





I\ 


in which M is finite and independent of ». This gives 
MVn y 
je] J 





tn (| < ( 


The remainder of the proof is just as for the analogous theorem in the 
case of independent components. 
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ON THE REAL MULTIPLICATION 
OF ELLIPTIC FUNCTIONS.! 


By E. T. Bett. 


1, The difference equation. The transcendental solution of the problem 
of real multiplication of elliptic functions has been classic for over a century; 
the algebraic solution has not yet been achieved, although it has engaged 
the attention of many writers.” 

The problem can be stated as follows. Let m be a constant integer 
greater than zero. Then (see, for example, Fricke, loc. cit., p. 202, second 
paragraph), the problem of real multiplication of elliptic functions is equivalent 
to that of calculating the denominator of sn nw as a polynomial in sn’ wu, 
and the algebraic problem of real multiplication is equivalent to producing 
explicit rational formulas for the coefficients of the several powers of sn* u 
in this polynomial. 

The integer » is fixed in all that follows, and hence it will not be carried 
as a superscript in the notation. Write z = sn*?u, 6 = k*, where k? is 
the modulus of snw, and let «(m) = (n?—1)/2 or n*/2 according as n is 
odd or even. The denominator of snnwu is then of the form 

BM . 
1+ > a,(6) 2” 


v=1 


where a,(@) = a, is a polynomial of degree » —1 at highest in @, 





‘Received August 17, 1931. 

* Abel’s transcendental solution (1827) is in his Zuvres, vol. 1, pp. 279-291. To bring 
Kiepert’s solution (J. f. Math., vol. 76, 1873, pp. 21-33) in terms of the Weierstrassian 
functions to the corresponding degree of completeness as that demanded here, it would be 
necessary to evaluate the determinant D,—: and to give explicit formulas for the derivatives 
of the g-function as polynomials in gy, g’. Of older papers on the problem, we cite 3 by 
Cayley, Collected Papers nos. 67, 93, 99, and the note, ibid. p. 589, where he says “the 
investigation seems to show that the integration (of the partial difference equation in the 
form used by him) cannot be effected in any tolerably simple form’. See also Paper 45, 
especially pp. 299-300, and Paper 57. He remarks (p. 298) “it seems hopeless to continue 
this investigation any further”. From a modern arithmetical point of view (modular 
systems), Kronecker discussed the algebraic structure of the polynomials in sn?z, Werke, 
vol. 4, Papers nos. 29, 30 (1883), and Paper 31 (1883-1889), especially the last. A suf- 
ficient account of the elliptic function aspect of the problem is given by Fricke, Die ellip- 
tischen Funktionen und ihre Anwendungen, vol 2 (Teubner, 1922), pp. 196-209, or Briot 
et Bouquet, Fonctions elliptiques, (1875), pp. 516-539, or Kénigsberger, Elliptische Funk- 
tionen (1874), vol. 2, pp. 190-219. 
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yv—1 
ly = pa a(v, 7) 6, 
J=0 
in which the «(v,7) are rational integers. We write «(0,0) = 1 for the 
constant term in the denominator of snnwu, and adopt the useful convention 
b 
that any sum > in which b <a is identically zero. We shall express «(y,/) 


a 
as a polynomial in n® with rational coefficients. 
Jacobi’s mixed differential-difference equation for a, is (Fricke, loc. cit., 


p. 208), 
(2y+1) (2 +2) ava: +4n20(1— 8) oe +o —)d— Aa 


+ (n?— 2v+1) (n?¥—2v+2)0 ami = 0. 





At this stage in calculating a, by recurrence, it is customary to reduce 
the equation by using the fact, which follows from elementary properties 
of elliptic functions, that the polynomial a, is reciprocal in @. For our 
purpose it is necessary to avoid this simplification. Substituting directly 
for a, its expression stated above, and making some obvious reductions, 
we reach the following mixed difference equation for the e(y, 7). 

Let 3, v be integers subject to the restrictions 


j> 90, y > 0. 
Define the functions F, H, A by 








) = — bint + —] 
BOD = et Qy+25—1) ” 
aan  —tOe—F+o 
— Qj)” 


Atv, j—1) = FG, ee+j—1, j-1I+He+j/ee+j—2,j—1). 
Then the a(v,7) satisfy the equation 
(1) e(y+j,j) = Av, j—1)+ FO, jae~t+j—1,9), 
with the initial conditions 
a(x, y) = 0, «<0; a (a, y) = 0, y<90; 

«(0,0) = 1; a(z,0) = 0, x>0; «(1,1) = 0; 
a(z,y) = 0, y>ar—1, «>0; 
a(x, y) = a(x, x—y), x= 0. 


(2) 


The function F(v,j) above is defined for any integers v,j such that 
v+j +0. 
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In this form the problem is completely solvable. At the first stage we 
replace «(v-+j—1,¥7) in (1) by its value obtained from the left of (1) 
on changing v into y—1, and repeat the process a sufficient number of 
times, until in the final right hand member the only «(z, 7) occuring has 
the argument xz = j. By (2), since 7>0, this last term vanishes, and 
therefore, by the definitions of F, H, A, a(v+/j,7) is expressed linearly 
in terms of functions @(x,j7—1). The reduction of the linear expression 
gives the first stage of the solution, from which can be written down the 
value of «(1+ ¥y,1). The second stage applies the first to each of the 
«(x,j—1), by changing 7 into 7—1, and is repeated a sufficient number 
of times, until «(j-+¥, 7) is wholly expressed linearly in terms of known 
functions @(y, 1). 

2. First stage of solution. Proceeding as just outlined, we find 


a(j+yv, J) 
nag A, j—1)+ 2& F(v, j) Fv —1,)) cad F(v—s+1,j) AQ — 8, j~1), 


for all integers 7 >0, vy >0. The product of F’s is easily reduced from 
the definition of F, and we get finally, for the same J, v, 


v—1 


a(j+,7) es = PU; v, 8) 
‘(LU », J)ae(G+r—s—1,j—1)+ UU, », )a(¥+rv—s—2,j—D], 
in which P, L, M are defined by 


(3) 





Pj, V; 0) ee 1, 
s—1 
P(j,v, 8) =[][ int—G+r—1—94] (s>0); 
t=0 
Mj, », s) _ (—1)*1 228-1 (27+ 2vy—2s—2)! . 





G+) (27+ 2»—1)! 
-(n?— 2] —2v+28+3) (n?—2j—2v+28+4), (s > 0). 


3, Value of «(1+ ,1). In (8) take 7 =1, and refer to (2). Since 
«(0,0)=1, a(x, 0)=0, «+0, the first @ on the right of (3) is not 
identically zero only when s =, and the second only when s = v—1. 
Now s = r is excluded by the limits of >; hence 


a(it+y,1) = P(i, », »—1) M(1, v, y—1) (v>0). 
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Referring to §§ 1, 2 for P, M, « (1, 1), we get 
e(1,1) = 0, 


4 aoue 1" 92v—1) vf : 
( ) a(1i+y», 1) — Tee I] [n?— (v — t)*] (v>0). 





4. The operators y, w. The form of (3) suggests two bipartite 
operators by means of which the complete solution can easily be obtained. 
These operators are introduced chiefly to avoid complications in printing; 
if their equivalents, from the definitions given presently, be substituted in 
the final formulas, the explicit solution is thereby expressed fully in terms 
of elementary algebra. The operators are y = (0,0), w =(d, 7), where 
J, 0, are operators which we define first; each of °, w°, 6°, o°, c° denotes 
the identity operator. 

Let p be an integer >0. Then g” denotes p applications of » (or of ¢'), 
and similarly for the rest. In a product of operators, such as wy gy”... y% gy, 
the operators are applied in the order from right to left; thus ¢” is applied 
first, then ~“ to the result, and so on. In all products of g’s and w’s that 
occur, it will be noticed that neither two g’s nor two w’s are adjacent in 
a product. The g’s, w’s do not commute; the d, o, r do. 

Let pi, gi (@ = 1,---) be integers >0, and z, y arbitrary integers. The 
sy, tj are positive integers, at first arbitrary, but later, from the notation 
in the formulas, summation blanks. The o, sy, pi, a; occur together; like- 
wise for the 7, ty, qi, bi; either the p; or the q; will occur with 0. These 
simple rules of notation are to avoid complicated summation limits. 

We define 


Oy = y— pi, 
y; Gi 
D. P 
a” x = a— >) sia,; "2 = 2—u— > ta,. 
a,=1 b=1 


Hence, by the preceding remarks, products of these operators are defined, 
since each of o”'x, c“x is an integer, and hence each may be used as 
a new operand. For example, 


é 
«Oy = yg Tei 


if 2 Ge 
oth... gate = 2— > [> Sea,-+ get Ya |. 
c=1 *a=1 b=1 
For any integer x we shall write the operator 
ae Oe a ee! 
oe "> gon ee rE cle 
——o ? 


oz 
8;=0 8=0 Sip = 0 Si 


ae 


Si1, ee ig Sip; 
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Let S(x, y, 2), T'(a, y, 2) be defined whenever x, y, z are integers. Then 


y 
II S(d-y, of g, Si) 
j=1 


is defined. We now operate on this product with {} as above, and write 


of al Dy; : ot - 
[] s@y, 2, 5) = |. 
Si j=1 si 


In precisely the same way, replacing (¢, s, p) by (c, ¢, q) in the operator, 
and (S, s) by (7, 4) in the operand, we define 


q % Gi. 
{ fe Il T(5/— y, ci-! xz, ti) oii g "| 
ti J jy tj 
If either of the symbols [] is followed by others in which the summation 
blanks sy, ¢j already used in the [] are implicit in the notation of the 
symbols adjoined, the summations in the [] extend over the entire expression. 
Such is the case, for example, if a symbol involving o”: 2 be adjoined to 
the first []. 

Let f(x,y) be defined whenever x,y are integers. The operators 
gy = (0,0), w= (6,7) are now defined with respect to f(y+<2, y) by 


D; 
g' fytez,y) = | sory tore, dy), 


q; 
yw" fyta, y) = " 12] oy +h, d%y). 


We shall need the results of any number of repetitions of these oper- 
ations, in which either of y, ~ is followed at a given step by the other. 

The result, w%o” f(yt<, y), of operating with wy” on 9” f(y+z, y) 
is, by definition, to pass the new operational factor yw over the square 
bracket in »” f(y+<2, y) and operate with wy” on f(6"%y+o" x, dy). 
The last can be written down from the second of the above definitions 
by replacing therein (x, y) by (o” a, 6” y). 

Now, referring to previous definitions, we see that the product 7 
which occurs in the new square bracket symbol and the product ro” x 
which enters as one of the arguments in the new /, play different parts; 
that for f is to” as already defined for products of o’s and 1’s; that 
in the bracket symbol states that the new bracket is formed by the same 


% : 
rule, operating on o” x, as that by which |" ie was formed by operating 
t 


on a. To distinguish the bracket product we shall write ¢“(o”x), and 


% gPiy 
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likewise in all similar cases: the operand is enclosed in (), and such 
enclosed operands are products of o’s and t’s having the meaning already 
defined (as in the argument of /). 

We have thus, 


Di 
wt o” fiyta, y) — “ WX f(O%y +o" x, ov y), 


DP; Gs LP ns 
pn I’ "| ‘ a! >| 40" OM yt ch o” x, 6% §% y). 


Si 


At the next step we get 
gp wt 9” Fy+e, y) 


by passing gy” over both square brackets and operating on the f. The 
total resulting square bracket product is 


g i *| ¢ (a 7 a (c% o% " 
Si ti Si-1 ‘ 
and the new / is 


S(er oui 6% y + git fh GF L, oPi- §% Pa y). 
The next stage proceeds in the same way with #~—', and the law of 
formation is evident. 


The formation of g” w%, w"— ow” yw" is obvious from the above, and the 
results can be written down from the preceding by the substitution 


(o, T, 8, t, p, q) —>(c, 0, t,s,p, q)- 


The binomial theorem for y-+ ™ must now be developed. If P,,---, Py 
are products of g’s and w’s, we define P,-+ --- +P, by 


(Pit -:>+Py)fyte,y) = Pfyte, y+ +--+ Prfyte, y); 





and (y+ w)? f(y+., y), p an integer >0, is defined to be the result of 
operating precisely p times successively with y+ w (or with g'-+ w’) on 
Siy+«x,y). Thus we have 

e+) fyts,y) = ¢'+YHv)fy+z, y), 

g+yyfyte,y) = ¢'+g'v'+y'g'+ Y)fy+z, y), 


o+wrfytey =>?) w-syte, y), 


n=0 
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in which x gy” yw? is the sum of the (? permutationally distinct products 


of precisely n operators » and p—n operators w formed from all the distinct 
permutations of these g’s and y’s. For example, 


(3) sw = 9p9l+opplep+ovoot+Yogg, 
= Pyvt+Pvotgoyg’?+y,’*. 


An alternative definition of (? gy” wP-" in terms of the decompositions 
(= partitions, with attention to the order of the parts) of n is evident. 


5. Second stage of solution. Returning to § 3 (3), and comparing 
with § 4, we set 
(v, 7) = (x, y); a(j+y,7) = fiy+z, Y), 
Pj, Vv; 8) Li, Vv; s) = Sty, zr, 8), 
PUj,v, 0M, »,) = Tly, z, t). 
Then (3) becomes 
Syt+z2, y) = @'+H')fyt+z, y), 


and if y = 1 the solution is complete. If y>1, we iterate precisely 
y—1 times. The resulting right hand member then expresses the left as 
a sum of products of known polynomials in n® (see (4), and the definitions 
of L. M.), and we have 


Syt+a,y) = @tyytfyt+e, y) (y>1). 

















ELEMENTARY TRANSFORMATIONS.* 


By Epe@ar R. Lorca. 


I. Introduction. 


In a series of remarkable memoirs, Liouville’ demonstrated the im- 
possibility of evaluating certain indefinite integrals, and of solving certain 
differential equations, in terms of elementary functions. The elementary 
functions are understood here to be those which are obtained in a finite 
number of steps by performing algebraic operations and taking exponentials 
and logarithms. Thus 


ey Sa ae ¢ 1/2 
2 aresin V1 —2log, z + etanVi—#)" 


in an elementary function of one variable. 

A transformation on n variables is called an elementary transformation 
provided the » functions which define the transformation are each elementary. 
One of the problems arising in the study of elementary transformations is 
to determine under what conditions the inverse to such a transformation 
is itself elementary. For transformations operating on one variable, the 
problem has been completely solved by J. F. Ritt.? 

In this paper we analyse this problem for the case of elementary trans- 
formations of a special type operating on two variables. In order to give 
meaning to the results which we have obtained, we recall some definitions. 
The exponential or logarithm of a non-constant algebraic function of u and v 
is a monomial of order one. A function which is algebraic in monomials 
of order one, and in w and v is a function of order one, provided it is 
not an algebraic function of w and v. An elementary transformation on 
two variables, such that the functions defining the transformation are either 
algebraic or of order one, at least one function being of order one, is 
called a transformation of order one. Our results deal with such trans- 
formations. 

A transformation upon two variables defined by a pair of algebraic 
functions is called an algebraic transformation. If 7 is a transformation 
of order one, and A, and Ag are any algebraic transformations, then A, 7'As 
is a transformation of order one. We show in this paper that if 7' is an 
elementary transformation of order one whose inverse is also elementary and 





* Received May 15, 1931. 
For a list of references, see J. F. Ritt, “Elementary Functions and their Inverses”, 


Transactions of the American Mathematical Society, vol. 27 (1925), p. 68. 
2 Loe. cit. 
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of order one, there exist two algebraic transformations, A, and Ax, such 
that A, T Ag is a transformation of one of the five following types: 


(a) UU = &; v= é@; 
(b) U = logu, V = logv; 
(c) T= we, V = qu+logr. 
Here p and q are rational and pq +1. 
(d) = 0, v= A(6, U; v); 
6 = e“ or logu; A(6,u,v) is an algebraic function of 6,u, and v. 
(e) U= A(O,, 02, +++, As; U, v), v= v5 
A(0,, +++, 0s; u, v) is an algebraic function of 6,,--+, 0s, u,v. Each 
6; is either the exponential or the logarithm of some algebraic function 
of v only. 


One may readily verify that the inverses of the above types of trans- 
formations are of order one. A transformation of order one may have an 
inverse which is elementary but not of order one. Thus the transformation 


T: U = elog(u—v»), V = & log (u—v) 
is of order one. Its inverse 
T: U = logu—log log log, V = log v— log log log = 
is elementary but not of order one. 
We shall not include in this paper a discussion of the function-theoretic 
considerations which underlie the work.* An acquaintance with the literature 


of elementary functions is not necessary to understand the exposition which 
follows except in a few instances which will be pointed out explicitly. 


II. Some properties of elementary functions. 
1. We recall briefly the classification of elementary functions. The 
variables w and v are monomials of order zero. Any algebraic function w 
of « and v defined by the equation 


(1) a (wu, v)w"+ a, (u, v)w"1+ --- ten(u, v) = 0, 


Where each aj(u, v) represents a polynomial in u and v, is a function of 
order zero. The functions e” and log w, where w is a non-constant algebraic 
function, are monomials of ordre one. A function w satisfying an equation 
like (1) in which each «;(u, v) is a polynomial in u,v, and monomials of 
order one is a function of order one, provided it is not an algebraic 


°J. F. Ritt, loc. cit. Also ibid., vol. 25 (1923), p. 211. 
15 
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function. The logarithm or exponential of a function of order one is 
a monomial of order two provided it is not a function of order zero or 
one. We proceed in this way, defining monomials and functions of all 
orders. Liouville, to whom we owe this classification, proved the existence 
of functions of all orders. 

Given any function w of order n, it is apparent that the expression 
for it is by no means unique. But among all the expressions for w, there 
exist some which involve a number r of monomials of order m such that 
no expression of w involves fewer than 7 of these monomials. If the 
expression with which we are dealing contains exactly r monomials of 
order n, we say that w is expressed with a minimum number of monomials 
of order n. Let us designate the + monomials by 6{”, 6”, ---, 02”. Since 
y is a minimum, it is clear that no one of these monomials can be expressed 
as an algebraic function of the remaining ones and of monomials of order 
less than n. A set of monomials of order n, 0{”, 0S”, ---, 0%”, such that 
no 6; is an algebraic function of the remaining 6{” and of monomials 
of order less than n will be defined to constitute an cndependent set of 
monomials of order n (or for short, an independent set). Any subset of 
an independent set is again an independent set. 

2. Consider the partial derivative with respect to uw of a function w of 
order n. Application of the ordinary rules for differentiation reveals that 
dw/du is an elementary function of order at most n, and that any monomial 
of order n which appears in the expression for 0w/du appears also in 
that for w. In particular, if w is expressed with a minimum number of 
monomials of order m, the monomials of order m appearing in dw/du 
constitute an independent set. By induction, we can prove that the partial 
derivatives of w of all orders are elementary functions of order at most n, 
whose monomials of order » are found in the set of monomials of order 
appearing in w. 

3. Let 6;”, 02”, ---, 0” form an independent set of monomials of order n. 
Let us suppose that we have an algebraic function of the 6%” and monomials 
of lower orders which vanishes identically in wu and v: 


(2) A(6,”, 62", +++, OF; OF, «++; u,v) =O. 

Then we may replace the 6;” in (2) by the independent variables 4 and 
the function 

(3) A(a, 22, °°, br; *, vey U, v) 

will vanish dentically in the r+2 variables z,,---, 2, u,v. For if the 
function (3) did not vanish identically, we could solve (2) for one of the 


monomials of order n, say, for 6{”, thus showing that the monomials of 
order n appearing in (2) do not form an independent set. The rule of 
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n) 


procedure which states that in (2) we may replace the 6 by the independent 
variables z; without affecting the identity is known as Liouville’s Principle. 
In the work which follows we make repeated application of it. 

4. A function of the form 


(4) ¢ log 9, (u, v) + --- +m log pm (u, v), 


where each q is a constant, and g;(u, v) is a function of order n —1 at 
most, will be called a logarithmic sum of order n, providing at least one 
gi (u,v) is of order n—1. 


m 
Suppose that there exists in (4) a relation > «i pi = 0, the p; being 
i= 
m—1 


integers not all zero. Then we would have, for instance, em = > c qi 
i=1 


with rational q. This enables us to express (4) as a logarithmic sum of 
order at most n, containing m—1 terms. 

A set of numbers, ¢,, C2, +--+, Cm, Will be called dependent or independent 
according as there do or do not exist integers p,, ps,---, Pm not all zero, 
such that Do pi = 0. 

We now state four lemmas for elementary functions of two variables. 
The proofs, which we shall not give here, follow closely in each case those 
of the corresponding lemmas for the case of functions of one variable only.‘ 

5. Lemma. If in the expression for a function ¢(u, v) of order n, the 
number of exponentials of order » plus the number of logarithmic sums 
of order n is a minimum, each such exponential and logarithmic sum of 
order n is an algebraic function of y(u, v), a certain number of the partial 
derivatives of »(u,v), and of the monomials of order less than » which 
appear in the expression for »(u, v). 

6. Lemma. A function > q log 9; (u, v) with no 9; (wu, v) of order greater 
than n—1, with at least one log 9; (wu, v) of order m, and with independent c; 
is a function of order n, 

7. Lemma. If (u,v) and log y(u, v) are both of order n>O0, ¢(u, v) 
is of the form & (wu, v)e*” where &,(u,v) and §(u,v) are each of 
order n—1. 

Lemma. If y(u,v) and e?” are both of order n>0, 9(u, v) is of 
the form &,(u, v) + log &(u, v) where £,(u,v) and &(u,v) are each of 
order n—1. 

8. We now prove the 

Lemma. Let 0,, 03,+--, 05 constitute an independent set of monomials 
of order n. Let $, a monomial of order n, be an algebraic Junction of 
the 0; and of monomials of order less than n. If © is a logarithm, 


*“Elementary Functions And Their Inverses”, loc. cit. 
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(a) c= Qi 9: + G2 O2+ +++ +s Os+F(u, v), 


where each 0; whose coefficient is not zero is a logarithm, qi a rational number, 
and &(u, v) a function of order n—1 at most. If © is an exponential, 


(b) C= Of - 632 --- O- E(u, v), 


where each 0; whose exponent is not zero is an exponential, qi a rational 
number, and &(u, v) a function of order n—1 at most. Furthermore, for 
the special case n = 1, §(u, v) in (a) and (b) ts a constant. 

The methods of Liouville may successfully be used to aid in the proof 
of this lemma, but we prefer to employ a method depending on the develop- 
ment of algebraic functions in infinite series which is more direct.° 

We begin by proving (a). Let ¢ = logw, w a function of order n—1. 
By hypothesis, log w is an algebraic function of the 6; and of monomials 
of order less than n. We fix our attention upon some one 6; which 
appears in the expression for log w, say 6,, and we write 


(5) log w = A(4,, u, v). 


This method of expression indicates that log w involves 6, algebraically 
and may involve other monomials. Let us assume that @, is an exponential 
monomial, e”. We differentiate (5) partially with respect to w, obtaining 


. 1 Ow 0x 
(6) a sy — Ag, (6,, u, v) 1 + Auli, U, v), 


in which the significance of the notation is obvious. Since the monomials 
of order n appearing in (6) constitute an independent set, we may, according 
to Liouville’s Principle, replace 6, in (6) by an independent variable z 
without affecting the identity. Thus 


(7) + ie 


w ou 
Let us consider the function A(z, u,v). We recall that in the neigh- 
borhood of z= 2%, we may develop this function into a converging infinite 
series of the following form: 


(8) A(z, u, v) = a, 28+ a, e+ eae 


0 
= A,(¢, u, v”) 2 + Au(z, u,v). 


The qj are rational numbers with a common denominator such that qi <q; 
for z2>j. The a are algebraic functions of the monomials other than 4, 
which appear in the expression (5) for log w. 





*This method was introduced by J. F. Ritt. For an interesting application of it, see 
his note in the Comptes Rendus, t. 183, p. 331. 
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In order to find the expansion for z= © of the function appearing in 
the right member of (7), we operate formally upon the series (8) in the 
manner indicated in (7). Hence, after rearranging terms, we have 


1 0 Ox re] 0 &y ( 
(9) =e = (ase + Sit) + (qe 22 + At) ep. 


| ad | 
w ou Ou Ou u 





Here the coefficient of every power of z is identically zero in wu and v. 
If gq, +0, we obtain from the coefficient of 2” 
(10) a= PF = fa, 
where 6 apparently involves v. We now differentiate (5) with respect to v. 
Repeating the steps which we have just outlined, we show quickly that 6 
is a constant. Since (10) expresses 6, as an algebraic function of 6., ---, 45 
and of monomials of order less than x, we conclude that q, = 0. We then 
find that ¢ is a linear function of a, with constant coefficients. Since «, 
does not involve 6,, the expression for ¢ may not involve any exponential 
of order n. 

Let 6, be a logarithmic monomial, logxz. We differentiate (5) with 
respect to uw, and in the result replace 6, by an independent variable z, 
obtaining 


(11) 


From (8) we find that for large values of z, (11) may be expanded in the 
form 
(12) -. Ow ae a gt 4+ 9 1 ha 9 OL gt+ .. 


i= = A,(zg, w, = + dul, u,v). 
w du 





Ou x rr 


First, suppose g, = 0. From the coefficient of z° we find by integration 
that [= a,+k. We show quickly that & is a constant. If ¢ actually 
involves 6,, g:+ 0, and @, is a constant. Suppose g,+1. We set gj=q—1 
(possibly @; =0). Equating to zero the coefficient of 2", we obtain by 
integration that 6, is a linear function of «;. Since the 6; form an in- 
dependent set, we conclude that g, = 1. From the coefficient of 2° in (12) 


we find that 
f= ¢44+8, 


where ¢, is a constant and # is an algebraic function of 6.,---, 6s and 
monomials of order less than n. We repeat upon ¢—c, 6, the operations 
which we have just applied to ¢ and in this way finally arrive ai the 
equation 


(13) C= 0: +20. + --- +05 0+ §(u, v). 
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It is clear that §(u, v) is of order at most »—1. In order to complete 
the proof of (a) in the lemma, we must show that each c; is a rational number. 
We assume henceforth that no ¢ in (13) is zero. Let 6; = loga;. For 
the sake of convenience, suppose that 1, C2,--+, ¢ (r<s) are independent, 


while ¢ = Dx: qj with rational gj for 7 =7r-+1,---,s. We shall prove 
that r = i Ee We rewrite (13) in the form 


log w = c,loga,-afyt--- afte --- +e, loga,- apt +++ alee + E(u, v). 
If the numbers 1, ¢,, ¢2, +--+, ¢ Were independent, we would have a contra- 


diction of the lemma of § 6 since log w is of order n. Hence 1 = '¢;¢; 
i=1 


with rational 4. We may write 
Vir+t ote gis 


(14) E(u, v) + > «log — Lie ae @, 
#=1 w 





The functions whose logarithms are here taken are of order » —1 or less. 
The logarithms of these functions must be of order » —1 at most. Hence 
according to the first lemma of § 7, each such function may be expressed 
in the form wy, (w, v) e2" where wW,(u, v) and wW.(u, v) are of order less 
than n—1 (they may actually be constants). If we now assume that 
r>1, we may eliminate w from two of the functions whose logarithms 
are taken in (14). We find that 


(15) i= = _* ant +-- a? W,(u, v)-e2”, 


where the p; are rational, y,(u,v) and We(u,v) are of order n—2 at 
most. But (15) indicates that 6, is an algebraic function of 6,,---, 5 
along with monomials of order less than nm. Hence ry — 1. We have 


dl r 
already seen that 1 = Dia ti; this with c¢; = Sciqy proves that the c; 
i=1 i=1 
are rational. 
We now assume that ¢ is an exponential, e”, where w is of order n—1. 


We fix our attention upon some monomial, say 6,, appearing in the ex- 
pression for e” and write (cf. (5)) 


(16) w = log A(G, u, v), 


where the function A(@,, w, v) involves 6, algebraically; it possibly involves 
other monomials of the first » orders. Suppose first that 6, is.a logarithmic 
monomial, logz. We differentiate (16) with respect to u, and in the result 
replace 6, by z. We write the result in the form 


Ow 0 1 O07, 0 
(17) a [log A(e, *, MN aot ~ [log A(z, u, v)]. 
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Let us consider the function log A(z, u, v). Comparison with (8) shows 
that for large values of z 


(18) log A(z, u,v) = log ba | +H log z+ log (i+ +5 gia ae @s gah +.. ). 


Having fixed a point (u,v), we may choose 2 sufficiently large so that 


@2 .4,-%, 1 %8 ,4,-% ie.) 
z | ile : ge “1+ <1 
For such values of z, we may develop the last term of (18) according to 
the formula for the expansion of log(1-++x). We find that 


(19) log A(z, w, v) = log a, + logz+ A, 2"*+ Ay 2’*+ --- 


where the 4; are rational functions of the a; and the 7; negative fractions 
with a common denominator such that r;< 7; for i>). 

In order to obtain the expansion of (17) around z = ©, we operate 
upon (19) in the manner prescribed in (17). After rearranging the terms, 
we have 
(20) bw lL Om do 4H cE 4 SO pis, Pas 


Ou a, OU x Ou Ou Ou 


The coefficient of each power of z in (20) must vanish identically in u and v. 
From the coefficient of 2° we obtain 


ev = a,-e?, 


Here 6 apparently involves v, but we find quickly that it is a constant. 
Since «, does not involve 6,, we see that the expression for ¢ does not 
involve any logarithms of order n. 

Suppose now that 6, is an exponential monomial, e*. We find that 
for z arbitrary 


Ow 7) Ox a 
ae <= pz lee A(z, u, je + py Loe Al, u, v)]. 
Comparing this with (19), we have 

aw ry i # ws oa), r; 
ae +4 n F2 + (n i au = + Ou es 


Ou a 





Since each 7; is negative, we obtain from the coefficient of 2° 


= ka, gf, 








ee 





y 5 cilaplige- 
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It is easy to show that k is a constant; q is rational, and a, does not 
involve 6,. We repeat upon ¢/67' = e” “” the operations which we have 
just applied to ¢ and thus obtain the result stated in (b) of our lemma. 

It remains to prove that for nm = 1, the function §(w, v) which appears 
in (a) and (b) is a constant. We shall show that this is so when ¢ is an 


exponential; if ¢ is a logarithm, the treatment is very similar. By hypothesis 


oP) ghrA th”) | eA |, teAlt”) | Clu, v), 


where B(u, v), C(u, v) and the A,(u, v) are algebraic functions. From 
this we find directly that 


Btu, vr) = mAs (u, v) + 2 As (u, v) + +++ + Qs As(u, v) + log C(u, v). 


This shows that C(u, v) must be a constant. 
The lemma is proved. 


III. Transformations of order one. 


9. We now consider the problem mentioned in the introduction. We 
recall that a transformation on two variables of order one is defined by 
two elementary functions, each of order at most one, not both of order 
zero. We deal with a transformation 7' of order one. The inverse, 7’, 
of 7’ is assumed to be not only elementary, but also of order one. We 
propose to characterize completely all such transformations 7. We write 


U = ¢ (u, v), 

™ * y= wu, 0), 
TA: -U= flu, »), 

' -V = g(u, v). 


In what follows, functions of one or more variables represented with 
capital letters (as A(u, v), F'(@, u, v) etc.) will be understood to be algebraic 
functions of their variables. 

Let g(u, v) be of order one. Suppose we are dealing with an expression 
of y(u, v) in which the number of exponentials plus the number of loga- 
rithmic sums written with independent coefficients is a minimum. Let 
§(u, v) be such an exponential or sum. According to the lemma of § 5, 
we have . 

F(u, v) = Kg, Piy***) Pky U, v), 


where 9;,---, 9x, denote partial derivatives of y(u, v). Hence 


RA g) = KU, lh: KAD: AM: 
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We shall prove that §(f, g) is of order at most one in u and v. To 
do this, it will be sufficient to show that for any partial derivative of 
g(u,v), say g ;(u, v), the function (SF, g) is of order at most one. We 


have : 
av(fig) _ e9(fi9) af , a9(f.9) 29 


99) Ou a of Ou oq Ou’ 
a 899) _ 29(f9) oF 4 O9(4,9) og 
dv Of dv og dv - 


Since the transformation 7’! has a non-vanishing jacobian, we may solve 
for dp(f,g9)/af and d9(f,g)/dg rationally in terms of the remaining 
quantities in (22). As these are all of order one at most, the functions 
obtained from dy(u, v)/du and dm(u, v)/dv, replacing u by f, and v by g, 
are of order not exceeding one. An easy induction proves that 9;(/f, 9) 
is a function of order one at most. Hence &(f,g) is of order not 
exceeding one. 

If &(u, v) is a logarithmic sum, let log H(w, v) be any logarithm of the 
sum. Then by the lemma of § 6, log H(f,g) is of order at most one. 
Let &,, &,---, §& be the exponentials and logarithmic sums appearing in 
the expression for g(u,v) which we have just been considering. If 
W(u, v) is of order one, we find an expression for ~(u, v) which involves 
a minimum number of exponentials and logarithmic sums with independent 
coefficients. Let §&,41,---, §& be the exponentials and sums appearing in 


this expression of w(u, v). It is clear that the & of the set &, §,---, &, 
are not necessarily distinct (if w is algebraic, y= gq). Let us consider 
the set of all monomials, 6,, 0.,---, 6, which appear in the set &,,---, &,. 


Each 6;(7, 9) is of order at most one. Furthermore, (wu, v) and w(w, v) 
may each be expressed as algebraic functions of the 6;, «, and v. Suppose, 
for the sake of convenience, that 6,,---, 4s form an independent set 
while 6; may be expressed algebraically in terms of 6, ---, 4% for 
j =s+1,---,t. We may write 


y (u, v) = G (41, +++, Os; U, v), 


(23) wu, v) == Ge(01,--+, Os; w, v). 


10. We shall first confine ourselves to the case in which there exists 
no relation 
(24) H[p(u, v), wu, v), vu, vo] = 0. 


If here we replace « by f(w, v), and v by g(u, v), we see that (24) implies 


H{u, v, Stu, v); g(u, v)] = 0. 
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We shall prove that in (23) s=2. In the first place, suppose that 
only one monomial, 6,, appears in (23). Consider the functions 


Oo = G,(z, u, v), 
w= G,(z, u, v), 


obtained from (23) after replacing 6, by the independent variable z. If 
the partial derivative, 0@/dz, vanishes identically, we have a relation of 
the type (24); hence 0@/az+0. This partial derivative is an algebraic 
function of z, uw, and v. Suppose 0@/dz vanishes at all points (6, (u,v), u, v). 
Then by Liouville’s Principle it vanishes identically in z, uw, and v. This 
discussion implies that 6,(u, v) may be eliminated from the functions in (23) 
resulting in a relation of the type (24). Hence s>1. 

Suppose now thats >2. Let @(u, v) be an exponential e4™” appearing 
in one of the functions (23). Since we exclude (24), A(/, g) is a function 
of order one. If @(/, g) is of order zero, A(/, g) is of the form log B(u, v); 
if 6(/f,g) is of order one, by the second lemma of §7, A(/, g) is of the 
form C(u, v)+log B(u, v). Hence we may always write 


A(f, 9) = Cu, v) + log B(u, v) 


with the understanding that C(u, v) may be a constant. Similarly, if 6(u, v) 
of (23) is a logarithm, log A(u, v), we have 


A(f, g) = Clu, v)- eB, 


By the algebraic component of a monomial, 0, of order one, we Shall 
mean the algebraic function A(u, v) whose exponential or logarithm is the 
monomial. Let A;(u,v) be the algebraic components of the 6; of (23). 
We shall first show that the jacobian, J, of A,(u, v) and A,(u, v) does 
not vanish identically. If, on the contrary, J = 0, we write 


(25) A; (f, 9) — K[A; (f, 9)| . 


It is clear that 6, and 6, must both be exponentials or both be logarithms. 
Let us consider only the case in which 6, and 6, are exponentials; the 
logarithmic case is very similar. From (25) we have 


C,(u, v) + log B, (u, vy) = K[C,(u, v) +log B: (u, v)]. 


By the lemma of § 8 we may write 


C; (u, v) + log B, (wu, v) _ q[Cs(u, v) + log B; (u, v)] + Lu, v), 
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where L(u, v) differs from qgC,(u, v) —C,(u, v) by a constant. Unless 
L(u, v) is a constant, comparison with (25) yields a relation of type (24); 
if L(u, v) is a constant, 6: = c63 where c is a contant. This proves 
that J = 0. 

Let the monomial 6; in (23) be an exponential, e**“*”, We may write 


(26) As(f, 9) = M[A (CS, 9), Ae (J, 9)]- 


The functions A,(/,g) and As;(~g) involve the monomials ¢, and ¢, 
respectively. If ¢, and ¢, do not form an independent set, we show by 
the method just outlined above that the jacobian of A, (uw, v) and Ag(u, v) 
vanishes identically. Applying the lemma of § 8, we may write (26) in 


the form 
As (u,v) = m1 Ai (u, v) + gz Ae(u, v) +e 


with rational q, and gz (if 6, should be a logarithm, g, = 0). This shows 
that 0,, 4, and 63 do not form an independent set. The case in which 
6; is a logarithm is entirely similar. Hence s = 2. 
Consider the functions 
Oo = G, (a1, 22, U, v), 
y= G2(a, 22, U, v), 


obtained from (23) by placing the variables z, and zz for 4, and 4, respect- 
ively. If the jacobian, K, of these functions with respect to z, and 2 
vanishes identically, the functions (23) yield a relation (24). Is it possible 
that K should vanish at all points (4, (u, v), 6:(u, v), wv, v) without vanishing 
identically? If this is possible, we deduce that 6, and 6, do not form 
an independent set. This implies that we may solve (23) for 6, and 4, 
in terms of y, Y, u, and v. In the solution we replace u and v by algebraic 
functions of A,(w,v) and A (u,v). We write the result in the form: 


,=P, (y, y, A, As), 
0. = P2(¢, y, A, A;). 


Let us assume first that 6, and 6, are both exponentials. From (27) 
we have 


(27) 


6, (f, g) = Pilu,v, C, + log B,, + log Bs), 
62(f, 9) — Py (u, Vv; C,+ log B,, C; + log Bs). 


The functions 6,(f, g) and 6,(f, g) do not involve any logarithms. Since 
log B, and log B, form an independent set, it is clear that the functions P, 
and P; in (27) do not involve A, and Ay. In this case, » and w are 
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algebraic functions of two exponential monomials. A transformation defined 
by two functions of this type clearly has an inverse of order one. This 
class of transformations is found under (a) in the introduction. 

If we assume that 6, and 4, are logarithms, we prove with a similar 
argument that all admissible transformations may be reduced by algebraic 
transformations to the transformation (b) of the .atroduction. 

We assume now that @, is an exponential and 6, a logarithm. Making 
use of the lemma of § 8 we show quickly that 


(28) 6, ais, Af ‘ R, (y, w), 


= gz Ay + Re (9, W) 
where gq, and qs are rational. From (28) we write 
ata — Bi(y, yi) « O™, 
(1— qi qe) 92 = R(g, WY) +log [Ri (g, yp)”. 


Clearly, we may not have q,;gz2 1. For all other permissible values of 
q@, and gz, the transformation defined by the functions gy and w in (28) 
has an inverse of order one. This class of transformation is found under 
class (c). 

11. We now discuss transformations defined by the functions of (23) 
for which a relation (24) exists. The monomials which appear in (23) are 
of two types: Those monomials 6; such that A;(/, g) is a function of order 
one (as before, A;(u, v) represents the algebraic component of 6;); and the 
monomials 6; such that A;(f,g) is a function of order zero. We shall 
show that both types cannot occur simultaneously in any transformation 
which we are studying. 

Suppose, on the contrary, that 6, and 6, are two monomials in (23) 
for which A,(f, g) is a function of order one and A,(f,g) a function of 
order zero. We shall assume that 6, is an exponential; if 6, is a logarithm, 
the argument is similar. We write 


A (f, 9) = Ci(u, v) + log B, (u, v), 
As (f, 9) = C2 (u, v), 


where B,(u, v) is not a constant. A short argument shows that we can 
solve these relations for f and g; the result indicates that f and g involve 
one monomial only, viz., log B,(u, v). The function log B,(y, y) is of 
order at most one. We treat two cases: B,(y, Ww) is a function of order 
one; and B,(, w) is a function of order zero. In each case, we find that 
the functions g and w involve only one monomial. This proves that for 
. all monomials 6; in (23) the functions A;(/, g) are of the same order. 
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We first treat the case in which the monomials 6; in (23) are such that 
each Ai(f, g) is of order one. We shall for the sake of convenience as- 
sume that the relation (24) actually involves w(u, v). We may then obtain 


a relation 
Wu, v) = K[u, v, p(u, v)]. 


Let 6, in (23) be an exponential. We have 


‘ A; (f; 9) ~— C; (u, v) + log B, (u, v), 
(29) K(f, 9, u) = v. 


By a short argument we may show that the system (29) may be solved 
explicitly for fand g. These functions involve only one monomial, log B, (x, v). 
The function B,(y, Ww) is of order either zero or one. We consider it in 
conjunction with relation (24). We show quickly that B,(y, w) is of order 
one, and that the functions » and yw contain only one monomial. If we 
assume 6, to be a logarithm, the discussion is similar. 

We have seen that if the functions gy and w involve an exponential, the 
functions f and g involve a logarithm, and conversely. If in (23) we 
replace 6 (remembering that s = 1) by z, the jacobian, J, with respect 
to w and v of the functions which result from the replacement vanishes 
identically. For if J does not vanish identically, it is easy to show that 
we may solve the system of equations for wu and v, and after replacing 
2 by 6, we find that 
(30) u = Fig, ¥, 4), 
v= Fg, y, 9). 

If in (30) we replace uw by f, and v by g, we obtain for f and g algebraic 
functions of u,v, and 6(f,g). If 6 is an exponential, 6(/, g) cannot be 
a logarithm; if @ is a logarithm, @(/,g) cannot be an exponential. We 
conclude that J is identically zero. The inverse of a transformation defined 
by the functions » and w just characterized is clearly another transformation 
of order one—see case (d) of the introduction. 

Finally, we consider the case in which every monomial 6;, appearing 
in (23) is such that A;(f, g) is of order zero. if two monomials 6, and 6z 
are present, obviously the jacobian of A,(w, v) and As(w, v) is identically 
zero. If we replace the 6; by 2 the jacobian, K, with respect to u and v 
of the resulting functions cannot vanish identically. We therefore write 


“= Hy, (6;, ets Os; ¥; y), 
C= H, (4,, idee. Os; Y; W). 
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If above we replace u by f, and v by g, remembering that 0;(/, g) = (wu, v) 
(¢; being a monomial), we obtain the functions inverse to the system formed 
by » and yw, 

The construction of all transformations defined by functions of this type 
is accomplished as follows: Choose an arbitrary function B, (2,, ---, 25; wu, v) 
where the variables are independent. Next, let B.(B,, u,v) be so chosen 
that 0(B,, B.)/d(u, v) —=0. We now replace z by 4;, where 6; is either 
the exponential or logarithm of an algebraic function A;(w,v) so chosen 
that 0(B., A;)/d(u, v) =O. Then the transformation defined by 





g = By(,--+,Os5u,v), Ww = By, u,v) 


has an inverse of order one. This gives case (e). 


CotumsBi1a University, New York, N. Y. 





A PROBLEM IN THE SIMULTANEOUS REDUCTION OF 
TWO QUADRATIC FORMS IN INFINITELY 
MANY VARIABLES.' 


By R. Lucite ANDERSON. 


The problem of the simultaneous reduction of two quadratic forms in 
infinitely many variables, Q(Z, Z) and A(L, LZ), the latter of diagonal 
form and properly positive, has been considered by various writers. The 
Hilbert-Hellinger Theory® gives the reduction of the two forms in terms 
of an orthogonal system of characteristic vectors and characteristic differ- 
ential vectors if the matrix Q is bounded and the matrix A is the unit 
matrix. If the matrix Q is completely continuous, the corresponding 
system of linear equations has no characteristic differential vectors not 
identically zero and the reduction theorems are obtained in terms of 
characteristic vectors alone. These characteristic vectors Le are of Hilbert 
space and are solutions corresponding to the characteristic numbers « of 
the linear equation 
(1) AL = AQL. 


That the situation is changed if we do not assume the matrix A to be 
properly positive is seen at once from the system of equations 


0 a Wier hcl , 
0 i(—latsutsn), 


0 =i(-fatgutzu), 


| 


1 1 1 
— P™ aaa + ne + = ynss) ’ 


= 
» .- 
—_ 


Le 
1 
Y: = i (e+ 3m), 
1 


1 
Ys = A (5 a+ +4), 
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*Hellinger-Toeplitz, Integralgleichungen und Gleichungen mit unendlich vielen Un- 
bekannten, Encyklopadie der Mathematischen Wissenschaften, II C 13, p. 1577. 
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The matrix of the right member of these equations is completely continuous. 
Yet the solution of these equations reduces to the solution of the system 
of equations ) 

ty = A(y+ ys), 

aed A(2y2+ ys); 

Ys = Ay +2ys+ ys), 


Yn = d (Yn—2 + 2Yn + Yn+2); 
The matrix of the right member of this system is the square of the matrix 
o 100 
: 8 :3-9 
010 1 


That is, the system of equations (1) with the matrix Q completely con- 
tinuous and the matrix A not properly positive, may have a continuous 
spectrum. 

A problem in the theory of integral equations corresponding to the case 
in which the principal diagonal of the matrix A has only one element equal 
to zero has been considered by Cairns* and by A. Pell.‘ 

The following problem in the theory of integral equations leads to the 
case in which the principal diagonal of the matrix A has an infinite number 
of elements equal to zero. It is required to find functions v(x) and g(z) 
which satisfy the integral equation 


v() = 2|g(x) + [ K@, 8) v(s) ds| 


and an infinite number of conditions 


= af vue) v(x) dx (i= 1, 2,--+), 


where the kernel K(x, s) is symmetric and continuous in a < s < b and 
the functions y;(x) form a normed orthogonal system which is not complete. 
By means of a complete normed orthogonal system of functions ¢;(x) the 
solution of this problem can be reduced to a problem in the theory of 
infinitely many variables of the type treated in the end of § 5, the matrix Q 
being an orthogonal matrix and not closed. 





*Cairns, Die Anwendung der Integralgleichungen auf die zweite Variation bei iso- 
perimetrischen Problemen, Diss., Géttingen, 1907. 
*A. Pell, Bull. Amer. Math. Soc., (2), vol. 16 (1910), pp. 412-415. 
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In this paper we consider the problem of the simultaneous reduction of 
two quadratic forms assuming the matrix A to be of diagonal form and 
not properly positive. Any number, finite or infinite, of the elements of 
the principal diagonal may be zero. We assume that each element of the 
principal diagonal which is not zero is greater than a constant m >0O and 
consider first the special case in which each.element of the principal 
diagonal which is different from zero is equal to unity. The results for 
this special case are then extended to the case in which the elements of 
the principal diagonal may be greater than m (§ 9). 

Throughout this paper the conditions imposed upon the matrix Q are 
such that the system of equations (1) has only a point spectrum. We base 
the reduction of the two given quadratic forms to some extent upon that 
of two forms, A4.(Y, Y) and Q.(Y, Y)—W(Y, Y), where A, is the unit 
matrix and Q,—W is completely continuous. It follows from the Hilbert 
theory’ of completely continuous quadratic forms that 


(2) Q.(Y, Y)—W(Y, Y) = D> (Ya, Y)*/de, 


where 4, and Y. are characteristic numbers and corresponding characteristic 
vectors, respectively, of the equation 


(3) Y = 14(Q,—W) Y. 


The set of vectors Ye is orthogonal and normed. 
If we denote by Yq those vectors which are orthogonal to all vectors Ye, 
we have the expansion of the quadratic form, A:(Y, Y) in the form 


(4) As(Y, Y) = & (Ye; y+ 2 (Ye, Y)®. 


The right members of equations (2) and (4) are absolutely convergent. The 
equations may also be written as 


2’) Q(Y, Y)—W(Y, Y) = D (Ve, Y) [Q2(Ve, Y) —W(Ve, Y)], 
(4) As(¥, ¥) = D (Ya, Y) (42 Ye, Y) +> (Yow, Y) (Ae Yo, Y), 


respectively, where the right members are absolutely convergent. We obtain 

for the quadratic forms Q(Z, Z) and A (ZL, L) expansions in forms analogous 

to (2’) and (4’) expressed in terms of a biorthogonal system of vectors. 
Under the conditions of each section we establish the following theorem. 
THEOREM A. The two quadratic forms A(L, L) and Q(L, L) associated 

with the equation 

(1) | AL = 4QL, 


° Hellinger-Toeplitz, 1. ¢., p. 1558. 
16 
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admit of expansion into absolutely convergent series® 


(5) Q(L, L) = 2 (Me, L)(Qkp, L), 
(6) A(L, L) = D (Mo, L) (AX, L), 
? 


where the vectors &o consist of 
i) vectors Le which are solutions of (1) corresponding to the characteristic 
numbers 4g +0, including 4 = ~; 
ii) vectors Lf which are solutions of (1) corresponding to the characteristic 
number 4 = 0; 
iii) vectors Lg ’ which are solutions of the non-homogeneous equation 


AL = 1QL+QL), 
corresponding to 4 = 0; 
and where the vectors Mo are so determined that the two sets of vectors Mo 
and %» form a biorthogonal system. 


PART 1. Notation and general discussion. 


§ 1. We write the system of linear equations associated with the matrices 
A and Q as 
O = 4 (qo.11 Xi + Go.12 Lat ++» + 1.11 Yr t+ G1-12 Yet: *); 
O = 4 (qo.21 21+ Go.22 He+ +++ + Gt. Yit Gi-2Yet---), 


ie d (g1-11 Lit qr-2 Let: + ge.11 “wt 2.12 Yet: ¢ ‘); 

Yo = 4 (Q1-12 H+ G1.22 Let +++ + Go.201 Yi t Go-22 Yot : ++), 
where the number of zeros on the left is infinite unless otherwise stated.‘ 
It is convenient to write the matrix Q in the form 


j —_ Qo.ik a k A k’ ~_— 1 2 mer 

@ bed Q2-i'k! desde ‘ali 
The infinite matrices (qo.ix), (q1-a), (q1-ni), and (qo.ix’) Which are minors 
of the matrix Q we denote by Q, Q,, Qi, and Q,, respectively. Since 
@ is assumed to be symmetric, it follows that 


° Series (5) may be written as 


21 (My L) (QLp, L) = 2B Mes Ly gt WoL, D), 


where the first term arises from characteristic values 4,+0 and the second term arises 
from the characteristic value 4 = 0. 

7R. G. D. Richardson in considering a problem in the Calculus of Variations is lead to 
a system of equations of this type for which q).,,—= 0 (alli and k). Trans. Am. Math. Soc., 
vol. 30 (1928), p. 162. 
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~~ 


Qo = (qo.ix) and (. = (qe ik’) 


are symmetric while Qi = (q:-xi) is the transpose of Q, = (q1-i%’). 
We denote by Q™ the matrix obtained from Q by striking out the first 
n rows and columns 


Qe 0 .ik 1 -ik’ * I: = n -t 1 “ 7] + 2 *- | 
N-ki’ Q2.i'k’ i = 1.2.... . 


_—_—-s 


=e (nm) «. . wae . 
Similarly, Qo" is obtained from Q) by striking out the first x rows and 


columns; Q{” from Q, by striking out the first n rows and Q{” from Q} 
by striking out the first » columns. 

We denote the minors of the matrix A corresponding to Qo, Q,, Qi, 
and Q. by Ao, A,;, Ai, and As, respectively. It follows that 


o.ik = Qa’ FZ Uk OT 0, (all 2, k, ‘, k’) 
and 
{9, ‘+ £, 
‘ dz =) 4 i =k 


The unit matrix is denoted by E = (ex), 


0; Se, 
we At ow’. 


We say that a matrix B is of type (p) if it can be written in the form 
B= E-+P, 


where the matrix P is symmetric and completely continuous. 
The vectors (a2;) and (y) are denoted by X and J’, respectively. 
A vector whose elements are all zero is denoted by 0. 
By the product of two vectors X and X’ we understand the sum 


> xxi 

and denote this product by (X, X’). 

A vector X¥+0 and of Hilbert space is said to be orthogonal to 
a matrix B if 

BX = Lbinre = 0 G = 1,2,---). 

A matrix B is closed if there exists no vector X + 0 and of Hilbert space 
which is orthogonal to B. 

A matrix B is properly positive if 

B(X, X) > 0, 

for all X of Hilbert space, the equality sign holding only if X = 0. 


16* 
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We reserve the square bracket for a vector of the type 
L = [(ai); w)] = [X; Y] G,¢ = 1,2, .--.), 
In particular if X — 0 or Y =O, we write 
L=(0;Y] or ZL = [X; 0]. 
By the product of two vectors Z and L’, we understand 
(L, L') = (X, X')+(Y, Y’). 


Operating on a vector LZ with the matrix Q, we obtain a vector of the 
same type 


QL = (e Qik Mh +2, Qh .éK’ POE (2 G1 .108" +2 Yo.4'k’ v1 
= [Q% X+Q,Y; Qi X+ Qs Y}. 


A set of vectors Xq (@ = 1, 2,---) is said to be orthogonal and normed 
if all vectors of the set satisfy the relation 


(Xu, Xp) = exp. 


The set of vectors Xe is said to be complete if there exists no vector X’ 
which is orthogonal to all Xe. 

Two sets of vectors Le and Me are said to form a biorthogonal system 
if a (1:1) correspondence can be set up, Le corresponding to Ma, so that 
the relation 
(7) (Le, Ms) = Cap 


is satisfied. A biorthogonal system is said to be complete as to L, M, 
respectively, if the system Lc, Ma, respectively, is complete. As a special 
case of a biorthogonal system we have an orthogonal system in which 
each vector Ze is identically equal to the corresponding vector Me. 

We denote the quadratic forms corresponding to the matrices Q and A 
by Q(L, LZ) and A(L, L) and note that 


(8) Q(L, L) = Q(X, X)+ Q(X, Y)+ QUY, X)+ Q(Y, VY). 
Because of the particular form of the matrix A, we have 
(9) A(L, L) = A:(Y, Y) = (Y, Y). 

As a consequence of (2) and (8) and of (4) and (9), we have 
(10) QL, L) = Q(X, X)+ Q(X, N+AY, H+ WY, VY+L (Ve, Y)"/he, 
(11) A(L, L) = 2 (Ye; YY + 2 (Ye, Y)’. : 
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It is readily seen that, written in matrix notation, the system of equations 
under consideration has the form 


. poe 0 = 4(%X+, ¥), 
(12) (12b) Y = 4(1X+Q:Y), 


or, more compactly 
(1) AL = AQL. 


By a solution of (1) we understand a vector 
(13) L = [X; ¥], 


which satisfies (1) and is such that the vectors X and Y are of Hilbert 
space. 

If corresponding to 4 = A, there exists a solution Le + 0 of equation (1), 
such that QZ. + 0 if Ya = 0, then 4 and Le are said to be a charac- 
teristic number and corresponding characteristic vector, respectively, of 
equation (1). 

This excludes a solution of the type [X; 0] such that the vector X is 
orthogonal to both the matrices Q and Qi which is discussed in Part 3. 
Such a solution which can exist only under Assumption B (§ 8) would be 
a solution of equation (1) for all values of 2. Furthermore, if 2 + 0 it 
follows that Yo + 0. 

§ 2. The system of equations (12) has always the characteristic number 
4 = 0 to which there corresponds an infinite number of linearly independent 
characteristic vectors 
(14) Je? = (Xd; 01, 
where 

XP = (ep). 


We denote by LY any linear combination of the vectors Je 
(14’) LP = De J” = (ce; 01. 
ry 


We prove the following theorems concerning the characteristic numbers 
of (1) which are different from zero, if such exist, and the corresponding 
characteristic vectors. 

THEOREM 1. Jf the matrix Q is symmetric and bounded, all the charac- 
teristic numbers of equation (1) are real. 

To prove this we assume that 4~ be a characteristic number of (1) which 
is not real and Ze a corresponding characteristic vector, not identically 
zero. Let 

he = He+ Ve 
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and ) 
La = [Xa+7Xe; YetiYeal, 
where fc, Ye, Xe, Xe, Ye and Ye are real and Ye+i¥e+0. Since L, 


is a solution of (1) corresponding to the characteristic number 4, we have 


ALe = he Q Le. 
Form the product (Lc, A La), where Le is the conjugate of Le. 


(Tun, Ald) = dghDe, Ohhed: 


This may also be written as 
(Ya, a) + (Ye, e) = (Ha + 4) (Le, Q Le). 


The left member of this equation is real and, since Ye-+iYe+4+0, is not 
zero. The product (Le, QL«) is real. It follows that v. = 0 and in 
consequence 4, is real. 

THEOREM 2. If the matrix Q is symmetric and bounded and if Le = (Xe; Ya) 
and Lg = [Xg; Ys] are two linearly independent characteristic vectors of 
equation (12) corresponding to the same characteristic number 4g +0, and 
if Ye =k Yg, then the vector 


Le fea k Lz — [Xe —— k Xp; 0] 


is orthogonal to the matrix Q. 
Substituting Le and kLg in (12a) and subtracting the second equation 
from the first we obtain 


0 = he Qo (Xe — k Xp) + 4eQ: (VYa—k Yp). 
And, since Ye =kYz and 4. + 0, it follows that 
Qo (Xa — kX s) = 0. 
Similarly, by substituting Le and k Lg in (12b), it can be shown that 
Qi(Xa—kXs) = 0. 


It follows that the vector Le —k Lg is orthogonal to the matrix Q. 

In view of this theorem we make the definition: Two linearly independent 
solutions of equations (12), Le = [Xe; Ye] and Lg = [Xs; Ys], corresponding 
to the same characteristic number 4¢ +0, are essentially distinct if and 
only if Ye +kYs, where k is any constant. 
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THEOREM 3. If the matrix Q is symmetric and bounded, the vectors Y« 
of the essentially distinct solutions Le = [Xa; Ya] of equation (1), corre- 
sponding to characteristic numbers different from zero, form a normed ortho- 
gonal system. 

The proof of this theorem follows in detail the proof of the analogous 
theorem concerning the solutions of the equation 


X = 1BX, 


where the matrix B is symmetric and bounded. 
Lemma 1. Jf the matrix B is of type (p) (p. 233) and closed, and if R is 
the resolvent® of the matrix —P, then 


(15) B(E+ BR) = (F+R)B= E. 


The resolvent matrix R is symmetric and completely continuous. By 
definition of R 
R= — P(E+ £8) = (E— B)(E+ B). 


Therefore FE = B(E+ BR). Similarly, it can be shown that EF = (L+ R)B. 
Lemma 2. If two matrices A and B which are symmetric and bounded 
satisfy the relation 
AB = BA= E, 


and if B is properly positive, it follows that A is properly positive. 
Let 
V = AU. 
Then 
BV = BAU = U. 


If we assume that A(U, U) is negative, we are lead to a contradiction. 
For 
A(U, U) = BUY, V), 


and that the right member be negative is contrary to hypothesis. Further, 
A(U, U) = 0 implies B(V, V) = 0. Since B(V, V) = 0 only if V= 0, 
it follows that A(U, U) = 0 only if U = 0. 

Throughout the paper, it is assumed that the matrix Qo is symmetric, 
bounded and of type (p), except in those cases in which Qo = 9, and that 
the matrix Qs, is symmetric and completely continuots. In Case A we 
assume that 





* Hellinger-Toeplitz, 1. c., p. 1410. 
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A) there exists no vector X + 0 and of Hilbert space which is orthogonal 
to both matrices Qo and Qi. If one of the matrices Q and Q; is 
identically zero, this implies that the other is closed. In Case B we 
assume that 

B) there exists a finite number of linearly independent vectors Xe + 0 and 
of Hilbert space which are orthogonal to both matrices Qo and Qj.'° 


PART 2. Case A. 


§ 3. Q closed.'' Q, completely continuous. Since the matrix Q, 
is of type (p), equation (12a) may be written as 


(16) X = —(PX+Q,Y) 


for 4 + 0, and may be considered as a non-homogeneous equation in X. 
The vector Q, Y is of Hilbert space. Since Q is closed, it follows that 
equation (16) has a unique solution’® given by 


(17) X= —(E+4)QY. 


The resolvent matrix R is symmetric and completely continuous; X is of 
Hilbert space and relation (15) becomes 


(15.3) Q(E+ R) = (E+ BR) = EL. 
Substituting from (17) in (12b), we obtain 
(3.3) Y=A [Qz — Q (E+ R) 0] Y. 


The matrix Q.— Qi(E+ R)Q, is symmetric and completely continuous. 
From the manner in which equation (3.3) was obtained, it follows that if 
[X«; Ye] is a characteristic vector of equations (12), corresponding to the 
characteristic number 2¢ + 0, then Ye satisfies equation (3.3) for 4 = de. 
Conversely, if 4 be a characteristic number and Ye a corresponding charac- 
teristic vector of equation (3.3), then 4 is a characteristic number of 
equations (12) to which there corresponds the characteristic vector 





*Since the matrix Qi is not symmetric, this does not imply in § 5 that there exists no 
vector Y which is orthogonal to the matrix Q,. 

That this case may arise follows from the fact that if the matrix Q is not closed 
there exists at least one and not more than a finite number of linearly independent vectors 
of Hilbert space which are orthogonal to the matrix Q. One or more of these vectors 
may be orthogonal to the matrix Qi as well. 

“The results of this section can also be obtained under the assumption that the 
matrix @ has a bounded reciprocal. 
!2 Hellinger-Toeplitz, 1. ¢., p. 1410. 
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(13.3) Le = (Xa; Yel, 
where 
ae —_- (E+ R) Q; | 


We determine the biorthogonal system of vectors necessary for the 
simultaneous reduction of the two quadratic forms as follows. Let the set 
of vectors &, consist of the vectors Le, defined by (13.3), and LY = J, 
defined by (14). Corresponding to each vector Le, we take 


Me = heQ Le — [0; Yq]. 
(Le, Ma) = (Yo, "a) = Coa 


It follows that 


and 
(LY, Ma) = 0. 


‘ ( ‘ " 
Corresponding to each vector Lj we determine a vector Mj” as a linear 
combination of the vectors 


QL” = [Q Xs; Q XO". 
The vectors Q Lie are orthogonal to all Le, since 


(La, QLY”) = (Xa, Qo X$”) + (Yu, Qi XS”) 
= (Q Xu+Q, Yu, Xd”) 
= 0, for all « and #. 


It follows that any linear combination of the vectors Q Ls” is orthogonal 
to all Le. Let 


MP — ao QL”, (8 — 1, 2, = ), 
Y 


where the constants of are to be determined so that the vectors LY and 
My” satisfy condition (1), The vectors My” have the form 


Me? = Lao Qo-ik yk; a qui’ ey] 
“eee Bivw at” 
= [QC®; QC”). 
From the definitions of Lj? and M$”, the vector product of (7) becomes 
(LP, Me) = 2 e9i qo.ik Ch 


> ‘ (p) 
= qo ‘ ok Ck 
k 
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and the condition for biorthogonality may be written as 


~ (p) 
2 qo.ok CL” = eps 
or 


Qc” = x. 


As in the solution of equation (16) the vectors C® of Hilbert space are 
uniquely determined and given by 


Co — (E+ R) x. 


If there exist vectors Ye which are orthogonal to all the characteristic 
vectors Y~ of equation (3.3), we add to the biorthogonal system already 
determined the vectors 


Le = (Xa; Ya) and Mu = [0; Yo), 


where 

Xe’ = ee (E+ R) a Ya’. 
It is easily seen that 
(18) Q Le =— 0. 


The two systems of vectors %, and Mt, form a biorthogonal system, com- 
plete as to & and M. 
In terms of this system, 


Le = [Xee; Yel, Me = (0; Yel, 
2, = {lw = [Xe'; Yo), Mo = Ma = [0; Ya), 
LP = [x?; 01, My? = [Qo(E+RB)X0”; Q(E+R)X0"], 


the series on the left of (5) becomes 
2D (Me, L) (Le, ) 
= DUQo(E+ BX, X) (Qo Xo”, X)-+ (Qo(E+ BX”, X) (AHA, Y) 


+ (Yo, Y) (Qo Xa+ Q1 Ye; X) a (Ye, Y) (Qo Xe’ + 1 ey X) 
+ (Qi(E+ R) XP, Y)(Q) Xo”, X)+ (Ya, Y)(QXat Q Ya, ¥) 
+ (Yu, Y)(QiXw+QeYe, VY) +(Q(E+ RX, Y)(QGX”, YY. 


By virtue of (15.3), (18) and the definitions of XS” and Le this reduces to 
> (Me, L) (QYo, L) 
@ 
= Q(X, X)+ Q(X, Y)+ Qi(Y, X)+W(Y, Y) +> (Ya; Y)*/hee; 


where the matrix W has the form Q,(Z+ R)Qij. 
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Comparison with equation (10) shows that 
Q(L, L) = 2)(Me, L)(Qke, L) 
= 2) (Ma, L)(QLe, L) + pa (My”, L) (QL, L). 
It is easily verified that we also have 
A(L, L) = 2 (Mo, L) (AR, L); 


and hence that Theorem A has been established under the conditions of 
this section. 

If we assume that the principal diagonal of the matrix A contains only 
a finite number, m, of elements equal to zero, the indices 7 and /& run 
only from 1 to m. The methods and results of this section remain appli- 
cable if we leave the conditions on Q, and Q. unchanged and assume that 
the matrix Q) is closed with respect to vectors of the form 


i= (a, Ha,°**, Xm). 


In this case the resulting biorthogonal system contains only m vectors of 
the type iP. 

§4. Q = 0. Q, closed. Q,Q; of type (p).'* Since Q = 0, it 
follows from Assumption A that the matrix Qi is closed. Equation (12a) 


becomes 
4Q,Y = 0 


This equation is satisfied only if 2 — 0 or if Y = 0. Corresponding to 
2 = 0, equation (1) has the characteristic vectors J” defined in (14). 
For 4+ 0 and Y = 0, equation (12b) is satisfied if and only if 


Qix = 0. 


It follows, since Qj is closed that X = 0. That is, equation (1) has only 
the characteristic number 4 — 0 to which there correspond the charac- 
teristic vectors Ji”. 

To determine the biorthogonal system of vectors necessary for the 
reduction of the two quadratic forms, we first observe that the vectors , 


form an orthogonal system, and let 


LY = Mi? = J”. 





The results of this section can also be obtained under the assumption that the 
matrix @, Qi has a bounded reciprocal. 
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The vectors 

Li? = QL” = (0; Q X0"! 
are orthogonal to all Mw. 
Let 


MP = 27 QLA” (8 =1,2,--.), 


where the constants ¢/” are to be determined so that the vectors L,? and 
MY? satisfy the condiiite for biorthogonality (7). As in § 3 this siiliiien 
for biorthogonality reduces to 


Q: Qi cP mite zs. 
The matrix Q, Qi is properly positive, for 
Q U(X, X) = BAX), 


and hence Q, Qi(X, X) > 0, the equality sign holding only if Q,.X¥ = 0. 
Since Q: is closed, this is possible only if X — 0. Q, Qj is assumed to 
be of type (p). It is also closed. It follows that the vectors C® are 
uniquely determined and given by 


o® = (E+ R) Xi, 
where £ is the resolvent of the matrix’ — P, and the relation (15) becomes 
(15.4) QAQ(E+ Rk) = (E+ RAG = EL. 
It may be shown as a consequence of (15.4) and the fact that Q, is closed 
that ' 
Qi: (E+ R) 1% = Q2. 


The biorthogonal system of vectors thus determined has the form 


<a tm (x! 01, 
° (zt? =; ax], ~* (uP = (0; @(2+ RB) xX”). 





It is easily verified that the simultaneous reduction of the two quadratic 
forms Q(Z, L) and A(L, L), as stated in Theorem A, is accomplished in 
terms of this system of vectors. 

This case does not arise if the principal diagonal of the matrix A con- 
tains only a finite number of elements equal to zero. Under this condition 
the matrix Q, composed of a finite number of rows and an infinite number 
of columns can not be closed. 





14The matrix P is used as a generic term to denote a symmetric and completely con- 
tinuous matrix in a matrix of type (p) (p. 233). 
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$5. Q=0. Q, not closed. Q, Qi of type (p). We consider the 
system of equations (12) to be an equation in the vector Y, involving the 


vector 
(19) Z= ix, 


as an arbitrary parameter, with the condition 


(12a.5) aq Y= 0 
on the solution Y. Operating on (12b) with the matrix Q,, we obtain 
(20) OY ee AQ: Qe Y+Q, QZ. 


From (12a.5) this is to be zero. Since the matrix Qj is closed, it can be 
shown as in § 4 that the matrix Q, Qi is properly positive. It is assumed 
to be of type (p). The vector 2Q,Q,Y is of Hilbert space. Therefore 
equation (20), which may be written as 


Z = —(PZ+40,0 7), 


has a unique solution which is given by 


(21) Z = —1(E+ R)Q Q ¥> 
where R is the resolvent of the matrix — P and relation (15) becomes 
(15.5) AQE+R) = (E+ HAG = E. 


Substituting for Z from (21) in equation (12b), we obtain an equation 
involving Y alone, 


Y=A4 [Q: — Qi (E+ R)Q Qe] Y. 


The matrix of the right member of this equation is not necessarily sym- 
metric. If, however, the condition (12a.5) is satisfied, we may add to 


this member the terms, 
— QQ Q(E+ RQ Y, 


without destroying the equality. The equation then becomes 
(3.5) Y=: [Q: nang Q (E+ R)Q: Q: — Qs Qi (E+ R) Q] Y. 


It is easily seen that the matrix of equation (3.5) is symmetric. It is also 
completely continuous since the matrices Q. and R are completely continuous 
and the matrix Q, is bounded. From the manner in which equation (3.5) 
was obtained, it follows that if [X«; Ya] is a characteristic vector of 
equations (12) corresponding to the characteristic number 4a, then Ye satis- 
fies (3.5) for 2 = Aq. Conversely, if 4 be a characteristic number and V« 
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a corresponding characteristic vector of equation (3.5) and if Ye satisfies 
condition (12a.5), then 4. is a characteristic number of equations (12) to 
which there corresponds the characteristic vector 


(13.5) La = (Xe; Yel, 


where 
Xe ae Sear (E+ R) Q: Q> Yas 


To determine whether or not the condition (12a.5) is satisfied by all 
solutions Ye of equation (3.5), we operate on this equation with the 
matrix Q,; and obtain, by virtue of (15.5), 


(22) QY = —4Q,0: (E+ AQ Y, 


a homogeneous equation in the vector Q; Y. The matrix of the right 
member of equation (22) is completely continuous but is not symmetric. 
For values of 2 which are not characteristic numbers of equation (22), the 
equation has only the trivial solution Q, Y= 0. That is, condition (12a.5) 
is satisfied. 

Before considering the question of the existence of characteristic numbers 
and corresponding characteristic vectors of equation (22), we consider 
whether or not equation (3.5) may have a solution of the form 


(23) Ys = 2 vpy QI” = QVa, 


where vg, are constants, the vector Vg being of Hilbert space. Substituting 
from (23) in equation (3.5), we obtain by virtue of (15.5) 


(24) QiVs = —AQi(E + R) Qi Q2 Qi Va. 
If the vector Vg satisfies the equation 
(22’) Ve = —4(E+ RB) Qi Q Va, 


then equation (24) is satisfied and the vector Qi Vs is a solution of 
equation (3.5). Equation (22’) is the adjoint of equation (22). Therefore 
if wg be a characteristic number of one of these equations, it is also 
a characteristic number of the other and there exists a corresponding 
characteristic vector Vg of (22’) such that the vector Q; Vg is a characteristic 
vector of the equation (3.5) corresponding to the same characteristic 
number “g. Moreover, since Q: Qi is closed, 


Qi Ys = AQVa + 0. 


That is, Qi Vz is a characteristic vector of equation (3.5) which does not 
satisfy condition (12a). 
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It is necessary therefore to consider equation 


(22) U = —1Q@Qi(E+ RB) UV, 
and its adjoint 
(22') V = —KH(E+ RaQ Q 7. 


Since the matrix Q: Q; is symmetric, bounded and properly positive, it 
follows as a consequence of (15.5) and Lemma 2 that the matrix (E+ R) 
which is symmetric and bounded is also properly positive. Moreover, 
the matrix 


(E+ R) Qi Qe Qi (E+ R) 


is symmetric. We may, therefore, apply to equation (22’) and its adjoint 
equation results which have been obtained for systems of linear equations 
with symmetrizable matrices. In particular, we know that at least one 
characteristic number exists; that there corresponds to each characteristic 
number a finite number of characteristic vectors Vg of equation (22’). The 
vectors Vg are of Hilbert space and, together with vectors Vg of Hilbert 
space such that 


(25) (E+R) Qi Qi Ve = 0, 


form a complete system. We denote this complete system of vectors 
by Vg and the matrix (vi) by V. The matrix V is bounded. Corresponding 
to each vector Vs, there exists a vector Us, a solution of equation (22) 
corresponding to the characteristic number wg and such that 


(26) Us = (E+ RV, = Qi Ve. 
We set 
(26’) Og = (E+ R)1Ve = Qi Ver 


and denote by Us the system of vectors consisting of all vectors Ug and U;:. 
Since the matrix (E+ R) is bounded, it follows from (26) and (26’) that 
the vectors Us are of Hilbert space. It is easily verified that the 
vectors Us, Vs form a biorthogonal system complete as to U and V. 
Finally, for any vector X of Hilbert space 


(27) Qi Qo Qi (E+ R) (X, X) = > (Up, X) (Va, X)/mep 
and , o 
E(X, X) = 2 (Us, X) (Vz, X), 
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where the series on the right are absolutely convergent. As a consequence 
of (26) and (26’) this last equation may be written as 


(28) E(X, X) = 2 (Vs, X) (Q: Qi Vp, X). 


It follows as a consequence of (15.5) and (25) that the vectors Q) Vp" 
are orthogonal to the matrix of the right member of equation (3.5) and 
are therefore orthogonal to all characteristic vectors of that equation. 

We have seen that each vector Vg of equation (22’) corresponding to 
a characteristic number mg furnishes a characteristic vector Q: Vg of equa- 
tion (3.5) corresponding to the same characteristic number wg which does 
not satisfy the condition (12a.5). We assume that, corresponding to the 
characteristic number jg, there exists a solution Ng of equation (3.5) which 
is not of the form Q: Vz. Then the vector 


(29) Ns = Ne —Q Vp (Nz, Q Vp) 


is a characteristic vector of equation (3.5) corresponding to the charac- 
teristic number wg and the vector 


(13’.5) Ls = (Xz; Nal 


is a characteristic vector of equation (12) for the same characteristic 
number. The vector Ng is orthogonal to all characteristic vectors of 
equation (3.5) different from Ng and Qi Vz, since Ng and Qi Vz are ortho- 
gonal to all other characteristic vectors of equation (3.5). Ng is orthogonal 
to Qi Vg, since 

(Nj, Qi Va) = (Ne, Q Va) — (Np, Qi Va) = 0. 
It follows that 


Equation (30) states that the vector Q, V3 is orthogonal to all vectors Vo. 
It is also orthogonal to all vectors Vo’, since Ng is a characteristic vector 
of equation (3.5) and therefore 


(Np, Qi Vor) = (Vor, Qi Ng) = 0. 


That is, the vector Q, Nz is orthogonal to all vectors Vo, a complete system. 


This is possible if and only if 
Q: Nz = 0. 


It follows that the vector Lg defined by (13’.5) is a characteristic vector 
of equations (12). We conclude therefore that all characteristic vectors 
of equation (3.5) furnish characteristic vectors of equations (12) with the 
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exception of those characteristic vectors of equation (3.5) which correspond 
to characteristic numbers wg and are of the form Qi: Vz. 

To determine the biorthogonal system of vectors necessary for the 
simultaneous reduction of the two quadratic forms, Q(Z, Z) and A(L, L), 
we let the set of vectors 2, consist of the vectors Le defined by (13.5) 
and (13'.5), the vectors Lf = [V,; 0] and the vectors LY? — [xX?; Qi Val, 
where 1 V9l 7 

iat oe: 1m _ | Vplup if Ve = Vz, 
Xu (E+ R) Qi Q: Qi Va yy on: Fm Vp. 


The vectors Mt, are determined so that the conditiou for biorthogonality (7) 
is satisfied and the resulting system of vectors becomes 


Lea es [Xe; Yal, Ma — (0; Yal, 
Bo = LP = (XP; AV, My = MP = (0; AV pl, 
Lf = [¥e; 0); Me” = [QM Vp; Q2 Qi Val. 


It is readily verified that these vectors do form a biorthogonal system in 
terms of which we have the simultaneous reduction of the two quadratic 
forms Q(L, L) and A(Z, LZ) as stated in Theorem A. 

If, with Q = 0, we assume that the matrix Q, is not closed and has 
a bounded reciprocal, then the system of equations (12) can be reduced by 
means of a non-singular linear transformation to a system of equations 


0 = 4(K,Y), 
Y = 1(KiX+K;Y), 


Where the matrix K, is an orthogonal matrix and not closed. Existence 
and reduction theorems can be obtained easily for this system by the 
methods used in this section. The results are unchanged except that the 
biorthogonal system of vectors Vg, Us becomes an orthogonal system of 
vectors under these assumptions. 

The problem treated in this and in the preceding section is a problem 
in the Elementary Divisor Theory. The vectors LP which are introduced 
here to obtain the reduction of the quadratic form Q(L, L) correspond 
to the so-called “principal functions” ’® which enter into the elementary 
divisor theory of the general unsymmetric kernel in the theory of integral 
equations. 

If, when Q = 0, we assume that the principal diagonal of the matrix A 
contains only a finite number m of elements equal to zero, we need only 
impose upon the matrix Q, the condition that it be bounded in order to 
obtain the simultaneous reduction of the two given quadratic forms, since 





’° Hellinger-Toeplitz, 1. c., p. 1549. 














248 R. L. ANDERSON. 


Q; is closed. In this case the resulting biorthogonal system contains 
only m vectors each of the types LS” and Li? 

§ 6. Q not closed. Q, completely continuous. Since the matrix Q, 
is not closed, the equation 
(31) QX = 0 


has at least one and not more than a finite number (p. 238) of linearly 
independent solutions. We assume that the equation has n such solutions, 
Xa = (tai) (€ = 1,---,). Then in the matrix 


U1 We **° 
eS Paes - 
mi Ung °° 
there must be at least one square matrix of order m whose determinant 4 


is different from zero. With no loss of generality we may assume this 


to be 
Yu ++: Lin 


A= 








tnt °*°* Lnn 


Since the vectors Xq satisfy equation (31) and since 4+0, we may 
solve for 


qo-ik (all k; i<n) 
in terms of 
qo-ik (all k; i>n). 
We have as a result 
2) 
(32) xn = pa dij Qo.jk (all k; <n), 
nN 


where the constants dy depend upon the elements 2a;. 
It follows that in the system of equations 


me ; 
(31) 2 90-18 Le = 0 (§ = 1, 2,---), 


the first n equations are linearly dependent upon the remaining equations 
and that the equation (p. 233) 
(31n) Q” X = 0, 


has no solution other than the trivial solution. For, if (a;) be a solution 
of equation (31n), then 


xX’ = 


(") (Gi < n) 


Xi 


(i > n) 
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is a solution of equation (31). Further, since equation (31) has only the 
n linearly independent solutions Xz, X’ must be linearly dependent upon 
the vectors Xz. This is impossible since A + 0. 

If 4+0, equations (12) are satisfied only if 


(12a.6) QX+QaY = 0, 
or, since Q is of type (p), if 
X = —(PX+Q,Y). 
We consider these equations for 7 > and write them in the form 
(33) = — Spam — Don n—> Qik’ Yr’ (i >n). 
It has been shown that the homogeneous system of equations 
(31 n) v= — 2 Pit Lk (i >n) 
n 


has only the trivial solution. It follows that equations (33) have a unique 
solution’’ given by 


(34) ri = — D (eis tris) (> qo-9j %j-+ Dy Y-sk’ mw) (i> n), 
s=n-+1 1 1 


where the matrix R™ = (rx) (i and k >n) is the resolvent of the matrix 
—P™ = (—px) (i and k >n) and relation (15) becomes 


(15.6) Qo (E% + RB) = (E+ RB) QS? = EB”. 
By virtue of (32) this may be modified to 
“ G<n,k>n), 
(n) ny — |% = 
(15'.6) oen+ 2”) os G>n,k>n), 
= Aki G>n, k<n), 
( ) om = 
(B® + RQ (*) i>n, k>n), 
where by Q(H™ + R™) we understand 
eo 
2, Go-io(Cae + rox) (@¢ =1,2,---;k >). 


Substituting from (34) in (12a), we obtain by virtue of (15’.6) 
O=aA Lo am— > de (> Qo-sj Xj +Da sk’ we) )+ Sa ik’ Yk’ | (<n), 
liad [> oon~ De (> Qo.9j Xj +Da0y] +2 5 a. 00 we | Gi >n). 
aviniesniiiesas a eae n+1 1 


"do. = pu for i+k. 











oe 
‘ ce 
Ue + 
wo ‘the . ve _ 
4 
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The right members of these equations are identically zero for? >n. For 
i<n, the remaining equations by virtue of (32) reduce to 


ee) 2] ; 
0=1> (av — 2, tis as) Yk! (¢@ Sn). 
1 n+ 


Substituting from (34) in equation (12b) we obtain, again by virtue of 
(15’.6) 


n 2) 
yr =A Zz (0 ~ ee dks tsi] Lk 


1 


v2) ice) 
+ >> Paes — D> mtr (ee + rs) ao | wet. 
1 8,t=n+1 ql 
Hence, setting 
bo. == 0 (all 7 and k), 


eo 
(35) Dia = Qe’ — 2, dis Qt.sk’ Gs2; kK =1,2,---), 


n+ 
(v2) 
f , 
bait = Qik a, qu.ti’ (Cts + rts) gi.sxe (7%, hk =1,2,---), 
,8=n4 


and denoting the matrices (bo.ix), (1a), (01.007), and (b2.7x') by Bo, By, Bi, 
and B,, respectively, we reduce the system of equations (12) by the sub- 
stitution from (32) to 

(36a) 0 = 4(B, X+B,Y), 
(36) ie Y == 4(B{X+B,Y), 


where the matrices B), B,, and B, are defined as follows 


Bo 0, 
(37) By = A— Q(E+ BR) Q, 
Bz = Q— Q(E™ + R™) Q.. 


It follows from the conditions imposed upon the matrix Q that the matrices B, 
and B, are completely continuous and that the matrix B, is symmetric. 
We denote the matrix on the right of equation (36) by B. 

The elements }." cannot be identically zero for any 7 < m and all x’ 
since by virtue of (32) it would follow that there exist vectors orthogonal 
to both matrices Q and Qi, contrary to Assumption A. Similarly, the 
matrix B; is closed, for: assume that there exists a vector (a;) (¢ = 1, 2, ---,”) 
which is not identically zero and which is such that 


n nv 


oo 
a bin = 2 Hi (a1. — 2 dy ee = 0 (k’ == 1,2,---+). 


1 
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It follows from (32) that 
¥ a1 (t0.0 — Sate gor) = 0 (ke = 1,2,---) 
n+ 


and hence that there exists a vector which is orthogonal to both Q) and Qj. 

The matrix By is identically zero. The matrix B, of nm rows and an 
infinite number of columns can not be closed. It follows that the system 
of equations (36) is of the type treated in § 5, the matrix A containing in 
its principal diagonal but a finite number m of elements which are equal 
to zero. We may determine therefore a biorthogonal system of vectors 
in terms of which the two quadratic forms B(L’, L’) and A(L’, L’) may be 
reduced according to Theorem A. From this we derive the biorthogonal 





system 
(Le = (Xa; Yel, 
q | LP = XP; Bi Vl, (B<n), 
. Ly” = (Ve; 0], (8B <n), 
Ly = (Xf; 0], (8 >n); 
Me = (0; Yal, 
MP = (0; Bi Val, (8<n), 
oi al Me = [B, Bi Va; Be Bi Val, (8 <n), 
"| Me? = [Q(B +R”) XP; Q(B" +R) XO") 
4 do P MP4 Dn? My”, (&>n), 
where: ; , 


The vectors Lg are characteristic vectors of equation (1) corresponding 
to the characteristic numbers 4.0. If we write 


BB = E+T 


and denote by § the resolvent of the matrix’® —7, then 
—(EH+ 8) B, Bz Ya (¢<n), 


X, =e 0 n es) ) 
‘ wt pm (eis + rw)( Se. Laj +2, Q1-sk’ va (i>n). é 
s=n+1 . 1 1 
The vectors LY are solutions of the non-homogeneous equations 


AL = 4QL+BL®” 
= AQL+QLP+ LD RPQL?, (G=1,2,---,n), 
y=nrl 





'S The matrices B: Bi, T and S are finite square matrices, each of order n. 
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corresponding to 2 == 0. The vectors Vz are defined as 


= VBi (i < n) 
n=l <1), 
p ( 0 (i>n), 


and include vectors Vg which satisfy the equations 


(22’.6) V = —w(E+S) B, B, Bi V 
and 
(Vo, B, Bi Vs) = Cop, 


and vectors Vg which are orthogonal to the matrix 


(E+) B; Be Bi. 
The vectors = are defined by 


= Va/m Ve= VJ, on 
xp —(“eronmnt = (To FIy) bee, 
0 (¢>n). 


The vectors L® are characteristic vectors of equation (1) corresponding 


to the characteristic number 40. The constants ge and h® have the 
form 


a vy - ' ? n 17 
me le ay OO I eT 


fA 


— (Vy, QE +R") XP), Vy = Vy, 
4 == de Vyj Ap. 


It is easily shown that the vectors Mi” (8 >n) may be written in the form 
nr n 

MP = |x”: Qi (E+ R™) XP + Diop BiVy + DUP Ba Bi 7,| (8>n). 
1 1 


The two quadratic forms Q(Z, L) and A(L, L) may be reduced as stated 
in Theorem A in terms of this biorthogonal system of vectors. 

As in § 3 and § 5, these methods and results are applicable if we assume 
that the principal diagonal of the matrix A contains only a finite number m 
of elements equal to zero. We assume that the determinant of the matrix Qo 
is of rank n<m; Q is a finite square matrix and is therefore of type (p). 
The resulting biorthogonal system of vectors contains only m — n vectors 
of the type 
LP = (x; 0). 
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$7. Q, = 0. Since the matrix Q, = 0 it follows from Assumption A 
that the matrix Q is closed and that the equation 


(12a.7) 0 = 4QX, 


has only the trivial solution, if 4 +0. Since the matrix Q, is completely 
continuous, the equation 
(12b.7) Y= i1QY 


has characteristic numbers 4, and corresponding characteristic vectors Y«. 
Hence, the vector 
(13.7) Le = [0; Ye] 


is a characteristic vector of equation (1) corresponding to the charac- 
teristic number Aq. 

We determine the biorthogonal system of vectors necessary for the 
simultaneous reduction of the two quadratic forms as follows. Let the 
set of vectors 2, consist of the vectors Le defined by (13.7) and the 
vectors L® = [c®, 0] defined by (14’). Corresponding to each vector 


La, let 
M. = he Q Le — (0; Yal. 


Corresponding to each vector L®, let 
Me” = QI” = [Qo XM”; 0]. 


We determine vectors C” so that the vectors Li” and Mj” satisfy the 
condition for biorthogonality (7). As in § 3 these vectors are uniquely 


determined and given by 
c® — (E+ R)X”, 


where the matrix R is the resolvent of the matrix — P and relation (15) 
becomes 


(15.7) Q(E+ R) = (E+ R)Q = EL. 
In terms of this biorthogonal system, 
— 7 = [0; Yal, M {a = [0; Yel, 
° LP = (E+ RB) X; 01, ¢ Ub? = [Qo Xo”; 01, 


we obtain the simultaneous reduction of the two quadratic forms as stated 
in Theorem A. 

The methods and results of this section remain applicable if we assume 
that the principal diagonal of the matrix A contains only a finite number 
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m of elements which are equal to zero and that the matrix Q be closed 
with respect to vectors of the type X = (a, 2, ---, 2). The matrix 
Q is a finite square matrix and is therefore of type (p). The resulting 
biorthogonal system contains only m vectors of the type a". 


Part 3. Case B. 


§ 8. We assume in this section that there exist 7 linearly independent 
vectors (p. 238) 
} + (a — 3. 2, it r), 
not identically zero and of Hilbert space which are orthogonal to both 
matrices Q and Qi. It follows at once that the vectors 


(38) [Xa; 0] (a = 1, 2,..., 1) 


are orthogonal to the matrix Q and are solutions of equation (1) for ail 
values of 4. 
As in § 6 we may solve for the elements 


Qo-ik and Qik’ (i < r; k, k= l, 2, he ‘); 


obtaining 
io.) 
Qik = 2 dij Qo-jk (all k; ¢ < 1), 
rt 
(39) pe 
Rin = 2% Qi.jk’ (all #3; i < ), 
r 


where the constants dj depend upon the elements 2; and satisfy the 
relation 


(40) Dy iy wai =—ay (4 = 1,2,---,r7597 =rtl1,--). 
Substituting from (39) in equations (12), we obtain 
~~ 4 “ 
0O=4 D Mo-ik (on+ 3 dn ay) + Sar ve| (@ = 1,2,-->), 
r 
co r es) 
yi = i[ Se (2x + 2 dx x) + 2, gin ve| @’ = 1,2,-->), 


or setting 


(41) wi = a4 Dy dye G =r+1,-->), 
ic.2) i 2) 
0=4[ dave okt Saw yw] @ = 1,2,-: 
r+ 
[> ¢) 
YW = [> arn tht Ds doi ye | (@’ = 1,2,--:). 


r-|-1 
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Since by virtue of (39), the first r equations of this system are linearly 
dependent upon the remaining equations, we consider the system 


peek 0 = 4(Q X'+Q” Y), 


(42) (42b) Y= AQ X'+@Y). 


The method which was used in § 6 to show that the matrix Q” is closed 
can be used here to show that there exists no vector which is orthogonal 
to both matrices Q” and Q”. The system of equations (42) is, therefore, 
of the type treated in Case A. 

Corresponding to each characteristic vector 


(13’.8) La = (Xa; Yal 


of equations (42) there exist r+-1 linearly independent characteristic vectors 
of equations (12), 


Le = [(X2"; Yal, (a = 1,2,---,n), 
where 
(@) __ om G <n), 
” Lai + Lei “> r), 
and 
(13.8) Lea = (Xa; Yel, 
where 
- _ (0 Gi <n), 
Xe = (7, (> r). 


These characteristic vectors are not essentially distinct (p. 236). We take 
as the one characteristic vector of equations (12) corresponding to 
a characteristic vector of equations (42), the vector Ze defined in (13.8). 
Equations (42) and (12) both have as characteristic vectors corresponding 
to the characteristic number 2 = 0, the vectors 


(14.8) I? = (Xi; 0] (8 =r+1,---). 


The vectors Js” (8 = 1, 2, ---, r) which are also solutions of equations (12) 
corresponding to the characteristic number 4 = 0 are linearly dependent 
upon the vectors Ji” (8 =r-+1,---) and the vectors [Xa; 0], defined 
in (38), and hence are not considered to be characteristic vectors of 
equations (12) distinct from the vectors Ji” (@=r-+1, --:). 

The results obtained in Part 2 may be applied to the system of equa- 
tions (42). We have therefore the simultaneous reduction of the two 
quadratic forms Q(L’, L’) and A(L’, L’) in terms of a biorthogonal system 
of vectors, 2, Mo, the particular form of these vectors depending upon 
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(r) 


the nature of the matrices Q¥ and Q”. 


To obtain the simultaneous 
reduction of the two quadratic forms Q(Z, L) and A(L, L), we modify 
this system in the following manner. From each vector % we obtain 
a vector %, by setting 


From each vector Mp we obtain a vector M, by extending the definition 
of a (@§ = rt+l1,---) ton @ = 1,2,---,7). 
For example, if the matrix Qj” is not closed so that the equation 


Qs xX = 0 


has n-—yr linearly independent solutions, Xg (a = r+1,---,m) and if 
the matrix Q;” is completely continuous, we have the simultaneous reduction 
of the two quadratic forms Q”(L’, L’) and A® (L’, L’) in terms of the 
biorthogonal system 





(Lu = [Xa; Yal, 
% = i Lis = (Xu; Bi” Val, (8 = r+1,---,n), 
Ly” = (Vp; 0], (8 = r+1,---,n), 
Ly? = sae 0], (8 = n+1,-->); 
Mz a [0; Yal, 
My? = (0; BY” V5], (8 = r+1,---,n), 
sit a ui?) — (B” BY” Vp; Bo B®” Val, (B =r+1,---, n), 
‘ Mu” — [av : E™ re B®) x. a” ( E™ 4 R”) x?) 
+ oP ui + 3 WM? (6 = n+4+1,--), 


where the vectors Lo and Wt are defined with reference to the system of 
equations (42), as in §6. From this system we obtain the biorthogonal 
system 





(Le = [Xa; Yel, 
% = 1% = 4 Xi; BV pl (8 = r+1,---,m), 
~ [F%; 01, (8 = r+1,---,n), 
i = [X: 0], (8 = n+1,--); 
Ma = (0; Yal, 
My’ = (0; Bi Val, (@ = r+1,--+,n), 
Mo —_ — = [B, Bi Vg; Bo Bi Vs), G —_ r+1,---,%), 
M,” = [Qo ( E™ 4 R”) x. Q ( E™ 4 R”)X ey 
n 
+ > PMP + DPMP B= nt, 
y=rrl y=rt 
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where in each vector &» the elements 2; (¢ <r) are zero. It is in terms 
of this biorthogonal system that we obtain the simultaneous reduction of 
the two quadratic forms Q(L, LZ) and A(L, L). 

In solving the system of equations (42) we obtain 


io?) 
(32.8) 0 -ik = > di o-jk ~ (i — I~ al Ss Jaded nN; k == 1 ’ 7. “* -), 
n 
The modified matrix product of (15) becomes 
n 
2, dij dint din G<r; k>n), 
E™+ R™) = [" ; 
Qe (EM + BM) dix (r<i<n; k>n), 
Cik (i>n; k>n). 
The vectors B, Bi Vz have the elements, 
es) n \ 
Pay dij by.js' Di.ts’ Upt (i< 7), 
s=1 j,t=r+l 
es) n gis 
a Di.is’ Di.ts’ Upe (r<icn), 
s=1t=r-+1 
0 (¢>n), 


and it follows that the vectors Mj)? (8 = n+1, ---) may be written in 
the form 


ue = |x; (e+ RK xP+ S oP BI, + Z WP BT, 
y=r y=eTT 


where 
("' (<r), 
xf = 0 (r<ticn), 
Cig (Z > n). 


With the usual modifications these results can be applied to the case 
in which the principal diagonal of the matrix A contains only a finite 
number m of elements which are equal to zero. 


Part 4. 
§ 9. We assume in this section that the elements of the matrix A, are 
such that 2 
0 (i’ + K) 
mam | (@’ =k), 


Where ay >m>0. Again we base the simultaneous reduction of the two 
quadratic forms A(Z, L) and Q(Z, L) upon that of two forms A; (Y, Y) 











Pe 
sath 
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| H and Q:(Y, Y)—W(Y, Y), where the matrix Q.— W is symmetric and 
| completely continuous. 
There is associated with these two quadratic forms the equation 


(43) , A, ¥ = 4(Q—W)Y. 


| If we let 

f (44) Zy = V ar yz, 
this equation may be written as 

ie (45) Z=A8Z, 
eds where 


Q2.ik — Wi'k’ 


Si'k’ = 
; V Qi’ AK’ 


The matrix § is symmetric and completely continuous. From each char- 
acteristic vector Z, of equation (45) corresponding to a characteristic 
number 4¢, we obtain a characteristic vector Y, of equation (43) cor- 
responding to the same characteristic number. The vectors Z, form an 
orthogonal system, that is 


(46) (Za, Zp) = cap, 





and the quadratic form S(Z, Z) admits of the expansion 


(47) S(Z, Z) = D> (Za, Z)/he- 


a 


By virtue of (44) equations (46) and (47) may be written as 


(48) (Ae Ya ’ Ys) = Cap, 
(49) Q:(¥, Y)—W(Y, Y) = 2 (As Ya, Y)*/2e, 
respectively. 


Similarly it can be shown that, if we denote by Yo those vectors 
which are orthogonal to all vectors A, Ye, the quadratic form A,(Y, Y) 
may be expanded in the form 


(50) As(Y, Y) = 2 (Az Ya, Y)PP+2) (A Yo, ¥)*. 





it The right members of equations (49) and (50) are absolutely convergent. 

{ Under assumptions similar to those of § 3-§ 8, we are able to determine 

ie biorthogonal systems of vectors in terms of which we obtain the simultaneous 
reduction of the two quadratic forms A(L, L) and Q(L, L). 
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For example, we assume that Q = 0, that the matrix Q, is not closed 
and that the matrix Q, 4s" Qi is of the form V Ag E+ P*, where P* is 
symmetric and completely continuous. By V A, we understand the matrix 


VA, — (V as). 





We consider the associated system of equations 


(12.9 a) 0 4(QoX+Q Y), 
(12.9) pase AsY¥ = 1(QX+QY). 


Operating on (12.9b) with the matrix Q, Az", we obtain 
Qi Y = 4(Q, Ar Qi X+Q Az’ ® Y). 


From (12.9a) this is to be zero. It can be shown as in § 4 that the 
matrix Q, 42’Qi is properly positive. It is assumed to be of type (p). 
The vector 2Q, 42 Qs Y is of Hilbert space. We can therefore solve for 
the vector Z = AX, and obtain 


(21.9) Z = —i(E+R)Q 42 Y, 
where R is the resolvent of the matrix —P and the relation (15) becomes 
(15.9) Q, 42° Qi(E+R) = (F+R)Q42° 1 = E 


Substituting for Z from (21.9) in equation (12.9b), there results an 
equation involving Y alone, 


AY = 2(Q:—Qi(E+R)Q Az Q) Y, 
which, if Q, Y = 0, may be written as 
(43’) de ¥ = 2(Q2 — Qi(E+R)Q, 42 Q2—Q Ar’ Vi (E+ R)Q)Y. 


The matrix of the right member of equation (43’) is symmetric and 
completely continuous. 

It can be shown as in § 5 that there exist values of 4 to which there 
correspond solutions of equation (43’) of the form Az QiVg. These 
characteristic vectors do not satisfy the condition Q, Y = 0 and hence 
do not furnish solutions of equations (12.9). Corresponding to every 
characteristic vector of equation (43’) which is not of the form A: *Q Va 
there exists a characteristic vector of equation (12.9), 


La = (Xa; Ya, 
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where 
Xe = —(E+ B)Q, 42° Qi Ya. 


Finally, the two given quadratic forms may by expressed as 
Q(L, L) = 2 (Me, L) (QLp, L) 

e 
A(L, L) = 2 (Mo, L) (AX, L). 

@ 


and 


The vectors %» and Wp form a biorthogonal system which consists of the 
vectors 


In = (Xa; Yel, 
B= j Lp = [XP Ae" Val, 
[Le = [Vp; 0], 


>] 
s 
| 


| M, = [0; Ag Yal, 
MY? = [(0; As Az Qi Val, 
Mi” = [Q, 42° Qi Va; Qe Aa Qi Val, 


Mo = 








where the set of vectors Vs includes the vectors Vs mentioned above and 
vectors Vg orthogonal to the matrix 


(E+ R) Q, Ar" Q: Az" Qi; 
the vectors x” are defined by 
Vs 


“sg 
B» 


gs es il Value, 
Xt = —(£+ R)Q, Ae "Q2 A2 *Q Ai | = 


0, Vp 


! 
= 











THE PROBLEM OF BOLZA IN THE CALCULUS OF 
VARIATIONS. 


By GiiBert Ames Btiss.' 


1. Introduction. The problem to be considered in this paper is that 
of finding in a class of arcs, 
(1.1) | ee yi (x) (@Q=1,---,n3m lxexca), 


satisfying the differential equations and end-conditions 


(1.2) PalX, y, y’) = 0 (a =1,---,m<n), 
(1.3) Wular, y(e:), %, y(@s)] =O (w=1,---,pS2n+2), 
one which minimizes an expression of the form 

Le , 
(4) T= Gf, y@), m, y@)+ JS, y, y) ae. 


This is a very general problem of the calculus of variations first formulated 
by Bolza who deduced the differential equations and transversality con- 
ditions which must be satisfied by a minimizing arc.” His results were 
later proved by the author of this paper by other methods for an equivalent 
but different formulation of the problem and with less restrictive assump- 
tions.® For the form adopted by Bliss a further necessary condition for 
a minimum, corresponding to that of Jacobi for simpler problems, was 
deduced by Cope* in terms of the characteristic numbers of a boundary 
value problem associated with the second variation and following methods 
suggested by Hilbert, Mason, Cairns, Richardson, Bliss, and others.’ In 
a recent paper Morse has remodeled the boundary problem method of 
attack, with the help of his theory of broken extremals, and has shown 
that the necessary conditions which he lists, when suitably strengthened, 
are sufficient for a minimum.® 

Morse makes an introductory statement that sufficient conditions for 
a minimum for the problem of Bolza are presented for the first time in 

‘Received November 16, 1931. 

*8, pp. 488-439. The numbers in the footnotes refer to the bibliography at the end 
of this paper. 

°12, pp. 305, 311. 

*14, p. 21. 

*9, 4, 5, 6, 13. 

°17, p. 528. Hahn uses a broken extremal with a single comer, 7, p. 136. His method 


may have been inspired by Scheeffer, 2, pp. 536,541 and elsewhere in the paper. 
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his paper. This assertion is correct so far as is known to the author of 
the present paper. For the problem of Lagrange, however, which is the 
problem described above in the special case when the function G in the 
expression (1.4) for I is identically zero, a sufficiency proof has been sug- 
gested by A. Mayer.’ Mayer’s discussion is incomplete in some essential 
details. To complete it an important theorem proved by Hahn® is needed, 
besides further auxiliary theorems. It is the purpose of the present paper 
to apply the methods suggested by the papers of Mayer and Hahn to 
deduce for the problem of Bolza a necessary condition analogous to that 
of Jacobi for simpler problems, and to make a sufficiency proof based 
upon this condition and the other usual ones.® An interesting feature of 
the method is that the analogue of Jacobi’s condition can be phrased in 
terms of the characteristic numbers of a quadratic form involving only 
a finite number of variables instead of the characteristic numbers of a 
boundary value problem. 

In Section 2 below the necessary conditions deducible from the first 
variation are listed. They have been proved a number of times before. 
In Section 3 the necessary condition of Mayer is deduced. Section 4 con- . 
tains a sufficiency theorem arising out of a combination of the results of 
Mayer and Hahn. In Section 5 proofs are given for three auxiliary the- 
orems used in the preceding section, including an important theorem of 
Hahn. In Section 6 sufficient conditions for a minimum are stated and 
proved with the help of the theorems of Section 4. Finally in Section 7 
remarks are made concerning the theory of minima of a quadratic form 
whose variables satisfy certain linear equations. 

2. First necessary conditions for a minimum. In the following 
pages it will be understood that R is a region of points (a, y, y’) in which 
the functions f and ge have continuous partial derivatives up to and 
including those of the third order, and which is furthermore such that the 
functions G and wW, have the same property in the domain of points 
(a1, Ya, 22, Yo) for which the points (a, ya) = [x1, yi(a1)] and (a, yi) 
= [, yi(%)] belong to sets (2, y,y’) in R. In order to insure the 
independence of the conditions (1.2) and (1.3) it is assumed that the matrices 


|| Pay; |» Wx, Puy, Pua, Pir, | 


have ranks m and p, respectively, in the domains just defined. 





71, p. 114; 3, p. 445. 

87, p. 129. 

*See 7, p. 133, and 10, p. 157. The methods there described would seem more precise in 
conjunction with the theory of Mayer. 
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An admissible set (x, y, y’) is one which is interior to R and satisfies the 
equations ge = 0. An admissible arc (1.1) is one which is continuous 
and consists of a finite number of sub-arcs with continuously turning tangents, 
and whose elements (zx, y, y’) are all admissible.’ 

The problem of Bolza, more precisely stated, is that of finding in the 
class of admissible arcs satisfying the end-conditions' y, = 0, one which 
minimizes the expression I. 

In the following pages it will be understood that the two end-points of 
the arc E,, whose minimizing properties are being studied satisfy the con- 
ditions w, = 0, but that no other pair of distinct or coincident points on Zs 
has this property. The problem of determining the shortest arc in the 
plane joining two curves illustrates the reason for this assumption. 

The following property of a minimizing arc is an extension, in the sense 
usually attributed to Du Bois Reymond, of the necessary conditions deduced 
by Bolza, and is a consequence of methods used by the author of this 
paper for the problems of Lagrange and Mayer.*' It has been proved 
explicitly by Morse and Myers.’” 

I. For every minimizing arc Ez for the problem of Bolza there exist 
constants c; and a function 

F = dof + ha(x) Ga 
such that the equations 


Fy, = JP Rdeta, Ya = 0 


hold at every point of E,,, and furthermore such that the end-points of Ey: 
satisfy, besides the equations W, = 0, the condition that 


(2.1) (F—yi Fy) dat Fy,dyi'+%d@ = 0 


Sor every set of differentials da,, dyn, dx,, dyi2 which satisfy the equations 
dW,=0. The first multiplier 49 is a constant, and the multipliers 4(x) 
are continuous except possibly at the values of x defining the corners of Ey. 
The elements of the set do, 4a(x) do not vanish simultaneously at any point 
of Exs. 

The dependence of the equation (2.1) upon the equations dy, = 0 implies 
and is implied by the vanishing of all determinants of order p+-1 of the matrix 





Morse defines an arc as “ differentially admissible” if it satisfies the equations pa = 0, 
and as “terminally admissible” if it satisfies Yp = 0. It is “admissible” if it satisfies 
both of these conditions. See 17, p. 518. The definition used in the text above was selected 
because of its convenience when two problems with the same equations ga = 0 but 
different end-conditions Wy = 0 are to be considered, as in this paper and the reference 15. 

"15, p. 692; 12, p. 809. 

216, p. 245. 
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dy Ge, — A, An Gy,— Ba %Gae,+As Gy, + Be 


1 


- Wux 1 Wuy, Wuc, Wun 


? 














where A,, Bu, As, Biz are the values of 
(2.3) A= F-yfy, B= Fy 
at the points 1 and 2. 

Besides the condition just described we have also those of Weierstrass 
and Clebsch, described in the following theorems, which must be satisfied 
as in the case when the end-points are fixed: 


II. THE CoNDITION OF WEIERSTRASS. At each element (x, y, y', 4) of a 
minimizing arc which is normal on every sub-interval™® the inequality 


E(z,y,y',4, Y') => 0 


must be satisfied for every admissible set (x, y, Y') +(x, y, y’). 
III. THE ConpDITION OF CLEBSCH. At each element (x, y, y’, 4) of a mini- 
mizing arc which is normal on every sub-interval the inequality 


Fyy, (a, Y; y; A) aja, = 0 


must be satisfied by every set (m,,---, 1n)+(0,---,0) which is a solution 
of the equations Say, i = 0. 

The properties I, II, II] of a minimizing are are the ones which can be 
deduced without recourse to the second variation. 

3. Further necessary conditions. The necessary condition first 
deduced in this section applies to a minimizing are without corners on 
which the determinant 


(3.1) 


Fyy, Psy; 
Pay, 0 








is different from zero, and which is normal with respect to the problem 
of Bolza.‘* For a normal are the multiplier 4% is always different from 
zero and the multipliers in the form 4) = 1, 4e(x) are unique. A normal 
are along which the determinant (3.1) is different from zero will be called 
non-singular. 





‘8 For the definition of normality here used see 15, pp. 687, 688. Graves has proved 
the necessity of the conditions II and III for minimizing arcs which are assumed to be 
normal only on the whole interval x, 2, in a paper read before the American Mathematical 
Society at Minneapolis in September, 1931. 

415, p. 693. The definition of normality is the same for the problem of Lagrange and 
the problem of Bolza. Morse and Myers have modified the definitions used in the text 
above, but in form rather than content. See, 16, p. 245, and the theorems in 15, pp. 688, 693. 
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The functions yi (x), yi(x), 4e(x) belonging to a normal non-singular 
minimizing arc must have continuous derivatives and the arc is therefore 
an extremal.’® Furthermore it is a member of a 2-parameter family of 
extremals ** 


(3.2) eames yi (x, C1y +++, Con) = Yi (@, ©) (a < 2x SF %), 


he = ha(x, ms? **5 Con) — he (x, ¢) 
for values x, c satisfying conditions of the form 
Lio S LX < Mp, Co = Co (s = 1,---,2n). 


The functions yj (x, ¢), yia (x, c), 4 (x, c) have continuous partial derivatives 
of the first three orders in a neighborhood of the values (x, c) belonging 
to E,,, and the determinant 








0 yi/ 0 Cs ‘ 
8 vi] 8 Ce ¢=1,---,n;@ = 1,---, 2n) 
in which v4, = Fy [z, y (a, c), y'(x, 0), A(x, ©] is different from zero 


along Ej. 
If we denote by I(a, 22, ¢), Wu(a%, 22, c) the values of J and Wy on 
the are (3.2) it follows, since Ey, is a minimizing arc, that 


I(x, X25 ¢) = I (x10, X20 » Co) 


for all sets (a,, 22, c) which satisfy the equations Wp (2,, 2, c) = 0. Hence 
the first differential of J must vanish, and the second must be positive or 
zero, for all values dx,, da,, dcs which satisfy the equations dwn. = 0. 
We may denote by symbols 6 the differentials of a function of the vari- 
ables x, c with respect to the c’s alone, and by symbols d the differentials 
with respect to all the variables. Then we have 


al — Tz, dx, + Ix, diz+ Ip, des 
= fae+aetf fy dutfueyi de, Hiiiy 


and with the help of the equations of variation é 





De (x, by, Sy’) = Gay, SYit+ Pay, yi = 9, ie 


which hold along the extremals (3.2), and the usual integration by parts, 
we find 


mars, dI = Adz+Bidyi|}+aG 
515, p. 684. 
15, p. 687. 
18* 
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where A, B; have the values (2.3) and dy; and dy; are related by the 
equations 
(3.3) dy: = yidu+dy. 


From the conditionI it follows that dZ = 0 for all differentials dz,, 
dx, dcs which satisfy the equations dw, = 0. 
For the computation of the second variation of J we have the relations 


PI = Ad?axt+Bdyt+dAde+dBdyi+ae@, 
(3.4) eg = Ge, d?x,+ Gy,, d* yat+ Ge, a” aq + Gy,, d* yn +2Q, 
Pvp = Wpx, Px + Puy, Pyat Pux, Pt2+ Way, 1 y+ 2 Qu, 





where 2Q is the quadratic form in d2,, dyu, dx, dy whose coefficients 
are the second derivatives of G, and 2Q,» is the similar form for w, 
Since the determinants of order »-+1 of the matrix (2.2) all vanish on EF}, 
it follows that when the last equations (3.4) along Ay, are multiplied by 
suitable constants e, and added to the first two the second differentials 
all disappear and 


PI = dAdx+dB dy +2(Q+ en Q,). 
With the help of the equations gz — 0 and Euler’s equations we find 


dA = Fr, da+ Fy, dyi— yd Bi, 
dB, = Fy, dx + 2, (x, dy, dy’, dA), 
where 
Q(z, Ns 1; ) = wo (x, q; 1’) + Me Dz (a, q 4’), 
20 (x, 9,4’) = Fyy, 11+ 2 Fyy, 16 1k + Fy, 1 1: 


After an easy calculation with the help of equation (3.3) it follows that 


PI = (Fet+yiFy)da*+2Fy dy dx+ dy; Qy (x, dy, dy’, 6a)/; 
+2(Q+ Cu Qu) 


where dy; is expressed in terms of the differentials dcs by the formula 
Yi = Yie, ACs. 

IV. THE ConpiTIoN OF Mayer. For a normal non-singular minimizing 
arc KE, without corners the quadratic form (3.5) must satisfy the condition 
d*I => 0 for all sets (da,, dxz, des) which satisfy the equations dW, = 0 
but whose elements are not all zero. If E,, is normal on every sub-interval 
then there can be no point conjugate to 1 on Eye between 1 and 2. 


(3.5) 
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The last statement of the theorem is a consequence of the theory of 
the Lagrange problem with fixed end-points since Ay, must certainly 
minimize the integral in the expression (1.4) for J in the class of admissible 
ares satisfying the equations yz = 0 and joining the ends 1 and 2 of E\y. 

4, A fundamental sufficiency theorem. For the statement of the 
theorems of this section the closed ¢-neighborhood of the set (210, x20, Cso) 
will be denoted by (210, X20, Cso)e- The principal theorem to be proved 
was suggested by the papers of Mayer and Hahn referred to above and 
is as follows: 

THEOREM 4.1. A FUNDAMENTAL SUFFICIENCY THEOREM. Let E, be an 
extremal arc with the following properties: 

(a) Ey satisfies the sufficient conditions for a proper strong relative minimum 
with respect to admissible arcs joining its ends; 

(8) Its end-points satisfy the conditions W, = 0 and no other pair of 
distinct or coincident points on Ey has this property; 

(y) In the 2n-parameter family of extremals (3.2) containing Ey for para- 
meter values X10, X20, Cs the inequality I(E)>I(E,) holds for every 
extremal arc E satisfying the end-conditions W, = 0, having its para- 
meter values (2, X2,Cs) in a neighborhood (x0, X20, Cs0)e, and not 
identical with Ey. 

Then there exists a neighborhood § of Ey in xy-space such that I(C)> I(E) 

Sor every admissible arc C in § with ends satisfying the conditions W, = 0_ 
and not identical with Ey. 

The proof of this theorem depends upon the three following auxiliary 
theorems which will be proved in the next section. 

LemMA 1. (Modification of Hahn’s theorem). The property («) for Ey 
implies that there exists a neighborhood %, of Ey and a constant « >0 such 
that every extremal arc E of the family (3.2) with parameter values (2 , %2, Cs) 
in (a4, 20, Cso)e minimizes the expression I in the class of admissible arcs 
C in &1 joining the ends of E. 

LemMA 2. The property («) for Ey implies that for every «> 0 there exists 
a 6>0 such that through each pair of end-points in the 5-neighborhoods of 
the ends of Ey there passes an extremal E with parameter values (a, x2, ¢s) 
in (10, X20, Ceo)e- 

Lemma 3. The property (8) implies that for every 6>0 there exists a 
neighborhood % of Ey such that every pair of points in § satisfying the 
conditions Wu = 0 necessarily has one of the points of the pair in each of 
the two d-neighborhoods of the ends of Ep. 

With the help of these lemmas the proof of the theorem is as follows. 
Let ¢ be a constant effective as in the hypothesis (y), and also as in 
Lemma 1 with a certain neighborhood $,. Let d be related to « as des- 
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cribed in Lemma 2. Finally let § be a neighborhood of Z, interior to §, 
and related to 6 asin Lemma 3. Then, by Lemma 3, every admissible arc 
C in & satisfying the conditions y, — 0 must have its ends in d-neigh- 
borhoods of the ends of Ej, and according to Lemma 2 these ends will be 
joined by an extremal arc # with parameter values (2, x2, cs) in (240, 229, Cs0)e. 
We have then J(C) > I(£), by Lemma1, and J(Z) = I(E,), by the 
property (vy); and hence I(C) => I(£,). The equality sign can hold only 
if C is coincident with ZH). The theorem is therefore proved. 

5. Proofs of the three lemmas. To prove Lemma 1 it may first be 
remarked that the property (@) implies the existence of a field %, having 
E, as one of its extremals.‘’ The value of the invariant integral 


rt = | (P—p Fy) de+ Fy, dy) 


taken from a fixed point to a variable point (2, y) of the field is a func- 
tion W(x, y) which has continuous partial derivatives of at least the first 
and second orders. At a point (7, y) of the field the canonical variables 
v4 = Fy, for an extremal of the field have the values v(x, y) = Wy,. 

A further consequence of the hypothesis (@) is that the determinant (3.1) 
is different from zero along E,)'* and E, is therefore a member, for values 
(X10, X20, Ain, bi), Of a 2n-parameter family of extremals’® whose equations 
in terms of canonical variables x, y, v have the form 


oes yi (x, a, b), as vila, a, b). 


_ For the constants a;, 6; we may take the initial values of the variables 
Yi, Vi at X = Xo. The functions y;, vi, yiz, vic have continuous partial 
derivatives up to and including those of the second order at least, in a 
neighborhood of the values (x, a, b) belonging to Hy, when the functions / 
and gq have the continuity properties prescribed in Section 2. 

The extremals of the field %, in which Ey is imbedded have the equations 


(5.1) eee (x, a, Wa), u = ua, a, Wa); 


where the symbol Wz stands for the set of derivatives Wo, (x10, a) which 
are the initial values at x — 2 of the variables v1; on the extremals of 
the field. For each set of sufficiently small constants 4; the equations 





(5.2) yi = yi(x, a, Wa.+8), vu = 4 (x, a, Wat 8), 
715, pp. 735-736, and also 18, especially pp. 574, 576. 
1815, p. 735. 


19145, p. 687. 
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define a family of extremals depending upon mn parameters a; with the 
initial values yj = a, 4% = Wa,+8 at x = 2. This family forms 
a field in every region of xy-space which it simply covers since the Hilbert 
integral belonging to the family is independent of the path in the subspace 
x = 2%, Where it has the form 


I* =f (We+4) dai =f a(w+ Aas, 


and hence is independent of the path in every region simply covered by 
the extremals (5.2).2° If %, is a closed field containing Ey in its interior, 
simply covered by the extremals (5.1), and such that the functional deter- 
minant of the functions y; (2, a, Wa) with respect to the parameters a, 
is different from zero in it, then the first » equations (5.1) have solutions 
a; = ai(x,y) in %, and equations (5.2) have as initial solutions the sets 
(x, y, a, 8) for which (x, y) is in ¥,, ai = ai (x, y), 6; = 0. According to 
well-known theorems concerning implicit functions there will therefore exist 
a constant e >0O such that for each set (x, y, 4) satisfying the conditions 


(5.3) (z7,y) in MH, [hl Se 


the equations (5.2) have solutions a; (x, y, 8), and the functions a; (z, y, 8) 
so defined are continuous and have continuous derivatives and reduce to 
the solutions a; = a(x, y) of equations (5.1) for &; = 0. Furthermore 
these solutions are isolated in the sense that there exists a constant o such 
that equations (5.2) have no other ‘solutions (7, y, a, A) satisfying the 
conditions (5.3) and the inequalities 


(5.4) 0<|a—ai(z, y, A)| <6, 


It is evident from the preceding arguments that for every set A; satis- 
fying the conditions |4;| < @ the region %, is a field with the slope- 
functions and multipliers 


Pi (x, Y; 8) = Yi (x, a, Wat+8), 
le (x, Y; 8) — he (x, a, Wai+8), [ai _ ai (x, Y; &)], 


belonging to the family (5.2). Since by the hypothesis (@) the function 
E(x, y, y', 4, Y’) is positive for every set (x, y, y’, 4) in a neighborhood % 
of those belonging to Hy and every Y’ such that (x, y, Y’) is admissible 
and distinct from (x, y, y’),*! it follows that by taking %, and @ sufficiently 
small the analogous condition 


. "15, p. 734. The condition there represented by Ij will be designated in this paper 
y Ty. 
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E[zx, y, p(x, y, 8), Ua, y, 8), Y'J>0 
[(z, y, Y’) admissible and + (a, y, p)] 


will hold for all sets (x, y, 8) with (a, y) in %, and |8;|<e. Hence for 
every extremal arc E of one of the fields laid on %;, as described above, 
the inequality J(C)>J(£) will hold for every admissible arcC in §, 
joining the ends of F but not identical with 7.” 

It remains to show only that for a sufficiently small positive constant « 
every extremal arc E of the family (5.2) defined by values (2, 2, a;, 8;) 
in (20, X20, dio, O)e is surely an extremal of one of the fields over §%,. 
This is evident provided that « is taken so small that EZ is in %, and 
that along EF the inequalities 


| as— ain |< 0/2, | aio — ai (x, Y; 8)|<o/2 


hold. For then at every point of # the solution (x, y, a, 8) of equations (5.2) 


belonging to # has 
|ai— ai(a, y, B)|<o. 


Hence a = ai(x, y, A), since equations (5.2) have no solutions (z, y, a, 8) 
satisfying the inequalities (5.4) except those for which a; = a(x, y, &). 
E is therefore surely an extremal of one of the fields. The constants a, 8; 
are the constants cs (s = 1,---, 2m) of Lemma 1. 

The proof of Lemma 2 is a consequence of existence theorems for 
implicit functions applied to the equations 


ya = yi, 6), yin = ile, c). 


These equations have as an initial solution the end-points and constants cso 
of the are Ey, and at this initial solution the functional determinant 


Yic, (x ’ ¢) 
Yic, (x2, ¢) 








is different from zero, since according to the hypothesis («) the end-points 
of EZ are not conjugate to each other. Hence the existence theorems 
imply the conclusion of Lemma 2. 

We may prove Lemma3 by assuming it not true and finding a contra- 
diction. Let 6 be a constant for which there is no neighborhood § as 
in the lemma. Then in every g-neighborhood of Ey for which @ has 





2245, pp. 731-782. 
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a value of the form 1/2*, with k a positive integer, there exists a pair 
of points (a, y)x and (2’, y’)x satisfying the equations y,—0 but not 
both in the d-neighborhoods of the ends of HZ). The sequence of sets 
(x,y,z, y)x has an accumulation set (§, 7, &’, 4’) which satisfies the 
equations Y, == 0 and has both of the points (§, 4) and (&’, 7’) on KE. 
But according to the hypothesis (4) these points must then be the ends 
of Ey, and (&, 7, §’, 7’) can not be an accumulation point for the sequence 
(x,y, 2, y')e since no element of this sequence has both of its points 
(x, ye and (a’, y’)x in the d-neighborhoods of (§, 7) and (&, 7’). 

6. Sufficient conditions for relative minima. In the following 
paragraphs the notations II’, III’, IV’ will be used to denote the con- 
ditions II, III, IV of the preceding sections strengthened to exclude the 
equality sign, in accordance with a precedent set by Bolza. A normal 
extremal arc Ej, will be said to satisfy the condition Ig if the inequality 


E(z, y, y', 4, Y')>0 


tolds for every element (zx, y, y’, 4) in a neighborhood ®% of those on Ej, 
and for every set Yj such that (x, y, Y’) is admissible and distinct from 
(x, y, y’). 

THEOREM 6.1. SUFFICIENT CONDITIONS FOR A STRONG RELATIVE MINIMUM. 
If an admissible arc Ey without corners is normal for the problem of Bolza, 
normal on every sub-interval, and satisfies the conditions I, IIm, III’, IV’, 
then there exists a neighborhood § of Ey in xy-space such that the in- 
equality I(C)>I(Eo) holds for every admissible arc C in & with ends 
satisfying the conditions Wy = 0 and not identical with Ey. 

The proof can be made by showing that the hypotheses of Theorem 6.1 
imply those of Theorem 4.1. It is in the first place readily seen that the 
properties required for EZ, in the theorem above imply the hypothesis (a) 
of Theorem 4.1 provided that we can show that the condition IV’ prevents 
the ends of EZ, from being conjugate to each other.** If the ends of XZ 
were conjugate the constants dc, in the expressions dyi = yie,dcs could 
be selected not all zero so that the differentials dy; would all vanish at 
the ends of Hy. If we should then take with these constants dc, the 
values dx, = dx, = 0 the equations dy, =0 would be satisfied and the 
expression (3.5) for d?Z would vanish, which would contradict condition IV’. 

The hypothesis (4) is one of the original hypotheses on Z) in Section 2. 





315, p. 735. Morse has recently proved in 18, pp. 574-576, that the assumption that 
E, is normal on every sub-interval can replace the assumption that E, has an extension 
normal on every sub-intervals in the sufficient conditions for a minimum for the Lagrange 
problem with fixed end-points. 
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Hypothesis (y) is a consequence of the conditions I, III’ and IV’. For 
conditions I, III’ imply the existence of the family of extremals (3.2) in 
which EZ, is imbedded,** and from I and IV’ it follows that dJ = 0 and 
d?I>0 for every set of differentials dz,, dx,, dcs not all zero which 
satisfy the equations dw, —0. But these are conditions which from the 
theory of maxima and minima of functions of several variables are known 
to insure the inequality I(x, x2, cs) >I(#1, 22, cso) for all sets (2, x2, cs) 
+ (x19, X20, Co) Satisfying the equations Wyu(a%, 72, cs) = 0 and lying in 
a sufficiently small neighborhood (20, x20, Cso)e- 

If a normal extremal arc # for the problem of Bolza satisfies the con- 
dition III’ then there exists an e-neighborhood % of the sets (a, y, y/, 4) 
belonging to Hy such that the condition 


E(z,y,y',4, Y’)>0 


holds for all sets (x, y, y’, 4) in N and all admissible sets (x, y, Y’) which 
satisfy the inequalities defining 9% and are distinct from (z, y, y’).2> Hence 
it we take in place of the original region ® a sufficiently small neighbor- 
hood R, of the sets (x, y, y’) on Ey the condition IIR will be satisfied 
for R,. The preceding theorems justify then the following one: 

THEOREM 6.2. SUFFICIENT CONDITIONS FOR A WEAK RELATIVE Minimum. Jf an 
admissible arc Ey without corners is normal for the problem of Bolza, normal 
on every sub-interval, and satisfies the conditions I, III’, IV’ then there 
exists a neighborhood R, of the sets (x,y, y’) on Ey such that the inequality 
I(C)>I(E)) holds for every admissible arc C in KR, with ends satisfying 
the conditions YW, = 0 and not identical with Ey. 

7. Criteria for a quadratic form to be positive in a linear space. 
The condition of Mayer in Section 3 above required a quadratic form d°J 
in the differentials da,, d22, dc, to be positive or zero for all values of 
these differentials satisfying the linear equations dy, 0. The problem 
of determining the conditions under which this condition is satisfied is 
a well-known problem of algebra whose results will be briefly indicated 
here. 

We shall consider the conditions under which a quadratic form 


2Q(z) = Aix Xi xk, (i,k =1,--+, 23 Ge = a) 
will be positive or zero in the set of points x satisfying the linear equations 
(7.1) Ly (x) = bur ax = 0 (w = 1,---, p<) 


2415, pp. 735, 687. 
* An argument like that of 15, pp. 736-737 justifies this statement. 
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in which the matrix ||b,x|| is of rank p. These conditions are the same 
as those which will insure the inequality Q(x) > 0 in the set of points x 
satisfying 

(7.2) Iu (x) = 0, Ie Xe = 1. 


The coefficients ax, bux are all of course real. 
It is well known* that the roots of the determinant 


dik —On 6 dy 
Duk 0 


are all real, and that the minimum of 2Q in the set of points zx satis- 
fying the conditions (7.2) is the smallest root o, of D(c). Hence a necessary 
condition for Q(x) to be positive or zero in the set of points x satisfying 
the equations (7.1) is o, 20, and furthermore if o,>0O we shall have 
Q(x)>0 for all sets not identically zero satisfying the equations (7.1). 

In many of the preceding papers on the calculus of variations the 
necessary condition analogous to that of Jacobi has required an inequality 
o, = 0 on the smallest characteristic number o, of a boundary value problem 
involving differential equations and end-conditions. From the preceding 
paragraphs it is evident that the methods of Mayer and Hahn enable us 
to replace this boundary value problem by a much simpler algebraic 
problem of an analogous character. 


D(o) = (6, = 1, Ox = 0 if i+k) 
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AN INEQUALITY FOR THE BESSEL FUNCTIONS OF THE 
FIRST KIND WITH IMAGINARY ARGUMENT! 


By T. H. GRonWALL. 


1. Introduction. In connection with a problem in wave mechanics, the 
question arose of finding upper and lower bounds of the expression 





(1) y = we) = 2-L@/L), 
where 3 one 
(2) L@) = > —-42 


m=o m! I'(v-+m-+1) ’ 


and zg and y are both positive. Since z and » may both be large, and 
their relative order of magnitude is not prescribed, the ordinary asymptotic 
methods are insufficient. 

It is the main purpose of the present note to show that for z>0 and 
veh 


et8 
(3) Pao +55 Ae) <yle)<e—p 47h Ga~¢"*), 
where 
“oh Bane 8 3 
v 4 ? 2 < v _< 2 ’ 
(4) - 1 3 
yto id 2 2° 


For many purposes, (3) may be replaced by the weaker inequality 
. 1 Pa am cB ny 
(5) [— > < yr (z)<z 5 + , 3 z>0, v2 2° 


In the special case where »v is fixed and z large, (3) is nearly as ac- 
curate as the asymptotic ie 
=t+0(5), 


which is readily obtained from the familiar asymptotic expansions of J, (z) 
and 2J,(2) = L-i(e)+ Baile). 
2. Proof of the inequality (3). From the differential equation 








Yy 


20 (+z (2) — (22+) L(@) = 0 
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and (1) it follows that 
dy 2 2 


mae le 
(6) aay Le ; 


It is seen from (2) that y is finite and positive for z>0,» > 0, and for z 
sufficiently small 


2? 
(7) Berd iik Oe site 
Writing 

1 u 
(8) i sae mae aes 


so that for z small 
(9) w= (ptsjete 


(6) becomes 


ee ly BO —($- ) 
(10) de ier Qu : 1). 
Consequently 
du 3 
eae 24 2 pada 
(11) es +2u< r+ 7? 


where, according to (10), the equality sign can hold at isolated points 
only. Multiplying this inequality by e**, integrating from 0 to z and ob- 
serving that « vanishes for z = 0 by (9), we find for z>0, v > 0 


ue™ < > (»* “+ +} (e* —1). 


This, together with (8), gives the inequality to the right in (3). 

To prove the inequality to the left in (3), we begin by showing that 
for vy > 3 
(12) v= yz 


is >—4 and decreases monotonely as z increases. 
From (12) and (6) we obtain 











— 
(13) & = —1-204" —, 
whence 
d®v 1+2v 2v\ dv 
14 —_ — nas Fant) 
(14) | dz 2 (3+ zZ dz- 


For z = 0, v = »; letting z be the smallest positive value of z for 
which v = —}, then obviously dv/dz < 0 for z = %, and by (13) 
vy? < }. Since we assumed » > 3, we must have v = 3, and in this 
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case, (13) and (14) show that all the derivatives of v vanish at z = 4, 
so that v is constant = —4, which contradicts (7). By (12) and (7), v 
decreases as z increases for z sufficiently small; the first extreme, if any, 
must therefore be a minimum, and according to (14), this minimum must 
satisfy 1-+-2v < 0, whereas we have just shown that v > —} for all 
z>0. 

Now u/z = v+4, and therefore when » > }, u/z is positive and mo- 
notone decreasing for z>0. Consequently, when u/z > 1, we have 


a |= +- : Pe 
| = 1| = - l<v+ . |] =» 9? 
and when u/z <1, | | 
t-1/= feat 4, 
| 2 Zz 
Hence, by (10) and (4), we have for z >0 
du ee ee 5 SF ) = 
(15) z +2u>+ n max, (» 7 == i, 


and treating this inequality in the same way as (11), we obtain the in- 
equality to the left in (3). 
3. Some other properties of y,(z). We begin by showing that 


(16) v<yr(ze)<Vri+2; v>0, 2>0, 


the differences y—v and V »*+ z?—y both increasing monotonely with z. 
By (7), y increases with z for z sufficiently small, so that the first extreme 
of y, if any, is a maximum >». But (6) shows that when dy/dz = 0, 
then 


dz s Cf’ 


so that d?y/dz*>0O for the maximum in question, which is impossible. 
Similarly, writing 








2 2s 
- eee v 


w = Vrv?+2—y, 
we find from (7) that for small values of z 
7) Ts SER ee 
w=(5 e)"t 


is positive and increasing, so that the first extreme, if any, is a maximum 
>0. From (17) and (6) it is seen that when dw/dz= 0, 
aw y* 2v?w 


de® — Wey TART 
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whence the same contradiction as above. We may note incidentally that 
the first part of (16), y>~v, follows readily from the expansion of y in 
a continued fraction which is obtained from the recurrent formulas 
for J,(z). 

We shall show finally that for z20, »20, y increases monotonely 
with v, or 
(17) Yu (2) — yr (2) > 0; é z 0, pov = 0. 


By (7), (17) holds for z sufficiently small; letting z, be the smallest positive 
value of z for which y,—y,, we must evidently have yi(z:) < y, (2), 
whereas by (6) yu (a) —y> (41) = (w?—»*)/a, >0. 

Since Tye(z) = (2/mz)* shz, it follows from (17) that for » > 4 and 
z>0 


yr (2) = Y4)2 (2) = gcothe—+ >e—=, 


which constitutes another proof of the first part of (5). 
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A SPECIAL CONFORMALLY EUCLIDEAN SPACE 
OF THREE DIMENSIONS OCCURRING 
IN WAVE MECHANICS.! 


By T. H. GRonwALL. 
1. Introduction. Let 
(1) ds* = gi dxj dz; 


define a Riemann space,*® and let A and B be functions of the x;. Con- 
sider the linear partial differential equation 


(2) 5 (49° 5 3) +4By = 0 


which is self-adjoint and of elliptic type, since it is the Euler equation 
of the variation problem 


(3) af. Lf (0! i oe aA ol —By') Ada -- dan = 0. 


The discussion of any abies problem connected with (2) is greatly 
simplified when it is possible, by introducing new variables z;, to reduce 
the aggregate of the terms containing the second order derivatives to 
a multiple of the ordinary Laplacian: 


(atta t rfp oa) 


0x2 0x? 








The necessary and sufficient condition for this is evidently that the space (1) 
be conformally euclidean: 


(4) gy dx; day = e-* (dz? +dz2+.---+dz). 


It is the purpose of the present paper to apply this criterion to an equation 
which occurs in the wave mechanics of the helium atom. 

We are dealing with a nucleus carrying Z charges (Z = 2 for the 
helium atom) and supposed at rest at the origin, and two electrons at 
distances r, and rz from it, their mutual distance being 7,;. The corre- 
sponding wave equation is, using the “rational” units* of length and energy, 





‘Received August 3, 1931.—Presented to the American Mathematical Society, Sep- 
tember 8, 1931. 
? All variables and functions are real, and the quadratic form in (1) positive. We use 
subscripts instead of superscripts on the variables to simplify the typography. 
SE. A. Hylleraas, Neue Berechnung der Energie des Heliums im Grundzustande, sowie 
des tiefsten Terms von Ortho-Helium. Zeitschrift fiir Physik 54 (1929) 347-366. 
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eS 
(5) yt (f+2+2—7-\y =0, 


where the Laplacian is formed with respect to the six rectangular co- 
} érdinates of the two electrons. Instead of these six coérdinates, we take 
iil? as variables 7,, v2 and 7, together with the three Euler angles which 
i define the position in space of the triangle with vertices at the origin 

and at the two electrons. The dependence of the wave function w on 
i i! ; these Euler angles is quite simple, being governed by the momentum 
1 HN equation,* which in our case is integrable in finite terms, so that the 
a whole difficulty lies in investigating ~ as a function of the 7’s. The 
simplest case is here what the spectroscopists call the S states, where wy 
y is independent of the Euler angles, so that 


(6) ¥= Wri, 72, 7s). 


Substituting (6) in (5), an elementary calculation gives® 

















a a* ri—BTh 8° 
ak Bae Bie es 
ar Ore ore 11 1s Or, OY 
™ n—nite oy 2 ay 2 aw 4 ay 
Te 3 Oe O13 Th “On. Ts Os 1%, Os 





+(F+—+2-z-]y=0. 


As noted by Hylleraas, this equation becomes self-adjoint upon multipli- 
cation by 7, 7273, and the corresponding variation problem (3) is® 


2 aw 2 ow 2 
SSS | + a, +2652] 
ri—rtr ow bp r—rtr OW OW 


1; 3 Or, Ors Ye 1 Or, Os 
8 


1 
evita vp, Te 13 dr, drs ars — 0, 

















(8) 





the integration extending over all possible values of 7,, 72 and 7s. Since 
they are the sides of a triangle, the sum of two is not less than the 
third, so that the region of integration is given by 


g i) (9) r, = 0, v2 20, lrr—re| <Srsntrs. 





*This equation is a consequence of the invariance of (5), and its set of proper functions 
(Eigenfunktionen), under a rotation of the coérdinate axes. 
5 Hylleraas, 1. c.*, 350, (5). 
°L. c. 3, 851, (6). 
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We shall prove that a solution of the conformality condition (4) corre- 
sponding to (8) is 
4m = Ati—r, 
(10) 422 = ri—*, 
4x43 = Vin +re+7rs) (11 +172 —1s) (v2 +78 — 11) (rs +171 — 12); 
in the expression for x3, we recognize Heron’s formula for the area of 


the triangle with sides 1, 12, 7s. 
Transformed to the new variables, (8) becomes 


SSS [sa) + (sa) +(55) 


an. oF ES 1 =| : 
AG T Weis T V 2(r—2zz) 2ZVr—a2, "| 
< 23 dx, da, dx, = 0, 











where 


(12) r= Vai+ai+a5. 


The region of integration (9) takes the extremely simple form of the 
upper half space 
(13) Xs a 0, 
and the differential equation corresponding to (11) becomes upon division 
by Xs: 
aw aty es 1 ow 
0 a2 + 0 a2 _ ie Ly O22, 
1/£z . 1 1 
vet Ce enenne ee )y = =0. 
r & T V 2 (r+ 2) ¥ V 2(r— a)  94Vr—m, 








(15) 





On a former occasion,’ the transformation (10) was but a means to an 
end; accordingly it was introduced without further explanation, and the 
transformation of (8) into (11) verified by a direct and very short calcula- 
tion. At present, we shall follow the more arduous path which actually 
led to the discovery of (10). 

2. Preliminary transformations. Our immediate object is to intro- 
duce new variables &,, §, &; so as to get rid of the product terms in the 
quadratic form in (8). Inspection of (9) suggests as a reasonable choice 
of two of our new variables & = (7:+72)/rs and §& = (11—12)/rs; the 
third, ; = & (7,, 72, rs), is to be determined by the condition just mentioned. 
Transforming the bracket in (8) to the new variables, it is found to con- 
tain the following two product terms: 


Le Gronwall, The wave equation of the helium atom. I. Physical Review. 
19* 
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1 Or, a) Ors 


(r,—1,) [7,+7.)°—79] (* os 1 =| 


3 
73 


-— 





(7, +12) [r§ — 4, — 79)" =a 6 Mh 


¥,%%2 Org |} 08, 08, 


“ 








YT, ON Y: Os 





(r,+7,) [2 — 


(r,—17,)] a ag 1 a8 
"3 








rn (7, — 72) [+ 7)*— 19] 44 oy oy 
11 7%.72 Ors} O& O° 


In order to make these vanish, we must have 
1 0&; 1 0& 


0 & 
=—0, —#% 
T1 On, T2 Ors 01s 





= Q, 





the solution of which is evidently §, = ¢(7?+ 73), where ¢ is an arbitrary 
function. We may thus choose as new variables 


(15) 5 = has & = Se, g bad Verte, 


13 13 


and (8) is transformed into 


4 J Se» (ee) +o (FE) + GE GR) 
1 


_ (&— 8) 8 (2 4 1 1 
(87 + 3) * ai haar ZYrs 
The further transformation 











) w| - ae at, dt,d%, = 0. 


(17) %=chu, & =cosem, % =€" 


carries the quadratic form inside the bracket in (16) into 














uy . al ch? wu, — cos? ue (22) 
(18) GS + 0 Ue + (ch? uw, + cos?ws)? \8ug/ ’ 
ow es 
and taking this to be our g/—— 2. , the ds* in (1) becomes 
Ui 
2 2 
(19) ds* = dv+dw+ re wa “f CO8 te) adu2 


ch? uw, — cos? ue a 
3. The Ricci tensor Rk, and proof that (19) is conformally 
euclidean. In the special case when ds* has the form 


(20) ds* = Iq, VUE Jog AUZ + sg dus, 
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the Christoffel symbols of the second kind are given by E(15.7),*° and the 
equations of definition E(8.14) give the following values of the components 
of the Ricci tensor, where 7,7, & denote a permutation of 1, 2, 3: 


— ££ [1% “se 1 (7 ae at A 
aii 29; ( du? + bu? T 3, du? + dur 


gs [(4)'+ 0 git ou | 
4g;, L\ du, du; du, 

= (22xe)" 0 Gi 2 gu) 
4g2,L\ du, Ou, Om, 

__ 1 bg 8gy + (284) 
4gu9j LOu; Ou; 0uj 

1 OG OOK ( 0 9ii )] 






































es 499m LOM OU; OUK 
1 [29% 89K | Ogi st 
4g; gx L Ou; du; Ou Out’ 
i ae 1 8? log gun sz dloggx 9 log gx 
vO 2 Bug Ouy + 0 ti duj 
__ 1 dloggi Bloggm 1 Bloggy 8 loggn 
4 du 0 Ui 4 uj Ouj 
We specialize (20) further by making — 
0 
(21) m1 = 92 =1, Gar = 05 


since we now have 

(22) J = Jss; 

we may drop the subscripts on g33, and the preceding formulas give the 
following values of the Ricci tensor components, where those not written 


out vanish: ; , 
1 lo 1 / alo 
Rix —— am. 5 +4 (7584) ’ 


2 duz du, 
_ 1 @logg +( ote80 
fess = 2 du2 + 4\ du, /’ 


(23) 





? 


nike _ 1 @logg , 1 dlogg @logg 
a = Ba = F oudu ' 4 Om Oe 
ts 2 ie ( 72 yz (42). 


1 a%g 
Tiss = > ~ 4g \ bu, 4g \ du, 


2 du? ary dus 4g 











8 The letter E followed by the number of an equation or a page indicates a reference 
to L. P. Eisenhart, Riemannian Geometry, Princeton University Press, 1926. We use 
Kisenhart’s notations throughout except that 2‘ is replaced by w. 
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It is convenient also to write these equations in the following form: 






























1 Vg 1 8YVg 
1% Ry = = g > Ry = Ry = = J : 
i | Vg dv Vg 0m due 
it (24) ee 
a Ro. = g , Rss = g(Rir + Reg). 


Vg Ou? 


A necessary and sufficient condition that a space in three dimensions 
can be mapped conformally on a flat space is given in E (theorem p. 92) 
and consists in the vanishing of the tensor Ry, defined by E (28.14). 
the special case (20), these equations become, denoting again by 7,7, k 


a permutation of 1, 2, 3: 
Ru = 0, Ry = 0, 


‘ Se a 








7 0 Rij ia) 0Rx 
Bin = 8 Ux du ’ 
Riu = — Rit 
i _ ORi  ORy _ ft jf7h_ 4 Ok 
: = oa; bay Nf YG — TH Oa” 
| 


where R = g" Ri + 9" Rez +9** Rss. Specializing to (21), we have by (24) 
(25) R=2 (Ris + Res), 


and the conditions for the vanishing of our tensor reduce to the two 
equations 




















— * fe Bs, 
Firs cies 2 ( 0 Us 0 uy OU om 0, 
ee | (Bee _ Ot) _ ERs ee 
Roy = 9 ( ion io ga 0. 
By means of (23), these may be written 
r) a*logg 4 d* log g 
8 wi [o( du aut |= * ote 


and since g is independent of us, these equations are equivalent to 


rk logg , logg _ e¢ 
anh te du? a es 





| where c is a constant. Thus (26) is the condition that (19) be conformal, 
pis or, rewriting (4) in the new notation, that 


(27) ds* = dwW+duw+gduz = e*(da?+dx22+ dz), 
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where 
__ (ch? uw + cos? us)? 


(28) I ~~ ~ ch? wu, — cos? te 





Now (28) satisfies (26) with c= 8 as is seen by direct calculation. 
It is convenient to rewrite equation (26) in the form 











~(aVg sn A) (2vey' (2 i) 
V9 ( Out ‘ aut | \ au, / 0 Uy 
(29) 3 ie a* log g n 8° log g oe 
— 2 9I\ ou oa} 


For future reference, we calculate the following expressions from (23): 
| = 3—4ch?u 3 ch? u, (ch? uw, — 1) 4 2 ch? UY 
ut ch? uw, — cos? us (ch? u, — cos? uu)? ch? uw, + cos? us ’ 
3 ch w Sh wt, COS us SIN Us 














Oh Ba = (ch? u,— cos? uw)? =’ 
ya 3 — 4 cos? ue 3 cos*ua(1—cos*us) _ 2 cos? ts 
2 ch? uw, — cos? tg (ch? u; — cos? wg)? ch? uw, + cos? us * 


We may note in passing that (27) is not a ds* of constant curvature; 
one of the conditions E (27.1) for constant curvature Ky is 

Rissa = Ko (1s Js2 — Jiz ss); 
and the expression to the right vanishes, whereas it is readily seen from 
E (15.8) that 

a Vg +0 

I 0 OUs : 
4, The six differential equations which determine o in (27). 


They are E (28.18), and replacing the covariant derivatives by their ex- 
plicit expressions, these equations become 


6*o do do {h\ 00 —(5 R Ry) 


Ou Ou; dui du; ijl dun ; ieee 


Risse — 








1 ao 0G 
+39" 0 Uk edad 


Upon multiplication by —e~*, these equations may be written 


0*e-¢ —{*\ de° 
Ou; Ou; a7) Our 











1 = 
+ (5-Rov— Bi) ¢ : 
adh see 


1 o 
2 © gu Ou, OUK 
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— 

























































i i Specializing to (27), and using (24) and (25), we find 
7) (=; se) =0 ) (— “2 ) = 0 
Om Vo 0 Us > OUs Vg 0 Us : 
FF gel ou oe 
dl i“ 
i rrr. 8 
. Piso — R,,)e-* 
aay du? - 2 (Lis ule 
Miia 
at . beet? orp 1/ae*\)] _ 
i > @|( yoke eee =, 
aber (31) 
0° e-* 1 
por age o (Ry: — Reg) e~* 
1 de~* de-* 1 /ae"\? 
—ze|( ee mars ( att 
Pet, i Be Bee 4 Be Oa oe 2 
du? + 20m Ou 2 Ouse Us 59 (Ba + Base 
| 1 





a ‘| (Sa\+s (y+ et )|= mm 
The general solution of the first two of these equations is evidently 
(32) e-© = F(us) Vg+S (um, te). 
Substituting this in the third of (31) and using (24), we obtain 





(33) it a ae 


OU 9 Us 


Subtraction of the fifth from the fourth in (31) gives 








aze-7 a8 
=a — as + (Re — Rye = 0, 
1 2 
which reduces to 
ral 02 
(34) Es 2 aay 0 








2 2 
0 Us 0 U5 


by means of (32) and (24). Now add the fourth and fifth in (31), and 
multiply by e~°: 


0*¢-¢ aa be*\3, (de* (se 
—o = — 0. 
. ( dul ” 0 uZ ( me) +2 tre }|= 
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Substitution of (32) gives 





eve tne (ht + eo HE OL +i 


fe of , Vg of 


OW 0 Us Ou, Oumy OU, Os 
—(2£)_ (2£)'_ (42)'— o, 
0 Uy 0 Ug dus . 
multiplying out, and reducing the coefficient of F* by (29) and that of F 
by (24), we find 


af dlogg of  dlogg af 
, — e e 
4F +FVg Ce dus Ou OW 0 Us 0 Us +(Bu+Re) | 


Wipe na aa) ten) ~(aa) > 
aut t dus OU 0 Ug dus 
Giving constant values to u, and uw, this becomes 


(36) (5) = 4F*+eF+8, 











(35) 





where « and # are constants, and since adding a constant to fF’ does not 
change the form of (32), we may assume « = 0, so that (36) gives 


aF 

du 
the general solution of which is 
(37) F=aée"%+be™, 
and (36) takes the form 


(38) 


= 4F, 


= 4F*—16ab. 


Tal 
dus! 


By means of (38), (35) splits up into two equations: 





go) Ly Ff Ploeg of _ ologg OF + (p,+ Bu) f= 0, 





due 0 us Ou, OM OU, Oly 
wo ACh (BEE ese =o 


Finally, multiply the last of (31) by e~%, substitute (32) and use suc- 
cessively (38), (29), (40), (89) and (24); the result is an identity. 

There now remain to be solved equations (33), (34), (39) and (40); 
adding and subtracting (34) and (39), we obtain the system of linear 
equations 








+ ~apelinn 
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arf 1 dlogg of , 1 dlogg af — Res f, 
uz 2 Om SOO 2 Ot. Oe . 


ow oh =e 

















OU OU 
a> f 1 dlogg Of , 1 dlogg 
——_ —« = — Rh. + 
du; 2 buy ine 0 Us ut 


Multiplying (39) by , and subtracting (40), we have 
(22)" (2£)"— blogg of SE» of 
OU 0 Us OU OM 0 Ue 0 Ug 
+ (Riu + Ree) f?—16ab = 0, 
which, by the aid of (24) and (29), may be written 
3 aVg\, [a aV 2 
(42) (Ff —£ = (Fo — Ya) 4, <7 —16ab = 0. 


In the discussion of (41), it is convenient to change variables so as to 
make the coefficients rational functions: we therefore return to the vari- 
ables (17), or preferably their squares, writing 


(43) i = ch? wy, = gi, tt = COS? Us — &. 
Using (30), this transforms (41) and (42) into 


a: * Bilis 1) 44(4—1)] of 
At, (t Noa t[2e4 += ee i 


r 2 ty (1 — te) re su0=u] af 





















































| tt itt J ots 
+t ey 
(41) 4 iD T aaa a 
ee ee 
—[2@4—1)+ eee ” meme Er 
+ a + pe tata = % 
na — [2 + ( + (> ac +a 4 
(42’) +#(1— ty (> — — ad 
4 ate —4ab=0. 


Cena re 
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One way of dealing with (41’) would be to solve the first equation for 
af/dt, and substitute in the second, thus obtaining a linear differential 
equation of the third order in the variable 4,. After determining a funda- 
mental system of solutions, the general solution is a linear combination of 
these with coefficients dependent on ¢,, and these coefficients are deter- 
mined by the last two of (41’). Instead of performing these rather tedious 
operations, we follow a suggestion from the general theory of completely 
integrable linear systems® and substitute an expansion in powers of t;— te 
with coefficients dependent on ¢, 


f= Zale a— tye", aalh) + 0, 


in the first of (41’). The lowest power of ¢; — ¢ occurring is the (e — 2)th, 
and setting its coefficient equal to zero, we find 


ty (tg — 1) ao (te) [4e(@e —1) +29 —2e —3] = 0, 
or 


and —. 


4o(0o—1)—3=—0, roots 0 = — 9 


bo| 


This is the characteristic equation at the singularity 4, — f, and the 
root — 4 immediately suggests the substitution 
1 





























(44) f= (h—t) 79, 
the result of which is'® 
2t (t: —1) * +[2 it oe _ 20) | f 
-[s85 4 Mt e+ eats 0 
ai) See mt tt -* 
an1—a) 58 + [Aad eee 
fines MES MOO ty oo 





*For references to this theory, of which no further use is made in the text, see foot- 
notes 122 and 128 of the article ITB5 (E.Hilb), Encycl. d. Math. Wiss. vol. 2, part 2, 
pp. 502-503. 

The work is simplified by the remark that permuting ¢, and ¢, merely permutes the 
first and third of (41’), so that we can substitute in the first two only and obtain the ; 
third equation (41”) by symmetry from the first. 
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ti(4—1) (9  g \?, b(1—&) (9 » | 
4— ts a apt t— te ae ae) 


+ (<$a) — 400 = 0. 


Previously, we formed the characteristic equation of (41’) at ¢, = t%; we 
now do the same with (41”) at ¢, 0,1, and find 


(42”) 





at 4 = 0, — 2o0(0o—1)—eo = 0, roots @ = 0 and > 
1 

» & = 1, 2e(e—1) +e = 0, ” eo=0 , 9? 
1 

” t, == @, 2e(e—1)—e+1 _ 0, ” ¢ = 1 ” = 


By symmetry,’® the characteristic equations at 4 — 0,1, © are the same 
as above. Now let us try to find a polynomial solution of (41”); since 
0 =1 at 4: = © and at 4 =, it must be linear in 4 and inf. Sub- 
stituting g = a+ ft,+y7t,+6%4,% in the second of (41”), we find 8 = 
and 6 = 0, the first gives a — —2, and substitution in the third is 
superfluous on account of the symmetry. Hence 


gy = 4+h—2 
: 3 


is a solution of (41”). Inspection of the roots @ shows that 3 t2 belongs 
to a possible set of exponents at ¢,, 4 0,1, 0, and substitution in the 
first two of (41”) shows that it is a solution: 


x 2 


Pg = t? #2, 
A similar argument yields a third solution 


1 


a 1 
gs = (4, —1)? (1— &)2. 


Having thus exhibited three linearly independent solutions of (41”), we 
know that this system is completely integrable, the general solution being 
4 & 


(45) 9 = (t+ t— 2)+ 2c t2 t2 + 2c5(t, —1)? (1— by)? 


with constant c’s. Finally, substitution of (45) in (42”) reduces the latter 
equation to 


(46) g¢+ea+ce—4dab = 0. 


Collecting the information contained in (32), (37), (43), (44) and (45), we 
find that the general solution of (31) is 
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1 
e-* = (ch®u,— cos*ug) 7 [c, (ch? wu, + cos? ug — 2) 4-2 cg chu, COS Uy 
(47) 4 Q¢5 sh m sin ue + (ae™* + bes) (ch® wu, + cos® us)], 
with the relation (46) between the constants. 
5, Determination of the codrdinates z,, z,, x; of the flat space 


in (27). The differential equations for the x; are readily obtained from 
E(7.14) in the form 


(48) 





0? 2; ae h ! 0 2Xj 
0 uj 0 Ux JE) Ou’ 


where the prime on the Christoffel symbols indicates that they are formed 
with gij = e% gi. These equations are completely integrable for any 
values of the constants in (47), subject to (46); in fact, the integrability 
conditions of (48) are precisely (31), as is seen from the way they 
originated in E (25). 

This remark, and the familiar fact that an inversion maps a flat 
space conformally upon itself, enables us to dispense with the formal 
integration of (48), the solution being obtained instead by a simple 
algebraic calculation. Specialize (46) and (47) to q = @ = cc; = 0, 
a= 0, b = 2, and write 


(49) e-% = Qe; (ch? u, + cos® ug) (ch® u,—cos® ue) 2, 
(50) da2+dae+dx = &%(dui+duit+g dui); 


tole 


since (48) is completely integrable in the special case (49), 2, 2, and 2 
are determined by (50) as functions of w,, we and us, and the determination 
is complete within a transformation leaving the left side of (50) invariant, 
i.e. a translation, rotation and reflexion of the flat space. Now we perform 
an inversion with respect to the sphere 2 (an — an)® = R*, where a, as, 


a, and R are arbitrary parameters: 














, R? (aj — ai) 
(51 XNi— a = 7 
- 2, (a»— an)? 
By (51) and (50) 
4 
a eee HT apie Matt aah + aap 
52 : 
4 26 : 
ree __ aut + duty dud), 


[ 2 (ap —an)*]? 


and since this maps the given space conformally on the flat space 
1, x2, a3, the expression to the right must be equal to 
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(53) e (du2+duz+g dus), 


where now the constants in (47) depend on the parameters a, dy, as 
and R of the inversion. Comparison’ of (52) and (53) gives 


R*e-* = e-% 2 (an —an)?, 
whence, introducing (47) and (49), 
R? [e, (ch? wu, + cos*® uy —2) + 2 cg chuy COS us + 2 cg Sha Sin ue 
(54) + (aes+ bes) (ch? x, + cos® ug)] 
= 2e-s (ch? 2, + cos? ue) p> (an — an)*. 


Since the x’s are independent of the parameters, and the four functions 
of the u’s in the bracket are linearly independent, (54) gives 

















OR hile ORa _ os... 
~ OR = 0, (k = 1, 2, 3), ay Teas. aR > ee 
OR Ra _ a. oe 
| 004 0a; = @, 0a; Oa; = 0, (i,j,k = 1, 2, 3), 
0® R* b 0? R® b si i 
and integrating these equations, 
Ro = 2 raw an + re, (k = 1, 2, 3), 
(55) Ra = Pa cnan +e, 


Rb = 2[ Dia. + Bran) + 8], 


where all the Greek letters are real constants. By a suitable translation 
of our flat space, we may make £, = £, = &, = 0, and substituting (55) in 
(46), the terms of third degree in a,, a, as show that a, — a = a, = 0. 
With these simplifications, (46) becomes 





Dy Tinie tn ts — 8 0 2 ae+2 py Veins an +>) 7-808 = 0Q, 
vue D 73 k 
whence 


: — f» = . 
| (56) a ri 8a, 2 rin Yat 0, (h + i), 


2s Tak = 0, av 8e08 = 0. 


When « = 0, all yn and 7, vanish, and (54) gives 2, = 2 = 23 = 0, 
which is impossible. When « +0, the first line in (56) shows that by a 





A CONFORMALLY EUCLIDEAN SPACE IN WAVE MECHANICS. 993 


rotation of the flat space, we may make y~ax = O for h +k, and suitable 
reflexions in the codrdinate planes then give yn, = —V 8a, (h = 1, 2, 3). 
The second line in (656) now gives 7; = 72 = 73 = 0, 8 = 0. Thus 
(55) is transformed into 
Ric, = V8a-ax, (k = 1, 2, 3), 
Ra=ea, R= 22 aj. 


and substituting in (54), the terms independent of a,, dz, as give 
(1) falta = sae, 


and the linear terms 


4x, = V 8a es (ch? wu, + cos? wg— 2) (ch? u, + cos® ug), 
(58) 42s V 8a es -2chu; cos uz (ch?2u, + cos* us), 
4a, = V8eaes-2shu, sin wy (ch? u, + cos? us). 


! 


By (58), 02;/8us = 2a;, so that the coefficient of duz in dx+dx2+da? 
is 4(a2? + 22+ a2) = 2aes by (57). On the other hand, (50) gives this 
coefficient as eg = e@s/4 by (49) and (28), so that 


(59) Se = 1. 
Now it is seen that (58) is equivalent to (10), since (17) and (15) give 


és (ch? au + cos*tig)-! = $2/(82 + 82) = 72/2, 
ch + cos*vg—2 = HEH —2 = 22+ 02—r2)/r8, 
2ch wm COS uw = 28, § = 2(r?—713)/73, 
2shw sin ue = 2 V (&—1) (1—&) 
= (2/r2) V [(r1 +72)? —r3] [3 — (1 — 72)? - 
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UBER ADJUNGIERTE FUNKTIONALOPERATOREN.* 


Von J. v. NEUMANN, PRINCETON. 


Einleitung. 

1. Diese Arbeit ist, wie mehrere friihere’ den Operatoren des Hilbertschen 
Raumes gewidmet. Bezeichnungen und Begriffsbildungen lehnen an die in 
Anm.' genannten Arbeiten des Verfassers an, insbesondere wird die zu 
verwendende Terminologie in E. (S. 63—78) entwickelt. Demnach ist ein 
Operator A eine Funktion, die in einer Teilmenge des Hilbertschen 
Raumes § definiert ist und Werte aus $ annimmt. Weitergehendes wird 
von Operatoren im allgemeinen nicht verlangt. 

Wesentlich sind die folgenden Definitionen (vgl. a. a. O.): 

I. Ein Operator A ist tiberall sinnvoll, wenn sein Definitions- 

bereich ganz § ist. 

II. A ist Fortsetzung von B, wenn der Definitionsbereich von B 
Teilmenge des Definitionsbereiches von A ist, und im 
ersteren A, B iibereinstimmen, d.h. Af= Bf gilt. Sind die 
Definitionsbereiche gleich, so ist A= JB, sonst ist A echte 
Fortsetzung von B. 

III. Aist linear, wenn mit f,,---,f, auch alle afit---+anfn zu 
seinem Definitionsbereiche gehéren® und A(a fit --- +an/Sn) 
=MAfit---tardAfr gilt. 

IV. A ist abgeschlossen, wenn fiir jede Folge fi, f,--- inseinem 
Definitionsbereiche, fiir die f, gegen ein f und Af, gegen 
ein f* konvergiert (n>), f auch zum Definitionsbereiche 
gehért® und Af=/* ist. 

Die Operatoren, die wir betrachten werden, werden im allgemeinen nicht 
iiberall sinnvoll sein, jedoch wird ein gewisser minimaler Umfang des 
Definitionsbereiches allenfalls erwiinscht sein, namlich dieser: 





* Received December 9, 1931. 

‘ Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren“, Math. Annalen 102, 1 
(1929), 8.49—131; ,Zur Algebra der Funktionaloperationen und Theorie der normalen 
Funktionaloperatoren“, Math. Annalen 102, 3 (1929), 8. 370—427; ,,Zur Theorie der un- 
beschrankten Matrizen“, Journal fiir Math., 161, 4 (1929), S. 208—236; ,,Uber Funktionen 
von Funktionaloperatoren*, Annals of Math. 32, 2 (1931), 8. 191—226. Dieselben werden 
im Folgenden mehrfach zitiert werden, und zwar abgekiirzt als E. bzw. A. baw. M. bzw. F. 

> D. h. der Definitionsbereich ist eine Linearmannigfaltigkeit. 

*Da6 der Definitionsbereich eine abgeschlossene Menge ist, wiirde hieraus nur folgen, 
wenn A stetig wiire. Stetigkeit folgte aus der Abgeschlossenheit nur, wenn § kompakt 
wire, was aber nicht der Fall ist. (Vgl. E., S. 70, insbesondere Anm. ”°.) 
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Vy. A ist ein «-Operator, wenn die von seinem Definitions- 
bereiche aufgespannte, abgeschlossene Linearmannigfaltig- 
keit © ist‘, d.h. wenn kein f+0 zu seinem Definitions- 
bereiche orthogonal ist. 

Wir betrachten nun die Bedingung 


* (7, Ag) = (f",9), 


wobei f, f* als fest und g iiber den ganzen Definitionsbereich von A 
variabel gedacht sind. Bei gegebenem / mag es u. U. kein * erfiillendes 
f* geben, fiir gewisse f gibt es aber ein f*: z.B. f= 0, f* = 0. 
Daf nun * im Lésbarkeitsfalle nur eine Liésung /* besitze, ist fiir *-Ope- 
ratoren charakteristisch®, fiir diese und nur fiir diese kann daher die fol- 
gende Definition aufgestellt werden: 

VI. Wenn A ein *-Operator ist, so ist A* der folgende Ope- 
rator: Sein Definitionsbereich besteht aus denjenigen /, fiir die 
* lésbar ist, u. zw. ist dann A*f = /*. 

Man erkennt sofort, da®B A*, welches in Anlehnung an die iibliche Be- 
griffsbildung, die es verallgemeinert®, die Adjungierte von A heife, linear 
und abgeschlossen ist. Ob es aber auBer der 0 noch Stellen gibt, an 
denen es definiert ist, wissen wir im allgemeinen nicht, noch weniger, ob 
es ein *-Operator ist. DaB A** (falls es gebildet werden kann, d. h. falls 
A* ein *-Operator ist) Fortsetzung von A ist, ist evident. 

Diese Begriffsbildungen erlauben, gewisse Begriffe aus E. einfacher zu 
umschreiben: so ist ein Hermitescher Operator A ein *-Operator, fiir den 
A* Fortsetzung von A ist, ein hypermaximaler Operator einer mit A* — A. 
(E., 8S. 70, Def. 6., sowie S. 72, Def. 8., 9.)%. 

2. Wir werden zeigen, daB die und nur die *-Operatoren A zu linear 
abgeschlossenen Operatoren B fortgesetzt werden kénnen, fiir die auch 
A* ein *-Operator ist. U. zw. gibt es dann unter allen diesen B einen 
kleinsten, d. h. einen, von dem alle anderen Fortsetzungen sind, er heife 
A, Es ist A* — A* und A = A**, Ein weiteres Kriterium lautet so: 
Wenn eine Folge von Linearaggregaten a” f + --- + a? SY (v= 1, 2,---, 
FP 5 f ~ aus dem Definitionsbereich) vorliegt derart, daB sie selbst 


‘Dies wurde in E., 8. 70, Def. 6, fiir Hermitesche und in A., 8. 405—406, Def. 5, 6, 
fiir normale Operatoren verlangt. : 

> Denn aus einer Lisung f* gewinnt man alle anderen f* +h, indem h iiber alle zum 
Definitionsbereich von A orthogonalen Elemente von § lauft. 

° Vgl. E., S.111—112, insbesondere Anm. 64 sowie A., 8.372, Anm. ", und 8. 405, Def. 5. 

‘A* = A steht im Einklang mit der von M. Stone, Proc. Nat. Ac. 16 (1930), 8. 173—174, 
fiir hypermaximale Operatoren verwendeten Bezeichnung self-adjoint“. 
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gegen 0 strebt, und aAf”+---+ af Af? gegen f* (v> om), so ist 
f* = 0. Wenn A linear ist, lautet dies einfacher: Wenn f,, fz, --- im 
Definitionsbereiche liegen und f, gegen 0, Af, gegen f* strebt (n>), 
so ist f* = 0°. 

Diese Operatoren sind von besonderem Interesse: 

VII. A ist ein **-Operator, wenn A, A* beide *-Operatoren 
sind. 

Wenn A ein **-Operator ist, so ist A, da es A fortsetzt und A* = A* ist, 
ebenfalls *-Operator — d.h. A ist linear abgeschlossen, *«*-Operator, Fortset- 
zung von A und hat dieselbe Adjungierte wie A. Wir gewinnen somit eine 
vollkommene Ubersicht iiber alle **-Operatoren, wenn wir nur die linear 
abgeschlossenen unter ihnen betrachten. Diese sind wiederum, nach dem 
vorhin Gesagten, mit den linear abgeschlossenen *-Operatoren identisch. 

Wir werden darum im folgenden stets linear abgeschlossene +-Operatoren 
betrachten, ist A ein solcher, so ist es nach dem vorhin Gesagten A* 
ebenfalls, und es ist A** = A (da A = A ist). 

Betrachten wir nun den Operator A* A, d.h. den folgendermafen defi- 
nierten: wenn f im Definitionsbereiche von A und Af in dem von 
A* liegt, ist A* Af definiert, u. zw. gleich A*(A/). 

Auf Grund der Definition ist klar, daB A* AO Sinn hat und 0 ist, sowie 
die Linearitaét von A* A; auch die Abgeschlossenheit ist leicht beweisbar’. 
Wenn A*A ein x-Operator ist, ist es offenbar Hermitesch und definit'®. 
Es ist aber vorderhand garnicht zu sehen, ob der Definitionsbereich von 
A* A auch andere Elemente hat als 0, oder ob es gar ein *-Operator ist. 
Klar ware dies nur, wenn A, A* iiberall sinnvoll waren, was aber, wie 
wir an einen bekannten Satz von Toeplitz anlehnend zeigen werden, nur 
fiir stetiges A und A* der Fall ist. 

Es wird uns trotzdem gelingen, allgemein zu zeigen, daB A*A ein «-Operator, 
ja sogar hypermaximal ist. Dasselbe gilt, wie Ersetzen von A durch A* 
lehrt, fiir AA*. 

Es ist zweckmafig, diese Verhiltnisse durch einige Beispiele zu ver- 
anschaulichen. Realisieren wir den Hilbertschen Raum durch alle mef- 





® Hieraus folgt die Stetigkeit nicht, weil die Existenz des Limes f* vorausgesetzt 
wurde. Vgl. Anm. *. 


9 Aus fr>f, A*Afn—>f* folgt: Fir m, n> ist A* A fm— A* Afn—>0, also 

(A* Afn—A* Aa, fu—Ju) = (Afn —Afa, Afm—Afn) = ||Afn— Afal? > 0, 
also hat A fm einen Limes, /’. Da A abgeschlossen ist, ist Af sinnvoll und gleich /’, 
da A* abgeschlossen ist, ist A*/’ sinnvoll und gleich f* (man setze Afn = fn). Also ist 
A* Af sinnvoll und gleich /*. 

0 (A* AS, f) = (Af, Af) = ||Af\? ist reell und >0, vgl. E., 8.70, Def. 6, und 
8. 74, Def. 10. 
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*1 
paren Funktionen / (x) des Intervalles 0 << x <1 mit endlichem [’ f(x) |? da 
(vgl. z. B. E., S. 108—109); sei 2 die Menge aller stetigen und differentiier- 


1 
baren f(x) mit endlichem f, |f' (x) |? da, die gewisse, gleich anzugebende 


Randbedingungen erfiillen; A in % definiert, u. zw. dort Af = if’. Als 
Randbedingungen lassen wir zu: 


1. Keine Randbedingungen. 

2. f(1):f(0) = C (CC eine gegebene Zahl). 

3. f(l) = fO) = 
Entsprechend sprechen wir von %,, A;; 2c, Ao,c; Us, As. Ai, Av,c, As 
sind linear, nicht abgeschlossen, *-Operatoren; A, wird von Ao, c fortgesetzt, 
dieses von As, kein Asc von einem anderen Ao,p. Aus 


(Af, 9—(f, Ag) = if  @9@)+@)7@) ae 
= i(f@)g@M% = i(f0) 91) —£) 9) 


folgt, daB At Fortsetzung von Ag ist, ebenso A2.c von Ae,1/c, und Ag von Aj; 
also sind alle drei *-Operatoren, also A;, Ao,c, As **-Operatoren. Also 
setzen Al = Ay’, Adc = Asc, AX = As’ baw. As, Ao,1/c, As fort. Man 
zeigt unschwer, worauf hier nicht naher eingegangen werde, daB diese 
bzw. Operatoren sogar gleich sind. Daraus folgt: A, ist Hermitesch, aber 
nicht hypermaximal; Ao, c ist nur fir C = 1/C, d. h. |C| = 1, Hermitesch, 
aber dann auch hypermaximal ; As ist_ nicht Hermitesch. Dagegen sind 
die Operatoren D, = Ay A, = 4g A,, Doc = As'c Az,c = 42,170 As,c, 
D, = As" Ag = A, Ag alle drei hypermaximal. Fiir alle drei ist Af = —/”, 
nur die Definitionsbereiche sind verschieden, die Randbedingungen lauten 
namlich: 

1. Fir D,: f' (1) = f’(0) = 0. 

2. Fir Doc: f(1): f0) = C, #0): #0 = 1/C. 

3. Fir Ds: f(1) = f(0) = 0. 
Tatsichlich sind dies lauter zulassige Randbedingungen des EKigenwert- 
problems —/f”’ = Af, was der Hypermaximalitét gleichkommt (vgl. E., 
8.49, Anm. *, und S. 61). 

Allgemeinere bzw. kompliziertere Beispiele (Sturm-Liouvillesche, partielle 
Differentialgleichungen usw.) zeigen dasselbe Verhalten. 

3. Da A*A und AA* hermitesch, definit, hypermaximal sind, gibt es (wie 
Sich zeigt) einen und nur einen hermiteschen, definiten, hypermaximalen 
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Operator B bzw. C mit B® = A*A bzw. C* = AA*. Es zeigt sich, daB B 
denselben Definitionsbereich hat wie A, und stets || B/|| = || A/'|| ist; das- 
selbe ist das Verhaltnis von C und A*. Sodann gelingt die Konstruktion 
eines Operators W, der im wesentlichen langentreu ist (vgl. w. u.), der- 
art daB 


A = WB = CW, A* = BW* = W*C, C= WBW*, B= W*Cw 


ist. Wie man sieht, ist dies eine Zerlegung von A und A*, wie sie der 
Zerlegung einer komplexen Zahl z und ihrer Konjugierten in einen reellen 
Faktor > 0 (den Absolutwert) und einen Faktor vom Absolutwert 1 
entspricht — die hypermaximalen Operatoren B, C benehmen sich ja in 
vielen Beziehungen wie reelle Zahlen, Definititat entspricht dem > 0, 
Langentreue dem Absolutwert 1. Auffallend ist nur, daB zwei verschie- 
dene Operatoren B, C den Absolutwert vertreten, allerdings gehen diese 
durch die langentreue Abbildung W ineinander iiber”™’. 

Fir iiberall sinnvolle (also stetige, vgl. w. 0.) Operatoren A, <A* ist 
diese Zerlegung in B, C, W trivial, es ist aber bemerkenswert, daB sie 
fiir alle linear abgeschlossenen *-Operatoren A erhalten bleibt und B, C 
immer hypermaximal ausfallen. Also wird z. B., wenn A hermitesch, de- 
finit, aber nicht maximal ist, also A* echte Fortsetzung von A, also 
A*A = B® Fortsetzung von A*, B doch hypermaximal sein — also 
B+ A, und B nicht etwa Fortsetzung von A, hat es doch denselben De- 
finitionsbereich! 

Auf Grund dieser Resultate ist es leicht zu zeigen, daB B = C fiir die 
normalen Operatoren A, d.h. diejenigen, die eine komplexe Eigenwert- 
darstellung zulassen (vgl. A., S. 406, Def. 6., und S. 410—416, Satz 17—19), 
charakteristisch ist. D.h. B®? = C*, oder auch A*A = AA*. Diese 
Bedingung ist bekanntlich im endlichvieldimensionalen Raume** sowie bei 
volistetigen Operatoren des Hilbertschen Raumes*® fiir die Normalitat 
charakteristisch, im Hilbertschen Raume zeigte der Verf. noch, da8 sie fiir 
alle stetigen Operatoren die charakteristische ist (E., S. 115—116, sowie 
A., 8. 406, und der w. o. a. 0.), fiir allgemeine A gewann er aber a. a. 0. 
eine anders gebaute Bedingung. Jetzt ist A*A = AA* als allgemein 
charakteristisch erkannt, ja, es geniigt, wenn A*A Fortsetzung von AA* 
ist oder umgekehrt, da beide Operatoren hypermaximal sind. 

4. Wenn A irgendein linearer Operator ist, so kénnen wir in seinem 
Definitionsbereiche 2% durch die Definition || /||4 = || A,f|| eine neue Metrik 


'' Fir vollstetige Operatoren untersuchte E. Schmidt die zu B, C gehérigen Eigenwert- 
probleme, vgl. Math. Ann. 63 (1907), S. 48383—476, §§ 14—16. 

2 Frobenius, Journ. f. Math., 84 (1877), S. 51—54. 

*® Hellinger und Toeplitz, Enzykl. d. Math. Wiss., IL. 0. 13., S. 1562—1563. 
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einfiihren. Damit & in  iiberall dicht sei, mu A ein *-Operator sein, 
damit es im Sinne der neuen Metrik topologisch vollstindig sei (wenigstens 
relativ zu '*), muB A abgeschlossen sein’® — d.h. wir werden zu 
unserer Operatorenklasse (linear, abgeschlossen, *) zuriickgefiihrt. 

A,, Ag bestimmen dieselbe Metrik, wenn sie denselben Definitionsbereich 


haben, und dort |! A, /|| = || Ag f|| gilt — wir nennen sie dann metrisch 
gleich, A; = Az. Ist der Definitionsbereich von <A, Teil desjenigen von 
A, und im ersteren || A; f|| = || Ag f||, so nennen wir A, eine metrische 


Fortsetzung von A,. Sind die Definitionsbereiche gleich, so ist A; = Ag, 
sonst sei A, echte metrische Fortsetzung von A,. ; 

Wie wir sahen, ist jedes A einem hermiteschen, definiten, hyper- 
maximalen B metrisch gleich, und man zeigt leicht, da6B B hierdurch ein- 
deutig bestimmt ist (vgl. w. u.). 

Andererseits werden wir zeigen, da{ jeder unstetige Operator A (auch 
wenn er im gewdédhnlichen Sinne unfortsetzbar, d. h. maximal ist), echte 
metrische Fortsetzungen besitzt. Hier gibt es also keine Maximalitit! 

5. Unsere Methode wird im wesentlichen darauf beruhen, den Raum 
aller Paare {f, g} (f, g beliebig aus ) zu betrachten. Wenn wir 


atf, g} = taf, ag}, 
{A g} + th, k} = {f+h, 9+}, 
{4 og}, th, k= (KA+G, & 


definieren (also || {f, g} ||? = || 7\/?+/|g/|*), so ist dies ein Hilbertscher 
Raum, denn die charakteristischen Bedingungen A.—E. aus E., S. 64—66, 
gelten fiir ihn genau so wie fiir . Er verhalt sich zu $ etwa so, wie 
die Ebene zur Geraden, wir wollen ihn H nennen. Jeder Operator A 
(in $) kann in H durch die Menge aller Paare {f, 4/} dargestellt werden 
— dies ist das Analogon der graphischen Darstellung der auf der Zahlen- 
geraden definierten Funktionen in der Ebene. Die genannte Menge heife 
das Bild von A, Ba. 

Man erkennt sofort: A — B bedeutet Bs = Bz, A Fortsetzung von 
B bedeutet Ba umfaBt (als Menge) Bg, A linear bedeutet, daB Ba eine 
Linearmannigfaltigkeit ist, A abgeschlossen bedeutet, daB Ba (als Menge) 
abgeschlossen ist. 


'D.h. daB || fn—fn ||a>O(m, m—> 0) die Existenz eines || ---||4-Limes von fi, fr,--- 
in & nach sich zieht — soweit ein || --- || Limes in $ existiert. Wenn stets || Af ||>¢-'| f/| 
fir ein festes e >0 gilt, ist die letztere Beschrankung iiberflissig. 

** Diese Betrachtung verschiedener Metrisierungen in $, so wie der topologischen Voll- 
stindigkeit wurde von Herrn K. Friedrichs in einem Vortrage angeregt, den er im Juni 
1931 in der Géttinger Math. Ges. hielt. 
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Wir werden unsere Resultate durch Untersuchungen der B, in H ge- 
winnen. Die ganze Operatorentheorie lieBe sich sogar noch wesentlich 
konsequenter in H betreiben, als wie es hier geschieht, doch gehen wir 
hierauf nicht ein. 


I. Die Operatoren A, A*, A*A. 


1. Wir untersuchen, wie in Einl. 4 auseinandergesetzt wurde, den Hil- 
bertschen Raum H und die Bilder Ba in H an Stelle der Operatoren A 
in §. Wir fiihren noch den Operator 


Us, 9} = tig, —@F} 


in H ein, er ist Hermitesch und unitar, d.h. J = U* = U— (also U? = 1). 
Da (f, Ag) = (f*, 9) als ({f, /*}, U{g, Ag}) =90 geschrieben werden 
kann, bedeutet A* f= f*, daB {f,/*} zu UB, orthogonal ist, d. h. 
By» ist die Menge aller zu YB, orthogonalen Elemente von H — d.h. 
eine abgeschlossene Linearmannigfaltigkeit, also A* linear abgeschlossen. 

Daf es linear abgeschlossene Fortsetzungen von A gibt, bedeutet, dab 
es abgeschlossene Linearmannigfaltigkeiten Bg gibt, die Ba enthalten. Nun 
kann jede Menge in A ein Bg sein, wenn sie nie zwei {f, 7}, {f,. 2} 
mit ff +f° enthailt — oder, was dasselbe ist, weil es sich um Linear- 
mannigfaltigkeiten handelt, wenn sie nie {0, f*} mit #* +0 enthalt. Es 
ist also bloB zu fordern: die kleinste B4 enthaltende, d.h. die von Ba auf- 
gespannte abgeschlossene Linearmannigfaltigkeit soll kein {0, f*} mit f* +0 
enthalten. Ersetzen wir diese Begriffe durch ihre Definitionen, so wird: 

Satz 1. Der *-Operator A mit dem Definitionsbereich A hat dann und 
nur dann eine linear abgeschlossene Fortsetzung B, wenn Folgendes gilt: 
Liegen alle ft”, -+-, fe (n= 1, 2,-++) in Y, und gilt 


a” I” -- one - ay Bo 0, a” A fo + renee + ay Mg > f* (n = 0), 


so ist f* =0"%. U. zw. gibt es dann unter diesen B ein kleinstes, von dem 
alle anderen Fortseteuwngen sind, niimlich dasjenige, fiir welches Bp die 
von By, aufgespannte Linearmannigfaltigkeit ist. 

Ein weiteres Kriterium entsteht so. Wenn A* auch ein *-Operator ist, 
so existiert auch A**, es ist linear abgeschlossen und offenbar Fortsetzung 
von A, also existiert A. Existiert umgekehrt A, so ist B; die von B, auf- 
gespannte abgeschlossene Linearmannigfaltigkeit, entsprechend UB; undUB,, 





Die hier stets verwendete starke Konvergenz kénnte auch durch schwache ersetzt 
werden (vgl. z. B. A., 8. 378-381), denn fir Linearmannigfaltigkeiten (d.i. Ba, Bz) ist die 
starke Abgeschlossenheit der schwachen, wie E. Schmidt zeigte (Rend. d. Circ. Mat. d. 
Palermo, 25 (1908), 8. 57-73), gleichwertig. 
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also sind zum ersteren dieselben Elemente von H orthogonal wie zum 
letzteren — d.h. A* = A*. Ferner ist Bz, B,, die Komplementire 
von UB; (es handelt sich jetzt um zwei abgeschlossene Linearmannig- 
faltigkeiten, vgl. E.S.74), also, da J unitar, J? —1, und die Komplementaritat 
eine symmetrische Beziehung ist, Bz die Komplementire von UB,,. Das 
bedeutet in der Terminologie von Kinl. 1, daB die dortige Def. VI fiir A** 
einen eindeutigen Operator, naimlich A ergibt. Also ist auch A* ein 
*-Operator, und A** = A. Wir haben bewiesen: 

Satz 2. Fiir die Existenz von A ist auch dieses charakteristisch: A* ist 
auch ein *-Operator (fiir A war das Voraussetzung). U. zw. ist dann 
A* = A*, A= A**, 

Man beachte, da& zwischen den Definitionsbereichen von A und A* 
keinerlei Zusammenhinge gefordert oder behauptet wurden. 

2. Sei nunmehr A ein linear abgeschlossener «-Operator, dann ist es A* 
nach Satz 2 ebenfalls. Da OB,s, Bax in H komplementir sind, kann 
jedes Element in H auf eine und nur eine Weise als Summe eines Elementes 
von UB, und eines von By,> dargestellt werden. (vgl. z.B. E., 8S. 74, 
Satz 13). Wir wihlen das H-Element als {0, —if}, dann ist 


{0, —af} = {tAg, —ig}+ {h, A*h} 
eindeutig lésbar (g im Definitionsbereiche von A, h in dem von A*). D. h. 


iAgth=0, —ig+A*h=—if. Also ist Ag gleich —ih, und somit 
ebenfalls im Definitionsbereiche von A*, und dann 


—if = —ig+A*h = —iQg+ A*Ag) = —i(A*A+ 1g, 
(A*A+1)g =f. 


Der Operator A*A+1 ist also fiir so viele g sinnvoll, daB ihr Werte- 
vorrat der ganze Hilbertsche Raum ist! 
Der inverse Operator D, Df = g, ist also linear und iiberall definiert. 
Ferner ist 
(f, Df) = (A*Agtg, 9) = (A*Ag, +H 9) 
= (Ag, Ag) +(9, 9) = || Ag |? +Il9|l? 


erstens reell, also D Hermitesch. Zweitens ist es >0, und nur = 0 fir 
lg? = 0, 9 = 0, f = (A*A+1)g = 0, also D definit und Df +0 
fir f+0. Drittens ist es > || g\|? = || D/\|l*, also 


IDI? SG Df) < |IlFil- || DI, || DAI SFI, 


also D stetig. Zusammenfassend: D ist ein Hermitescher, definiter, stetiger 
Operator, aus f+0 folet Df +0, das ganze Spektrum von D liegt 
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zwischen 0 und 1'", und es ist A*A+1 = D~'. Hieraus ist es ein 
Leichtes, die Hypermaximalitat von A*A-+ 1 zu folgern, z. B. so. Dag 
f m allen Dk orthogonal ist, bedeutet, da8B D/f zu allen k orthogonal ist 
(D ist Hermitesch und iiberall sinnvoll), also Df = 0, f= 0 — die 
Komplementire der vom Wertevorrat von D aufgespannten abgeschlossenen 
Linearmannigfaltigkeit (in ) ist (0), also die letztere . Da der Werte- 
vorrat von D der Definitionsbereich von A*A-+1 ist, also auch der von 
A*A, ist A*A ein *-Operator. Nach Einl. 2, insbesondere Anm. *°, ist 
also A*A Hermitesch und definit, daher ist es A*A-+1 auch. Da A*A--1 
alle Werte in $ annimmt, ist E., 8.102, Satz 41 anwendbar: A*A-+1 
ist hypermaximal, also auch A*A. Also: 

Satz 3. A sez ein linear abgeschlossener *-Operator. Dann ist es A* 
auch, und A*A ist Hermitesch, definit wnd hypermaximal. 

3. Der Definitionsbereich 2, von A*A ist Teil desjenigen 2% von A, das 
auf 2%, eingeschrainkte A heiBe A, — A, ist offenbar linear und «, aber 
nicht notwendig abgeschlossen. Da A Fortsetzung von 4A, ist, ist A,* 
Fortsetzung von A*, also auch «, so daB A; sogar ** ist. Wir wollen 
A, = A beweisen, d. h. daf B, die von Ba, aufgespannte abgeschlossene 
Linearmannigfaltigkeit (in H) ist. Anders formuliert: Die Differenz von 
B, und der von Ba, aufgespannten abgeschlossenen Linearmannigfaltigkeit 
ist (0), oder: in By, ist nur 0 zur genannten Menge, oder, was dasselbe 
bedeutet, zu By, orthogonal (vgl. E., S. 74, Def. 11). Ein Element von 
Bg ist ein (k, Ak), wenn es zu B,, orthogonal ist, so ist es insbesondere 
zu den am Anfang von I., 2. konstruierten {g, Ag} orthogonal, also 
{tAk, —ik} au {iAg, —zig} (denn A*Ag war sinnvoll, als gehért g zu 
%,). Zum dortigen {h, A*h}, das zu Ba gehort, ist das zu UB, gehi- 
rige {i Ak, —zk} erst recht orthogonal, also auch zu deren Summe, 
{0, —7zf}. DaB {iAk, —ck} und {0, —7f} orthogonal sind (in H), be- 
deutet, daB es k, f sind (in ), u. zw. fiir jedes f — also ist k = 0, 
{k, Ak} = {0, 0}. Damit sind wir am Ziele: 

Satz 4. Der Definitionsbereich von A sei UX, der von A*A sei A, (Teil 
von U), das durch U, eingeschriinkte A heife A,. A, ist linear, **, aber nicht 
notwendig abgeschlossen. Dagegen ist A, = A. 

4. Wenn B ein Hermitescher hypermaximaler Operator ist, so gehért 
nach E., 8. 91, Def. 17 und S. 92, Satz 36 eine Zerlegung der Einheit (A) 
dazu. Wenn E£(A) fiir 2<0 konstant (also = 0) ist, so ist nach den 
dortigen Formeln stets (Bf, f) >0, d. h. B definit; ist dagegen /(A) fiir 
ein 4<0 nicht 0, so gibt es fiir diese 2 — 4) <0 ein f+ 0 mit F(A) f=Sh 


 Letzteres wegen 0 < (f, Df) < || /'||2, woraus es durch ahnliche Rechnungen 
wie A., S. 418, folgt. 
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also E(A)f=/ fir 42%) (wegen E(Ay) Teil von F(A) vgl., das in E. 
iiber Projektionsoperatoren Gesagte), und dann errechnet man auf Grund 
derselben Formeln (Bf, f) < 4 || f||?<<0, d.h. B ist nicht definit. Fir 
die Definititat von B ist also E(A) konstant (also = 0) fir 2<0 


charakteristisch. 
Betrachten wir nun die Schar 


Fr = 0 fir «<0, 
)) — R(V2) tir p >0. 


Auch sie ist offenbar eine Zerlegung der Einheit, und der dazugehdrige 
Hermitesche hypermaximale Operator B’ ist definit. Wenn B’f Sinn hat, 
so ist nach Definition 


Jura Fw s\" = Jura eVin) f = fuale@ys 


endlich, also auch f A? d\| E(a) f |\? (denn J d|| E(4) |? ist es ebenfalls 


und 24? < }-+424)—also hat Bf Sinn. Dieselbe Rechnung, wie sie in 


F., S. 206 ausgefiihrt wurde (um die dortige Formel e) zu beweisen), 
zeigt, daB 


Jea\ naar? =fuaiz@si? 


ist, also endlich—also hat auch B(B/), d. h. B*®f Sinn. Und wieder eine 
entsprechende Rechnung zeigt, dab 


(BY, 9) = (BBA), 9) = fra E@Bs 9 = [2aE@sF9 
= fra EV t9 = fuaEOsa = BF9) 


ist, d.h. B8f= Bf. Daher ist B* Fortsetzung des hypermaximalen B’, 
also B? = B’, 

Etwas anders angeordnet, kénnen wir dies auch so formulieren: 

Satz 5. B, B’ seien Hermitesche, hypermaximale, definite Operatoren, 
die bew. zw ihnen gehirigen Zerlegungen der Einheit E(), F(2)—also 
E(4) = F(Z) =0 fiir 4<0. Dann ist B* = B’ mit EA) = F(A’) fir 
alle 4 = 0 gleichbedeutend. 

Wenn also B’ gegeben ist und B nicht, so hat B® = B’ eine einzige 
derartige Lésung B, sie heiBe V B’. | ais 

Wir wenden nun Satz 5 auf B’= A*A an und setzen B= V A*A. 
Der Definitionsbereich von B®? — A*A hieS %,, das hierauf eingeschrankte A 
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A,, das hierauf eingeschrankte B heife B, (der Definitionsbereich von B 
umfaBt den von B?, d.h. %,). Nach Satz 3 ist A, = A, und wenn wir 
darin A durch B ersetzen (wegen der Hypermaximalitat ist B* = B), 
BD, <= B. 

A,, B, haben denselben Definitionsbereich, und in ihm ist 


P= (Af Af) = (AL AS) = A*AS, f) 
|BiSf\? = (Bs BS) = (BS BS) = BFS), 


d.h. || 4: f|| = || Bi f||. Also sind A,;, B, metrisch_ gleich (vgl. Einl. 4.), 
und daraus folgt die metrische Gleichheit von A, B,* , dh. von A, B. 
Einsetzen in die Definition der metrischen Gleichheit ergibt: 

Satz 6. Sei A wie in Satz 2., 3, B—=VA*A (vgl. Satz 5.), also 
Hermitesch, definit, hypermaximal. Dann sind A, B metrisch gleich, d. h.: 
beide haben denselben Definitionsbereich UL, und in thm ist stets || Af|| = || Bf. 

5. Nennen wir den Wertevorrat von A %, und die abgeschlossenen Hiillen 
der Linearmannigfaltigkeiten UX, W bzw. X— H, W. Ferner heife die 
Menge aller f mit Af=0 ®, sie ist Teil von 2% (und %), und da A linear ab- 
geschlossen ist, eine abgeschlossene Linearmannigfaltigkeit (alles in $). 
Die entsprechenden Mengen fiir A* seien 2’, WW, A’ — H, BW’, N. 

f orthogonal zu % bedeutet dasselbe wie f orthogonal zu W, d.h. zu 
allen Ag, d.h. stets (f, 4g) = 0 — und - besagt, daB A*/ a 
ist und = 0, d.h. f in’. Also: N’ = S—W. Ebenso ist: N = H — 
Zusammenfassend: 


NCA, N— HS—-W, KN cCAW, N = H—®. 





Da die Menge der Af = O nach Satz 4. mit derjenigen der Bf = 0 
identisch ist, ist N dieselbe auch fiir B. Ist der Wertevorrat von B ¥ 
(Linearmannigfaltigkeit!) und seine abgeschlossene Hiille (abgeschlossene 
Linearmannigfaltigkeit!), so ergibt dieselbe Betrachtung % — H—B 
(B* = B wegen der Hypermaximalitat), d.h. @ = W’. 

Ersetzen wir A durch A*, also A* durch A** = A, so entstehen nach 
Satz 5., 6. die Hermiteschen, definiten, hypermaximalen Operatoren AA* 
und C = V AA*. Nach Satz 6. sind A*, C metrisch gleich, d.h. beide 
haben denselben Definitionsbereich 2%’, und in ihm ist stets || A*/|| = ||C/'\|. 





8 C sei ein linearer «*-Operator (A:, B, sind es nach Satz 4.), dann ist Bc eine Linear- 
mannigfaltigkeit, also B@ seine abgeschlossene Hiille. OD. h. C ist so definiert: Wenn 
Si, fo, +++ im Definitionsbereiche von C liegen, fr—>f (n—>o) und auch die Cf, einen 
Limes haben — d. h. || C(fn—fn) || >0 (m, na) — so liegt f im Definitions- 
bereiche von C, und C J ist der Limes der Cfn. Diese Formulierung macht es klar, dab 
beim Ersetzen von C durch einen metrisch gleichen Operator auch C in einen metrisch 
gleichen iibergeht. 
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Wir bilden auch fiir C die Mengen %’ (Wertevorrat), B’, es ist B’ = WB. 

Die Zuordnung Bf — A/ bildet nach Satz 4. B eindeutig, linear und 
langentreu auf % ab, sie kann daher eineindeutig, linear und langentreu auf 
die abgeschlossenen Hiilllen 8 — BW’, BW, d.h. H—MN, H—MN’ ausgedehnt 
werden. Der Operator dieser lingentreuen Abbildung heife V, sein De- 
finitionsbereich ist 6—MN, sein Wertevorrat H—M®’ (vgl. E., S. 70, Def. 6. 
und 8.71, Satz 10.). Eine ebensolche Abbildung von &' auf W’ ist 
Cf © A*f, sie kann ebenso auf 8 — B, W, dh. S—N’, H—N 
ausgedehnt werden. Ihr lingentreuer Operator heife V’, sein Definitions- 
bereich ist 6—M’, sein Wertevorrat 6—MN. Auf Grund der Definition 
von V, V’ ist 

A = VB, A* = V'C. 


Da es gleichgiiltig ist, wie V bzw. V’ auBerhalb des Wertevorrates von 
B bzw. C, d. h. von S—N bzw. S—N' definiert werden, kénnen wir sie 
zu iiberall definierten linearen Operatoren W bzw. W’ fortsetzen, die in 
N bzw. N’ verschwinden. Dann ist wieder 


A= WB, A* = W'C. 


Wenn wir die Projektionsoperatoren von $—-M bzw. H—M' E bzw. EL’ 
nennen, so ist 
W=VE, W' =V'E’, 
woraus sofort 
|W = ZS, |W's ll = |2B'sl 


folgt, also die Stetigkeit von W, W’. Ferner folgt hieraus 
-) w*w=£8, WwW’ = £’.” 


Da W' eine Abbildung 5—N —} H—N' vermittelt, und W* W = EL die 
identische Abbildung S—N €} H—MN, vermittelt W* die inverse, und 
ebenfalls langentreue Abbildung S—N’ <} S—MN. Daher ist in H—N 
|W*f|| = || f\|. In MN’ ist, da es zum Wertevorrat von W, S—WN, 
orthogonal ist, W*f—0O — daher gilt allgemein W* LE’ f = W*/, also 
|W*f|| = ||E’f||. Hieraus folgt (vgl. Anm. *) 


ce) WW* = PF, 


19 Es ist 


| Wri? = (Wh, Wl) = (Wwf), ESI? = ESS), 
also W* W = E; ebenso W'* W' = EB’. 
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ebenso ist 
) Ww" = E. 


Linksmultiplikation von A = WB mit W* ergibt, da EB = B ist (B hat 
Werte aus § —%), 
* B= W*A, 


ebenso ergibt Linksmultiplikation von A* = W’C mit W” 
C=uw" st. 
Wenden wir auf die vier ¥-Formeln * an, so zeigt eine einfache Diskussion 


se A* = BW", A=cCw", 
oa B = A*W, C= AW’. 


Bilden wir nun den Operator WBW**, Da W iiberall sinnvoll ist, 
ist er sinnvoll, wenn W* / in & liegt. Da N Teil von W ist, gehért fiir 
jedes Element von 2% seine Xt-Projektion zu 2%, also auch seine H—- 
Projektion — d. h. der in —% liegende Teil von Y& ist dort iiberall 
dicht, d. h. der im Wertevorrat von W* (dieser ist 5— MN, vgl. w. 0.) liegende 
Teil von % ist dort iiberall dicht. Da W* eine Abbildung 5—N'  H—N 
vermittelt, liegen in S—MN’ die f mit W*/f aus A iiberall dicht. Fir f 
in N’ ist W* f= 0, also auch in & — also liegen die genannten / iiberall 
dicht, WBW* ist ein *-Operator. Hermitesch und definit ist er ebenso 
wie B. Auch hypermaximal ist WBW*, denn sei fiir alle g, fiir die es 
Sinn hat 

(f, WBW* 9) = (f*,9), 
d. h. 
(W*f, Bw* 9) ae (f*, g)- 


Sei g = Wh, h aus $—%N, Bh sinnvoll, dann ist Wg = W* Wh = h, 
(W* f, Bh) = (f*, Wh) = (W*f*, h). 


Fir jedes h aus Xt hat Bh Sinn, u. zw. 0, und auch rechts steht, da 
Ww*f* m S—N gehért, 0. Also ist stets 


(W* f, Bh) = (W* f* ,h). 
20 Operatorenprodukte fassen wir konsequent so auf: RS/ ist definiert, wenn Sf und 


R(Sf) definiert sind, und ist gleich R(S/); entsprechend fir QRS, PQRS,-::. 
Diese Multiplikation ist offenbar associativ. 
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Da B hypermaximal ist, ist BW*/ sinnvoll und gleich W*/*, also 
WBW*f = WW* f* = f*, falls f* zu N’ gehort. Dieses folgt aber 
aus der urspriinglichen Gleichung, da fir alle g von RN’ W*g = 0 ist, 
also deren linke Seite 0 ist. 

Nun ist (man beachte die *-, O-, ++-Formeln!) *° 


(WBW*)! = WBW*t-WBW* — WB-W*W-BW* 
— WB-E.BW* = WB-EB. W* 
= WB-BW* = A-A* = C%, 


also nach Satz4 WBW* =C. Nach + besagt dies WA* —C, und 
da ein * W’* A* = C aussagt, WA* = W’* A*. Somit gilt Wf=— W’*/ 
im ganzen Wertevorrat von A*, d.i. in %&’ — also auch in BW’ = H—M. 
In % gilt es aber auch, da dort beide Seiten gleich O sind, also ist 
W= W’*; Anwenden von « ergibt W* = W’. 

Zusammenfassend haben wir also: “ 

Satz 7. Sei A wie in Sate 2,3, B= V A*A, C= V AA* (vgl. Sate 4 
mit A und mit A*), also hermitesch, definit, hypermaximal. A, A*, B, C 
migen die bzw. Linearmannigfaltigkeiten A, UX’, U, U' als Definitionsbereiche, 
W, W’, V, VW’ als Wertevorriite haben, — deute ihre bzw. abgeschlossenen Hiillen 
an. Die bew. Mengen (abgeschlossenen Linearmannigfaltigkeiten) Af = 0, 
A*f=0, Bf=0, Cf=0 seien N, N, N,N’. Es ist: 


NCACA—H, NCwWCA = §, 
Te’ == R nn H—MN, IW === HR’ ans H—N. 
Die Projektionsoperatoren von $—N, H—N’ seien bzw. E, E’. 
Es gibt einen Operator W (iiberall definiert, stetig), der B auf B&, also 
HS—-N= BV auf H—N’ = BW eineindeutig, linear, liingentreu abbildet ; 
W* bildet ebenso B' auf B’, also S$—-N = WB auf H-N= BW ad; 


dabei ist beztiglich der zweitgenannten Abbildungen W* zu W invers. W ist 
im N Null, W* ist in N Null. Es ist 


W*W= EE, WWt = E£’. 
Es gelten die Beziehungen*: 


A= WB=CW, A* = BW* = W*C, 
B= W*A= A*W, C = AW* = WA", 
und aus ihnen Folgt 
C= WBW*, B= W*Cw. 
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Man beachte: B ist in N, Cin MN’ Null, also nur in H—® bzw. H—N 
interessant. Hier aber gehen sie durch die langentreue Abbildung von 
H—N, HS —N’ aufeinander, die W, W* vermitteln, ineinander iiber. Dies 
ist die Verallgemeinerung des in Einl. 3, bzw. Anm. 11, erwahnten 
E. Schmidtschen Satzes. 

Wenn 0 weder fiir A, noch fiir A* (Punkt-) Eigenwert ist, d. h. wenn 
Af =0 ebenso wie A*f=0 f= 0 zur Folge hat, so ist 2 — MN’ — (0), 
E = E' = 1, also W*W = WW* = 1, 4.h. W unitar, W* = W-, 
In diesem Falle sind die Formeln von Satz 7 noch durchsichtiger. 


II. Anwendungen. 


1. Wenn A*A = AA* ist, dh. B = C, so folgt aus Satz 7: 
A= WB = BW, A* = BW* = W*B, tener R = WN, FE = PF, 
also W*W = WW* = E, also alle Operatoren B, W, W* miteinander 
vertauschbar. Hieraus kann die Normalitét von A (vgl. Einl. 3) auf ver- 
schiedene Weisen gefolgert werden, z. B. kénnte man mit den Methoden 
von E., S. 115 (vor Satz 11*) eine simultane Eigenwertdarstellung fiir B, 
W, W* und damit fiir A, A* angeben. Wir schliefen uns lieber an De- 
finition in A., 8. 116, Def.6 an und schlieBen so. A, A* haben dieselben 
Definitionsbereiche wie B, C, also beide denselben, sie bilden also im 
Sinne von A., S. 405, Def. 5 ein konjugiertes Paar. Mit der dortigen 
Bezeichnungsweise ist, wenn wir noch mit H(A) die zu B gehérige Zer- 
legung der Einheit bezeichnen, 


(A)” = (WB)" € (W, B)” = (W, W*, alle E(A))”. 


Und diese Menge ist Abelsch, weil es die Menge der W, W*, E(A) ist 
(vgl. A., S.389 oben; W, W* sind mit B vertauschbar, also auch mit 
allen H(A), A., S. 408, Satz 13). 

Ist umgekehrt A normal, so haben die abgeschlossenen Operatoren A, A* 
denselben Definitionsbereich (A., S. 416, Satz 21), und wenn A*A/ sowie 
AA*g Sinn haben, so ist 


(f, AA*g) = (A*f, A*g)™ = (Af, Ag) = (A*AS, 9). 


Wegen der Hypermaximalitat von AA* ist also AA*/ sinnvoll und gleich 
A*Af. Also ist AA* Fortsetzung von A*A, da aber auch dieses hyper- 
maximal ist, A*A = AA*. Also: 





71 Nach A., am soeben a. O., ist, wenn AA Sinn hat, || Ah|| = || A*A||, also 
(Ah, Ah) = (A*h, A*h). Hieraus schlieSt man, wenn Af, Ag Sinn haben, durch Be- 
fig frig 

2 ' 2 





trachten von , daB auch (Af, Ag) = (A* f, A*g) ist. 
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Satz 8. Sei A wie in Sate 2, 3, B = V A*A, C = V AA*. Dafiir, 
dap A normal ist, ist A*A == AA* charakteristisch oder auch B = C. 
Da A*A, AA* beide hypermaximal sind, geniigt es sogar, wenn einer den 
anderen fortsetzt. 

Wenn A, A* dieselben Definitionsbereiche haben und stets |Af) =| A*/ 
ist, so gilt dasselbe fir B,C. Bf Cf bildet BV auf VW’ eineindeutig, 
linear, langentreu ab, es kann daher ebenso auf 8 — S—M%N, BW’ = H—MN 
ausgedehnt werden; aber es ist % = NM’, B@ — BW’. Dieser Operator heibe 
Vo, er bildet somit SV — BY’ = H—MN auf sich ab, wir erweitern ihn zu 
einem linearen Wo, das in ¥t Null ist. Wie bei Satz 6 ist: C= VB, 
also C = W,B und 

Wo* Wo = WW* = LE. 


Anwenden von « ergibt C— BW,, also fiihrt Wo (innerhalb von S—) 
den Definitionsbereich von C in denjenigen von B iiber, d.h. den von B 
in sich selbst. Dasselbe gilt fiir seine Inverse (in 5—%N) Wo. Bf und 
Cf=W, Bf (beide sind in $—M) liegen also gleichzeitig im gemeinsamen 
Definitionsbereiche von B,C, d.h. B®, C® haben denselben Definitions- 
bereich. 

Da dort stets 


(BS, S) = (BS, BS) = ||BF IP, (PAS) = (CF, CS) = |1CF\", 


also (B*f, f) = (C*f, f) gilt, ist B? = C? — also B=C. Also: 

Satz 9. Fiir die Normalitiit von A ist auch dieses charakteristisch: A, A* 
haben denselben Definitionsbereich, und in ihm gilt stets || Af || = || A*/\|**. 

2. Wir gehen zu den in Einl., 4. definierten Begriffen der metrischen 
Gleichheit und Fortsetzung von Operatoren iiber. 

Aus Satz 6, sowie der beim Beweise von Satz 9 gemachten Uberlegung, 
die zeigt, daB irgend zwei hermitesche, definite, hypermaximale Operatoren 
B,C, die metrisch gleich sind, auch wirklich gleich sein miissen (denn 
der Zusammenhang von B, C mit A, A* wurde dort nicht benutzt), ergibt 
sich unmittelbar: 

Satz 10. Jeder linear abgeschlossene *-Operator A ist einem und nur 
einem hermiteschen, definiten, hypermaximalen B metrisch gleich, d.i. das B 
von Sate 6: B=VA*A. 

Jedes unstetige A hat echte metrische Fortsetzungen. Nach Satz 10 
kénnen wir A als hermitesch, definit, hypermaximal annehmen. Nach E., 
S. 108, Satz 49, ist A echte Fortsetzung eines linear abgeschlossenen 


———. 


“In A., 8.423 oben, wurde gezeigt, daB es nicht hinreichend ist, wenn dies blob auf 
irgend einer iiberall dichten Menge gilt. 
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hermiteschen Operators A’, der sogar auf Kontinuum viele verschiedene 
Weisen wahlbar ist, also ist A™ (das * ist, da A’ ** ist) echte Fort- 
setzung von A. Also: 

Satz 11. Sei A wie in Satz 10. Wenn er unstetig ist, so hat er echte 
metrische Fortsetzungen (sogar Kontinuum viele verschiedene). 

Wenn A stetig ist, ist sein Definitionsbereich abgeschlossen, und da er 
iiberall dicht sein mu, ist er dann gleich . Hieraus, und aus Satz 11 folgt: 

Satz 12. Sei A wie in Satz 10. A ist dann und nur dann stetig, wenn 
er tiberall sinnvoll ist. 

Dies ist die in Einl., 2. erwaihnte Verallgemeinerung des Toeplitzschen 
Satzes**, die iibrigens auch direkt bewiesen werden kann. 

Auch iiber die gleichzeitige metrische Fortsetzung mehrerer Operatoren, 
z. B. solcher, deren Definitionsbereiche keine gemeinsamen Punkte besitzen 
(vgl. M., S. 232, Satz 18), gelten sehr allgemeine Satze, auf die der Ver- 
fasser demnichst einzugehen beabsichtigt. 


23 Math. Ann. 69 (1911), S. 321, vgl. auch E., S. 107-108, Satz 48, 7). 























ALGEBRAS OF DEGREE 2° AND PURE RIEMANN 
MATRICES.! 


By A. ADRIAN ALBERT. 


1, Introduction. The most recent discoveries in the theory of linear 
associative algebras have been due to the discussion of a new invariant 
number, the exponent of a normal division algebra. If A is any normal 
division algebra of degree m (order n*) over F' then the exponent of A 
is the least integer @ such that A® is a total matric algebra. H. Hasse 
has shown that the exponent of any cyclic algebra over an algebraic field 2 
is equal to its degree. In the present paper I consider the corresponding 
question for any normal division algebra of degree a power of two over 
an algebraic field and prove that here again the exponent is equal to the 
degree. In particular I obtain the important theorem that the only self- 
reciprocal normal division algebras over an algebraic field are algebras of 
degree one or two. 

The principal problem in the closely related theories of the complex 
multiplication of Riemann matrices, singular correspondences between 
algebraic curves, algebraic correspondences on an abelian variety, is that 
of a determination of the multiplication algebra D of any pure Riemann 
matrix. This algebra is a normal division algebra over an algebraic field. 
Kither this field 2 = R(s) where R is the field of all rational numbers 
and s is a quantity the roots o,,---, o of whose minimum equation are 
all real, or 2 = R(qg, s) where s is as before and g* = m(s) such that 
«(o;)<0. I have called a Riemann matrix o of the first or second kind 
according as 2 = R(s) or 2=— R(q,s). As an immediate corollary of 
my theorem on self-reciprocal algebras I show here that the multiplication 
algebra of any Riemann matrix of the first kind is either a field R(s) or 
a generalized quaternion algebra over R(s). 

2. The exponent of an algebra. We shall use a large number of 
recently discovered theorems on normal division algebras, presenting them 
with references as to their proofs. 

THEOREM 1. The exponent e@ of any normal division algebra A of degree n 
is a divisor of n and every prime factor of n divides @. Moreover A® is 
a total matric algebra if and only if « is divisible by e@. 

THEOREM 2. Write any positive integer n in its unique form 

Pee = Pi Pat * Pm 
' Received October 24, 1931. 
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where the pi are distinct primes. Every normal division algebra A of degree n 
over any non-modular field F is expressible as a direct product 


(1) A = Bx B,Xx---xXBm 


of normal division algebras B, of degrees Dy respectively in one and only 
one way in the sense of equivalence and conversely.” 

As an immediate consequence of the statement in Theorem 1 we have 

Cor. I. If n= p*, where p is a prime, then 0 = pl, f<e. 

We also easily obtain 

Cor. II. Let the exponents of the algebras B; of (1) be 0; respectively. 
Then @ = 01°02 +++ Om: 

For let @ = @,-02--+ 0m —00;. Evidently 


AX = Be x Boss x... x Beam 


is a direct product of total matric algebras and is a total matric 
algebra. Then « >o by Theorem1. By the definition of @ the algebra 
Ae = Bf x B§x.--x BY, is a total matric algebra. The algebras (B;)¢ are 
normal simple algebras whose orders are relatively prime and, by 
Theorem 2, must each be total matric algebras. Hence oe is divisible by 
each of the o9;. Since the 0; are relatively prime integers o is divisible 
by their product @. Hence oe >« and finally 9 = «. 

We shall require my theorems 

THEOREM 3. Let y in A have grade s over F so that n= st, wheren 
is the degree of A over F. If y is a scalar root of the minimum equation 


of y for F 
Ax F(y) = Mx By 


where M is a total matric algebra of degree s over F and Bo is a normal 
division algebra of degree t over its centrum F'(y). The algebra B of all 
the quantities of A which are commutative with y is a normal division 
algebra of degree t over F'(y) equivalent to By as over F'(y). 

THEOREM 4. Let n= p*, pa prime, and let x in A have grade n, the 
degree of A over F. Then there exists a field K of order r prime to n 
over F' such that 

# = AxE 


is a normal division algebra of degree n over K, and K(x) of order n 
over K contains a sequence of sub-fields 


K, — K(x2)>Ke1>--->K 2 # 





* Theorems 1 and 2 were first discovered by R. Brauer. An independent and comparatively 
short proof of these theorems will be found in my paper, On direct products, Trans. 
Amer. Math. Soc., vol. 33 (1931), pp. 690-711. 
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where K; is a cyclic field of order p over Ki-1, K; is a field of order 
p over K. 

I have also proved® 

THEOREM 5. Let A be a normal division algebra of degree n over F and 
F(y) an algebraic field of order r over F. Then 


A’! = AXF(4) = MxB 


where M is a total matric algebra of degree s over F and B is a normal 
division algebra of degree t over F'(y) such that 


r= ek, n = st 


so that s dividesr. There exists a total matric algebra K of degree k over F 
such that Ax K contains a sub-algebra equivalent to B. 

As an immediate corollary of Theorem 5 we may obtain a result which 
has been previously obtained by R. Brauer and E. Noether. It is, however, 
a very simple consequence of my more general considerations of Theorem 5. 

Cor. II. Let Ax F'(y) be a total matric algebra so that t= 1. Then r 
is divisible by n. 

We also obviously have 

Cor. IV. Let r=s. Then A contains a sub-algebra By over a field 
F(y) equivalent to B as over F(y). 

At this point we shall introduce the notation for the general algebraic 
field over R, the field of all rational numbers. For various purposes it 
is better not to restrict our attention to algebraic number fields but to 
consider fields of the following type. Let »(§) = 0 have degree h, 
rational coefficients and be irreducible in R. Let x be any quantity 
satisfying »(§) = 0, so that 2 may be a matrix, an algebraic number, 
or simply a quantity in an algebra. Then the set 2 = R(x) of all 
rational functions of « with rational coefficients is a field called an alge- 
braic field over R. Evidently R(x) is simply isomorphic with A(y) where 
, is any ordinary complex root of y(§) = 0, that is q an algebraic 
number. We shall usually use the notation 2 for R(x) in the remainder 
of this paper. 

I have proved‘ 

THEOREM 6. The exponent of any normal division algebra of degree four 
over 2 is fowr. 

We have now the necessary tools for our further new considerations. 


* For Theorems 4 and 5 see Theorems 23, 14 and 18 of my paper On direct products 
(loc. cit.). For Theorem 3 see my paper Algebras over an algebraic field to be published 
probably in the October 1931 number of the Bull. Amer. Math. Soc. 

‘In a paper entitled Normal division algebras of order sixteen over an algebraic field 
Which has been accepted for publication by the Trans. Amer. Math. Soc. 
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3. Algebras of degree 2°. Let A be any normal division algebra 
of degree m (order n*) over F, any non-modular field. As is well known, 


for every integer a > 1 
(2) A* = M*"!x Ma X Aa 


where M is a total matric algebra of degree n, Mz is a total matric 
algebra of degree sc, and Ac is a normal division algebra of degree ¢, 
over F' such that 

(3) Sate == Nn. 


In particular let n == p*, p a prime, and let a — p. Then 


(4) AP = M?-' x My x Ap. 
We shall prove 
THEOREM 7. The degree ty of Ap is a divisor of p*'. 
For by Theorem 4 there exists an algebraic field K of order y prime 


to p over F' such that 
C=AxkK 


is a normal division algebra over K and contains a field Ke; of order 


p* over K. Evidently 
CP — M?-1 x M, x Cy 


where Cp, = A,X XK is a normal division algebra over K by Theorem 5. 
Let Ke-+ = K(y) so that y, which generates K,-1 has »(§) = 0 of 
degree p* as its minimum equation with respect to K. Let 7 be a scalar 
root of »(§) = 0 so that, by Theorem 3, if C’ = Cx K(y) then 


C’ = Mx Bo 


where M, is a total matric algebra and By has degree p. But Bo is a 
total matric algebra by Theorem 1. Hence so is (C’)?. Also now 


(C’)? = M?-1 x Mp x (Cp) 


is a total matric algebra where (Cy)’ = C, x K(y). By Cor. III the degree 
of Cy is a divisor p* since (Cp) is a total matric algebra. The degree 
of Cy is evidently the degree tp of Ap so that ¢, divides p*'. 

We shall apply Theorem 7 to the case where F = 2, an algebraic 
field over A, and with p= 2. We shall demonstrate 

THEOREM 8. Let A be a normal division algebra of degree n> 1 over 2. 
Then A® is a total matric algebra if and only if n = 2. 

For if nm = 2 then A?® is a total matric algebra by Theorem 1. Con- 
versely let A? be a total matric algebra. Since n>1, @>1. Hence e 
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has its least value 2. By Theorem 1 the degree n of A is a power 2¢ of 2. 
Let e>2. By Theorem 4 there exists an algebraic field K of odd order 
over 2 such that C= Ax K is a normal division algebra of degree 2° over K 
and contains a sub-field K(y) of degree 2*-*, a positive or zero power of 
two. Let 7 be a scalar root of the minimum equation of y for K so that 
K(y) is simply isomorphic with K(y). By Theorem 3 


Cx K(y) = GxB 


where @ is a total matric algebra and B is a normal division algebra of 
degree four over K(y). But A® is a total matric algebra so that so is C®. 
Hence Gx B® is a total matric algebra and so is B®. By Theorem 6 
the exponent of B is four, a contradiction. 

Hence e is at most unity. But » is greater than unity so that e is 
not zero. Hence e—1, n= 2. 

We note here that Theorem 8 and its proof would be valid when we 
replace two by any prime p provided we could prove Theorem 6 for four 
replaced by p*. I have, as yet, been unable to complete the proof of 
this latter theorem. 

We shall now pass to an important consequence of Theorem 8. R. Brauer 
has proved® 

Lemma. Let A be a normal division algebra over F and let Ao be reci- 
procal to A. Then AX Ay is a total matric algebra. 

As a consequence of this lemma and Theorem 8 we have 

THEOREM 9. The only self-reciprocal normal division over an algebraic 
field 2 are algebras of degree unity or two. 

For if A is self-reciprocal then A® = A Ap is a total matric algebra. 
Hence either the degree of A is unity or, by Theorem 8, the degree of A 
is two. 

4, The exponent of any normal division algebra of degree 2°. 
We shall now obtain the principal result of this paper. Let A be a normal 
division algebra of degree 2* over an algebraic field 2 and let 


A? = MxHxB 


Where M is a total matric algebra of degree 2°, H is a total matric 
algebra of degree 29, and B is a normal division algebra of degree 2f such 
that f-+g—e. By Theorem 7 the integer f is at most e—1 and, by 
Theorem 8, at least unity. As is well known there exists an algebraic 
field 4 of order 2/ over 2 such that Bx is a total matric algebra. 
Also A’ = Ax A= GxC where G is a total matric algebra of degree s 


*Math. Z., vol. 30 (1929), pp. 79-107. 
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and C is a normal division algebra of degree ¢ over 4 such that st = 2¢ and s 
divides 2/, the order of 4 by Theorem 5. Assume at this point that 
f<e—1 so that t>4. Since A? = Mx Hx B we have (4’)* = Gx ¢? 
— Mx HB’ where M, H, and B’ = Bx are total matric algebras. 
Hence C? is a total matric algebra. The degree of C is at least four 
and, by Theorem 8, C? is not a total matric algebra. This contradicts 
our hypothesis that f-<e—1. Hence f= e—1 and we have 

Lemma. Let A be a normal division algebra of degree 2° over 2. Then 
A? == M, x Ay where Mz is a total matric algebra and Az is a normal 
division algebra of degree 2°". 

Assume as the basis of an induction on e that the exponent of any 
normal division algebra of degree 2/< 2° is 24, a result true for the degree 
two by Theorem 1. Let then A have degree 2° so that the exponent of A is 
Qm,a divisor of 28. Thus m < e. Write @ = 20. The direct product 
A® = M, x Ag where A, is a normal division algebra of degree 2°, and 
by the hypothesis of our induction has exponent 2°14. Also A? == A*® = 
== (M,)* x (Az) is a total matric algebra so that so is (A:)® and, by 
Theorem 1, « > 2°", But then e@ = 20 = 2°. Hence @ = 2° and our 
induction is complete. We have proved 

THEOREM 10. The exponent of any normal division algebra of degree 2° 
over an algebraic field 2 is 2°. 

We note here that in the above theorem and proof we would again 
have the result true for any prime p providing we could prove the cor- 
responding Theorem 6. 

Let »(§) = 0 have coefficients in 2 and be irreducible in 2. We say 
that y(§) = 0 belongs to a normal division algebra A over 2 if there 
exists a quantity y in A with »(&) == 0 as its minimum equation. As a 
simple generalization of Theorem 10 we have 

THEOREM 11. Let A be a normal division algebra of degree 2° over an 
algebraic field 2 and let 0 < t<.e, s = 2¢+, Then 


AS = M,x As 


where Ms is a total matric algebra over 2 and Ag is a normal division 
algebra over 2 with degree 2¢ and which is such that every equation of 
degree 2” < 2 which belongs to As belongs to A and conversely. 

For since the exponent of A is 2¢ and s = 2¢-* the exponent of As, 
the normal division algebra component of A’, is 2'. By Theorem 10 the 
degree of A, is 2'. Let o(§) == 0 have degree 2” and belong to As 80 
that the order of the algebraic field (7) defined by this equation is 
2" < 2'. By Theorem 3 A, x 2(y) = Hx B where H is a total matric 
algebra and B is a normal division algebra of degree 2*- over 2(y). By 
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Theorem 5 we have A’ == Ax 2(y) = MxC where M is a total matric 
algebra and C is a normal division algebra of degree 2°, a divisor of 2°. 
But (Mx C)* = (A’)® over 2(y) has B as its division algebra component. 
The exponent of B is 2’-" so that the exponent of C* is 24". But then 
the exponent of C is 2¢ = (2*~*) (2¢~*) since s = 2°, Hence c= e—r. 
By Corollary IV algebra A contains a sub-algebra Cy over 2(y) equivalent 
to C as over 2(y) and y(§) = 0 is the minimum equation of y for 2 
and belongs to A. 

Conversely let g(€) = 0 have degree 2” < 2¢ and belong to 4. With 
Q(y) as before we have A’ = Ax 2(y) = MxC as before. Also 
(A’)’ == Qx(As)’ where Q isa total matric algebra and (A’),; = Asx 2(y)= Hx B 
as before. The degree of C is 2" by Theorem 3. The degree of B, 
the division algebra component of C® is 2°". s~! = 2*~ by Theorem 10. 
Applying Corollary IV as previously we have shown that ¢(&) = 0 be- 


longs to As. 
5. Application to the theory of Riemann matrices. A matrix o 


with p rows and 2p columns of complex elements is called a Riemann 
matrix if there exists a rational alternate 2p-rowed square matrix C 
such that Cw’ = 0 and V —1@C@’ is a positive definite Hermitian 
matrix. It is well known that C and the matrix 


| @ || 


lo) 


are both non-singular. A 2p-rowed rational square matrix A is said to 
define a multiplication a of o if 


aw = wd 


for some complex p-rowed square matrix «. The set of all multiplications 
of a Riemann matrix » is a linear associative algebra over the field R 
of all rational numbers, and when @ is pure this algebra D is a division 
algebra. If A defines a multiplication of then so does 


A* = CLC. 
This implies the existence of an operation in D such that 
(a+ b)* = at*¥+bd*, (d4a)* = Aa*, (a*)* =a 
for every rational 4 and a and b in D, while 


(ab)* = b*-a*, (a,b in D). 
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A multiplication a is called symmetric if a* = a and skew-symmetric if 
a* = —a. Algebra D is a normal division algebra over its centrum R(g) 
of order «. Let the degree of D over R(g) be m. As is known’ either 
q=s=s* a symmetric element of algebra D or R(g) = R(u, s) where 
s is symmetric and u is skew-symmetric such that uw? is in R(s). In both 
cases the field R(q) has the properties as given in the introduction to 
this paper and we call » a pure Riemann matrix of the first or second 
kind in the respective cases. The theory of matrices of the first kind 
has seemed the more complicated theory up to the present.’ We shall 
now make a complete determination of D for matrices of the first kind 
and show how simple this case really is. 

Let D be an algebra of the first kind. Then D is a normal division 
algebra over R(s) where s=s*. Let us set up the correspondence a* ~a 
for every a of D. This is a self-correspondence of D in which every 
element of the centrum of D is self-corresponding, 


(a+b)* = at¥+b*¥era+b, (Aa)* = da*¥eida, (ab)* = bta*~ab, 


for every a and b of D and 4 of R(s). Hence D is a self-reciprocal 
algebra over its centrum R(s), an algebraic field over R. By Theorem 9 
the degree n of Dis unity or two, and Dis either a field or a generalized 
quaternion algebra. 

THEOREM 12. Let the multiplication algebra D of a pure Riemann matrix 
be an algebra of the first kind. Then D is either a field of symmetric 
quantities or a generalized quaternion algebra over such a field. 


6 For a study of these and related results see my paper in the Palermo Rendiconti, 
vol. 55 (1931), pp. 57-115. 

7 See for example Rosati’s extremely complicated discussion of the singularity index of 
such an algebra. In his last paper Sulle matrici di Riemann, Rendiconti del Circolo 
Matematico di Palermo, vol. 53 (1929), pp. 79-134, he proved that the singularity index k 
of D had the values ¢, the order of R(s) when n = 1, and in all other cases had the 
two possible values (1/2) tm(m+1) or (1/2) n(n—1)¢ according as D does or does not 
contain a symmetric quantity of grade with respect to the centrum R(s). For n=2 
these values become 3¢ and ¢. It is almost trivial to prove that these values are correct 
for what I have now shown to be the only possible cases. The cases are now distinguished 
by the existence or non-existence of any symmetric quantity in D not in R(s). 
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A FEW DESIRABLE MODIFICATIONS IN THE 
LITERATURE OF GROUP THEORY.'! 


By G. A. MILLER. 


Among the numerous errors that appear in the literature of group 
theory no one seems more striking to the present writer than the one 
which is found in H. Weber’s Lehrbuch der Algebra, vol. 2 (1896), 
p. 54, where it is stated that the most important example of a com- 
mutative group is furnished by the natural numbers when they are 
combined by ordinary multiplication. According to the definition of a 
group given earlier in the same volume these numbers do not constitute 
a group at all when they are thus combined since it is not always 
possible to find such a number which satisfies the equation az = b, when 
a and 6b are given natural numbers. This error was corrected by 
H. Weber himself in the second edition of this volume, 1899, p. 4, but 
in correcting it the author failed to refer explicitly to the place where 
it appeared and hence the reader is apt to overlook the fact that it is 
an actual correction. 

This error will appear especially striking when it is remembered that 
its author seems to have been the first to formulate explicitly satisfactory 
sets of postulates for a finite abstract group (1882) and also for an 
infinite abstract group (1893). It should, however, be observed that 
A. Cayley used such a set of postulates for a finite abstract group at a 
much earlier date (1854), but he did not formulate all the postulates of 
the set as clearly and definitely as H. Weber did twenty-eight years later. 
These historic statements may be of less interest to some readers thereof 
than the consideration of a slight modification in the definition of an 
abstract group which would enable us to include under this term the 
closed system formed by the natural numbers when they are combined 
by ordinary multiplication, especially since the effects of such modifications 
in sets of group postulates have thus far received but little attention, and 
this set of numbers is of such great historic interest in the development 
of mathematics. 

One of the well known sets of postulates of an abstract group whose 
order may be either finite or infinite is that in addition to the associative 
law the distinct elements of the group must be such that if any two of 
the three symbols x, y, z, in the equation 


eee od Y as " 
' Received August 1, 1930. 
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are replaced by the same element or by two distinct elements of the group 
the third of these symbols can be replaced by one and only one such 
element. If we modify this statement by saying that the symbols x and y 
satisfy this condition, and wherever either of the other two pairs of 
symbols can be replaced in this equation by elements of the group then 
this condition must also be satisfied with regard to this pair, we clearly 
have a set of postulates for a group of finite or infinite order which is 
equivalent to the commonly used set noted above when the group is of 
finite order and applies also to the totality of the natural numbers when 
these are combined by ordinary multiplication, and hence classes this 
system with the infinite groups. 

From what precedes it results that the closed system which H. Weber 
called the most important example of a commutative group in the first 
edition of his noted Lehrbuch der Algebra he regarded as no group at all 
in the second edition thereof, but that he might have continued to regard 
it as a group if he had made a slight change in his postulates without 
affecting their use as regards abstract groups of finite order. He might 
also have replaced the given example in the second edition by the group 
formed by the rational numbers, not including zero, when these numbers 
are combined by ordinary multiplication, without making any change in 
his group postulates. What he actually did was to replace the given 
example of a supposed group of infinite order according to his postulates 
by an example of the group formed by certain integers when they are 
combined by ordinary multiplication with respect to a given modulus. 
This group he calls here the most important example of a finite com- 
mutative group. 

In view of the great influence of the work under consideration these 
modifications and judgments are naturally of unusual interest even if such 
a broad statement as “most important example” should be regarded as 
resulting from an effort to arouse interest in the group under consideration 
rather than as an expression of finality. For instance, it would be im- 
possible to disprove the statement that the group formed by the positive 
rational numbers when they are combined by ordinary multiplication is 
the most important example of a commutative group. A similar claim 
might be made for the group formed by the totality of integers, including 
zero, when they are combined by ordinary addition. Such claims are, 
however, of questionable propriety in scientific work unless they are properly 
modified. This is especially true when they relate to historical considerations. 
A necessary and sufficient condition that a set of natural numbers con- 
stitutes a group when combined by multiplication with respect to a given 
modulus was developed in these Annals, vol. 18 (1905), p. 44. 
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One of the most unsatisfactory but widely used definitions in the literature 
of the theory of groups relates to multiply transitive substitution groups. 
It is frequently stated that a group of degree n is k times transitive if 
every set of k& of these m letters is transformed under the group into every 
other such set. In particular, it is often said that a substitution group 
is doubly transitive if every pair of its » letters is transformed under the 
group into every possible pair of these letters. To exhibit the fact that 
it is necessary to modify this definition it may be noted here that the 
group of degree 7 and of order 21 transforms every one of its 21 pairs 
of letters into every such pair and yet it is only simply transitive since 
the subgroup composed of all its substitutions which omit one letter is 
intransitive. The general definition should specify that every ordered set 
of k letters is transformed into every such set, but this is frequently not 
done. Cf. Pascal’s Repertorium der hiheren Mathematik, vol.1 (1910), p. 211. 

It is obvious that when every combination of & letters is transformed 
under the group into every such combination then this must also be true 
as regards the combinations of n—k letters. Hence the definition of 
multiply transitive groups which is widely used would seem to imply that 
every transitive group of degree m is also n—1 times transitive. It is, 
however, of greater interest to note here that whenever every combination 
of k letters of a transitive group is transformed under the group into every 
such combination then the group must be primitive unless & is either 1 
or n—1. This results directly from the fact that if such a group were 
imprimitive it would be possible to select two combinations of k letters 
in such a manner that the letters would be divided differently among its 
systems of imprimitivity. Such combinations could not be transformed 
into each other under the group and hence it results that if every non- 
ordered set of k letters of a substitution group of degree n is transformed 
under the group into every such set then the group must be primitive except 
possibly when k is either 1 or n—1. 

It may be noted in this connection that a necessary and sufficient con- 
dition that a substitution group of order g and of degree n is at least 
r times transitive is that the order of every subgroup composed of all the 
substitutions which omit any given set of r letters is g/n(n —1)---(n—r-+]), 
and that the order of every such subgroup is greater than this quotient 
whenever this group is less than r times transitive. Hence we can determine 
the degree of transitivity of any substitution group of degree n as follows: 
Consider successively subgroups composed of all the substitutions of such 
a group which omit 1, 2,---, 7 letters until we arrive at such a group 
whose order exceeds the quotient obtained by dividing g by n(n—1)---(n—r). 
If r is the first number for which this happens then the group is exactly 
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ry times transitive and vice versa. In particular, the group is intransitive 
when this happens for * = 0, and vice versa. 

While the definitions of imprimitive substitution groups are usually more 
satisfactory than those relating to multiply transitive groups some of the 
former definitions are still worded in such a way as to convey the notion 
to many readers that an imprimitive substitution group is necessarily 
a composite group. In fact, E. Netto explicitly stated this as a theorem 
in his well known Substitutionentheorie, 1882, p. 94, which is still widely 
used. This error was, however, corrected in the English translation of 
this book, 1892, p. 106; but even in such an excellent work as H. Weber’s 
Kleines Lehrbuch der Algebra, 1912, there may be found, p. 213, a definition 
of an imprimitive group which seems to imply that such a group is neces- 
sarily composite. It is true that at the bottom of the same page there 
appears also a second and satisfactory definition of this term, but this is 
called an alternative definition and hence it fails to remove the objection- 
able feature of the other as regards the point in question. 

In view of the great usefulness of this work and the valuable chapter 
on the theory of groups contained therein, it may be desirable to refer 
here also to a widespread historical error which appears therein as a foot- 
note, p. 196, and credits R. Dedekind (1894) with priority as regards the 
use of double co-sets. On the contrary, A. L. Cauchy made considerable 
use of double co-sets as early as 1844 in his Evxercices d’analyse, vol. 3, 
p. 245. Not only did he prove here some fundamental theorems as regards 
the number of distinct operators found in certain double co-sets with 
respect to substitution groups but he also used these co-sets to establish 
the following fundamental theorem, known by his name: If the order 
of a substitution group is divisible by a prime number then this group 
must involve a substitution whose order is equal to this prime. As 
is well known Sylow’s theorem can easily be proved by means of this 
theorem. 

It is perhaps still more surprising that H. Weber overlooked at the 
place noted above the valuable developments relating to double co-sets 
published by G. Frobenius in Crelle’s Journal, vol. 101, p. 273, since this 
article by Frobenius appeared seven years prior to the work of Dedekind 
cited by him. In the same chapter, p. 192, H. Weber gives credit to 
O. Bolder for the symbol P/N, now commonly used to represent the 
quotient group of the group P with respect to its invariant subgroup J. 
On the contrary, this symbol was used much earlier by C. Jordan for the 
same purpose. It is not implied here that such slight modifications detract 
much from the usefulness of the chapter in question, but the fact that 
the former of these errors is repeated, in substance, in the article on 
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groups published in the fourteenth edition of the Encyclopaedia Britannica, 
yol. 10, p. 913, is evidence of the desirability of the suggested modifications. 

Errors appearing in works of reference which are frequently consulted 
are especially apt to be a source of trouble for the student. It may 
therefore be desirable to include in this list an error which is found in 
the article on finite discontinuous groups published in the Encyclopédie 
des Sciences Mathématiques, t. 1, vol. 1, p. 584, but which was not included 
in the various lists of corrections published in the “Tribune publique”, 
issued in connection with this encyclopedia. The error in question relates 
to the division of the operators of the group of isomorphisms of a given 
group into classes with respect to the invariant subgroup composed of 
the inner isomorphisms of this group. Two such operators are here sub- 
stantially said to belong to the same class if they correspond to inverse 
operators in the quotient group with respect to this invariant subgroup, 
but it is stated incorrectly here that all these classes contain the same 
number of isomorphisms. As a matter of fact it is evident that the class 
composed of the inner isomorphisms, called the identity class, contains the 
same number of operators as each of the classes which correspond to 
operators of order 2 in the given quotient group, while the number of the 
operators in each of the other classes, when such classes exist, is always 
just twice as large. 

The preceding suggestions as regards desirable modifications in the 
literature relating to group theory do not aim to be complete but they 
aim to bring out a few points of interest and certain extensions to the 
known facts relating to these elementary points. Probably the most 
extensive list of errors committed by renowned mathematicians appears 
in various volumes of the Intermédiaire des Mathématiciens in answer to 
a request made by E. Maillet for instances of such errors. This request 
appeared as question number 2855, vol. 11, (1904), p. 285, of this perio- 
dical and the replies thereto extend through a number of years but they 
contain very little relating to the theory of groups. The above list may 
serve to supply to some extent similar material for those interested in this 
particular field as well as to exhibit a few points of theoretic interest 
relating thereto. 








THE LINEAR FORM OF NUMBERS REPRESENTED 
BY A HOMOGENEOUS POLYNOMIAL IN 
ANY NUMBER OF VARIABLES.’ 


By MorGan WARD. 


1. In this paper I obtain the following necessary conditions that all of 
the numbers properly represented by a homogeneous polynomial in any 
number of variables may be of one or the other® of the linear forms 


(1) mz, NE+a.---, ne+a,. 


n here is any integer, and a,. ---. a, are r distinct integers less than » 
and prime to it.® 

THEOREM 1. Jf all of the numbers properly asaterinase by the homo- 
geneous polynomial of degree N 


(2) H = H (a, gy +++, Xk) = Deluna 1 
(all the his) intigard 


are of one or the other of the forms (1), and if 


age) ll b,, 
oa eee 


is the resolution of n into its prime factors, then it is necessary that the 
least common multiple of the numbers 


PY (py), «+ BE (pp) 
divide rN. 
We shall denote this least common multiple by 4(n). 
THEOREM 2. Under the hypotheses of Theorem 1, ther numbers a, +++, 4r 
in (1) must form q complete co-sets of the group G- of the N™ powers of 
the elements in the totient group of n. 


‘Received January 21 and April 13, 1931. 
? The form nz may be omitted without invalidating the theorems. Each of the other 
forms is assumed actually to occur. 

3The problem becomes rather unwieldy if we remove the restriction that the a be 
prime to n. The simplest case is when all the numbers representable by the form are 
divisible by »; for polynomials in two variables, we have essentially the problem of deter- 
mining all residual polynomials modulo m. See Dickson, Introduction to the Theory of 
Numbers, Chicago, (1929), Chapter II. 
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From Theorem 1, we see that* 4(n) < rN. Since A4(m) tends to in- 
finity with m, we have the following corollary: 

CoROLLARY. For a given r and N in (1) and (2), there are only a 
finite number of values of n satisfying the hypotheses of Theorem 1. 

Furthermore, we see from Theorem 2 that we must have 


(3) Pa ee, 


where t is the order of the group Gr. 

2. Theorem 2 is readily established as follows. 

Assume that the hypotheses of Theorem 1 are satisfied. Then for each 
a; we can find a set of co-prime integers c,, cz, ---. ce such that® 


AH(q, C2, «++, ce) = G4 mod n, (oa, a) = 3. 


Let s denote any integer prime to ». Then it is possible to choose i 
integers 2, 2, ---. 2 SO that the numbers 


dy = 4n+8q, dg = 2.N+8g, ---, ae = en+se 


are co-prime. The number m = H(d,, dz, ---, dx) is accordingly properly 
represented by the form H. Hence since H is homogeneous of degree J, 


m = sSNH(q, Ce, ---, ce) = Na+0 mod N. 


But m must be congruent modulo m to some one of the a;; therefore 
the numbers 
(4) SY a, (¢=1,2,---,7), @,2)=—1, 


are all congruent modulo m to one or the other of the numbers a; in (1). 

Now if Ggq denotes the totient group of », the Nth powers of all the 
elements of Gg form a sub-group G, of order c < y(n). Hence for a 
given a;, the numbers (4) are congruent modulo to the « numbers of some 
co-set of Gz in Ggm. Since the numbers a; are all distinct and all in Gqm, 
Theorem 2 follows. 

The proof of Theorem 1 is now immediate. For if g is any element 
of Gr, g>° =1modn. Hence since the elements of G; are congruent to 
the Nth powers of the elements of Gom, Xt =1modn, so that by (3) 


*That rN is actually the “best possible’ maximum for 4(m) is shown by the case 
N=3,r=2,n=7, aq =1, aq = 6. For H= (a, +22+---+2)’, we find that 
L(n) =rN=6. 

* We use when convenient the standard notation (a, b, ---. ¢) for the greatest common 
divisor of the numbers a, b, ++, ¢. 
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NY =1 modn 


for every integer s prime to n. 

Accordingly, if 4(m) is the least positive value of uw such that s“ = 1 
mod m for all integers s prime to n, 4(m) divides rN. 

But if n = p, vee pe is the resolution of » into its prime factors, 4(n) 
is precisely® the L. C. M. of pi’ (p,—1), ---, p~ (p,—1). 

3. As an application of these theorems, let us consider the problem’ of 
obtaining primitive binary forms 


N 
H (a; 22) = p> ha" ag 


of degree N such that the prime factors of all of the numbers properly 
represented by H are either divisors of n or of the form nz+1 (so that 
m is necessarily even). Examples of such forms, due to Lehmer, place cited, 
are x°+ 162*y — 51ry*— 7° for n — 14 and 2*® — 18a*y + 6927*?— 7’ 
for n = 18. 

These forms are obviously included in the more general category of forms 
which properly represent only numbers of the types nz, nz+a,, nz+ ay 
with a,, a prime to n. Hence by Theorem 1 and equation (3), we must 
have 4(n) a divisor of 2N and + < 2. 

For example, suppose that N= 3. A(n) = 1 has the solution n = 2; 
4(n) = 2 the four solutions 3, 4, 6, 12 while 4(n) — 6 has the twelve 
solutions 7, 9, 14, 18, 21, 28, 36, 42, 63, 84, 126, 252. Of the even values 
of n, the cases n = 2, 4 and 6 are trivial since every prime save 2 is of 
the form 2k-++1 and 4k-++1 and every prime save 2 and 3 is of the form 
6k+1. On the other hand in the cases 12, 28, 36, 42, 84, 126 and 252, 
t>2. Hence n = 14 and nm = 18 are the only non-trivial values of 
for which such cubic forms can exist. In a similar manner one can show 
that 22 is the only non-trivial value of m for which such quintic forms 
can exist, and that there are no non-trivial values of » for septimic forms. 





° Dickson, Work cited, p. 19. 

7 See D. H. Lehmer, An Extended Theory of Lucas’ Functions. Annals, Vol. 31 (1930), 
p. 436. Dr. Lehmer has informed me that since the paper was written he has considerably 
extended his results on this problem. 








A PROOF OF A CERTAIN CONGRUENCE.! 


By W. L. G. WILLIAMs. 
1. Frank Morley gave a proof of the congruence 
_ p—1 \? 
(p—1)! = (—1)?-Y? 2%2- n(Z “7 } , mod p® 


in these Annals, vol. [IX (1895), pp. 168-170. We present here a proof 
of an entirely different nature. In the congruence as it appears above 
p is a prime number greater than 3; for later use we show also that the 
congruence (A) holds, mod ”, if m is any odd number. 

For any odd integer x, greater than unity, from the obvious congruence 


n—2i = —[n—2(n— ad], mod n, 
we see that 


(n—2) (n—4)---[n—2 (n—1)] = Jn? +2" (n-—1)!, mod nv’, 


where J is an integral multiple of 


. 1 1 1 
Ses at Se ae : 
(n—1)! ls + & a if (n—2)(n—1) 1° 


If x is an odd prime >3, by a well known theorem’, J = 0, mod w. 
Thus, the following three congruences hold modulis n*? and n°, according 
as the odd number n is not or is a prime >3: 





(n— 2) (n-—4)---[n—2 (n—1)] = 2""'(n—1)!, 
[(m— 2) (n—4)--- 1]? (—1)@-9)? = 2-1 (n—1)!, 
(A) [(n—1)!P? = (— 19-92 21 [2 4-6---(n— 1)? (n— 1)!" 
whence 


yt 
(n—1)! = (—1)@-Y2 Qea—p for =] , modn', mn prime. 


This completes the proof of the results stated. 

2. There is a simple generalization of the result of Section 1, which 
we obtain by considering 
(1) Gi, M2, +++, Gam 


the y(n) numbers less than and prime to the odd integer n. As above, 


"Received August 28, 1981. 
*Cf., for example, N. Nielsen, Traité élémentaire des nombres de Bernoulli, p. 327. 
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(n —2a,) (n—2de)+++(N—2Am) = 2?" a1 do-++ dem, mod vn’, 
(2) (n—2 a) (n—2ag)---(n—1) = (—1)” 2°" ay da-++ dem, mod n?, 


If we designate by 2(e) and 2 (0), respectively, the products of all the 
even and all the odd numbers of the set (1). Then (2) may be written 


(x (0)? = (—1)™ 2?" w(e) a(0), mod n?, 
whence 


1 
2 > Pin) 
(—1)? 27) w(e), mod n®. 


7 (0) 
McGitL UNIVERSITY, 
August 10, 1931. 





A SET OF POSTULATES FOR PLANE GEOMETRY, 
BASED ON SCALE AND PROTRACTOR.! 


By GrorGce D. BIrRKHOFF. 


Introduction. Some years ago, in attempting to present the simplest 
geometric facts in popular form, I realized how plane geometry might be 
approached readily via the facts embodied in the scale and protractor.* 

The purpose of the present article is to present the corresponding set 
of postulates in rigorous mathematical form. From the purely mathematical 
point of view these postulates are hardly to be classed with other sets 
among which, in this country alone, may be recalled those of Veblen, 
Veblen and Young, Schweitzer and Huntington. On account of its immedi- 
acy and possible usefulness, however, the new set possesses an obvious interest. 

1. Undefined elements and relations. d(A,B) 

The undefined elements are (a) points, design- © 
ated by A, B,---, and (b) certain classes of 4 Fig. 1. 
points called (straight) lines, designated by 
, M,++*. 

The undefined relations are (c) distance 
between any two points A, B, designated by 
d(A, B), a real non-negative number with saan 
a(A, B) = d(B, A) and (a) angle formed by 
three ordered points A, O, B (A + O, B + O)° O -_ 
designated by 2 AOB, a real number (mod27). ens " 

The point O is called the vertex of the angle. 7s 

2. The postulate of line measure. The postulate of line measure 
is taken as follows: 

PosTuLaTE I. The points A, B,--- of any line 1 can be put into (1, 1) 
correspondence with the real numbers x so that |wg—2xa| = a(A, B) for 
all points A, B. 

Evidently the scale or marked °- fl 
ruler embodies this postulate. Fig. 3 





wo 





1 , 


0 
———$—-O— oO 





"Received August 8, 1931. 
* The Origin, Nature and Influence of Relativity, Macmillan (1926), Chapter II, The 
Nature of Space and Time. See also a paper, written by my colleague Professor Ralph 
Beatley and myself A New Approach to Elementary Geometry, Yearbook of the National 
Association of Mathematics Teachers, 1929. 
*Ie. A not O, B not O. 
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The conclusions below follow at once: 
(a) d(A, B) = 0 if and only if A = B. 
(b) if any three distinct points A, B,C of a line are properly ordered 
the equation 


d(A, C) = d(A, B)+d(B, C) 


holds, but in this order A, B, C and the inverse order C, B, A only. 
(c) if x denotes any second system of numeration in the line 7 then for 
all points A of 7 and for some constant d either 74 = 24+ or else 
x's = —azatd . 
Clearly (c) affirms that the numeration on the scale is determined by 
the origin marked 0 and the direction taken as positive. 
We may now define a point B as between A and C (A +C) if the 
relation above written holds. The points A and C together with all 


points B between A and C forms the segment AC: in other words the 
LA . “vp < ZC 


accordi 
xo Sup Ss mf reais 


segment AC is the set of points P such that 


oe 
~ xo < axa)’ 


Likewise a half-line l' with end-point O is defined by two points 0, A 

in a line 7(A + O) as the class of all points A’ of 7 such that O is not 

0 , between A and A’; in other 

A’ A A : : 

she taal oes he <i ae eee o words if O is taken as the 

Fig. 4. origin of the system of numer- 

ation and A is taken on the 

positive side, i.e. x4 > 0, the half-line OA consists precisely of the points P 

for which p20. The given line 7 consists of two such half-lines with 
given common end-point O. 

If A, B, C are three distinct points the three segments AB, BC, CA 
are said to form a triangle A ABC, with sides AB, BC, CA and vertices 
A,B,C. If A, B,C are in the same straight line, A ABC is said to be 
degenerate, otherwise non-degenerate. 

3. The point-line postulate. This second postulate is stated as follows: 

PostuLaTE II. One and only one straight line 1 contains two given 
points P,Q (P + Q). 

In consequence of II, any two distinct lines 7, m have either one point 
in common or none. In the first case they are said to intersect in their 
common point; in the second case, they are said to be parallel;* a line / 
is always regarded as parallel to itself. 








*True only for the geometry of the plane of course. 








POSTULATES FOR PLANE GEOMETRY. 331 


Postulate 11 embodies the fact that a unique line may be passed through 
two points, so that two lines intersect, if at all, in a determinate point. 
It is upon this fact that all geometric constructions depend. 

4, The postulate of angle measure. The 
third postulate of angle measure may be stated 
as follows: B 

PostuLaTE III. The half-lines 1, m,---, 
through any point O can be put into (1, 1) 
correspondence with the real numbers a (mod 27), 
so that, if A+O and B+ O are points of | 1 
and m respectively, the difference @m— a; (mod 2 7) 0 
is ZAOBS® Furthermore, if the point B on 
m varies continuously in a line r not con- 
taining the vertex O, the nwmber am varies 3.7L 
continuously also.® “ 

According to this postulate it is apparent m 
that any two half-lines 7, m with common B 
end-point O define an angle <2 10m, 
namely 2 AOB where A + O and B + O 
lie in 7 and m respectively. 

Evidently the protractor embodies this 
postulate. 

It will be seen that the angle ~/Om A n 
as here conceived is the directed angle 8 
from the half-line 7 to the half-line m 
determining the position of m relative tol. 

The ordinary angle 210m is then given 0 
by the numerical value of the least residue 6 | 

Of dm — aj(mod 27). The ordinary sensed Fig. 6. 

angle of the usual type is obtained by 

taking some single algebraic difference am— a Which is thought of as 
representative of an angle generated by the continuous rotation of a half- 
line from 7 to m. 


* According to the usual mathematical notation the symbol d (mod 27), read d, modulo 
27, stands for the infinite set d+2k2, k = 0,+1,+2,-++, having the same =— 
as d when divided by 27. The least of these numbers does not exceed 7 in absolute 
value and is called the least residue. 

°More precisely, lim am = a if lim d(B, A) = 0 for points B, A of such a line m 

Bz=A 
(see Fig. 6). It is the second part of Postulate III that excludes “non-Archimedean ” 
possibilities: from the elementary point of view this second part may well be omitted in 
a first approach to geometry. 





> Oo 


Fig. 5. 


= [5 
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The following conclusions appear at once: 
(a) 210m = 0 if and only if 7= m. 
(b) if 7, m, are any three half-lines through O, then 


Z10m+ Z2mO0n = 2410n. 


(c) if a’ denotes any second system of numeration, then for all half-lines / 
through O and for some constant d either aj = am+d, or else 
a; = —atd. 

Two half-lines 7, m through O are said to form a straight angle if 


210m = 1X. 


It is clear that if ~/Om is a straight angle so is 2 mOl, according to 
this definition. 
Two half-lines 7, m through O are said to form a right angle if 


a 
Z10m =+2 2° 

It is clear that if 2/Om is a right angle so is 2 mOl. We say also 
that m is perpendicular to 7, written m L/, in this case. It follows that 
there are two half-lines m,, mz | to a given half-line 7 at its end-point 0, 
namely such that 
7t 
Q? 
Evidently m, and m, form a straight angle. 

5. The similarity postulate. The fourth and last postulate of similar- 
ity is the following: 

Postulate IV. Jf in two triangles, A ABC, A A'BC’, and for some 
constant k>0O, d(A’, B’) = kd(A, B), d(A4’, C’) = kd(A, C) and also 
LBAC'=+2ZBAC 
then also a(B, C’) 
=kd(B,C), 2C'B'A 
B =+2CBA, ZA'C'B 
=1+z ACB. 

In other words if we 
define two triangles as 
similar in case corre- 
sponding sides are pro- 
portional, and corre- 
sponding angles are either all equal, or all the negatives of one another, 
this postulate states that if A ABC and A A’B’C’ have two sides pro- 
portional and the corresponding included angle equal, they are similar. 


210m, = 210m = — >. 


B’ 








A cc - Cc’ 
Fig. 7a. Fig. 7b. 
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A broken line ABC:--- KZ consists of a collection of segments AB, 
BC,--:, KZ, which may or may not intersect in certain points. The 
points A, B,---, LZ are the vertices of the broken line. If the initial 
point A and the terminal point Z coincide, the broken line is called 
a polygon. 

Two broken lines or polygons are said to be similar if corresponding 
sides are in proportion and corresponding angles are all equal or all the 
negatives of one another. It follows immediately from Postulate IV that 
if only A’B’,---, K’L’ and AB,---, KL respectively are in proportion 
while 2 A’BC’,---, 2J'K'L’ and 2 ABC,---, 2JKL respectively are 
equal or the negatives of one another, such broken lines or polygons must 
be similar. 

More generally any two geometric figures whatsoever may be termed 
similar if there exists a correspondence of points such that all corresponding 
distances are in proportion and corresponding angles are all equal or all 
the negatives of one another. 

In an analogous manner two broken lines or triangles or polygons or 
figures may be said to be congruent if they are similar with ratio of pro- 
portionality k = 1 of distances, so that corresponding distances are equal. 

It will be observed that Postulate IV applies in the degenerate case 
when the points A, B, C or A’, B’, C’ lie in a straight line, since ABC, A’ B’C’ 
may form (degenerate) triangles in that case also, according to definition. 

Evidently this last postulate is essentially an embodiment of the fact 
that any geometric figure may be diminished or enlarged in an arbitrary 
ratio k with prescribed arbitrary orientation in the plane. 

In showing how these postulates suffice as a basis for plane geometry, 
we shall prove certain of the simplest and most fundamental theorems, 
I-X, from which it follows at once that this set of postulates charac- 
terizes the Euclidean plane categorically. With this material in hand 
further geometric developments follow as usual of course. 

6. The theorem on straight angles. A first consequence of 
Postulates I-IV is given by the following theorem: 

THEorEM I. The angle 10m is a straight angle if and only if | 
and m are the two half-lines of a single line n, which have O as common 
end-point." 





; Proof. Suppose first that n is a B O A 

line with point O and corresponding ™ —O—————O- tat ae l 
half-lines 7 and m. Let us show that Fig. 8. 

210m =n, 





"From the elementary point of view Theorem I may well be presented as an independent 
postulate complementary to Postulate III. 








IES OE 
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Choose A in 7 and B in m so that OA = OB = 1 (Postulate I). In 
degenerate A OBA and A OAB we have 


ZOBA=+z20AB=0 


and also 


so that AOBA and AOAB are congruent, i.e. similar with k = 1, by 
Postulate IV and the remaining corresponding angles are the same: 


ZBOA= ZAOB=-—-zZBOA 


whence 
22B0A = 0. 


It follows that either ~ BOA =0 ora. But the possibility 2 BOA=0 
must be excluded since OA and OB are distinct half-lines (Postulate III), 
Hence we infer 2 BOA = 7a as desired. 

Suppose secondly that the half-lines 7 and m meet at O to form a straight 
angle a. The other half-line 7’ in the same straight line as 7 with end- 
point O also forms a straight angle 7 with 7 by what precedes, so that 


410m =n, ZV0l=a. 
Hence 
ZVU0m = 2V014+- 210m = 0,7 


i.e. m must coincide with 7’. 

, From the above theorem it appears 
at once that two unlimited straight lines / 
and m are appropriately called perpen- 

ws dicular, 7 1 m, if they meet at a point 0 

with perpendicular half-lines 7’, 7’ and 

‘ad a 1 1" m’, m’. 

'O 7. The three triangle theorems. 
Let us next prove the following familiar 
theorem: 

THEOREM II. Two triangles A ABC 

" and A A'B'C’ are similar if two pairs of 
corresponding angles are equals or negatives 
of one another. 

Proof. Suppose for example 2 ABC = 2 A'BC’ and ZCAB= ZC'A'B. 


A’ B’ 
Define k = Ap and let C” be the point on the half-line A’C’ such 


m 








m 


Fig. 9. 
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that a =k also. Clearly by PostulateIV, A A’B’C” is similar to 


AABC with equal angles. Hence 24 A’B'C” = AzABC= ZABC. 
By Postulate III, B’C’ must then be the same half-line as B’C”’. Hence 














A C A’ cr Cc’ cr 
Fig. 10a. Fig. 10b. 


©” lies in the line B’C’ as well as in A’C’ and so must coincide with C’ 
by Postulate II. Obviously then A A’B’C’ is necessarily similar to A ABC, 
as stated. 

Secondly let us prove: 

THEOREM III. Jf d(A,C) = d(B,C) in the AABC, then ZCAB 
= — Z CBA; and conversely. 

Proof. Compare triangles A CAB and C Ce 
ACBA in which d(C, A) = d(C, B), A 
d(C, B) = d(C, A), 2 ACB =— 2 BCA. 

These triangles are congruent (Postulate IV 
with k= 1), and 2CAB=— ZCBA. 

To prove the converse, we assume 
2CAB = — ZCBA and compare the 
triangles ACAB and ACBA again in 
which also B 


2 BCA = — ZACB. Fig. 11. 








Hence by Th. II above, the triangles are similar with k= 1. It follows 
; that d(A, C) = d(B, C) as stated. 

A triangle with two equal sides is called isosceles. 

Thirdly let us prove: 

THEOREM IV. Two triangles A ABC and A A'BC’ are similar ¢f their 
corresponding sides are proportional. 

Proof. Construct the A A’B’C” similar to A ABC and so that ZC"A'B 
is of opposite sign® to 2C’A’B’ (Postulate IV). This is always possible 





°That is, the least residues, mod 27, are of opposite sign. 
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unless 2 C’A'B’ or ZCAB = 0 or a. For the moment we exclude 
such cases so that C’ and C” are distinct. It will obviously suffice to 
F prove that the A A’B’C’ and 
A A'BC" are similar; it is 
clear that their  corre- 
sponding sides are equal. 
But by Th. III, applied 
to the isosceles triangles, 








A 
™ . AC’A'C” and AC'BC" 
ig. 12a. ’ 
” we have 

'e Zz A’'C"C’ = —_ Pa eo", 
Zz C’C" B’ = — vy Ov's, 

whence by addition 
ZACBR =—ZAC'S. 
A’ B’ _ ‘Thus the anglesin A A’ BC’ 


and A A’B’C” with vertices 

at C’ and C” are the nega- 

tives of one another, and 

these triangles are similar. 
qr Evidently the same proof 
applies also in the exceptio- 
nal cases so long as we can 
take C’+ C’. But such a position of C” will be obtained unless we have 
2CAB = 2C'A'B’ = 0 or a. In this case the theorem stated is 
obviously true by Postulate IV. Thus the proof is completed. 

Postulate IV and Ths. II, IV form the usual bases for congruence and 
similarity theorems, which we need not develop further. 

8. The angle-sum theorem. The following theorem can now be 
established at once: 

THEOREM V. In any triangle A ABC: 2 ABC+ 2 BCA+ ZCAB=1%. 
Furthermore if \ ABC is non-degenerate all three angles may be taken of 
the same sign between 0 and x.° 

Proof. To prove the first statement let the mid-points of the sides BC, 
CA, AB be K, L, M respectively. We observe first that, according to 
Postulate IV, A AML, A MBK, A LKC are similar to A ABC with 
k = 4 and equal angles. It follows that d(L, M) = 44(B, 0), 


Fig. 12b. 





*The second part of this theorem may be regarded as self-evident from the elementary 
point of view. 
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d(M, K) = 4a(C, A), d(K, L) = 4d(A, B). Thus the A KLM is con- 
gruent to each of the small triangles by Th.1V. If then we write 


ZABC=8, ZBCA=y, 











ZCAB = a, 
we have 
ZMKL=+e, ZKLM=+48, 
ZELMK = +7 
where the + or — sign is tobe A M B 
the same throughout. Fig. 13. 


Now the angle 
ZAMB = ZAML+22IMK4+24KMB = £84+4LIMK+«e« 


is a straight angle. We obtain then the desired relation if the + sign 
holds. 
However, in case the — sign holds, we have 


n= f—y+ea and similarly x =y—a+AB, 


whence, by addition . 


3n Sa H=a+t+f+t+y 





a 
(as before) so that from the above equations 
2a =>28 = 27 = 0,7 
and therefore ry 
e@=0o0rq, =Oor”m, y=Oora. c 4 
Fig. 14. 


Thus the + sign holds here and so in all cases. 
To establish the second part we proceed as follows: 
The second part holds for any right-angle ABC with right angle 


a 


at B. In fact we may order A, B,C so that ~ABC = 3" Let 


now C' tend toward B along the line BC. The 2 CAB varies con- 
tinuously (Postulate III, part 2) and never takes on the value 0, 





mw Or > (mod 2), since C never lies in the line AB and since 2 BCA#0 


(use Th. V, part 1). Hence the least residue « of 2 CAB must be less 
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numerically than Similarly the least residue y of 2 BCA is less 


po] Q rola 


numerically than Now we have 


Mh 


a+ ty =n or e+y = 3" 





This can only be the case if these least residues are positive. Hence the 
second part of the theorem holds for any right triangle. 

A similar reasoning will hold for any A ABC not a right triangle unless 
in letting B tend toward C, for instance, ~ CAB becomes a right angle 
at D. In fact, if this does not happen for some variation we should 
conclude that the least residues «, 8, y of 2CAB, 2 ABC, 2 BCA were 
7 


x 





But then we should have also 


a+Bry =a 


numerically less than 


so that the least residues are necessarily all of the same sign (+ or —), 
and the conclusion is the same as before. 

But if there is such a point D we see at once by a consideration of 
the right triangle \ ADB that 2 BAD and 2 DBA can be taken as 
7t 


2 


<-> numerically and of the same sign as 2 ADB = £5, with 
4BAD+4DBA= +. 
Likewise from the right triangle A) CDA we obtain 


ZACD+24DAC = ZCDA = +=. 
However since we have 
ZADB+2CDA= zCDB=n 


the same + sign appears in both cases. By addition then 
42BAC+2ZACB+2CBA=+2 


where the least residues in the left member are of the same -+ sign and 
less than 7 numerically. 


° mw 
Of course only one residue can exceed 3" 


9. A property of the perpendicular bisector. The perpendicular 
bisector of a line segment AB is the line | AB at the mid-point D of AB, 
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i.e. the point D for which d(A, D) = d(D, B). By Postulate I, such 
a point exists. The perpendicular bisector has the following important 
“locus” property: 

THEOREM VI. All points P equidistant from A and B (A + B) and no 
others lie on the perpendicular bisector of the line AB. 

Proof. Given A, B and P 
a point P such that d(P, A) 
=d(P, B). Let M be the 
mid-point of AB and join 
P to M. The two triangles 
/\ AMP and A BMP are 
then congruent by Th. IV, 
since 


d(A, P) = d(B, P), d(A, M) = d(B, M), d(M, P) = d(M, P). 





A M B 
Fig. 15. 


Hence ~MPB=+2MPA. But the — sign must be taken since A 
and B are distinct. Hence also 
2BMP = —2ZAMP= Z2PMA. 


Therefore 
ZAMB = ZAMP4+2PMB = 22AMP 


or 
mz =224AMP. 


In consequence 
ZAMP=H+ 


ro| 3 


’ 


i.e. such a point P lies in the perpendicular bisector of AB. 
Moreover, suppose P is any point in the perpendicular bisector, then 
in the triangles \ AMP, A BMP 


ZAMP=—2zBMP, d(4,M) = a(M,B), aM, P) = AM, P). 


Hence by Postulate IV the triangles are congruent, and accordingly d(A, P) 
= d(B, P). This completes the proof. 

10, The existence of a unique perpendicular from a point to 
a line. We prove next the following theorem: 

THEOREM VII. There is one and only one line perpendicular to a line | 
which contains a given point P. 

Proof. For P on 1 the statement is obviously true. 

For P not on 7 we proceed as follows. Let A, B be two distinct 
points of 7. Construct a A AP’B, congruent to /\ APB with P’ distinct 
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from P; this is done by choosing a ray AP’ so that ~ P’-AB = — 2 PAB 
and taking P’ so that d(A, P) = d(A, P’), thus determining L\ APB. 
Here P+ P’ of 
course. But A and B 
are equally distant 
from P and P’ and 
so lie on the per- 
pendicular bisector 
of PP’. Thus the 
line PP’ and the 
line AB are |, and 
a perpendicular to 
A Bthrough Pis thus 
p’ actually obtained. 

Fig. 16. If there were a se- 

cond perpendicular 

to AB through P, we would have a triangle PMM’ where PM and PM’ 
were the perpendiculars in question with M and M’ on J. But, by Th. V, 


P 








m= 2 MM'P4+2M'PM+2PMM' 
or 


n= +24 2M'PM+ > 


whence 
2M'PM =0orga, 


i. e. M’P and MP would be the same straight line, contrary to 
hypothesis. 
A 11. The Pythagorean theorem. We may now 
prove the Pythagorean theorem: 
THEOREM VIII. Jn any right A ABC with 


d(A, B)? = d(A, C)*+d(C, BY 


or 2 = a?+ 9. 

Proof. If we enlarge this triangle in the ratio } 
to 1 (Postulate IV) it becomes a right triangle with 
sides ab, b?, be similar to the first with k = } 
and the same angle ~ A’C’B’ in the new triangle A’B’C’ so obtained. 
Similarly a triangle 2 A” BC” with k = a has sides a?, ab, ac respectively 











Fig. 17. 
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and 2 A”C"B” as before. If these triangles be “fitted together” (see Fig. 18) 
so that B’, C’ and A”, C”’ respectively are the ends of a given line segment, 
it is clear that 


ZACB’=2ZzACB+2BCR'=+ 





7 a 
shies 


. 2 


+n 


so that C’ is on the line A’B”’ between A’ and B’, Furthermore 
ZB'B'A' = 2 B'BC4H+2C'RA' 


= 42 BAC+ zCBA=S=+ by Th. V. 


bo] 3 


It follows that /\ A’B” B’ 
is similar to A. ABC with thoes af 
angles reversed in sign. 

But on the other hand it 
is clear that the scale factork 
involved is k = c since the ac ab 
distances d(A, C), d(C, B) be- 
come bc and ac in the new tri- 
angle. The third side is there- 
fore c®. By comparison then 
c =a?+b® (Postulate I). 

12. Parallels. Rectangular networks. A fundamental property of 
parallel lines in the plane is the following: 

THEOREM IX. One and only one line parallel to a given line contains 
a given point P. 

Proof. If P is on l, this fact is obvious, 7 being parallel to itself. 

If P is not on 7, consider P 
the unique line PD 11, and ™ ao 
the line m1 PD at P. 

This line m cannot inter- 
sect /, since otherwise there 
would be two perpendiculars 
from the point of intersection 
to PD, meeting it in P |D J£ S 
and D, in contradiction with is 
Th. VIL. sialic 

Hence the line m is || to 7. It remains to show that it is the only 
such line through P. 

If there were another line, n, choose a point Q + P on n, and 
from Q construct the perpendicular to PD meeting it in R. Lay off 


be 





f> 
BY at Cr=c" b? A’ 
Fig. 18. 








4 , 





R 
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on the half-line DE of 7 such that ~QRP= 4 EDP= +> 


a distance DS such that 
SD _ QR 
PD PR‘ 


The A PDS is then similar to A PRQ with equal angles (Postulate IV), 
Hence the half-line PS coincides with PQ and the line n is not || J, since 
it meets 7 in S. This is contrary to assumption. 

It follows at once from Th. IX that if 7, m, m are any three lines such 
that 7 || m and m||n, then || also. For if 7 intersects m there would 
be two parallels to m through this point of intersection. 

The set of the lines parallel to a given line 7 and so to each other is called 
a system of parallels, and is determined by any one of its lines. One and 
only one line of any such system passes through any point of the plane. 

Any line not in such a system is called a transversal of the system and 
of course intersects every one of the system of parallel lines. 

It appears at once that a line perpendicular to one line of such a system 
is perpendicular to them all and that any two such perpendiculars are 
themselves parallel. Hence we obtain a rectangular network formed by 
two mutually perpendicular systems of parallels in which one and only one 
line of each system passes through any point. Clearly such a network is 
uniquely defined by any single line 7 of either system. 

Two pairs of lines of each system 1,, 7, and m,, me intersect in four 
distinct points: 

1,m in P; d, me in S; le, m in Q; Je, me in R. 


ly Rr The polygon of four sides PQRS is 
? a rectangle by definition since the 
Nad four angles at P, Q, R, S are right 
angles. 
* THEOREM X. In any rectangle 
* PQRS the two pairs of opposite sides 
PQ, RS and PS, RQ are equal, and 
the four angles 2 PQR, 2 QRS, 


© ZRSP, ZA SPQ are all congruent to 
¥ 1, S «x % 
Fig. 20. err re 

Proof. The truth of the first part 

of the theorem is an immediate consequence of the application of Postu- 


late IV to a pair of triangles such as A SPQ, A QRP, since these are 
evidently congruent right triangles, so that PS = QR. 


Rio 









m, 
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The second part of the theorem may be proved as follows: 

By the angle-sum Th. V applied to the triangles SPQ, A QRP it 
appears that the sum of the four right angles is = 2”. Moreover by 
the same theorem 2 RSQ and 2 SQR are numerically < = and of the 
same sign as the right angle ~ QRS; likewise ~QSP and ~ PQS are 
1 


9 and of the same sign as the right angle ~ SPQ. But 


numerically < 


we have 


ZR8Q+ 2Q8P = doe 


so that the least residues of 7 RSQ and 2 QSP must have the same sign. 
Consequently the least residues of all the angles written have the same 
sign +, and the four right angles of the rectangle are all congruent to 
+ = or to ~e. 

From this theorem it follows that we may speak of a sense or positive 
direction on the lines of a system of parallels, namely that obtained by 
attaching the same numbers zz to a 
point R of 7 as to the corresponding 
points S of intersection with any other R 
line m of the system, i.e. vs = 2p. 

In general when we speak of a system 
of parallels we refer to a directed system 1 m 
of this kind. Similarly we think of a rec- 
tangular network as directed, i.e. of each Fig. 21. 
of its component systems as directed. 

It follows then from the above theorem that in a directed rectangular 
network the directed lines 1 of one system make with the directed lines m 


b *R Xs=Xr |S 
' 











of the other system precisely the same angle 3” —+ im all cases. 


At this stage the usual theorems concerning parallel lines may now be 
proved at once, for instance the fact that a directed transversal n of a 
system of directed parallels intersects all of them at the same angle. In 
general the ordinary theorems of Euclidean geometry not yet deduced follow 
as easy exercises from the results so far obtained and it is unnecessary 
to proceed further in this direction. 

13. Rectangular coérdinates. We are now prepared to define a 
rectangular cobrdinate system (x, y) with axes the directed perpendicular 
lines Ox, Oy intersecting in the origin O. 














344 G. D. BIRKHOFF. 


Choose a system of numeration along Ox, Oy so that O is marked 0 
on both lines, and the numbers increase algebraically in the positive 
direction. Drop the unique perpendiculars from P to Ox and Oy 

respectively meeting these lines at. 

P, and Py. The rectangular coir- 
P dinates of P are then the numbers 
YP xp and yp attached to P, and P, 
respectively. These are evidently 
uniquely determined numbers. 

It may now be readily proved on 
J the basis of the theorems established 

, 6——x above that the “equation of any 
o| P, straight line” has the form 














Fig. 22. Ax+By+c=0 


where not both A and B are 0, and that conversely any equation of this 
form represents a straight line. 
Furthermore the Pythagorean theorem shows that 


d(P, Q) = V (ap— ze)? + (yr— yo)”. 


14, Euclidean angle. In order to show that the above set of postulates 
is categorical it remains to indicate briefly why our undefined angle must 
coincide with the Euclidean angle (mod 27). 

To this end we observe that the circle is defined as usual as the locus 
of all points P at a fixed distance r (the radius) from a fixed point O (the 
center). Evidently if O is taken as the origin of a system of rectangular 
coérdinates, the equation of the circle is 





att y? = 


On the basis of the preceding theorems, 
Euclidean are length can be defined in 
Q the usual manner and the angle POQ 
(P, Q on the circle) may be defined as 
the are PQ on the unit circle (r = 1). 
Furthermore it is not hard to prove on 
$ P the basis of Postulate IJ, part 2, that 
Fig. 23. < POQ varies continuously with con- 
tinuous variation of either P or Q. 


, . £POQ 
Conside th 3 oak s 
r now the ratio are PQ for a fixed position of P and for 


variable Q. It is easy to prove that if are PQ is multiplied in any 


R 
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integral ratio m:1 so is ~ POQ multiplied in the same ratio m:1. For 
example, if the are length is doubled so that arc PQ = are QR, then 
d(P, Q) = d(Q, R), of course, so that 2 POQ = 4QOR and «~ POR 
= £P0Q+2Q0R =22P0Q. Hence the stated results hold for 
m= 2 

POR  <£ZPO0OQ 

arePR ~~ are PQ ° 


The same type of proof can be extended obviously for m = 3,4,---. 
Inversely it follows that if are PQ be divided in the ratio 1: so is 
4 POQ divided in this ratio. Consequently if the ratio has a value k for 


° m 
arc PQ = s, it has the same value for are PQ == yO where m and n 


are any positive integers whatever. In virtue of the second part of Postu- 
late III, it follows, however, that the ratio is a continuous function of s 
so that oe is a constant k for all Q + P. But for are PQ = a, 
we have 2 POQ = 2 also so that this ratio is 1. Hence the (sensed) 
angle 2 POQ coincides with the (sensed) are length PQ subtended on the unit 
circle. 

It follows that Postulates I-IV form a categorical system. 











A SET OF POSTULATES FOR THE FOUNDATION 
OF LOGIC.' 


By Atonzo Cuurcu.’ 


1. Introduction. In this paper we present a set of postulates for the 
foundation of formal logic, in which we avoid use of the free, or real, 
variable, and in which we introduce a certain restriction on the law of 
excluded middle as a means of avoiding the paradoxes connected with the 
mathematics of the transfinite. 

Our reason for avoiding use of the free variable is that we require that 
every combination of symbols belonging to our system, if it represents 
a proposition at all, shall represent a particular proposition, unambigou- 
ously, and without the addition of verbal explanations. That the use of 
the free variable involves violation of this requirement, we believe is 
readily seen. For example, the identity 


(1) a(b+c) = ab+ac 


in which a, b, and ¢ are used as free variables, does noté state a definite 
proposition unless it is known what values may be taken on by these 
variables, and this information, if not implied in the context, must be given 
by a verbal addition. The range allowed to the variables a, b, and ¢ 
might consist of all real numbers, or of all complex numbers, or of some 
other set, or the ranges allowed to the variables might differ, and for 
each possibility equation (1) has a different meaning. Clearly, when this 
equation is written alone, the proposition intended has not been completely 
translated into symbolic language, and, in order to make the translation 
complete, the necessary verbal addition must be expressed by means of 
the symbols of formal logic and included, with the equation, in the formula 
used to represent the proposition. When this is done we obtain, say, 


(2) R(a) R(b) R(o) Daves a(b-+ 0) = ab+ac 


where R(x) has the meaning, “x is a real number,” and the symbol Qave 
has the meaning described in §§ 5 and 6 below. And in this expression 
there are no free variables. 





‘Received October 5, 1931. 


?This paper contains, in revised form, the work of the author while a National Research 
Fellow in 1928-29. 


346 








POSTULATES FOR THE FOUNDATION OF LOGIC. 347 


A further objection to the use of the free variable is contained in the 
duplication of symbolism which arises when the free, or real, variable 
and the bound, or apparent, variable are used side by side.* Corresponding 
to the proposition, represented by equation (1) when a, b, and ¢ stand 
for any three real numbers, there is also a proposition expressed without 
the use of free variables, namely (2), and between these two propositions 
we know of no convincing distinction. An attempt to identify the two 
propositions is, however, unsatisfactory, because substitution of (1) for (2), 
when the latter occurs as a part of a more complicated expression, cannot 
always be allowed without producing confusion. In fact, the only feasible 
solution seems to be the complete abandonment of the free variable as 
a part of the symbolism of formal logic.’ 

Rather than adopt the method of Russell for avoiding the familiar para- 
doxes of mathematical logic,® or that of Zermelo,® both of which appear 
somewhat artificial, we introduce for this purpose, as we have said, a certain 
restriction on the law of excluded middle. This restriction consists in 
leaving open the possibility that a propositional function F may, for some 
values X of the independent variable, represent neither a true proposition 
nor a false proposition. For such a value X of the independent variable 
we suppose that F(X) is undefined and represents nothing, and we use 
a system of logical symbols capable of dealing with propositional functions 
whose ranges of definition are limited. 

In the case of the Russell paradox the relevance of this proposed restric- 
tion on the law of excluded middle is evident. The formula P which leads 
to this paradox may be written, in the notation explained below, 
\Ap.~(9)} (Ag.~9(g)). It has the property that if we assume ~ P then 
we can infer P and if we assume P then we can infer ~P. On ordinary 
assumptions both the truth and the falsehood of P can be deduced in con- 
sequence of this property, but the system of this paper, while it provides 
for the existence of a propositional function A4y.~¢(g) does not provide 
either that this propositional function shall be true or that it shall be false, 
for the value 249.~ (gq) of the independent variable. 

Other paradoxes either disappear in the same way, or else, as in the 
case of the Epimenides or the paradox of the least undefinable ordinal, 

* Cf. the introduction to the second edition of Whitehead and Russell’s Principia Mathematica. 

‘Unless it is retained as a mere abbreviation of notation. 

“2. Russell, Mathematical Logic as based on the Theory of Types, Amer. Jour. Math., 


vol. 30 (1908), pp. 222-262. A list of some of these paradoxes, with a reference to the 
source of each, will be found in this article, or in Whitehead and Russell, Principia 
Mathematica, vol. 1, pp. 63-64. 

°E. Zermelo, Untersuchungen iiber die Grundlagen der Mengenlehre, Math. Annalen, 
vol. 65 (1908), pp. 261-281. 
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they contain words which are not definable in terms of the undefined 
symbols of our system, and hence need not concern us. 

The paradox of Burali-Forti is not, however, so readily disposed of. 
The question whether this paradox is a consequence of our postulates, or 
what modification of them will enable us to avoid it, probably must be 
left open until the theory of ordinal numbers which results from the 
postulates has been developed. 

Whether the system of logic which results from our postulates is 
adequate for the development of mathematics, and whether it is wholly 
free from contradiction, are questions which we cannot now answer except 
by conjecture. Our proposal is to seek at least an empirical answer to 
these questions by carrying out in some detail a derivation of the con- 
sequences of our postulates, and it is hoped either that the system will 
turn out to satisfy the conditions of adequacy and freedom from contra- 
diction or that it can be made to do so by modifications or additions. 

2. Relation to intuitionism. Since, in the postulate set which is 
given below, the law of the excluded middle is replaced by weaker 
assumptions, the question arises what the relation is between the system 
of logic which results from this set, and the intuitionism of L. E.J. Brouwer.’ 

The two systems are not the same, because, although both reject a 
certain part of the principle of the excluded middle, the parts rejected 
are different. The law of double negation, denied by Brouwer, is preserved 
in the system of this paper, and the principle, which Brouwer accepts, 
that a statement® from which a contradiction can be inferred is false, we 
find it necessary to abandon in certain cases. 

Our system appears, however, to have the property, which relates it 
to intuitionism, that a statement of the form *x.F (x) (read, “there 
exists X such that F (x)”) is never provable unless there exists a formula M 
such that F (M) is provable. 

3. The abstract character of formal logic. We do not attach 
any character of uniqueness or absolute truth to any particular system 
of logic. The entities of formal logic are abstractions, invented because 
of their use in describing and systematizing facts of experience or observation, 
and their properties, determined in rough outline by this intended use, 
depend for their exact character on the arbitrary choice of the inventor. 


7 See L. E. J. Brouwer, Intuitionistische Mengenlehre, Jahresbericht der D. Math. Ver., 
vol. 28 (1919), pp. 203-208, and Mathematik, Wissenschaft und Sprache, Monatshefte fiir 
Math. u. Phys., vol. 36 (1929), pp. 153-164, and many other papers. 

* We purposely use the word, “statement”, because we wish to reserve the word, “propo- 
sition”, for something either true or false. A statement, in the form of a proposition, which 
fails to be either true or false, we regard as a mere group of symbols, without significance. 
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We may draw the analogy of a three dimensional geometry used in 
describing physical space, a case for which, we believe, the presence of 
such a situation is more commonly recognized. The entities of the 
geometry are clearly of abstract character, numbering as they do planes 
without thickness and points which cover no area in the plane, point sets 
containing an infinitude of points, lines cf infinite length, and other things 
which cannot be reproduced in any physical experiment. Nevertheless 
the geometry can be applied to physical space in such a way that an 
extremely useful correspondence is set up between the theorems of the 
geometry and observable facts about material bodies in space. In building 
the geometry, the proposed application to physical space serves as a rough 
guide in determining what properties the abstract entities shall have, but 
does not assign these properties completely. Consequently there may be, 
and actually are, more than one geometry whose use is feasible in 
describing physical space. Similarly, there exist, undoubtedly, more than 
one formal system whose use as a logic is feasible, and of these systems 
one may be more pleasing or more convenient than another, but it cannot 
be said that one is right and the other wrong. 

In consequence of this abstract character of the system which we are 
about to formulate, it is not admissible, in proving theorems of the system, 
to make use of the meaning of any of the symbols, although in the appli- 
cation which is intended the symbols do acquire meanings. The initial 
set of postulates must of themselves define the system as a formal struc- 
ture, and in developing this formal structure reference to the proposed 
application must be held irrelevant. There may, indeed, be other appli- 
cations of the system than its use as a logic. 

4. Intuitive logic. It is clear, however, that formulas composed of 
symbols to which no meaning is attached cannot define a procedure of 
proof or justify an inference from one formula to another. If our postu- 
lates were expressed wholly by means of the symbols of formal logic 
Without use of any words or symbols having a meaning, there would be 
no theorems except the postulates themselves. We are therefore obliged 
to use in some at least of our postulates other symbols than the unde- 
fined terms of the formal system, and to presuppose a knowledge of the 
meaning of these symbols, as well as to assume an understanding of a 
certain body of principles which these symbols are used to express, and 
which belong to what we shall call intuitive logic.® It seems desirable 


——. 


* The principles of intuitive logic which we assume initially form, of course, a part of 
the body of facts to which the formal system, when completed, is to be applied. We 
should not, however, allow this to confuse us as to the clear cut distinction between in- 
tuitive logic and formal logic. 
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to make these presuppositions as few and as simple as we can, but there 
is no possibility of doing without them. 

Before proceeding to the statement of our postulates, we shall attempt 
to make a list of these principles of intuitive logic which we find it ne- 
cessary to assume and of the symbols a knowledge of whose meanings 
we presuppose. The latter belong to what we shall call the language of 
intuitive logic, as distinguished from the language of formal logic which 
is made up of the undefined terms of our abstract system. 

We assume that we know the meaning of the words symbol and formula 
(by the word formula we mean a set of symbols arranged in an order of 
succession, one after the other). We assume the ability to write symbols 
and to arrange them in a certain order on a page, and the ability to 
recognize different occurrences of the same symbol and to distinguish 
between such a double occurrence of a symbol and the occurrence of 
distinct symbols. And we assume the possibility of dealing with a formula 
as a unit, of copying it at any desired point, and of recognizing other 
formulas as being the same or distinct. 

We assume that we know what it means to say that a certain symbol 
or formula occurs in a given formula, and also that we are able to pick 
out and discuss a particular occurrence of one formula in another. 

We assume an understanding of the operation of substituting a given 
symbol or formula for a particular occurrence of a given symbol or 
formula. 

And we assume also an understanding of the operation of- substitution 
throughout a given formula, and this operation we indicate by an 
S, Sy U| representing the formula which results when we operate on the 
formula U by replacing X by Y throughout, where Y may be any symbol 
or formula but X must be a single symbol, not a combination of several 
symbols. 

We assume that we know how to recognize a given formula as being 
obtainable from the formulas of a certain set by repeated combinations of 
the latter according to a given law. This assumption is used below in 
defining the term “well-formed”. It may be described as an assumption 
of the ability to make a definition by induction, when dealing with groups 
of symbols. 

We assume the ability to make the assertion that a given formula is 
one of those belonging to the abstract system which we are constructing, 
and this assertion we indicate by the words is true. As an abbreviation, 
however, we shall usually omit the words is true, the mere placing of 


the formula in an isolated position being taken as a sufficient indication 
of them. 
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We assume further the meaning and use of the word every as part of 
the language of intuitive logic, and the use in connection with it of variable 
letters, Which we write in bold face type to distinguish them from variable 
letters used in the language of formal logic. These variable letters, written 
in bold face type, stand always for a variable (or undetermined) symbol 
or formula. 

We assume the meaning and use of the following words from the 
language of intuitive logic: there is, and, or, if --- then, not, and is in 
the sense of identity. That is, we assume that we know what combinations 
of these words with themselves and our other symbols constitute propositions, 
and, in a simple sense, what such propositions mean. 

We assume that we know how to distinguish between the words and 
symbols we have been enumerating, which we shall describe as symbols 
of intuitive logic, and other symbols, which are mere symbols, without 
meaning, and which we shall describe as formal symbols. 

We assume that we know what it is to be a proposition of intuitive 
logic, and that we are able to assert such propositions, not merely one 
proposition, but various propositions in succession. And, finally, we assume 
the permanency of a proposition once asserted, so that it may at any 
later stage be reverted to and used as if just asserted. 

In making the preceding statements it becomes clear that a certain 
circle is unavoidable in that we are unable to make our explanations of 
the ideas in question intelligible to any but those who already understand 
at least a part of these ideas. For this reason we are compelled to 
assume them as known in the beginning independently of our statement 
of them. Our purpose has been, not to explain or convey these ideas, 
but to point out to those who already understand them what the ideas 
are to which we are referring and to explain our symbolism for them. 

5. Undefined terms. We are now ready to set down a list of the 
undefined terms of our formal logic. They are as follows: 


{ }(), AL], I, . a &, sad ty, a. 


The expressions { }( ) and 4 [ ] are not, of course, single symbols, but 
sets of several symbols, which, however, in every formula which will be 
provable as a consequence of our postulates, always occur in groups in 
the order here given, with other symbols or formulas between as indicated 
by the blank spaces. 

In addition to the undefined terms just set down, we allow the use, in 
the formulas belonging to the system which we are constructing, of any 
other formal symbol, and these additional symbols used in our formulas 
we call variables. 
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An occurrence of a variable x in a given formula is called an occurrence 
of x as a bound variable in the given formula if it is an occurrence of x 
in a part of the formula of the form 2x[M]; that is, if there is a formula M 
such that 2x[M] occurs in the given formula and the occurrence of x in 
question is an occurrence in 2x|Mj. All other occurrences of a variable 
in a formula are called occurrences as a free variable. 

A formula is said to be well-formed if it is a variable, or if it is one 
of the symbols 77, =, &, ~,+, A, or if it is obtainable from these symbols 
by repeated combinations of them of one of the forms {M} (N) and 2x[M], 
where X is any variable and M and N are symbols or formulas which are 
being combined. This is a definition by induction. It implies the following 
rules: (1) a variable is well-formed (2) 7, =, & ~, +, and A are well-formed 
(3) if M and N are well-formed then {M}(N) is well-formed (4) if x is 
a variable and M is well-formed then 2x[M] is well-formed. 

All the formulas which will be provable as consequences of our postulates 
will be well-formed and will contain no free variables. 

The undefined terms of a formal system have, as we have explained, 
no meaning except in connection with a particular application of the system. 
But for the formal system which we are engaged in constructing we have 
in mind a particular application, which constitutes, in fact, the motive for 
constructing it, and we give here the meanings which our undefined terms 
are to have in this intended application. 

If F is a function and A is a value of the independent variable for which 
the function is defined, then {F}(A) represents the value taken on by the 
function F when the independent variable takes on the value A. The usual 
notation is F(A). We introduce the braces on account of the possibility 
that F might be a combination of several symbols, but, in the case that F 
is a single symbol, we shall often use the notation F(A) as an abbreviation 
for the fuller expression.’° 

Adopting a device due to Schénfinkel,'! we treat a function of two 
variables as a function of one variable whose values are functions of one 
variable, and a function of three or more variables similarly. Thus, what 
is usually written F(A,B) we write {{F}(A)}(B), and what is usually written 
F(A, B, C) we write {{{F}(A)}(B)}(C), and so on. But again we frequently 
find it convenient to employ the more usual notations as abbreviations. 

If M is any formula containing the variable x, then 4x[(M] is a symbol 
for the function whose values are those given by the formula. That is, 


10The braces { \ are, as a matter of fact, superfluous and might have been omitted 
from our list of undefined terms, but their inclusion makes for readability of formulas. 

''M. Schénfinkel, Uber die Bausteine der mathematischen Logik, Math. Annalen, vol. 92 
(1924), pp. 305-316. 











POSTULATES FOR THE FOUNDATION OF LOGIC. 353 


ix(M] represents a function, whose value for a value L of the independent 
variable is equal to the result St M| of substituting L for x throughout M, 
whenever S.M| turns out to have a meaning, and whose value is in any 
other case undefined. 

The symbol 7 stands for a certain propositional function of two inde- 
pendent variables, such that 17(F, G) denotes, “G(x) is a true proposition 
for all values of x for which F(x) is a true proposition.” It is necessary 
to distinguish between the proposition 7 (F, G) and the proposition 
‘x. F(x) 0G(x) (read, “For every x, F(x) implies G(x)”). The latter 
proposition justifies, for any value M of «x, the inference F(M) 9 G(M), 
and hence can be used only in the case that the functions F and G are 
defined for all values of their respective independent variables. The pro- 
position 17(F, G) does not, on the other hand, justify this inference, although, 
when {F}(M) is known to be true, it does justify the inference {G}(M). 
And the proposition 7(F, G) is, therefore, suitable for use in the case that 
the ranges of definition of the functions F and G are limited. 

The symbol = stands for a certain propositional function of one inde- 
pendent variable, such that =(F) denotes, “There exists at least one value 
of « for which F(z) is true.” 

The symbol & stands for a certain propositional function of two inde- 
pendent variables, such that, if P and Q@ are propositions, &(P, Q@) is the 
logical product P-and-Q. 

The symbol ~ stands for a certain propositional function of one inde- 
pendent variable, such that, if P is a proposition, then ~ (P) is the negation 
of P and may be read, “Not-P”. 

The symbol « stands for a certain function of one independent variable, 
such that, if F is a propositional function of one independent variable, 
then «(F) denotes, “The object 2 such that {F}(x) is true.” 

The symbol A stands for a certain function of two independent variables, 
the formula A(F, M) being read, “The abstraction from M with respect 
to F.” 

6. Abbreviations and definitions. In practice we do not use actu- 
ally the notation just described, but introduce various abbreviations and 
substituted notations, partly for the purpose of shortening our formulas 
and partly in order to render them more readable. We do not, however, 
regard these abbreviations as an essential part of our theory but rather 
as extraneous. When we use them we do not literally carry out the 
development of our system, but we do indicate in full detail how this 
development can be carried out, and this is for our purpose sufficient. 

As has been said above, we use {F} (A,B) as an abbreviation for 
({F} (A)}(B) and similarly in the case of functions of larger numbers of 








», 
x 
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variables. Moreover, alike in the case of functions of one variable and 
in the case of functions of two or more variables, we omit the braces 
{ \ whenever the function is represented by a single symbol rather than 
by an expression consisting of several symbols. Thus, if F is a single 
symbol, we write F(A) instead of {F}(A) and F(A, B) instead of {F} (A, B) 
or {{F}(A)}(B). 

We shall usually write [M][N] instead of &(M,N) or {{&}(M)}(N), and 
~[M] instead of ~(M) or {~}(M). 

When F is a single symbol, we shall often write Fx[M] instead of 
F(2x([M)). 

Instead of 17(2x|M], 2x[N]), we shall write [M]O,(N]. And 
[Sy [MJ] Ox[[M] Oy(N]] we abbreviate further to [M]Oxy[N], and 
[>y[>z[M]]] Ox [[2z(M]] Oy [1M] 9.(N]]] we abbreviate to [M]QO,y.[N] and 
SO On. 


Moreover, whenever possible without ambiguity, we omit square brackets 
[ ], whether the brackets belong to the undefined term 4[ ] or whether they 
appear as a part of one of our abbreviations. In order to allow the 
omission of square brackets as often as possible, we adopt the convention 
that, whenever there are more than one possibility, the extent of the 
omitted square brackets shall be taken as the shortest. And when the 
omission of the square brackets is not possible without ambiguity, we 
can sometimes substitute for them a dot, or period. This dot, when it 
occurs within a parenthesis, enclosed by either square brackets [ ], round 
parentheses ( ), or braces { }, stands for square brackets extending from 
the place where the dot occurs and up to the end of the parenthesis, 
or, if the parenthesis is divided into sections by commas as in the case 
of functions of two or more variables, extending from the place where 
the dot occurs and up to the first of these commas or to the end of the 
parenthesis, whichever is first reached. And when the dot is not within 
any parenthesis, it stands for square brackets extending from the place 
where it occurs and up to the end of the entire formula. In other words, 
a dot represents square brackets extending the greatest possible distance 
forward from the point where it occurs. 

In addition to these abbreviations, we allow afreely the introduction 
of abbreviations of a simpler sort, which we call definitions,’? and which 
consist in the substitution of a particular single symbol for a particular 
well-formed formula containing no free variables. 





"There seems to be, as a matter of fact, no serious objection to treating definitions 
as an essential part of the system rather than as extraneous, but we believe it more con- 
sistent to class them with our other and more complicated abbreviations. 
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We introduce at once the following definitions, using an arrow — to 
mean “Stands for’, or, “Is an abbreviation for’: 

V— dphy.rw er perry 

U— dphlyv.w. peer 

Q — Awhv. Uw, v). My, ») 

E— inxq.9(a) 

V(P, Q) is to be read, “P or @’, U(P, Q) is to be read, “P implies Q”, 
Q(F,G) is to be read “F and G are equivalent” and E(M) is to be read 
“M exists” 

And in connection with these symbols just defined we introduce some 
further abbreviations. For V(P, @) we write [P]v[Q], and for U(P, Q) 
we write [P]O[@]. We abbreviate Q(Ax.M, 2x.N) to [M] =, [N]. And 
we abbreviate E(x) Dx [M] to ‘x[M], which may be read, “For every x, M”. 

The notion of a class may be introduced by means of the definition: 


K— A(Q). 


The formula K(F) is then to be read, “the class of z’s such that {F} (a) 

true.” 

7. Postulates. We divide our postulates into two groups, of which 
- the first consists of what we shall call rules of procedure and the second of 
what we shall call formal postulates. The latter assert that a given formula 
is true, and contain nothing from the language of intuitive logic other than 
the words 7s trwe (and even these words, as already explained, we leave 
unexpressed when we write the postulates). And the former, the rules of 
procedure, contain other words from the language of intuitive logic. 

The theorems which are proved as consequences of these postulates are 
of the same form as the postulates of the first group, namely, that a certain 
formula is true. And the proof of a theorem consists of a series of steps 
which, from a set of one or more postulates of the first group as a starting 
point, leads us to the theorem, each step being justified by an appeal to 
one of the rules of procedure. 

The postulates of our first group, the rules of procedure, are five in 
number: 

L. If | is true, if L is well-formed, if all the occurrences of the variable x 
in L are occurrences as a bound variable, and if the variable y does 
not occur in L, then K, the result of substituting Sy L| for a particular 
occurrence of L in J, is also true. 

II. If3 is true, if M and WN are well-formed, if the variable X occurs nm M, 
and if the bound variables in M are distinct both from the variable x 
and from the free variables in N, then K, the result of substituting 
Sx M| for a particular occurrence of {2x.M}(N) in J, ¢s also true. 
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Ill. Jf J is true, if M and N are well-formed, if the variable X occurs in M, 
and if the bound variables in M are distinct both from x and from 
the free variables in N, then K, the result of substituting {2x .M)} (N) 
for a particular occurrence of Su M| in J, zs also true. 
1V. If {Fi(A) is true and F and A are well-formed, then =(F) is true. 
V. If I(F,G) and {F}(A) are true, and F, G, and A are well-formed, 
then {G}(A) is true. 
And our formal. postulates are the thirty-seven following: 
1. 2(7) Wp My, 9): 
2. ‘x. 9 (x) Oy M(y, Y) Oy W(a). 
3. 3(a) Oe- [6(x) 0x g(a] Op - HG, W) Oy - a(x) Oz H(z). 
4, 2(0) 0g. Fy[o(a) Ox v(x, y)] Oo - [0 (x) Dx A(9 (x), W(z))] Dv 
[e(x) Dx 9 (x, y)] Dy - @(@) Ix W(x, y). 
(9) Je Tg, WY) Ow. ¢(f(@)) Oye w(f(z)). 
“Xe y (x) or * (gy, w(x) Oy W(a, x). 
9 (x, f(x) Ogfe+ H(y (x), (x) Oy W (a, F(2)). 
2(@) De + Fy le (x) Ix 9 (@, y)] Io + [e(x) Ix W(y (x), Y)] Qy- 
[e(x) Ir 9 (z, y)] Dy Yly). 
9. ‘x. p(x) Og 2(9). 
10. Sxg(F(x)) Oyp =(9). 
11. g(x, x) Dpx =(y (a). 
12. 3(y) 0g Fxg(z). 
13. (9) Op- [9 (x) Dx Y()] Dy Hg, Y). 
14. pOn-qOqpq. 
15. pq app. 
16. pq pg Q- 
17. Sx 2ol[p(x).~ (x). M(y, 6)] Sgu ~ Hg, W). 
18. ~H(y, W) Ogu Fx tO. g(x).~ O(x). U(W, 8). 
19. 32 36 [~y(w, 2). 0(u)- 3(y(y)) Dy (y)] Qgu~ 2(9(W). 
20. ~2(¢) 0g Fa.~ g(a). 
21, pOp-~qOy~- pg. 
22. ~pOp-qQ0y~r- pq. 
23. ~poOp-~qou~- pa. 
24, pOp-[~-pqlOy~q. 


PS 
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5. [~.9(u)- W(u)] Deyu- [lp @) -~ W(x] Dz e(a)]- 
[l~ g(a). W(x)] Ox (x)] -[~ 9 (x) ~ W(x) Dz o(x)] Dp e(w). 


6. popr~p. 

27. ~~p Jp p- 

28, ~2(y) 0p - 2(W) Oy Mg, Y). 

29, ~ (gy) Ip - ~ SW) Ow MQ, Y). 

30. ‘x. p(a) Dp - [6(x)- W(x) Oy W(6, W)] Do 9 (e(9)). 

31. g(+(4)) Dog 2(6, ¢). 

32, E((6)) Do 3(6). 

33. [p(z, y) Qay- Py, 2) D2 p(x, 2)] [y(@, y) Dry Gy, X)] Dp GU, v) Dw 
W(A(g, u)) Oy W(Ag, v)). 


34. [p(x, y) Dry. py, 2) 02 9 (a, 2)] [9 (@, y) Dry 9 Ly, x] Dg- 
[p (a, y) Oey 6(x, y)] Je-~O(u, v) Ow: W(A(g, u)) Ju W(A(g, v)). 


35. [W(A(y, u)) Oy W(AG, v))] Opa 9 (u, v). 
36. E(A(g)) Op. g(x, y) Oxy 9 (y, 2) Dz 9 (a, 2). 
37, E(A(g)) Se 9 (x, y) Sey g(y, x). 


8. The relation between free and bound variables. By a step 
in a proof we mean an application of one of the rules of procedure IV 
or V, occurring in the course of the proof. And in counting the number 
of steps in a proof, each step is to be counted with its proper multiplicity. 
That is, if a formula M is proved and then used r times as a premise for 
subsequent steps of the proof, then each step in the proof of M is to be 
counted 7 times. 

If M and N are well-formed and if N can be derived from M by suc- 
cessive applications of the rules of procedure I, IJ, and III, then M is said 
to be convertible into N, and the process is spoken of as a conversion of 
M into N. 

The formula N is said to be provable as a consequence of the formula M, 
if M is well-formed, and N could be made a provable formula by adding M 
to our list of formal postulates as a thirty-eighth postulate. Either of the 
formulas, M or N, or both, may contain free variables, since although none 
of our formal postulates contains free variables, there is, formally, nothing 
to prevent our adding a thirty-eighth postulate which does contain free 
Variables, 

We conclude by proving about our system of postulates the three 
following theorems: 
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THEOREM I. Suppose that M contains x as a free variable, and that =x.M 
is provable, and that N is provable as a consequence of M. Then, if N 
contains x as a free variable, the formula [M]Ox.N is provable. And if N 
does not contain x as a free variable, the formula N itself is provable. 

We shall prove this theorem by induction with respect to the number 
of steps in the proof of N as a consequence of M. 

If this number of steps is zero, then M is convertible into N, and, since M 
contains x as a free variable, so does N. Hence in this case [M]9,.N 
may be proved as follows. 

Before each formula we give a symbol which will subsequently be used 
in referring to it. And after each formula we give the means by which 
it is inferred, that is, the number of the rule of procedure and a reference to 
the premise or premises, or, if the formula is one of our formal postulates, 
the number of that postulate. 


B,: =x.M —provable by hypothesis. 
A,: {Ag X(g)} (Ax. M) —-IT], B,. 

A,: 2(y)OpH(y,9) —1. 

A;: (A IT(g, »)} (Ax. M) —V, A., A;. 
A,: [M)9,.M —II, A;. 

A;: [M]Ox.N —by conversion, from A,. 


Suppose now, as the hypothesis: of our induction, that our theorem is 
true whenever the number of steps in the proof of N as a consequence of 
M is not greater than m. And consider a case in which this number of 
steps is n+1. 

The last step in the proof of N as a consequence of M might be an 
application of Rule IV, with premise {F}(A) and conclusion =(F) or it 
might be an application of Rule V, with premises 7(F, G) and {F} (A) and 
conclusion {G}(A). In the former case, F might or might not contain x 
as a free variable, and A might or might not contain x as a free variable. 
In the latter case, F,G, and A each might or might not contain Xx as a free 
variable. All these possibilities must be considered separately. 

Case 1, the last step in the proof of N as a consequence of M is an 
application of Rule V, A is identical with x, and neither F nor G contains x 
as a free variable. We can prove [M]Ox.N as follows: 


B,: =x.M —provable, by hypothesis. 
A;: {4(c)X(o)} (2x.M)  —III,B,. 
Ay: (0) Ie. [(x) Dx yw) Dp. My, W) Oy. o(z) On W(x) = 3. 


Ay: {A0.[o(x) 029 (a)] Op- 19, W) Oy. 6(x) On W(x)} (Ax.M) —V, Ae, Ai 
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{i.0.[o(X) Dx 9(X)] Dp - Z(, YW) Dy - (XK) Ox Y(xK)} (Ax. M) = -—I, As. 
(2x. M} (x) Ox 9 (X)] Op - (gy, W) Dy « {Ax M} (XK) Ox WK) = —IT, Ay. 
[[M] Dx 9 (X)] Dp - W(y, W) Dw + {Ax~ M} (XK) Ox W(x) = TT, As." 

[[M] Dx 9 (X)] Dp - W(y, W) Ow [MJ Ox (x) = —II, As. 

(M] Dx {F} (x) —provable, by hypothesis of induction. 

{2 -(M] Ox (x)}(F)  —TILL, By. 

(Ap. (gy, W) Dy -(M] Ox W(x)}(F) = —V, A;, As. 


: I(F, YW) Ov. (MJ) Ixy (x) = —IIL, Ay. 


I1(F, G) —provable, by hypothesis of induction. 


: (Awi(F, w)}(@)  —III, By. 

> {Aw.[M] Dx w(x)} (@) —V, Ayo, Ais. 

. (M]O,{G}(x)  —II, Ap. 

> [MJO,.N —by conversion, from A,;, since {G}(x) is convertiable 


into N. 


Case 2, the last step in the proof of N as a consequence of M is an 
application of Rule V, and F contains x as a free variable, and G and A 
do not. We can prove N as follows: 


B.: 
A;: 
A,: 
A;: 


A,: 


=x.M —provable by hypothesis. 

{A02(0)} (Ax. M) —IIlI, B,. 

= (0) Do « y[o (ax) Dx y (a, y)] Do - [e(x) Dz (g(x), W)] Ov - 
[e(@@) Ie g(z, yO vty) —8. 

(AQ. Sy[o(x) Dz v(x, y)] Oo - [e(x) Dx A(y (x), W)] Dy - 
[o(x) Dx p(x, y)] Dy w(y)} (Ax. M)  —V, As, Ai. 

(Ae. Sy [o(x) Ox 9 (x, y)] De - [e (x) Dx W(y (x), Y)] Ow - 
[o(x) Dx p(x, y)] Dy W(y)} (Ax. M) = —I, As. 

Sy [{Ax. M} (x) Dx g(x, y)] Dp - [{2x- M} (x) Ox 7 (p(x), Y)] Ov - 
[{ax . M} (x) Ox y (x, y)| Oy wy) —Il, A,. 

~y [IM] Dx 9 (x, y)] Do» [{2x - M} () Dx T(p (x), Y)] Iv - 
[{2x.M} (x) Ox 9 (x,.y)] Dy wy) IIL, As. 

=y [IM] Ix 9 (X, y)] Do - [IM] Dx 7(p (x), Y)] Dv - 

[i4x. M} (x) Ox p(x, y)] Oy vy)  —II, Ac. 

~y [IM] Dx 9 (x, y)] Do - LM] Dx 1(y (x), Y)] Ov - 

[[M] Dx w(x, y)| Oy Wy) —II, A,. 





“Evidently, we may suppose, without loss of generality, that M does not contain x as 
a bound variable, because, if the formula M did contain x as a bound variable, it would 
be convertible into a formula M’ which did not contain x as a bound variable. A similar 
remark applies frequently below. 








360 A. CHURCH. 


B,: [M] Ox {F} (A) —provable, by hypothesis of induction. 
Ay: [M] Dx {2x. F} (x, A) —ITlI, B,. 

Ay: {4y-[M] Ox {2x F} (x, y)} (A) —TIIT, Ag. 

Ai: Sy-(M) Ox {Ax. F} (x, y) —IV, Ajo. 

Ai: {AgSy~[M] Ox v(x, y)} (AX. F) —ITI, A;;. 


Ais: (29 - [IM] Dx 27(9(x), #)] Dv- 

[[M] Dx 9 (x, y)] Dy Y(y)} AX- F) —V, As, Ars. 
Ais: [[MJDx 77({2.x.F} (x), ¥)] Ow [IM] Ox {Ax-F} (x, yJOyw(y) —IL As. 
Ays: [[M] 9x 7(F, W)] Dy - [[M] Ox. {(2x- F} (x, y)J Oy wy) = —T, Au. 
Axo: [[M] 9x 7(F, W)} Ow - [MJ Dx {F} Y] Oy YY) —II, Ajs. 


B;: [M] 9, 77(F, G) —provable, by hypothesis of induction. 
A,,: {A y. [M] Ox (fF, W)} (G) —IIl, B;. 
Ay: {Zw [[M] Ox (F} (y)] Oy w(y)} (@) —V, Aig, Aiz. 


Ayo: [[M] Dx {F} (y)] Ox {G} (y) —II, Ais. 
Aso: {Ay~[M] Ox {F} (y)} (A) —III, B. 
Az: {Ay {G} (y)} (A) —V, Ajo, Aro. 

Azz: {G} (A) —II, As. 

N —by conversion, from Ags. 


Case 3, the last step in the proof of N as a consequence of M is an 
application of Rule IV, A is identical with x, and F does not contain x 
as a free variable. By hypothesis, >x.M is provable, and from it, by 
conversion and an application of Rule IV, we can obtain Sy. g(Ax.M). 
Therefore, using Postulate 9, we can prove y(A4x.M) Og 2(). And hence, 
using Postulate 5, we can prove f(x, 42x. M)Ox% =(/(x)). Moreover >x.M 
becomes by conversion =x. {Ayig.g(y)} (x, 4x.M), and this combined 
with the preceding yields {Ay Ap. (y)} (x, 4x. M) Ox S({AyAp. y(y)} (). 
And this last formula becomes by conversion [M] Dx {4x E(x)} (x). 

Now using Postulate 3, since =x.M is provable, we can obtain 
[[M] Dx y (x)] Dg - Ty, W) Dy -[M] Dx w(x). Hence, using the last formula 
in the preceding paragraph, we can prove 17/(Ax E(x), W) Oy - [M] Ox Y(X). 
And hence, using Postulate 9, we can prove [M| Dx. (x) Op 2(¢). 

Thus we are able to prove [M] D, 7(F’, G’), where F’ stands for 29-9 (2) 
and G’ for 4~X(y). And, by the hypothesis of our induction, we are 
able to prove [M] Dx {F’} (A’), where A’ stands for F. Therefore, by the 
method of Case 2, we can prove {G’}(A’), and from it by conversion, N. 

Case 4, the last step in the proof of N as a consequence of M is an 
application of Rule 1V, and A contains x as a free variable, and F does 
not. Since {F} (A) is convertible into {2x {F} (A)} (x), we are able, by the 
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method of Case 3, to prove =x. {F}(A). This last formula is convertible 
into Sx. {F} ({4x. A} (x)). -Hence, using Postulate 10, we can prove >(F) 
and from it by conversion, N. 

Case 5, the last step in the proof of N as a consequence of M is an 
application of Rule IV, and F contains x as a free variable, and A does 
not. By the hypothesis of our induction, we can prove [M] Ox {F} (A). 
Hence we can prove E(A), and hence, using Postulate 9, y(A) Dy 2(¢g). 
And combining this result with Postulate 5, we can obtain f(a, A) Oye S(f(a)). 

Now, by the method of Case 3, we can prove =x - {F} (A) which is con- 
vertible into =x.{4x.F}(x, A). Combining this with the preceding, we 
can obtain {Ax.F} (x, A) Dx 2({Ax.F}(x)). And this is convertible into 
(F} (A) Ox =(F). 

Thus we are able to prove J7(F’,G’) where F’ stands for 4x. {F} (A) 
and G@’ stands for 2x=(F). And, by the hypothesis of our induction, we 
are able to prove [M] Ox {F’} (x). Therefore, by the method of Case 1, we 
can prove [M] Dx {G’}(x), and from it by conversion, [M] Dx. N. 

Case 6, the last step in the proof of N as a consequence of M is an 
application of Rule [V, and F contains x as a free variable, and A is 
identical with x. By hypothesis, =x.M is provable, and, by the hypothesis 
of our induction, [M] Dx {F}(x) is provable. Therefore, by the method of 
Case 3, we can prove =x. {F}(x), and this is convertible into =x. {Ax.F} (x, x). 
Hence, using Postulate 11, we can obtain {F}(x) Dx =(F). 

Thus we are able to prove /(F’, G’) where F’ stands for 2x. {F} (x) 
and G’ stands for 4x2=(F). And, by the hypothesis of our induction, we 
are able to prove [M] Ox {F’}(x). Therefore, by the method of Case 1, we 
can prove [M] D, {G@’}(x), and from it by conversion, [M] Ox. N. 

Case 7, the last step in the proof of N as a consequence of M is an 
application of Rule IV, and both F and A contain x as a free variable. 
By the hypothesis of our induction, [M] Dx {F}(A) is provable, and this is 
convertible into [M] Dx {4y{F}({4x. A}(y))}(x). Therefore, by the method 
of Case 6, we can prove [M] Dx Sy. {F}({Ax. A} (y)). 

This last formula is convertible into [M] Dx {Ag2y.-9({4x- A} (y))} (F). 
Therefore, by the method of Case 4, we can prove Sp2y.g({4x- A} (y)). 
And, combining this with Postulate 10, we can obtain Sy[p({2x-A}(y))] 0¢ (9). 
And hence, combining with Postulate 5, we can obtain 


Sy + [F(w, {4x A} Y)] Ove =(7@). 


By the method of Case 3, using [M] Dx Sy. {F}({4x.A}(y)), we can prove 
2x2y.{F}({2x.A} (y)) and this is convertible into x Zy. {Ax.F} (a, {4x-A}(y)). 
Combining this last formula with the formula at the end of the preceding 
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paragraph, we can obtain Sy[{2x.F}(a, {4x-A}(y))] Ox 2({2x. F} (2)), 
And this is convertible into Sy[{F}({4x . A} (y))] Dx S(F). 

Thus we are able to prove J7(F’, G’) and [M] Dx {F’}(x) where F’ stands 
for Ax Sy. {F}({4x.A}(y)) and G stands for 4x2(F). Therefore, by the 
method of Case 1, we can prove [M] Dx {G’}(x), and from it by conversion, 
[MM], . N. 

Case 8, the last step in the proof of N as a consequence of M is an 
application of Rule V, and A contains x as a free variable, and F and G 
do not. By the hypothesis of our induction, [M] Dx {F}(A) is provable. 
Hence, by the method of Case 4, we can prove =(F). And, by the 
method of Case 3, we can prove =x. {F}(A), which is convertible into 
=x. {F} ({2x. A} (x)). 

Also, by the hypothesis of our induction, (F,G) is provable. Hence, 
using Postulate 5, we can obtain {F} (/(x)) Dye {G} (f(x)) and from this, using 
=x. {F}({2x.A}(x)), we can obtain {F}({2x. A}(x)) Ox {G} ({Ax. A} (x). 

From this last formula, using Rule II, we can obtain 7(F’, G’), where F’ 
and G’ stand respectively for 4x. {F}(A) and 2x. {G}(A). And, applying 
Rule III to [M] Dx {F}(A), we can prove [M] OD, {F’}(x). Therefore, by the 
method of Case 1, we can prove [M] Dx {G’}(x) and from it by conversion, 
[M] 9x. N. 

Case 9, the last step in the proof of N as a consequence of M is an 
application of Rule V, and G contains x as a free variable, and F and A 
do not. By the hypothesis of our induction, {F}(A) is provable, and hence, 
using Postulate 2, 1(F, w) Dy W(A) is provable. 

Also, by the hypothesis of our induction, [M] D, 27(F, G) is provable, and 
from this by conversion we can obtain [M] Dx {4 w17(F, w)} (@). 

Thus we can prove //(F’, G’) and [M] 9, {F’}(A’) where F’ stands for 
Aw iI(F, w) and G’ stands for 2w.w(A), and A’ stands for G. Therefore, 
by the method of Case 8, we can prove [M] 9, {G@’}(A’) and from it by 
conversion, [M] 9, .N. 

Case 10, the last step in the proof of N as a consequence of M is an 
application of Rule V, and F and G contain x as a free variable, and A 
does not. We can prove [M]),.N as follows: 


B,: =x.M —provable, by hypothesis. 

A,: {Ae2(e)} (Ax. M) —III, B,. 

Az: 2(e) De. Fy[e(x) Deg (a, y)] Do - [e (x) Dx Wp (x), W(x))] Dv - 
[e (a) Ja 7 (x, y) Oy is o (x) Je (a, y) <i 


As: (29. 2y[e(x) Dz 9(z, Y)| Og + [e (x) Dx (p(x), W(ax))] Dy - 
[e (x) Dx p(x, y)] Dy +e (2) Dx W(x, y)} (Ax. M) = —V, As, Ai. 
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(20. Sy[o(X) Ox (Xx, y)] Dg - [e(X) Dx A (v(x), WOX)] Dy - 

[o(x) Dx p(X, y)] Dy + @(X) Dx W(X, y)} (Ax. M) = —I, As. 

Sy[{ax. M} (x) Dx G(X, y)] Dp - [4x - M} (XK) Ox Zp), W(X))] Oy - 
[{Ax. M} (x) Dx p(X, y)] Oy {4x ~ M} (x) On w(K, y) = — TT, Ay. 
Sy [[M] Ox 9 (x, y)] Op - [{4x- M} OK) Ox (p(x), Y(X)] Oy. 

[{Ax. M} (x) Dx 9 (XK, y)] Dy. {4x.M} (KX) Ox W(X, y) = — II, As. 

Sy [[M] Dx 9 (x, y)] Do - [IM] Dx Z(y (x), Y(x))] Dy - 

[{2x. M} (x) Dx p(X, y)] Dy {4x~ M} (x) Ox W(X, y) = — II, Ag. 


Sy [[M) Ox 9 (x, y)] De - [1M] Dx Tp), Y(®)] Dv - 


[IM] Dx 9 (x, y)] Dy - {2x M} (x) Ox W(X, y) —II, A,. 


: Sy [IM] Ix 9, y)] Do - IM] Dx 7p), YOO)] Dy. 


[[M] Dx 9 (x, y)] Dy - [M] Dx W(X, y) —II, Ag. 


> [M] Dy {F} (A) —provable by hypothesis of induction. 
> [M] Dx {4x. F} (x, A) —IIl, B,. 

: {Ay.[M] Ox {Ax. F} (x, y)} (A) = —TII, Aw. 

: Zy.[M] Ox {4x. F} (x, y) —IV, Ay. 

: {Ap Sy~[M] Ox 9 (x, y)} (AX. F) —III, Aj:. 

> {Ag + [[M] Dx 7 (9 (x), Y(%)] Dw + [IM] Dx 9 (x, y)] Dy - 


[M] Dx w(x, y)} (Ax. F)  —V, Ao, Ais. 


[IM] Dy 17 ({2.x . F} (x), YOX)] Dy - [IM] Dx {2x F} (x, y)] Dy 


(M] Dx w(x, y) —II, Ay. 


5: [IM] 9D, (F, w(x))] Dy - [[M] Dx {4x . F} (x, y)] Oy - 


[M] Ox W(x, y) —Il, A,;. 


7: [LM] Dx 7(F, w(x))] Dy - [TM] Dx {F} (y)] Oy-[M] Dx Y(x, y) = II, Aus. 
: [M]O,27(F,G) = —provable, by hypothesis of induction. 

: (MJD, Z(F, {4x.G}())  —III, B. 

: {Aw.(M]Ox 7(F, w(x)} (@x.G)  —III, Ais. 

: {Aw [IM] Dx {F} (y)] Dy - [M] Dx w(x, y)} (2x. G) —V, Aiz, Ais. 
a: [[M] Dx {F} (y)] Oy - [M] Dx {4x.G} (x, y) —II, Aso. 

> [[M] Dy. {F} (y)] Dy. [M] Dx {G} (y)  —Il, As. 

: {Ay.[M] Dx {F} (y)} (A) —TI, By. 

(Ay. [M] Ox {G} (y)} (A) —¥, Ass, A;;. 

> [MJ Ox {G} (A)  =—II, Ags. 

> [(MJOx.N == —by conversion, from Ass. 


Case 11, the last step in the proof of N as a consequence of M is an 
application of Rule V, and F and G and A all three contain x as a free 
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variable. We include, in particular, the case that F and G both contain x 
as a free variable and A is identical with x, since there is. nothing to be 
gained by treating this case separately. By the hypothesis of our in- 
duction, [M], {F} (A) is provable, and this is convertible into 


[M] Dx {Aa fay. Sy Fl} (a, {A4y. Sy Al} (@))} &). 


Therefore, by the method of Case3, wecan prove Sx {Zy.Sy Fl} (x, {A4y.Sy Al} (2)). 
Hence, using Postulate 7, we can prove 


(Ay. Sy FI} (x, {4y-Sy Al} (x)) Dx. 1 ({4y-Sy FI} (@), W(@)) Dw W (@, (Ay. Sy Al} (x), 
and this is convertible into 


{F} (A) Dx. T(F, y (x) Oy W(x, A). 


And hence, by the method of Case 1, since [M] Dx {F} (A) is provable, 
we can prove [M] Dx. Z7(F, w(x)) Dw w(x, A). 

Thus we are able to prove [M] Dx 7(F’,G’) where F’ stands for 4 7(F, (x)) 
and G’ stands for Aw. w(x, A). And, by the hypothesis of our induction, 
we are able to prove [M] Ox {F’} (A’), where A’ stands for 27.G. There- 
fore, by the method of Case 10, we can prove [M] Dx {G’} (A’) and from 
it by conversion, [M] Dx .N. 

Case 12, the last step in the proof of N as a consequence of M is an 
application of Rule V, and F and A both contain x as a free variable, 
and G does not contain x as a free variable. As before, A may, in 
particular, be identical with x. By the hypothesis of our induction, 
[M] Dx {F} (A) is provable, and this is convertible into [M] Dx {Ay . »(A)} (F). 
Therefore, by the method of Case 7, we can prove [M] Ox =.9(A), and 
this is convertible into [M] Dx {Az E(x)}(A). Hence, using Postulate 2, 
and the method of Case 8, we can prove [M] Dx. (A) D9. (9, W) Dy WA). 
And hence, by the method of Case 11, since [M] Dx {F} (A) is provable, 
we can prove [M] Dx. Z(F, W) Dy w(A). 

Thus we are able to prove [M] Dx 17(F’, G’) where F’ stands for 2 ZI(F, ) 
and G’ stands for 2y.w(A). And, by the hypothesis of our induction, 
we are able to prove [M] Ox {F’} (A’) where A’ stands for G. Therefore, 
by the method of Case 10, we can prove |[M] Dx {G’}(A’), and from it by 
conversion, [M]D,.N. 

Case 13, the last step in the proof of N as a consequence of M is an 
application of Rule V, and A is identical with x, G contains x as a free 
variable and F does not. By the hypothesis of our induction, [M] Ox {F}(«) © 
is provable, and this is convertible into [M] Dx {Ay . y(x)}(F). Therefore, 
by the method of Case 5, we can prove [M] Dx 2». (x) and this is con- 
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yertible into [M]Dx E(x). Hence, using Postulate 6, and the method of 
Case 1, we can prove [M] Dx. (x) Op - Z(g, Y(x)) Oy w(x, x). And hence, 
by the method of Case 10, since [M] Dx {F} (x) is provable, we can prove 
(M] Ox W(F, W(x) Oy w(x, x). 

Thus we are able to prove [M] Dx 27(F’, G’) where F’ stands for 4 w 17(F, w(x), 
and G’ stands for 4w.w(x, x). And, by the hypothesis of our induction, 
we are able to prove [M] Ox {F’} (A’) where A’ stands for 4x.G. There- 
fore, by the method of Case 10, we can prove [M] Ox {G’} (A’) and from 
it by conversion, [M] Dx. N. 

Case 14, the last step in the proof of N as a consequence of M is an 
application of Rule V, and G and A both contain x as a free variable, 
and F does not conta x as a free variable. By the hypothesis of our 
induction, we can prove [M] Dx {F} (A) and hence, by the method of Case 4, 
we can prove 2(F). Hence, using Postulate 5, we can prove J/(F, W) Dy. 
{F} (f(z) Dye W(f(x)). And, by the hypothesis of our induction, we 
can prove [M] Dx 7 (F, G), which is convertible into [M] Dx {Ay J/ (F, w)} (). 
Thererore, by the method of Case 8, we can prove 


(M] Dx {Ay - {F}(/(@)) Ope WF @))} @), 


which is convertible into [M] Dx . {F} (f(x)) Dye {G} (7 (@)). 
Moreover, by conversion from [M] Dx {F} (A) we can prove 


[M] Dx {Aa {F} ({4x. A} (x))} (), 


and therefore, by the method of Case 3, we can prove 2x. {F} ({2 x. A} ()). 
Hence, by the method of Case 9, using the formula at the end of the 
preceding paragraph, we can prove 


[M] Dx» {F} ({2x. A} (2) Dx {G} ({2x- A} (a)). 
Hence, using [M] Dx {4 x. {F} ({4x. A} (x))} (x) and the method of Case 13, 
we can prove 
[M] Dx {Ax. {G} ({2x. A} (x))} (x). 


And hence finally, by conversion, we can prove [M]Dx.N. 

Case 15, the last step in the proof of N as a consequence of M is an 
application of Rule V, and neither F nor G nor A contains x as a free 
variable. By the hypothesis of our induction, 7(F,G) and {F} (A) are 
both provable. Hence, using Rule V, {G} (A) is provable, and from it by 
conversion, N. 

Case 16, the last step in the proof of N as a consequence of M is an 
application of Rule IV, and neither F nor A contains x as a free variable. 
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By the hypothesis of our induction, {F}(A) is provable. Hence, using 
Rule IV, =(F) is provable, and from it by conversion, N. 

CoROLLARY. Suppose that M contains x and y as free variables and that 
=x Zy.M is provable, and that N is provable as a consequence of M. Then 
if N contains neither x nor y as a free variable, the formula N is a provable 
formula. If W contains y as a free variable, the formula [M] Oxy .N is a 
provable formula. And if N contains x as a free variable, the formula 
[M] Oyx.N as a provable formula. 

And similarly for cases where M cotains a greater number of free 
variables, 


THEOREM II. Jf =(F) is provable, and G does not contain x as a free 
variable, and {G} (x) is provable as a consequence of {F} (x), then IT(F, G) 
is provable. 

For, using Postulate 12, we can prove >x.{F}(x). Therefore, by 
Theorem I, {F} (x) Dx {G} (x) is provable. And hence, using Postulate 13, 
we can prove /7(F, G). 


THEOREM III. Jf =(F) is provable, and N does not contain X as a free 
variable, and N is provable as a consequence of {F} (x), then N is provable. 

For, using Postulate 12, we can prove >x.{F}(x). Therefore, by 
Theorem I, N is provable. 


Moreover it is readily seen that if our rules of procedure are to be 
Rules I—V and if Theorems II and III are to be true of our system then 
Postulates 1— 13 must be, if not postulates (as we have taken them to 
be), at least provable formulas. 
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CIRCUITS UPON POLYHEDRA.* 


By CLARENCE N. ReyNoLDs, Jr. 


Introduction. In this paper we shall restrict ourselves to the con- 
sideration of figures homeomorphic with simply connected convex polyhedra. 
That is to say, we shall be concerned with maps of sets of regions on 
a simply connected closed surface subject to the conditions that (a) no 
region shall be multiply connected and (6) no pair of adjoining regions 
shall form a multiply connected whole. 

With reference to these maps, we shall study the conditions under which 
it may be possible to introduce closed unicursal curves which either (a) 
pass once and only once through each region of our map or (b) pass along 
some of the boundaries of our map in such a way as to pass once and 
only once through every vertex of our map. These closed curves, when 
oriented, will define sequences of regions, or vertices, which we shall refer 
to as complete cyclic sequences of regions, or of vertices. 

In a recent paper’ by Hassler Whitney, he has shown that complete 
cyclic sequences of regions exist in all cubic polyhedral maps containing 
no multiply connected sets of three regions, and therefore no triangles. 
Our theorems are less significant since they are reduction theorems, reducing 
a question concerning a given map to a similar question concerning a map 
which may be almost as difficult to work with as is the original map. 
Referring, however, to Briickner’s catalog of cubic convex polyhedra’ we 
find that he lists n(f) polyhedra of f faces each, of which ¢(/) polyhedra 
contain one or more triangles, where (4) = ¢(4) = 1; n(5) = ¢(5) = 1; 
n(6) = 2, (6) =1; n(7) = 5, t(7) = 4; n(8) = 14, ¢(8) = 12; n(9) = 50, 
t(9) = 45; n(10) = 232, ¢(10) = 220. Since our complete cyclic sequences 
of regions are found by experiment to exist in all of these 305 polyhedra 
and since 284 of these do not satisfy Dr. Whitney’s hypothesis, we have 
remaining the task of studying what appears to be, judging from an unfair 
sample, a remainder of 93 per cent of the class of convex polyhedra. 

After having derived some necessary and sufficient conditions for the 
existence of complete cyclic sequences, we shall apply our results to earlier 
studies of polyhedra, and to the problem of coloring in four colors the 
map of any set of regions on a simply connected closed surface. 

1, Cyclic sequences of regions. When dealing with polyhedral maps 
of degree 3 (each of whose vertices is incident with three boundaries) we 

“Received November 17, 1930, presented to the American Mathematical Society, Sep- 
tember 9, 1980. 

' Hassler Whitney, A theorem on graphs, Annals of Mathematics, vol. 32, p. 378. 


*Vielecke und Vielflache, Teubner, Leipzig, 1900. 
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shall describe the immediate neighborhood of a boundary by indicating 
whether any one of its four neighboring regions is a region by which a 
given complete cyclic sequence of regions enters, leaves, enters and leaves, 
or does not enter nor leave the neighborhood of our boundary; by asso- 
ciating with our neighboring regions the symbols +, —, +, and 0 respec- 
tively. Thus, the neighborhood illustrated is described by the symbol 
(+, —; 0, +) the symbols being associated with regions in the order (a, b; c, d). 
Two neighborhoods will, from our point 
of view be considered equivalent if the 
a symbol of one can be obtained from that 
of the other (a) py interchanging the first 
two symbols, or the last two symbols; 
Fig. 1. (b) by reversing the order of the four 
symbols or (c) by changing all of the 
signs (i.e. by changing the orientation of the directed sequence of regions). 
Since with reference to any given complete cyclic sequence of regions, 
the neighborhood of any boundary must have as many points of egress 
as of ingress the number of plus signs in a given symbol must be equal 
to the number of minus signs in the symbol. Therefore, to secure a degree 
of symmetry in the matrix to be defined later, we shall order or alpha- 
betize our symbols in the order (+, +, 0, —) whenever dealing with 
the regions a and b and in the reverse order (—, 0, +, +) when dealing 
with the regions c and d. We are now in a position to state 
THEOREM 1. The necessary and sufficient condition that a cubic polyhedral 
map of a regions shall contain a complete cyclic sequence of regions is that 
it contains at least one boundary, the erasure of which yields a cubic map 
of a—1 regions containing at least one complete cyclic sequence of regions 
with respect to which the deleted boundary is not of the type (+, 0; +, +). 
Proof. The possible distinct types of neighborhoods are indicated in 
the accompanying matrix. Here impossible combinations of symbols are 
indicated by zeros when the impossibility is implied by unequal numbers 
of plus and minus signs in the symbol; and by crosses when it is found 
by experiment to be impossible to construct such a neighborhood for 
a complete sequence of regions in 





(a, b\; ¢, d) 5 =, =) ; ==, @ } —, 2) Pax +) ; 0, 0) 3 0, +) ; +, +) 
(+, = 0 xX a 0 0 0 0 
(+, 0 0 a a* (a—1) 0 0 0 0 
r= s 0 0 x x a a* (a—1) 
(+, a 0 0 0 x x x P 
cS; 0 0 0 0 a x x (a—1) 
(0, 0 0 0 0 a* (a—1) a x x 
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either a complete map of a regions or in our deleted map of a—1 regions, 
without (a) missing some regions entirely (b) entering some regions with 
no possible exit, or (c) having two similarly directed arcs of a unicursal 
closed curve on a sphere, within each other’s neighborhood. 

Whenever a given combination of symbols is possible with reference 
to a complete cyclic sequence of regions in our original (reduced) map 
of a, (a—1) regions, we have an a, (a—1), entered in our matrix. 
Whenever a combination of symbols for a given boundary implies that 
the corresponding complete sequence crosses the boundary in question, 
that fact is indicated by a star in our matrix. 

From our matrix, we now see that if a complete cyclic sequence of 
regions exists in a cubic map of a regions then the erasure of an edge 
crossed by our circuit yields a map of a—1 regions containing a complete 
cyclic sequence of regions with respect to which the deleted boundary is 
not of the type (+, 0; +, +). Conversely, if the erasure of any 
boundary of a cubic map of a regions yields a map containing a complete 
cyclic sequence of regions with respect to which the neighborhood of our 
deleted boundary is not of the type (+,0; +, +) then the replacement 
of the boundary makes possible the construction of a complete cyclic 
sequence of regions in our original map. 

2. Cyclic sequences of vertices. We now develop a somewhat 
trivial theorem similar to the preceding theorem and applicable to com- 
plete cyclic sequences of vertices. This theorem will be proven by a similar 
process of erasing or deleting boundaries. 
By an extended neighborhood of the 
boundary we shall refer to the set of 
not more than thirteen boundaries each 
of which has at least one end point 
incident with the five lines which are in 
turn incident with the extremities of our 
deleted boundary. If a cubic map of a 
regions contains no boundary the erasure Fig. 2. 
of which yields a cubic map of a—1 
regions containing no complete cyclic sequence of vertices, then the com- 
plete cyclic sequence in the reduced map must enter and leave the extended 
neighborhood of our deleted boundary, either two, three, or four times. Let 
these types of extended neighborhoods be denoted by Mz, Ms and M,. 
We can now prove 

THEOREM 2, A necessary and sufficient condition that a cubic map of a 
regions contain a complete cyclic sequence of vertices is that the map contain 
at least one boundary, the erasure of which yields a reduced map of (a—1) 
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regions containing at least one complete cyclic sequence of vertices with respect 
to which the neighborhood of the deleted boundary is of type Mg. 

Proof. To prove our condition necessary we have only to erase from 
a cubic map of a regions containing a complete cyclic sequence of vertices, 
a boundary which is not included between two consecutive vertices of 
our cyclic sequence of vertices. The resulting extended neighborhood will 
be of type Mz. The proof of sufficiency follows immediately from the 
definition since we can, in an extended neighborhood of type Mg replace the 
erased boundary and the cyclic sequence of vertices which was complete with 
respect to the reduced map will be complete with respect to the original map. 

3. Neighborhoods of regions. Turning now to the neighborhoods 
of regions, by which phrase we shall refer to the sets of distinct regions 
in contact with a single central region, we can describe the relation of 
such a neighborhood to any complete cyclic sequence of regions by means 
of the symbols +, —, + and 0 just as we did in dealing with neigh- 
borhoods of boundaries. We can delete any of those polygons of fewer 
than six sides, of which some exist in any cubic map, by erasing one 
boundary. The possible types of resulting neighborhoods are the following: 


(0, 0, 0), (+, 1 0), (+, “oe +), (+, +, +); (0, 0, 0, 0), 
(+, —, 0,0), (+, 0,—,9), (+, —, +,—), (+, —, +, 90), (+,+,—,9), 
(+, i +, +), (+, +, we +), (+, +, 2, +)’; (0, 0, 0, 0, 0), 
(+, a 0, 0, 0), (+, 0, 39 0, 0), (+, ae: +, a. 0), (+, ies +, 0, 0), 
(+, ae 0, Se, 0), (+, +, ~~ y 0, 0), (+-, a 0, me. 0), (+, ae, +; me. +), 
(+, —, +, +, 9), (+, 2B, +)*, (+,+,—,0, +), (+,+, +,—,0), 
(+, a +, +, +), (+, &, rey +, +), (+, +, =, +, +)*. 


Upon drawing all of the corresponding diagrams, we find it possible to 
find closed curves which define, simultaneously, cyclic sequences of regions 
in the original and in the reduced maps, in all cases excepting only those 
in the above list which are starred. Hence our 

THEOREM 3. The necessary and sufficient condition that a cubic map 
of a regions contain a complete cyclic sequence of regions is that there exist 
at least one boundary of a region of fewer than six sides, the erasure of 
which yields a cubic polyhedral map containing at least one complete cycli 
sequence of regions with respect to which the neighborhood of the former 
“region of fewer than six sides” is not of one of the types: (+, +, +), 

4, Irreducible maps. If we assume the completeness of the catalog 
of cubic polyhedra of no more than 10 faces published by Briickner in 
1900° then we easily find experimentally that every such polyhedron 

3 Loc. cit. 2, 
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represents a map containing a complete cyclic sequence of regions. On 
the other hand, the eleven faced polyhedron (Fig. 3) obtained by truncating 
the six vertices of a triangular prism with triangular faces, contains no 
such cyclic sequence since the hypotheses of Theorems 1 and 3 are not 
satisfied by this figure which reduces to Briickner’s polyhedron X,. 

















Ps si 


Fig. 3’. 


Fig. 3. 


The polar reciprocal of this map (Fig. 3’) is a map (non-cubic) containing 
no complete cyclic sequence of vertices. Every cubic vertex of this map 
is joined by each incident boundary to a non-cubic vertex. In this figure, 
and in Fig. 4’, arrowheads represent boundaries incident with a single 
vertex “on the other side of the sphere”. 

From our definitions it follows that if a given map contains no complete 
cyclic sequence of regions, its polar reciprocal map will be a map con- 
taining the same number of boundaries and containing no complete cyclic 
sequence of regions. Let us now consider the two types of sequences 
simultaneously and consider those maps with no complete sequence of 
regions (or vertices) and which have as few boundaries as any other such 
map. These maps, we shall, by analogy with the four-color problem, call 
irreducible maps with respect to complete cyclic sequence of regions (or 
vertices). In these maps we have no boundaries separating pairs of polygons 
each having more than three sides (joining pairs of vertices each of degree 
greater than three) for in such cases, the boundaries may be erased (con- 
tracted to a point) without producing polygons of two sides (vertices of 
degree two). Therefore, in these maps, any polygon of more than three 
sides (vertex of degree greater than three) is surrounded by triangles 
(vertices of degree three). 
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A second pair of polar reciprocal maps (represented in Figs. 4 and 4’) 
having no complete cyclic sequence of regions, or vertices, respectively, 
is due to Professor Orrin Frink. The map in Fig. 4 has fewer boundaries 
than that in Fig. 3, but, since its vertices are not all of degree 3, it does 











Fig. 4. 
Fig. 4’. 

not fall within the scope of our Theorems 1 and 3. Professor Frink’s 
two maps do, however, possess the property just proven for irreducible 
maps. Nevertheless, they have not been proven irreducible. Assuming, 
as above, the accuracy of Briickner’s catalog of cubic polyhedral maps, 
Fig. 3, is irreducible with respect to complete sequences of regions in 
cubic polyhedral maps. 

5. Application to the four-color problem. The necessary and 
sufficient condition that it be possible to divide the regions of a cubic 
map into two simply connected sets of regions such that the regions of 
one set may be colored in two colors a and b while the regions of the 
other set are colored in two other colors c and d, is that the cubic map 
shall contain a complete cyclic sequence of vertices. This follows im- 
mediately from our definitions and seems to be well known. So far as 
known, every cubic map satisfies this condition. If there exist no cubic 
maps which are irreducible with respect to complete cyclic sequences of 
vertices, then any cubic map may be colored in four colors. It is known 
that if all cubic maps may be colored in four colors, then all maps of 
sets of regions on a simply connected closed surface may be so colored.‘ 
Thus we have another unsolved formulation of the four-color problem. 

* For a list of the known reductions of the four-color problem, see the author’s paper, “On 
the Problem of Coloring Maps in Four Colors, IL”, Annals of Mathematics, vol. 28, pp. 477-492. 


West VirGiniA University, Morgantown, W.Va. 








GROUP INVARIANTS AND TORSION COEFFICIENTS.' 


By ArtTHuR B. Brown. 


1. Introduction. The paper is largely expository. We consider two 
sets of invariants of finite Abelian groups; proofs of their uniqueness; 
relation to each other, to the Poincaré numbers of an infinite group with 
a finite number of generators, and to torsion coefficients in analysis situs. 
A possible alternative choice of the torsion coefficients is mentioned, not 
equivalent to the usual one. 

2. Invariants of finite Abelian groups. Given a finite Abelian 
group G, a base® can be found whose elements £ satisfy either (in general 
not both) of the following conditions: (a) the orders of the Z’s are powers 
of primes; (b) the order of any # divides the orders of all EZ’s of higher 
orders. The orders of the E’s will be called the Gauss invariants of G 
if (a) is satisfied; the Schering invariants if (b) is satisfied. The invariants 
so named were first described by Gauss*® and Schering* respectively, but 
were first proved to be unique by Frobenius and Strickelberger.’ The 
Schering invariants are called “the invariants’ by Frobenius-Strickelberger, 
Bianchi, Hilton, Miller-Blichfeldt-Dickson; the Gauss invariants are called 
“the invariants” by Weber® and Speiser.’ 

The uniqueness of the Gauss and Schering invariants are established by 
similar proofs. We mention four brief proofs. 

First proof. This proof makes use of a sub-group of elements which 
are fixed powers of elements of G. It was given by Weber,® and is found 
in the books of Weber, Bianchi, Hilton and Speiser. 





"Received May 10 and November 1, 1931. Presented to the American Mathematical 
Society, September 8, 1931. 

>The word “base” is used to denote a set of elements which generate G, and satisfy 
no relations other than those stating that they are of finite orders greater than unity. 
Cf. A. Speiser, “Die Theorie der Gruppen von endlicher Ordnung”, second edition, Berlin, 
1927, page 46. 

°C. F. Gauss, “Démonstration de quelques théortmes concernant les périodes des classes 
des formes binaires du second degré” (1801). Werke, vol. 2, pp. 266-268. 

‘E. Schering, “Die Fundamental-Classen der zusammensetzbaren arithmetischen Formen”. 
Abh. d. Kgl. Ges. d. Wiss. zu Géttingen, vol. 14 (1869). Gesammelte Werke, pp. 135-148. 

°G. Frobenius and L. Strickelberger, ‘Ober Gruppen von vertauschbaren Elementen”. 
Journ. f. d. reine u. angewandte Math. (Crelle Journal), vol. 86 (1879), pp. 217-262. 

°H. Weber. “Algebra”, vol. 2, second edition (1899), pp. 45-47. 

Loe, cit., p. 50. 

*H. Weber, “Theorie der Abel’schen Zahlkérper”. Acta Mathematica, vol. 9 (1887), 
PP. 105-130 (106-109). 
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The next three proofs were actually given in a more general case, 
mentioned in § 3, but also apply here. 

Second proof. In this proof, starting with two different bases, we in- 
crease each step by step till it contains all the elements of the other, 
(The resulting “base” will of course not be a base in the sense described 
above.*) This proof was given by Tietze,® also by Alexander.’® 

Third proof. In this proof, due to Alexander,’* one considers the 
number of elements which are independent “modulo m”, for different 
values of m. 

Fourth proof. This proof, depending on properties of linear independence, 
is in the second edition of Veblen’s “Analysis Situs’’.’* 

Remark 1. Jf the order of a finite Abelian group is a power of a prime, 
the Gauss invariants are the same numbers as the Schering invariants. 

This follows from the definitions, and the fact that the order of any 
element of the group must be a power of the prime. 

RuLE 2. Given the Schering invariants of a finite Abelian group, let 
each be factored into a product of powers of distinct primes. The totality 
of numbers so obtained are the Gauss invariants of the group. 

This result follows from the first part of Theorem 48 in Speiser, 
loc. cit. 

For example, if the Schering invariants are 3, 3, 18, the Gauss 
invariants will be 2, 3, 3, 9. 

RULE 3. Given the Gauss invariants of a finite Abelian group, let D, denote 
the highest common factor of all the products of r distinct (but not necessarily 
unequal) members of the set of invariants. Let dj = Dj+1/Dj, Dj+1, Dj +9. 
Those of the numbers d; not equal to unity are then the Schering invariants 
of the group. 

Proof. This follows from the fact that the Schering invariants can 
be determined as the invariant factors of the matrix of powers (coefficients, 
under Veblen’s notation) in a set of generating relations for an arbitrary 
set of elements which generate the group.’® 

Remark 4. While the Gauss invariants of the direct product of two 
Jinite Abelian groups are simply the set of numbers obtained by adjoining 





°H. Tietze, “Uber die topologischen Invarianten mehrdimensionaler Mannigfaltigkeiten’”. 
Monatsh. f. Math. u. Phys., vol. 19 (1908), pp. 1-118 (62-68). 

J. W. Alexander, “Topological invariants of knots and links”. Trans. Amer. Math. 
Soc., vol. 30 (1928), pp. 275-306 (293-295). Of. S. Lefschetz, “Topology”, New York (1931), 
pp. 31-32. (Lefschetz I.) 

'! J, W. Alexander, “Combinatorial analysis situs, I”. Trans. Amer. Math. Soc., Vol. 28 
(1926), pp. 301-329. 

0. Veblen, “ Analysis Situs”, second edition, pp. 128-129. New York, 1931. (Veblen 1.) 

'? Tietze, loc. cit., page 56. Cf. Veblen I, pp. 150-151; Lefschetz I, pp. 29-30. 
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th: Gauss invariants of the one factor group to those of the other, the 
corresponding result does not hold for the Schering invariants. 

This follows easily from the definitions. 

3, Poincaré numbers and torsion coefficients. Given a group @ 
with a finite number of generators, let G be the Abelian group deter- 
mined from G by making its elements permutable. Given any set of 
generators of G@ and a corresponding set of generating relations, the 
invariant factors of the matrix of exponents of the latter are called the 
Poincaré numbers of G.1* From the form of the generating relations 
corresponding to these invariant factors, it follows that the Poincaré 
numbers of G@ are the Schering invariants of the sub-group H of G con- 
sisting of all its elements of finite orders. Consequently, as remarked by 
Veblen,’® the uniqueness of the Poincaré numbers of @ is a corollary of 
the uniqueness of the Schering invariants of H. (The second, third and 
fourth proofs mentioned in § 2, all deal directly with the Abelian group G.) 

The k-dimensional torsion coefficients of a complex in analysis situs are 
the Poincaré numbers of the (Abelian) k-th “homology group” of the 
complex..® As the homology groups are topological invariants of the 
complex, the invariance of the torsion coefficients is therefore a consequence 
of the uniqueness of the Poincaré numbers of the homology groups. From 
our remark above connecting the latter with Schering invariants, it follows 
that in §2 we have mentioned the equivalent of four short proofs of the 
group-theoretic part of the proof of the invariance of the coefficients of 
torsion. 

4, A rule for determining the invariants. It was shown by 
Schering” that if A is any element of highest possible order belonging 
to a finite Abelian group G, a base for @ can be found, one of whose 
elements is A, and the orders of whose elements satisfy the definition of 
the Schering invariants of G. This fact gives rise to the following algorithm, 
suggested by Veblen. 

RuLeE 5. Given a finite Abelian group G,, let A; be any element of highest 
possible order, H, the group generated by A;, and Gs the quotient-group G,/H,. 





' H. Tietze, loc. cit., pp. 56, 58, 62. 

"0. Veblen, “Invariance of the Poincaré numbers of a discrete group”. Bull. Amer. 
Math. Soc., Vol. 30 (1924), pp. 405-406. 

’ Of. W. Mayer, “Uber abstrakte Topologie”. Monatshefte fiir Math. u. Phys., vol. 36 
(1929), pp. 1-42 (p.11). The kth homology group is the group G: defined in Veblen I, 
Pp. 128. Of. also pp. 150-151, and Lefschetz I, p. 34. This statement partially answers 
the question raised in the last paragraph on p. 151 in Veblen I. 

Werke, pp. 139-140. Of. L. Kronecker, “Auseinandersetzung einiger Eigenschaften 
der Klassenanzahl idealer complexer Zahlen”. Berliner Monatsberichte, 1870, pp. 881-889; 
Collected Works, vol. 1, pp. 274-278. 
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Let Ay be any element of Gs of highest possible order, and so on. --- Finally 
a group Gs41 will be reached, containing one element. Then the orders 
11, 12,°++, 1s Of the elements A,, Ag,-+++,As are the Schering invariants of G,. 

Proof. The result follows from the fact stated at the beginning of the 
section and the uniqueness of the Schering invariants. The following 
theorem can be used here in place of the uniqueness of the Schering 
invariants. 

TuEorEM 6. Let H,, Hi, He, Hz be finite commutative groups; G, the 
direct product of H, and Hy, and G2 the direct product of Hz and Hy. 
If G, and H, are isomorphic to Gs and Hg respectively, then Hy must be 
isomorphic to Hg. 

Proof. The result is an immediate consequence of the uniqueness of the 
Gauss invariants, and the fact stated in the first part of Remark 4. 

Remark. It might be thought that Schering and Kronecker therefore 
gave proofs of the uniqueness of the Schering invariants. However, this 
is not the case, as Theorem 6 was proved by use of the uniqueness of 
the invariants; and the result is not obvious, as the following fact shows: 
If G is a finite commutative group, and H, and Hs. two isomorphic sub- 
groups, then the quotient-groups G/H, and G/H. are not necessarily 
isomorphic.*® 

5. Choice of the torsion coefficients. We have seen (§ 3) that if 
H is the sub-group of all elements of finite order of the kth homology 
group, the k-dimensional torsion coefficients are the Schering invariants 
of H, The Gauss invariants of H might equally well be introduced as 
torsion coefficients, thus in general increasing their number. Such a pro- 
cedure would have (1) the advantage that if two complexes K, and K; 
have no points in common, the torsion coefficients of K = K, + Kz would 
be the set obtained by adjoining the torsion coefficients of K, to those 
of K, (cf. Remark 4); and (2) the disadvantage that the torsion coefficients 
would no longer be the invariant factors of the matrices of incidence 
relations of the complex (but cf. Rule 2). 





'S Cf. W. Burnside, “Theory of groups of finite order”, second edition, 1911, § 29. 
A simple example is the following. Let G be the Abelian group generated by the 
elements A and B, of orders 2 and 4 respectively. Let H, be the sub-group consisting 
of A and the identity, and H, the sub-group consisting of B? and the identity. Then 
the quotient-groups G/H, and G/H, are not isomorphic. On the other hand, see Theorem 6. 
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ON NORMAL PRODUCTS OF ALGEBRAS.! 


By Jakos LEVITZKI. 


1. Introduction. The direct multiplication of two algebras furnishes 
a method for obtaining new algebras from given ones. Another special 
method of multiplication leads to the construction of Dickson algebras. 
The purpose of the present paper is to study the properties of a generalized 
method of multiplication which includes as special cases those stated above. 
The product P= A-A of two algebras A and A over the field F, which 
are subsets of a given algebra (this restriction, however, can be replaced 
by a postulational construction of the product) is called normal with 
respect to A, if a basis a,---, a of A over F' can be chosen such that 


P= xY A is a direct module over A, and ay A= Aa, fory = 1,---,n. 


Every “element b of A such that bA = Ab, is said to be normal over A, 
and the automorphism @ > a’ of A, where z = a'b, is said to be induced 
by b. The set of all the automorphisms of A induced by normal elements 
of A (in short: induced by A) is finite, and does not exceed the order of the 
algebra A. If W,, We, ---, We are the different automorphisms of A induced 
by A, then the algebra A can be uniquely represented by a direct sum 


A= >’ Mi, where M; is the set of all the normal elements of A which induce 
1 


the automorphism y, of A. The modules M are called the automorphism- 
modules of A over A. The set K of all the elements of A which are 
commutative with every element of A is called the kernel of A (over A ) and, 
if K +0, it is an algebra over F and is identical with an MM. It follows 
that the algebra K is potent if, and only if the algebra K is potent. We 
obtain a one-to-one correspondence between the normal primitive right (left) 
ideals of A (i.e. minimal potent ideals of A which possess a normal basis 
With respect to A) and the primitive right (left) ideals of K. We prove 


that A can be represented as a direct sum A = > A,+N, where N is 
h 


a normal module over A (i.e. N possesses a basis over F which is normal 
over A) and a subset of the radical of A, while the A, are nor mal-primary 
algebras over A with units; that is, every ideal of each A, which is normal 
over A is equal to A, or nilpotent. Each normal primary algebra contains 
a set of n* matric units ce; i,k = 1,---, which are normal over A, and 


' Received September 28, 1931. This paper was written while the author was a Sterling 
Research Fellow at Yale; it was presented to the Society April 3, 1931. 
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each cj Aj cu is normal primitive over A, that is, every normal right or 

left ideal of cj Aa cu is equal to cg Aji cy or nilpotent. We prove further 

that every normal product can be represented in the form P= > Aj 4j+ NA 
a 


where the Aj are isomorphic to each other and to A, and A = DAT+N. 
A 


Here is N a subset of the radical of A and a normal module over 4, 
while each algebra Aj is a normal primary algebra over A and over the 
algebra Aj. Further we show that Ag = Cy Aa , where Cz is a total 
matric algebra over F’ and its elements are commutative with every element 
of Aw, and where each A* is normal primitive over Ag and its automorphism- 
modules form a group. Thus the further study of normal products is reduced 
to the case where A is normal primitive over A and its automorphisn- 
modules form a group. If K denotes the kernel of A, then it follows 
that A is a group algebra modulo the subalgebra K, that is, the algebra A 
contains a system of regular elements a,,---, @m such that A= >a K; 
a, K = Kaj and aja, = aj; Ky where Kj, is contained in K, and 
4,v=1,---,m. Using the facts stated above, we finally give a necessary 
and a sufficient condition that the normal product P = AA be semi simple. 
We prove that P is semi simple if and only if A and A are both semi 
simple. In case the field F of the algebras A and A has a prime charac- 
teristic, some restrictions must be made for the truth of the above state- 
ment. The following notions and theorems will be often used: 

1. If MW is a finite module over an arbitrary field F, we denote by | J/| 

the order of MV over F.? 
2. The module U/ is said to be a direct swm of the modules M,, Mg, ---, M, 


r 
if: a) McC M; b) If mCM, thenm= > me, where meC Me; ¢) From 
e=1 


M; 


. Me = 0, mec Me it follows m.=—0, a = 1,---,r. We write 


M= > M. 
a=1 


a 


3. The right and left ideals and the double ideals of an algebra over F 
are defined as by E. Artin® or as in N, and are always modules over F’. 
4. A primitive right ideal R of an algebra A is a potent right ideal 
which does not contain potent right ideals of A except R itself. 
R possesses a left unit e and R=eR—edA. Every algebra A can 


2 Ror the definition of a module compare § 6 of E. Noether, Hyperkomplexe Gréfen 
und Darstellungstheorie, Math. Zeitschrift Bd. 30, 1929 p. 641-692. This paper will be 
cited henceforth with N. 

°K. Artin, Zur Theorie der hyperkomplexen Zahlen, Abhandl. d. math. Sem. Universitit 
Hamburg, 5 (1927) p. 251-260. Cited henceforth with A. 
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s 


be represented in the form A = > e,A+N, where the eA are 


A=1 
primitive right ideals, and N is a nilpotent right ideal of A; further 
8s 


A=eA+WN, where eA = = e, A and e® =e. The element e is 


called a principal idempotent element of A. 

5. If R, R’ are two sub-algebras of an algebra A, then we denote by 
(R, R’] the set of all the elements of A which are contained in FR as 
well as in R’. This set is then also a sub-algebra of A. 

By (R, R’) we denote. the minimal right ideal of A which contains R 
as well as R’. We say: (R, R’) is derived from R and RF’. 

6. THEOREM. Let A be an algebra over F, and M a potent sub-algebra 
of A over F. If M is the direct sum of the modules M,, Mz, ---, Mr, 
then M contains a potent element p which has the form p = pi -ps ++ pt; 
where each p, lies in an Mj. 


- 
To prove this, let m= > ma where m.C Me be a potent element 
a=1 


of M. Since 0 + m’ = Dd) mj -mj,--- mj, for every rational integer s, it 
follows that at least one of the elements mj, - mj, - -- mj, is different from 0. 
If s>|A|, then it follows by a theorem of the writer* the existence of 
a potent element py which has the form p = p,-pz--- pt, Where the p; are 
certain elements of the system mj.,+++,mj,, and hence of m,,---, mr, q. ed. 


n 
ile A= 2 a, F be an algebra over F, and a an arbitrary element 
=1 


n 
of A. Then aaa = DD ae fie where fic C F. The correspondence 
a=1 


a—>(fi«) is called a regular representation of a, and the element 
n 


n 


2 Sis of F the regular trace of a. Notation: Tra (a) = = fii Traces 


& 
are invariant under the transformations of the basis of A. 

8. Ik a, 4 =1,---,n; by, y= 1,---,m are two arbitrary basal systems 
of the algebra A over F, then the determinant Da = | Tra (ai-b,)| is 
called the discriminant of the algebra A, and is uniquely determined 
but for a factor from F which is different from zero; we shall also 
use the notation D4 = Da(aj- by). If, (and in case the characteristic 
of F is 0 only if) Da +0, then the algebra A is semi simple. 

9. Let A= AXA be a direct product of two arbitrary algebras over an 
arbitrary field F. Then: a) If F has the characteristic 0, then A is 
semi simple if and only if both A and A are semi simple. b) If F 
has a prime characteristic, then the condition of a) is necessary, and 


a 


‘J. Levitzki, Ober nilpotente Unterringe, § 2, Math. Ann. 105, p. 620-627. 


25* 
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in case the centres of A and A do not contain inseparable fields, this 
condition is also sufficient in order that A be semi simple. 
For the proof of this theorem see v.d. Waerden, Moderne Algebra II, 
§ 119. 
™m™ 
2. The definition of a normal product. Let A = > a;F and 
i=1 


A= > ax; F be two algebras over an arbitrary field F’, which are sub- 
k=1 — 
sets of a given algebra. The product P= A-A is called normal with 
respect to A, if a basis a,,---+, Gm of A over F' can be chosen such that 
A-A= > ajA is a direct (right hand) module over A (i.e., from } aids = 0, 
A d 


where iC, it follows b, = 0) and a, A = Aaj for 4 =1,--+,m. 
The restriction, that A and A are subsets of a given algebra, can be 
replaced—analogous to the definition of a direct product—by the following 


m 


m™ 
set of axioms: We consider the set P of the linear forms 2 > Ua fir 


=1 v=1 
and assume: 


I. ai dy fiv = fiv agdy and (2 2 aay Sir) f = f (XZ uw fu) 
a paps ai dy (fivf), where fir, fC F. 


II. If a “i af, resp. @ = >'ayfy are elements of A, resp. A, 
1 


v=1 


mm m 
\ 


then the element aa is defined by aa = > DS aay fiv, where 
=1 


d v=1 
Siw ba) Si Sy. 
III. Two elements p = > DS aia fiv and p’ = > > aa fir of Pare 
Av 


said to be equal, if and only if fi, = fj,, 2 = 1, ---, mj vy =1, +++, m. 
IV. The sum of two elements p= > > aga fiv and p'’ = D> Dawsy 
Av Av 


of P is defined by p+ p’ = D Daya, (fit+Si,). 
As consequences we obtain: 7 
1.(a+a’) (@+a’) = ad+aa'+a'ata’a’, where a, a’C A; a, a'CA. 
2.(p+p')+p"” = p+(p'+p") where p, p’, p’CP. 
3. Every element of P can be written uniquely in the form p sas” : aj i 
m 


where %,C A. We write P = >aA= A-A. 


A=1 - 
4. If af, ---, a® resp. a*, «++, a* is an arbitrary basis of A, resp. 4, 
then the set Pis identical with the set of all the elements of the form 


TLat af, = TTaf Gt F,,). 
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™m satis iam m 
Va.lf p = Pe with z CA, and aC A, then pa = 2 ue a). 
m 


VA. If p = sox with x CA, and aCA, then ap = (aa) x. 
(=1 


As consequences we obtain: 
5.(aa’)p = a(a'p) where a, a’ CA and pC P. 
6.p(aa’) = (pa)a’ where a,a 'CA and pCP. 
1.(ptp’)a = patp'a; plata’) = pat+pa’ 
where p, pC P and a, a’CA. 


8.a(p+p’) = apt+ap’; (a+a’)p = ap+a'p 
where p, p C P and a,a’CA. 


VI. i dy = dy dav where byCcA,4=—1,-- m; v = 1, +++, m. 
VILIf a= Safi resp. a = Ya fr are aaeait of A, resp. of A, 
I 


then we define aa by aa = Da = bin fir) where the bj are 
Vv 


defined by VI. 
As consequences we obtain: 
9.(a+a’) (at+a’) = aatadt+a'ata'd, where a, a’cA; a,a'CA. 


m 


10. We can write VII in the form A a» C a, A and have > 4 AayG > ay A= P, 
We also write analogous to 3: >> Aa = A-A. 
v=1 


Remark. While every equation of the form > a, % = 0, where z,C A, 
vy=1 


according to 3 implies zx = 0, v = 1, ---, m, it does not follow that 


m 

every equation of the form > z,a,—0O implies z =0, v= 1, ---, m. 
v=1 

VII. a(a’a) = (@a@’)a = Ga'a; (aa)a’ = a(aa’) = aaa where 


a, a’ CA; a, a’ CA. 
IX. a iz Ay b,) = x (@ ay) by; (= Ay by) g = lt dy (by a) 
where a, by CA; aC A. 
REMARK. Assumption IX defines the elements ap and pa, where aC A; 
aCA; pCP, 
X. The product of two elements p -> dy by; p’ = so b, of P is 


defined as follows: pp’ = > > (avby) (aub,) = YD (ay by dy) bu. 
v . + 
As consequences we obtain: 7 
11. (p+y’) (p’ +p") _— pp t+ pp +p pp! +p yp” where D, r' pv", p We P. 
12.(pp') p"” = p(p'p") where p, p’, pC P. 
13.The set P forms an algebra over F. 








&E 





382 J. LEVITZKI. 


mm 


XI. Every relation of the form 2% dy = 0 where z,CA implies 


v= 
Ly = 0, v = 1, ---, m, (see vind to 10). 

As consequences we died: 

14. Instead of the relation Aa, C a, A we have now the relation Aa, = aA 
and hence 4A = AA = -,. 

15.(AA)t = At. At = At. At, 

16. If a, a2, --+, a are elements of A which are independent over F, then 
they are also independent over A, i.e.: From a,b,-+---- + ab = 0 
and ¢,a,+ --- + ¢ra:=0, where la, cyCA, it follows ks = 1 = 0, 
A=1,---,#. | 

DerFiniTIon 1. The algebra P defined by I-XI is called a normal product 
of the algebras A and A with respect to the algebra A (or in short: normal 
over A). The algebra A is called a normal Jactor of P, and the algebra A 
a supplementary factor of P with respect to A (or: over A). The basis 
4, °*+, 4m Of A which satisfies VI is called a normal basis of A with 
respect to A (or: normal over A). 

DerFiniTion 2. If, in particular, we assume in VI that by = @, 
A=1,---,m; v=1,---,m, then the normal product is called direct, 
and we write as usual P= Ax A= AXA. 

3. The automorphism-modules. Derinition 3. If P = AA isa 
normal product over A, and x is a non zero element of A such that 
Ax CaA, then x is called a normal element of A over A. From 2; 14 
it follows then that Az — wA. 

THEOREM 1. Let AA be a normal product over A and x a normal element 
of A_ over A. Ifa is an arbitrary element of A, and ax = xb where 
bc A, then the correspondence a—b is an automor thie of A. 


To prove this, first note that to every element of A corresponds one 
and only one element of A. Next, let a, and @ be two elements of A 
and a1 > by; ds — de, 6: &2 = x by; an2 = x be; we obtain then: 
(Q1+ @:)% = a 2+A,:74 = vb, + abs on ax (by + de) i. e@., €i+ de > +bs. 
Further we have (@;- a2)” = @(@ex) = @(xbz) = (a2) by = (ary) bs 
= 2x(b, bs), hence @a@:—>b,b2. The correspondence is therefore an homo- 


morphism. But since Aw = 2A, this homomorphism is an automorphism, 
q. e. d. 

DEFINITION 4. Automorphisms of the algebra A which are obtainable as 
the preceding theorem indicates, are said to be induced by the algebra A 
(or by its elements). 

THEOREM 2. Jf P= AA is a normal product over A and the elements a 
and b of A are normal over A and induce the same automorphism of A, then 
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also af+bf (where f, f' CF and F is the field of A and A) is a normal 
element of A over A or zero, and it induces the same automorphism. 

If namely x is an arbitrary element of A then it follows from xa = ay; 
zb= by, where x,yCA that x(af+bf’) = (af+bf)y, qed. 

TuEorEM 3. Jf P= AA is a normal product over A and the elements a 
and b of A are normal over A, and if their product is different from zero, 
then also the element a-b of A is normal over A and induces the auto- 
morphism 9-W of A, where p, W are respectively the automorphisms induced 
by a and b. 

To prove this, let x be an arbitrary element of A. We have then 
z(ab) = (wa)b = (ay)b = a(yb) = a(bz) = (ab)z, where y,2C A. 
Hence the element a-b is normal over A, and the automorphism x—>7Z of A 
is the decomposition of g and wy, q. e. d. 

THEOREM 4. If P= AA is a normal product over A and the elements 
bh, -++, bs, $>>1 of A are normal over A and induce different automorphisms 
of A, then: 

1. The elements b,,---+, bs are independent over F’, where F is the field of 
A and A. 


8 
2. Every element of the form p> bi fa, where fyxC F and more than one 
=1 


fi are different from zero, is not normal over A. 
Suppose namely that the elements b,, ---, bk; 1 <t<s are independent 


t 
over F', while bis, = p2 basin; fixCF; k =1,---, s—t. If x is an 
=] 


arbitrary element of A, we have: 


t t \ t 
@ bit, = zm bifix = burz’ = (> oi.) z= = b,x" fix 


A=1 


where x’C A; on the other hand: 
t t t 
% > bi fix = 22 bi fix = 2 biti Si 


where 2,C A. Since the b,, 4=1,---, ¢ are independent over F, and 
hence over A (see 1;16) and since at least one fix is different from zero, 
Wwe obtain for a certain 4 the relation z’ =. Hence the automorphism 
induced by bt+x is equal to that induced by ba, in contradiction to the 
assumption that the by induce different automorphisms. Hence ¢=s 
and the first part of the theorem is proved. 

To prove the second part, we write ci =, fi for those 4 for which 


Si. $0, and may assume without loss of generality that c, +0,4=—1,->-, 6; 
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t 


1<t<s. Suppose the element c = = c, is normal over A, i.e. for 
sd =1 


every & CA we have 


t t 
Ze=cze’ =z Da= (a) == Daz, 


A=1 


where z’C A; on the other hand 


where z1C 4; since the c, are independent over F’, and hence over A, we 
have: 7’ = 271 =--- =<, i.e. the automorphisms induced by the c are 
equal, in contradiction to the assumption. Hence c is not normal over A, q.e.d. 

As an immediate consequence of the first part of the preceding theorem, 
we obtain the following 

THEOREM 5. If P= AA is a normal product with respect to A, then 
the number of the different automorphisms of A induced by A is finite, and 
does not exceed the order of the algebra A. 

To give a complete insight into the totality of normal elements of the 
algebra A over the normal factor A, we prove 

THEOREM 6. Jf P= A-A is a normal product over A, and F is the 
field of A and A, then A can be uniquely expressed as a direct sum of 


t 
a finite number t of modules over the field F; A= p> Mi, such that 
=1 


all the elements belonging to the same module are normal over A (or zero) 
and induce equal automorphisms of A, while elements which lie in different 
modules, induce different automorphisms. The number t is equal to the 
number of the different automorphisms of A induced by A, and every 
normal element of A over A lies in one of the modules Mj. 

To prove this, we denote with 1, Yo, ---, uw the different auto- 
morphisms of A which are induced by A. We denote by M, the set of all 
the normal elements of A over A which induce the automorphism 1; of A, 
inclusive the zero element. Since with two normal elements a, and bj of A 
which induce the automorphism y, also every element of the form aft+thf, 
where f, f’C F induces the automorphism 7 or is equal to 0 (see Theorem 2), 
it follows that the set Mj is a module over F. We thus obtain exactly 
t modules. If further },, 4 1,---,¢ are respectively elements of the 
modules M,, 4=1,---,¢ which are different from zero, then we know 
by Theorem 4 that the b, are independent over F. Hence the sum of 
the modules M) is direct. From the definition of the modules M it 
follows further that every normal element of A over A lies in one of 
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the Mi, and since A possesses a normal basis over A, it follows 


t 
4 = > M, The uniqueness of this representation is evident. 
i=1 
DeriniTIon 5. The modules MM are called the automorphism-modules of 


the algebra A over the algebra A. 

Remark. The preceding theorem gives a complete insight into the totality 
of the bases of A which are normal over A. Every normal basis of A can 
be obtained by taking a set of ¢ arbitrary bases of the ¢ modules MM, 
and conversely, every basis of A thus obtained, is normal over A. 

4, The kernel of the supplementary factor. Derinition 6. If 
P= A.A is a normal product over A, then the subset XK of all the elements 
of the supplementary factor A, which are commutative with every element 
of A, is called the kernel of A with respect to A, or over A. 

THEOREM 7. If P= A-A is a normal product over A, then the kernel K 
of A over A is (in case K +0) an algebra (over the field F of A and A) 
and is identical with an automorphism-module of A over A. 

The proof follows immediately from the definition of the kernel. 

THEOREM 8. Let P= A-A be a normal product over A, and let Mi, 
A=1,---,t, be the automorphism-modules of A over A. If the product 
of two arbitrary modules Ma and Mg is not zero, then there exists one and 
only one module My such that Ma Mg € My. 

If namely the elements of Mz induce the automorphism We of A and 
the elements of Ms induce the automorphism wg, then every element 
of MeMg which is different from zero induces the automorphism We Ws 
of A (Theorem 3). Hence ali the elements of MaM, belong to the same 
automorphism-module of A. 

Corotary. If M, = K is the kernel of A over A, then KMeC Me 
and Ma K C Me for ea = 1, 

THEoREM 9. If A, A and the Ma, «=1,---,t, are the same as in 
the preceding theorem, and b is a potent element of y which is normal over A, 
then some power b“ of b, where u < t, is commutative with every element of « 4, 
i.e, “CM, where Mt, is the kernel of A over A. 

We consider namely the powers b, b?, ---, b¢+1 of 6 and denote with y 
the automorphism of A induced by b. The automorphism of A induced 
by 0 is then by Theorem 3 equal to wy. Since ¢ is the number of the 
different automorphisms of A induced by A, it follows that among the ¢+-1 
automorphisms y+, 2 = 1,---, ¢-+1, at least two are identical: y/ = y*, 
where j<k < <t+1; sai (wy. yi = (ps wk, or y = w*-J, where 
w° denotes the identical automorphism of A. Hence the element bk in- 
duces the identical automorphism of A, i.e. b*/a = ab‘ for every 
acd, q. e. d, 














386 J. LEVITZKI. 


Corottary. If in the preceding theorem the element b is idempotent, 
then b is commutative with every element of A. In this case we have namely 
(since b® = b) k= 2, 7 =1, k—j =1 and ba=ab for eery aca. 

THEOREM 10. Jf A, A, Me, a= 1,---,t, are the same as in the pre- 
ceding theorem, then the supplementary factor A is a potent algebra if, and 
only if, the kernel K = M, of A over A is a potent algebra. 

If namely K is potent, then A is obviously potent. We now assume 
that A is potent. Since A is the direct sum of the modules Mz, it follows 
(see 1; 6) that there exists a potent element ) in A which has the form 
b = (Cy -++ Cu, Where the c; are elements of the modules Mc. According 
to Theorem 3, the potent element } is normal over A. Hence (Theorem 9) 
some power of b, which is a potent element of A, belongs to the kernel 
of A, i.e., the kernel of A is potent, q. e. d. 

5. The relationship between the supplementary factor and the 
kernel. Let P —AA be a normal product over A and let F be the 
field of A and A. We then define: 

DEFINITION 7. Every subset of A which forms a module over F, and 
whose basis over F can be chosen such that the elements (of the basis) 
are normal over A, is called a normal module over A. In particular we 
speak of sub-algebras (over #’) of A which are normal over A, and of 
normal right, left and (double) ideals of A over A. 

DeFINiTION 8. The algebra A is called normal primary over A, if A is 
a potent algebra, and does not contain any potent (double) ideal which 
is normal over A except A itself. Se 

DEFINITION 9. A potent right (left) ideal R of A which is normal over A 
is called normal primitive over A, if it does not contain potent right (left) 
ideals of A which are normal over A, except A itself. é 

DEFINITION 10. The algebra A is called normal primitive over A if it 
does not contain neither right nor left potent ideals of A which are normal 
over A except A itself. 

THEOREM 11. Let P= A-4A be a normal product over A and M®, M® 
two submodules of the algebra A over the field F of A and A. If M® 
and M® are both normal over A, and M®. M® + 0, then also the module 
M®-M® over F is normal over F. In particular: If a is a normal ele- 
ment of A over A, then a-A is normal over A. 


We denote namely with c®, ---, cD respectively c®, ---, c® a basis of M 
respectively of M®@ over F, which is normal over 7. Those among the 
elements ci) - c?, 4 = 1,---,8; y=1,---, ¢ which are different from zero, 


are by Theorem 3 madi over A, ee among the ci-c® a set of 


linear independent elements over F, we obtain a normal basis of M®. M, 
q. e. d. 
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TueorREM 12. If P = A-A ts a normal product over A, then every 
normal primitive right ideal RK of A possesses at least one left unit e (i. e. 
R= eR = eA) which is normal over A. By corollary to Theorem 9, 
e is then an element of the kernel K of A over A. 

To prove this, we consider the normal product R-A over A. The 
kernel K’ of R over A is evidently equal to [R, K], where K is the kernel 
of A over A. Since R is potent, by Theorem 10 also K’ is potent, i. e. there 
exists in K’ a potent element a’. Since a’ CR, we havea KC RKCR; 
further, a’K C K; hence a’K C[R, K]. Let e be an idempotent element 
of the potent right ideal a’K of K. Then eC[R, K], hence eC R, and 
consequently OCeRC R; by Theorem 11 the potent right ideal eR of A 
is normal over A, and since R is normal primitive over A, it follows 
eR = R, i.e. the right ideal R possesses the left unit e which belongs 
to the kernel K of A, q.e. d. iy 

CoroLLARY. Jf A is normal primitive over A, then A possesses a unit 
element which belongs to the kernel of A, since in this case A possesses as 
well a right as a left unit, hence a unit e which is also the unit of the 
kernel K of A. 

THEOREM 13. Jf P = AA is a normal product over A, and K is the 
kernel of A over A, then: o 
1. If R = eA is an arbitrary normal primitive right ideal of A over A 

with the left unit e, where eC K (see Theorem 12), then [R, K] is a primitive 

right ideal of K, and [R, K] = eK. 
2. If R* = e*K is an arbitrary primitive right ideal of K with the left 

unit e*, then the right ideal (R*, R*A) of A, derived from R* and R*A 

is normal primitive over A, and (R*, R*A) = e*A. 

To prove 1., first note that [R, K] is a right ideal in K. Since eC XK, 
we have eK C K*C K and eK CeACR, hence eK C[R, K]; on the 
other hand, if k’ is an arbitrary element of [R, K], it is ek’ =k’, since 
k’CeR; from e CK, k'CK it follows ek’ =k’ CeKk, i.e. eK D[R, K]; 
hence eK = [R, K]. If now eK were not primitive, then eK = ¢.K+e,K 
where ef = e,, & =e,, ee, = e,e, = 0. The right ideals eA and 2 A 
of A are by Theorem 11 normal over A and further eA = 4 A+eA. 
But this is a contradiction to the assumption that eA is normal primitive. 

To prove 2. note that e*K C e*A, hence R*C R*A, hence (R*, R*A) 
= R*A. From R*ADe*A and R*A = e*(KA)Ce*A we obtain 
(R*, R*A) = e*A. Suppose e*A were not normal primitive. Then let R 
be a normal primitive right ideal of A such that R Ce*A (such an ideal & 
exists). By Theorem 12 we can write R = e’A where e is idempotent 
inK. Since eA De'e*A, it is e’e* + e*. Writing e* = (e*—e’e*) + e'e* 
and e* — e'e* = e,, e'e* = e, we obtain in the usual way the decomposition 
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e*K = eK+eK where e —e,, & =, 6 = ee, =0, and 
e, K, eKCe*K. Hence e*K is not primitive, in contradiction with the 
assumption. an = 

THEOREM 14. Let P = AA be a normal product over A and K the 


ok u ae 

kernel of A over A. Let K = Zak +N be a decomposition of K in 
= 

a direct sum of primitive right ideals e, K with the left hand units e, and 


ae uU 
the nilpotent right ideal N. We further assume that e = > e; is a (principal) 
(= 


idempotent element of K. Then: 
1. e is also a principal idempotent element of A. 


2. It is A= De A+N, where eA are normal primitive right ideals 
i=1 


over A, and N is a nilpotent right ideal of A which is normal over A, 
and ND N. 

To prove 1., we consider the right ideal eA of A which contains the 
right ideal eK of K and which is normal over A (Theorem 11). Let a, 
2—=1,---,n be a normal basis of A over A. An arbitrary system of 
linear independent elements (over F) among the e-a,, 2 = 1,---, forms 
a normal basis of eA over A, while a set of linear independent elements 
(over F’) among the ea,—a, forms a normal basis of a normal right 
ideal N of A, where A—eA+WN. The elements ea,—a, which are +0 
are namely normal over A, since with a, also the element ea, induces the 
automorphism 7%, of A since e is commutative with every element of A, and 
hence, by Theorem 2 also ea,— aa is normal over A and induces the auto- 
morphism y,. Evidently N D N. Suppose the right ideal N of A is 
potent. By Theorem 9 N contains then a potent element b such that b)C K. 
Since eC K we obtain K De K+0)K, where DK is a potent right ideal 
of K, i.e. e is not principal idempotent in K in contradiction to the as- 
sumption; hence the right ideal N of A is nilpotent and e is principal 
idempotent in A. The proof of 2. follows from the preceding theorem. 

CoroLiary. If in P = AA the algebra A has a unit e, then e is also 
the unit of the kernel K of A over A, i.e: The unit of A is commutative 
with every element of A. IPf further M,, Mz, ---, Me are the automorphism- 
modules of A over A, and K = M,, then MaM, = M, Ma = Ma for 
a= # tee, a 

THEorREM 15. Jf P= AA is a normal product over A and if A resp. A 
possesses the unit e, resp. e, then ee = ee = e*, and e* is the unit of FP. 
Further, P possesses two subalgebras: B, resp. B which are isomorphic to A, 
resp. A, and each of which contains the unit e*, and P = B-B, where B-B 
is a normal product over B. 
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Let namely a;, +++, @m be a normal basis of A over A. For every a of A 
we have aa, = ajb, where bC A. Since the correspondence a> b is an 
automorphism of A, ea, = aie, for the unit is invariant under every 
automorphism. Hence the unit e of A is commutative with every element a 
of A. If further e is the unit of A, then by Theorem 14 (corollary) e is 
commutative with every element a of A: ea —ae. The element e* — ee is 
then the unit of P. If further a, resp. a is an arbitrary element of A 
resp. A, then we write b = ae = ea; b=ea—@e. The set of all the 
elements b, resp. b (which lie in P) form an algebra B, resp. B which lies 
in P and which is isomorphic to A resp. A, and P = BB is a normal 
product over B. 

6. Normal primary supplementary factors. Turorem 16. Jf 


P= AA is a normal product over A, then the supplementary factor A can 
rT 

be decomposed into a direct sum: A = >) Ag+ N where the Aj are normal 
A=1 


primary algebras over A, each containing a unit e, which belongs to the 
kernel K of A over A, while N is a module over the field F of A and A, 
which is normal over A and whose elements are properly nilpotent. 

Let namely A = }'d;A+N’ be a decomposition of A into the direct 
sum of normal primitive right ideals d;A and the normal nilpotent right 
ideal NV al where dj = di; di dy = 0, i +k and where the d; lie in the kernel of 
Aover A. Since in case d;A-d,A +0 this right ideal is (by Theorem 11) 
normal over A, and since d;A-d,A Cd;A, it follows that d;A-d,A is 
nilpotent (or zero), or d;:A-d;A = dA. We now classify the right ideals 
d,A, making the following assumption: Two right ideals d;A, d,A belong 
to the same class, if d;A-d,;A —d;A. It follows easily that this definition 
satisfies the laws of symmetry, reflexivity and transitivity. Let R, denote 
the sum of those right ideals which belong to the Ath class. Then 


A = Ri+N’ where r denotes the number of the classes. The right 

ideal R, possesses a left unit e,, namely the sum of those d; for which 
r 

dACR,. Itis then A de e, A+ N’ where ej = e,, (uey = 9, # + y and 
=1 


(¢,4)® = e, A, while e,A-e,A nilpotent or zero if 242’. If a denotes 
an arbitrary element of R;, we write aj = aie;+(ai— ae) and obtain 
the decomposition R; = e¢;Ae;-+ Ni, where N; belongs to the radical of A. 
Since e; belongs to the kernel of A, it follows as in the proof of Theo- 


‘i 
rem 14 that e;Ae; and N; are normal over A. We write now A = Ait N 


. 
where A, =e, Ae, and N= > Ni+N’. 
“1 
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It can be easily verified, that every (double) ideal of A, which is potent 
and normal over A, is identical with A,, i. e. A, is normal primary over A, 
This follows from the fact that Aj possesses a unit element, and that for 


any two primitive right ideals R?, RP of A, which are normal over A we 


have the relations RP R? = R?; RY RY = RP. 


DeFINITION 11. The number 7 of the classes defined in the preceding 
theorem is called the class number of the normal primitive one hand ideals 
of A over A. This number is an invariant of A with respect to A. 

DEFINITION 12. The number of the normal primitive one hand ideals 
whose sum is direct and which belong to the same class, is called the 
normal length of the class. This number is also an invariant of A with 
respect to A. os ™ 

THEOREM 17. If P= AA is a normal product over A, where A is normal 
primary over A and possesses a unit element, and if p is the normal length 
of A, then A contains a system of p® matric units ¢,, 4,” =1,-++,p 

/ 
where Chy > Cy'y = ~ if” e eget which are normal over A. It is then 
A= Di cii Ack, where the algebr as ci Aci, 7=1,---, p are normal primitive 
over A and are isomorphic to each other. Finally, the automorphism of A in- 
duced by cj, is inverse to that induced by c¢,;. 

First note, that the unit e of A is by the corollary to Theorem 14 


commutative with every element of A. Let further A = >> eA= = Ae be 


t=1 
a decomposition of A into normal primitive one hand ideals, inn ef =63 
e, ¢y = 0; 4+» and each e, is commutative with every element of A. It 
is further e, A e, A= e, A. This implies that the algebra e, Ae, contains 
at least one element which is not properly nilpotent in A. If a:,i=1,---,” 
is a normal basis of A, then a set of linear independent elements among 
the e, a;e, forms a normal basis of the normal algebra e, Ae, over A. At 
least one of the normal elements e ae, is not properly nilpotent in A. 
Let then c, be a non properly nilpotent element of e; Ae, which is normal 
over A. Since cA Ce A, and the potent right ideal c, A is normal 
over A, it follows c, A = eA, since the e; A are normal primitive. From 
ty A= e, A it follows c1,-e, Ae: =e, Ae; hence there exists an element cn 
in ¢y Ae such that cy» cy: =e. We shall prove that with c, and e: also cn 
is normal over A. To this end first note, that ¢1 civ = er. Next, let a be 
an arbitrary element of A; then cy a= bay, where bcA; hence ¢y1 C1y a ¢v1 
= tn bewen, or Cy AC = Cn ba; since e; and e, are commutative with 
every element of A, we obtain Geren =enerb or Goi = end. With 
a also b runs over all the elements of A, hence ¢,; is normal over A and 
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implies evidently an automorphism of A which is the inverse of that 
implied by cy». Writing civ = cii-c we obtain a system of matric units cj, 
where ci =e, Which are by Theorem 3 normal over A and the auto- 
morphism of cj, is inverse to that of c,,. The remaining part of the 
hypothesis follows easily from the relations c, Ac,, = cj, Ac. 

THEOREM 18. If P=A.-A is a normal product over A, where A is 
normal primary over A and possesses a unit element, then there exists 
a normal product P’! = A' A’, where P= P’, A= A’, and A’ is a sub- 
algebra of P which is isomorphic to A. The wire A can be decomposed 
into a direct product A = Cx A*, where A* is normal primitive over A’, 
and C is a total matric algebra over the field F of A and A, and the 
elements of C are commutative with every element of A, i.e: 


P = AA' = (Cx A*)- A! = A*(Cx A’) = Cx(A*- A’). 


By Theorem 17 there exists in A a system of p® matric units cag which 
are normal over A, such that 4 = 2, Cae Acgg where ci Aci are normal 
ap 


primitive over A, and each cea is commutative with every element of A. The 
subalgebras Cae A Con = = Cee A are isomorphic to each other and to A, and 
car A Cie = Cae ACan. We consider the normal product Pea = cae A Cac: Can A Con 
over the algebra coz Acaa. Since cgeAcug = cgsAcgs, it follows that 
(ga Poo Cog = Pgs, hence the algebras Pgs are isomorphic to each other. 
Let now a be an arbitrary element of P,,. We then consider the element 


= > Car @eia. The set of all the p* forms an algebra P* which is 


isomorphic to each Pee, and the correspondence p*—a is an isomorphism 
between P* and P,,. Furthermore, it follows that the cag are commutative 
with every element of P*, hence P = Cx P*, where C is the total matric 
algebra of the Ceg over F, Every element p* of P* has the form 


* ae = — . 
Fy = >» Ca1 ACie where ac C44 Aty “Cy Ati e Let M15 resp. 11 be arbitrary 


a=1 


elements in A,, resp. in A,,. The element 


pa Cet Qi A Cie = p> Cot M11 Cie Cot A11 Cie = P Cot A11 Cree * a Cai M1 Cp 
a a 


is then an element of P*. All the elements of the form > Cea 11 Cie form 


an algebra A* which is isomorphic to 1 A Cu while all “the elements of 
the form > a1 41 ig form an algebra A’ which is isomorphic to eA cu 
and hence to A, and it follows P* = A* A’. From the construction of A* 
and A’ it follows further that A*A’ is a normal product over A’, and that 
the cog are commutative with every element of A* and A’. Hence 


P = Cx P* = Cx(4* A’) = (Cx A*)A' = A*(CXA), Ge 








wane 
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7. Normal primitive supplementary factors. THEOREM 19. If 
P= AA is a normal product over A, where A is normal primitive over A. 
then A can be decomposed into a direct sum of two modules over the field F 
of Aand A, namely A= T+N, each being normal over A. The module N 
is a subset of the radical of A, while the module T is an algebra over F 
which has the same unit as A, is normal primitive over A, and each of its 
automorphism-modules over A contains at least one regular element. Finally, 
the automorphism-modules of T' over A nea a multiplicative group. 

We denote namely with Mz, «—1,---,¢ the automorphism-modules 
of A over A. We denote further by U,, ---, Uy those Me which do not 
contain any potent element, and by Vi,---, Va the remaining Me. Since 
A is normal primitive over A, the modules U; are subsets of the radical 
of A, while each of the modules V; contains at least one regular element 
of A, since every element of Vx which is not nilpotent, is regular. Let 
namely a be a normal element of A over A. The right ideal aA of 4 
is by Theorem 11 normal over A, and hence, since A is normal primitive, 
aA =A or aA is nilpotent, i.e.: a is regular or a is properly nilpotent. 


h 
It is h+y—=t where 0<h<t. We write N= > Us; T= 2 Vp 
a=1 =1 


then A= 7+. According to Theorem 8, there exists a module M, such 
that VeaVsG My. Since Ve and Vg contain regular elements, it follows 
that also M, contains regular elements, i.e. we can write Ve Vs CV. 
This shows that the module 7' is an algebra over F. It remains now 
to prove, that the modules V. form a multiplicative group. We consider 
two arbitrary modules Ve and Vg. Let vg be an arbitrary regular element 
of Vz. The element vB is then also normal over A and induces an auto- 
morphism of A which is reciprocal to that induced by vg.° Hence the 
elements of the module vg’ Vz imply the identical automorphism of A (i. ¢. 
they are commutative with every element of A) and the module Uy VeNe 
induces the same automorphism as V,, hence v5 Ve Va S Vas If v, is an 
arbitrary regular element of V,, we have in "deli: vB V, Ye Cc J, 


Since v,,v, are regular, we sive |v3*V_Uq| =|V,| (where | M l is the 
order of the module M over F). From vy he y, v,C V,, it follows | V,|< | Vel 
Since the equation |Vs| < |Ve| sel for a, 8 =1,---,h, we obtain 





5 Let soryied a@ be an arbitrary element of A, then a@vg—vgb, where bCA. Hence 
vw" av, UG =," vg buy g OF vy ae = ebua', hen e is the unit of A. By Theorem 14, 
corollary, ¢ is commutative with every element of A, hence vg" ea=be vg" , Or vga _— bug 
Since with @ also b runs over all the elements of A, we have Av7! = 714A, and it is also 
shown that the automorphism induced by vg" is weilgueedl to that induced by v,. 
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\Ve| = — a,8=1,---,h. From the equation VeV; CV, it follows 
Ve V ap I< Vel; het since ‘the V; contain regular elements, we here evidently 
| > |Va| = |Vy|; hence |VaVe| = |V;| and this together with 
A 2c ‘ Vy implies Ve Vg = Vy;. Since from Ve Vz = Ve Vz’, it follows 
that Vj = Vg, it is shown that the modules V; form a group with the 
multiplication Ve Vs = Vy as operation, q. e. d. 

Remark. The assumption, that every automorphism-module of the normal 
primitive supplementary factor contains at least one regular element, is 
equivalent with the assumption that the automorphism-modules form a group. 

8, The canonical representation of a normal product. Combining 
the results of the previous paragraphs, we shall give in this paragraph 
a representation of a normal product, which we shall use often later on. 
We prove namely 

TuEorEM 20. Let P = AA be a normal product over A and let F be 
the field of A, A. Then P = NA+ 3 At Ae. Here is N a module over 


a=1 

P which is normal over A and is a subset of the radical of A, while 
Ag © C A, the Ag are tsomorph to each other and to A, Ae © P and 
Ac Ag = AgA. Further, AcAs = 0 if «+8 and Ag = : Cex An, 
where Ca is a total matric algebra over a Fe and the elements of Ca are com- 
mutative with every element of Ae, while the Aa* are normal primitive over 
An, so that Ax Ag = (Cy x Az") Ay = Ca X (Aa* Aa) = Aa” (Cu X Aa). 
Finally, the automorphism-modules of Ag form a group. 





We represent namely the algebra A in the form A = N’+ > Aa where 


a=1 
N' is a module over F, which is normal over A and is a subset of the 
radical of A, while the Ag are normal primary over A and contain unit 


elements (Theorem 16). We have then AA = N’A+ 2A. Each 


A, A we now represent by Theorem 18 in the form AA = dele, where 
the 4, are isomorphic to A (and hence also to each other) and A,C A, A 
(and hence 4; © P); further 4, = C,xAj, where C, is a total matric 
algebra over F, and A} is normal primitive over 4,, so that 


AA, = (0, Aj) A, = Cx (4j Ay) 


(see Theorem 18), Each A; we represent in the form 4; = Ai* + Nj, 
where Nj is a module over F which is normal over Aj, and is a subset 
of the radical of A, while A¥* is normal primitive over A,, and its auto- 


morphism-modules over A, form a group (Theorem 19). Hence 
26 
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(Cx Aj) Ay = [C,x(Az* + ND] - Aa = [(C,x 47") + (GyxN) 4, 


Since N; is a subset of the radical of Aj, it follows that Nj = C,xN; 
is a subset of the radical of A,, and hence of A. If ch, i,k = 1,+--,p, 
denotes the matric basis of C, over F', which was used to derive A, from 
A by the method of Theorem 19, then 
PA P} 
Nx = XN} = = = ch Nyed, and Nj A, = Nj A, 
ro 


where N} is also normal over A. Writing 
P 
At = (yx Ax* and N= N+2 Nj} 
A=1 
we obtain P = NA+ Aj A, ge. d. 
A=4 


9. Group algebras modulo a sub-algebra. By means of the cano- 
nical representation derived in the preceding paragraph, the study of the 
structure of a normal product P = A-A is to some extent reduced to the 
case that A is normal primitive over A and its automorphism - modules 
over A form a group. If K is the kernel of A over A, then the algebra 
A and its sub-algebra K are connected by very simple relations. We shall 
prove that A és a group algebra modulo K. This notion is defined as 
follows: 

DEFINITION 13. The algebra A over the field F is said to be a group 
algebra modulo its sub-algebra A* over the field F, if the following con- 
ditions are fulfilled: 

I, A is a finite, direct, right hand module over A*, i. e.: There exists a 

system of elements a,, ---, as in A, such that every element a of 


8 
A can be uniquely expressed in the form a = > a,a;, where 
v=1 


a, CA*. The a, are called the basis of A over A*. 
Il. A is normal over A*, i. e.: The basis a, can be chosen such that 
a,A* © A*a,, 4 = 1, ---, & 
Remark. Since from aja* = 0 with a* C A* it follows a* = 0, 


the module a, A* has the same order over F as A*: |a,4*|=|A"|: 
From a,4* © A*a, it follows |a,4*| < | A*a,|. But evidently 
A*aj| S| A*|, hence |a,4*| = | A*a,|, and this together with 


a,A* € A*a, implies a,A* = A*a,. Hence, A is also a normal, 
direct left module over A*. 
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Ill. To every pair of indices «, 8, where a, 8 < s, there exists an in- 
dex y < 8 such that a¢A*-agA* = a,A*. 
REMARK. By remark to II we have also A*aq-A*az = A*ay. 

IV. From a¢A*-agA* = dg A*- ag A* it follows agA* = ag A*, and 

from dq¢A*-agA* = de A*-agA* it follows a¢A* = aw A*. 

DeFINITION 14. The basis a, ---, a of A over A* which satisfies 
I-IV is called a group basis of A modulo A*. The group defined by III, 
IV is called the group of A modulo A*, and the number s is called the 
order of A modulo A*, or the order of the group of A modulo A*. 

THEOREM 21. a) From Definition 13, I-II it follows that the algebra A* 
possesses a unit element. 

b) From Definition 13, I-IV it follows that also A possesses a unit 
element which is equal to that of A*, and that the elements a, ---, as (of 
a group basis of A modulo A*) are regular in A. 

To prove a), we represent the a, in the form 


s 
(1) a= = 4,4, ax Cc A*; Aw |, -++, & 
If a* is an arbitrary element of A*, we obtain 


s 
(2) a,a* = = a,a* a*. 
Since the module A = >a, A* is direct, we have 
Vv 
ay a* = 0 for 4 + y, 


* BD cme * 


(3) 


Hence, the elements ay, 4=1,---,s are left units of A*, Multiplying 
(1) from the left side with a*, and using the fact that by II: 


4 * — * ok * 
(4) a* a, = 4,4), where a; C A*, 
we obtain 
8 8 
* — * oK * — * q* e 
a* a, 24 aa*, Or a, a) 2 4,25 ly 


8 
The module A — > a, A* is direct, hence 
vy=1 


a — —_— 
ajay, = 0, 44% 


* _* —— * 


(5) 


26* 
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The correspondence a*—a¥ defined by (4) being an automorphism (the 


proof of this fact is the same as that of Theorem 1), it follows that with 
a* also a* runs over all the elements of A*, hence from (5) it follows 


that the a, 4=1,---,s are also right units of A*, hence A* possesses 
the unit e* = a* = ay, = --- = ax, and a) is proved. 

CoroLuaRy: Jf we replace in (3) the element a* by e*, we obtain 
ay =0, Ate. 


To prove b), note that from II and the remark to II it follows 
a, A* - a, A* = a,a,(A*)*®. Since A* possesses a unit, we have (A*)? = 4*, 
and a, A*- a, A* = a,a,A*. For a fixed 4 it follows from III-IV that 
for vy = 1, ---, s the module a, A* - a, A* runs over all the a, A*, w= 1,---,s. 
Hence 

8 8 
a, A* = ay x A", or A = aA. 
y= 


vy=1 


Using the remark to III and the second part of IV, it follows similarly 
A= A-a,. From A= a,A it follows the existence of an element e such 
that a, = age. From A= Aa, it follows that e is a right unit of A. 
Similarly we prove the existence of a left unit e of A. Hence e=é' is 
the unit of A. From A = A a, it follows the existence of an element a, such 
that e=aj,a,. Hence a, is regular in A and the element a, = aj" is 
reciprocal to a,. From the proof to a) and the corollary to that proof 
it follows that in (1) we have a, = a,e*. But since a, is regular in A, 
it follows that the unit e* of A* is identical with the unit e of A, and 
this completes the proof of b). 

THEOREM 22. From Definition 13, I-II it follows, that if A* has a radical N*, 
then also A has a radical. It is a, N* = N* aj, and ya,N*— ZN" a=N 


ts a nilpotent (double) ideal in A. 

If namely a* is an arbitrary element of A*, then by II we have 
a, a* = asa, where axC A*. The correspondence a*—a* is an auto- 
morphism of A*. Since by every automorphism of an algebra, the radical 
is its own image we obtain 

a,N* = N*a, and 2 a, N* = 2 N* a. 


We obtain now 
(= a 4") (= a, ve) = 2D a(4*a,N*) = YD aia") N* 
= (= 2 a4, 4*) N*C Da, (A* N*)S Zan", 
vy A 
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i, @., 


Fae) Fe)s Pa 


similarly it follows that 


[2 aN*) (2 .4*) Cc Da N*, 

v A v 

hence >'a,N* is a (double) ideal in A. Further we obtain 
(Saw*h a 2 2 ay au(N*Y S (= ty A*) (N*) C Dia (n*) 


and similarly for every ¢: 


(Sane S Zar 


If therefore, ¢ is the exponent of the radical N* of A*, then (> Ay N*}' == (, 
i.e., the ideal >'a,N* is nilpotent in A, q.e. d. 


8 
THEOREM 23, If A = > ay A* is a group algebra modulo A* , and ay, d2, +++, As 
v=1 : 


is a group basis of A modulo A*, then A* is equal to a certain a, A*, 
and with dy A*, vy = 1, +++, 8 also the module a>! A* runs over all the ay A*. 

This follows easily from the fact that the a,A* form a group, and 
that the a* are by Theorem 21 regular in A. 


8 
LemMMA 1. Let A = > ay A* be a group algebra modulo A*, where 


v=1 
dy, ¥=1, +--+, 8 is a group basis modulo A*. Let a* be an arbitrary 
element in A*, Then Tra(a*) = s Tras (a*)®. 
Let namely a*, ---, a* be a basis of A* over the field F' of A* (and A). 
Then a,af,i=1, ---, 8; k=1, -+-, t is a basis of A over F. Hence 
t 
q,a* = Ya,a* with a,,C F, and we have 
J=1 
t t 
a,aza* = a; > ena; = , jp; 97). 
J= 
The matrix which represents a* in the regular representation of A by the 
basis a, a* consists, therefore, of s diagonal matrices, each of which being 


t 
equal to the matrix (a), 7, —=1,---, t. This shows that Tra(a*) = p> a jj. 


t 
But 2 aj; = Tra+(a*) hence Tra (a*) = sTra+(a*), g.¢.4. 
*See 1;7. Present lemma holds more generally also for such A and A* which satisfy 
only the first condition of Definition 13. 
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8 

Lemma 2. Let A = 2 wA® be the same as in Lemma 1. Then 
Tr, (a,a* a,1b*) = 0 if i+k. Here a,* is reciprocal to the regular 
element ax, and a*, b* are arbitrary elements of A*. 

Indeed a,a* a@,1b* = a,a,'c*, where c*CA*. From Theorem 23 it 
follows that there exists a certain 7 such that a,;a,'c* = a,d*, where 
d*C A*. Since i + k it follows that a; is not an element of A* (i.e., a; A* + A*), 
If now a*, k= 1, ---, ¢ denotes an arbitrary basis of A* over the field F 
of A*, then a,at, i= 1, ---, 3; k= 1, +++, ¢ is a basis of A over F 


and a,axa,d* = a,p* where p*CA* and a,+a,, since a; is not an 
element of A*. Hence, the matrix which corresponds to ajd* in the 
regular representation of A by the basis a,ayz; i= 1, ---, 8; K=1, ++, t 


has zeros in its diagonal spaces, and this shows that Tra (a; d*) = 0, 
q. e. d. 

LemMA 3. Let A be a group algebra modulo A*. Then the bases of A 
and A* over the field F can be chosen such that Da = s'° (Das)? (see 1; 9) 
where t is the order of A* over F, and s is the order of the group of A 
modulo A*, 


Let namely a,,---, 4, be a group-basis of A modulo A*, and af, ---, af 
an arbitrary basis of A* over F. Then the system aya,; 7=1, ---, ¢; 
k = 1, -:-, s and by Theorem 23 also the system ay*af; 7=—1, ---, 8; 
k=1, ---,¢ forms a basis of A over F. We write u, = aja, and 


Vv, = a;'az. By Lemma 2 we know that if k+4 then Tr, (wx viv) = 0. 
On the other hand 


Tr, (Un %y) = Tr, (a¥ aa, a*) = Tr, (ax aX); 
by Lemma 2 we know that 


Tr , (ax af) = 8 Tr ys (ax aX). 


Hence the matrix (7a (wxvir)) consists of s diagonal matrices, each of 
which is equal to the matrix (s77r,, (ax a*)) (while the remaining spaces 
of the matrix consist of zeros). The determinant of the matrix (s 7'r ,.(a¥ a})) 
is s' Das. Since the discriminant of A is the determinant of (Z’ra(wixvir)), 
we obtain Da = s'° (Das)’, q.e. d. 

Corottary. If the order s of A modulo A* is not divisible by the 
characteristic of the field F of A and A*, then the discriminant of A is zero, 
af and only if the discriminant of A* is zero. From 1; 8 it follows now 

THEOREM 24, If the algebra A over F is a group algebra modulo the 
sub-algebra A* over F', where the field F has the characteristic zero, then 
the algebra A is semi simple, if, and only if the algebra A* is semi simple. 
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Returning to the normal products we now prove 

THEOREM 25. If P= AA is a normal product over A, and A is normal 
primitive over A and its automorphism-modules over A form a group, then 
A is a group algebra modulo the sub-algebra K of A, where K is the kernel 
of A over A. 

Let namely M,,---, Mt be the automorphism modules of A over A, and 
let M, = K be the kernel of A; then Mj M, = M,M, = M, for every 
A= 1,---,¢#. Let ag be a regular element of M% (see the remark to 
Theorem 19). Then as M,C Mj. But since a is regular, |a, M,| = ||, 
and this is by the proof to Theorem 19, also equal to |Jj|. Consequently, 
a, M, = My and hence A = Mi = aa M,. Similarly it follows that 


M, = M,a, i. e. a4 My = M, aj. Since the sum of the MW is direct, the 
postulates I-II of Definition 13 are fulfilled. Since, further, the M, form 
a group, also the postulates III-IV of Definition 13 are fulfilled. Hence 
A is a group algebra modulo ™M,, q. e. d. 

THEOREM 26, Jf P= AA is a normal product over A and A is a group 
algebra modulo its kernel K over A, and if further A possesses a unit 
element (by Theorem 21 the algebra A has a unit), then we can replace A 
and A by isomorphic algebras B, resp. B, such that P= B-B is a normal 
product over B, and B, BCP. Further, B is a group algebra modulo its 
kernel K* over B, the duvive P is a group algebra modulo the sub-algebra 
K*x B, and the groups of A modulo K, of B modulo K*, and of P 
modulo K* x B are isomorphic to each other. 

Let namely a,---,a@s be a group basis of A modulo K, chosen as 
indicated in the proof of Theorem 25. The a, 2—1,---,s are then 
normal over A. We replace now the algebras A and A by the method 
of Theorem 15 by isomorphic rer B, resp. B of P. If by this 
replacement the elements },,---, bs correspond to the elements a, ---, ds 
of A, and K* corresponds to K, ‘then the }; are normal over B and pm 
a group-basis of B modulo K*, and K* is the kernel of B over B. Then 


8 8 ~ 
P= BB= (> nx) B = b,(K* x B), 
A=1 =1 
and these relations complete the proof of the theorem, since 


[b, (K* x B)] - [by (K* x B)] = ta (K* x B)- by (K* B) 
= (ib, K*)B = by, (K* x B) 


where bab, K* = b, K*, in correspondence to aj a, K = ay K or (ai K)(a, K) 
= & K. 
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10. Necessary and sufficient conditions that a normal product 
be semi simple. Lemmal. Let P= AA bea normal product over the 
algebra A. If A has the radical N, then N* = AN = NA, and N* 
is a normal product over N and is a nilpotent ideal of P, t.e.: In order 
that P be semi simple, it is necessary that A be semi simple. 

Let namely a, ---, @m be a normal basis of A with respect to A. If 
acA, then aa = ai a, where aicA. Since the correspondence aaj; 
is an automorphiam of A, and by every automorphism of A the radical V 
of A is its own image, it follows that NV a = a N, and hence AN = NA, 
Further we obtain AN-AA = AA-NA and since A*>C A, NACY, 
we have AN-PCAN. Similarly P-ANCAN. Further we have 
(AN) = A*. N*, If then g is the exponent of the radical N of A, we 
have (AN) = 0, and this completes the proof of the theorem. 

Lemma 2. Let P= AA be a normal product over the algebra A. If a 
is a normal element of A over A, which is properly nilpotent in A, then 
the elements of the module aA are properly nilpotent in P, i.e.: In order 
that P be semi simple, it is necessary that A does not possess normal elements 
over A which are properly nilpotent in A. 

It is namely (aA) P = aA-AA~—aA.- A’; since a is properly nilpotent 
in A, it follows that the algebra aA (in case aA +0) is a right hand 
nilpotent ideal of A which is normal over A (this follows from Theorem 11). 
Hence (aA A*)* = (aA). A*, If q is the exponent of the nilpotent right 
hand ideal a A of A, then (aA- A*)? = (aA- P)? = 0, i. e. the module aA 
is a properly uipebed subset of P, q.e. d. 

THEOREM 27. If P=A-A isa normal product over the algebra A, and 
the field F of the algebras A and A has the characteristic zero,’ then a 
necessary and a sufficient condition that the algebra P be semi simple 1s, 
that the algebras A and A are both semi simple. 

If namely A has a radical, then by Lemma 1 P has also a radical. We 
now assume that A is semi simple and A has a radical. Using the notations 
of Theorem 20 we consider a canonical representation of P: P—= NA+ yAc Ae 


where the Ag are semi simple (since they are isomorphic to A). If 'V + 0, 
then by Lemma 2 the algebra P has a radical. If N = 0 then (since 
Aq Az = 0 for a + A) at least one of the algebras Ag must have a radical. 
Further Ac = Cex Aa*. Since Cy is a total matric algebra over F, it 
follows by 1;9 that Ac* has a radical. Since A** and Ae have_ unit 
elements, we can replace them by _isomorphic sub-algebras ag 94 Ba of 
Ag+ Aq such that Aa” = Ba" - Ba is a normal product over Ba (see 
Theorem 18). The ied Ba", being isomorphic to Ag’, has a radical. 





7The case of a prime characteristic is treated in the next paragraph. 
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If Ke is the kernel of Bz* over Bau, then by Theorems 24 and 25 the 
algebra Ke has a radical. Applying 1; 9 it follows that Ka Ba has a 
radical. Since Ba” x Be is a group algebra modulo Ke x Ba (see Theorem 26) 
it follows by Theorem 24 that also Bax Ba has a radical. Since further 
A Aa = CaX(Bz* Ba), it follows by 1; 9, that Ag Ae, and hence P has 
a radical. Conversely, we now assume that A and A are without radical. 
Since in this case A and A possess unit elements, we can replace them 
by isomorphic sub-algebras of P (Theorem 18). We therefore assume that 
in P= AA the algebras A and A are sub-algebras of P. In the canonical 
representation of P we have now N=0, while the Ag are semi simple. 
Since Az = Cy x Aa™, it follows (1; 9) that Az* is semi simple, and hence 
(Theorems 24, 25), that also the kernel Ke of Az* over Aq is semi simple. 
By 1;9, KaxAa is semi simple, and hence (Theorem 26) also Az” Ac. By 
1;9 At Ag = CuX(Aq Aa) is semi simple, and consequently also the algebra 
P= > Ag Aa, since (Az* Aa) (Agp* Ag) = 0, if « $8. This completes the 


a 
proof of the theorem. 

AppenDIx: The case of a prime characteristic. Lemma 1. Let A 
be a group algebra over the sub-algebra A*, where the field F of A and A* 
has a prime characteristic, and A* is a semi simple total matric algebra 
over F. Then A is semi simple if the characteristic of F is not smaller 
than the order of A. 

“ 
We write A*= > Aj, where A; are simple total matric algebras 
i=1 
over F’, Let ct, i, k=1,---, mg be a matric basis of Aj over F. 
Then each of the systems c’.a, and a," c1., (where ay, y= 1,---,8 is 


a group basis of A over A*, and ct. = cd), forms a basis of A over F’. 


As in Lemma 3 of 9 we obtain D, = s* Dye (ci, 24), where s is the 
order of the group of A modulo A*, and ¢ is the order of the algebra A*, 
r 


ie, (= Py n>. Using the matric-units-relations between the c 
obtain D,. (cA, cz) = ni vee n=, (See N, § 25). Hence D, = smite ni, 
Since s, n, are smaller than the order of A, it follows Da $0. By 1;8 
the algebra A is semi simple. 

Lemma 2. If A is a group algebra modulo the sub-algebra A*, where 
the field F of A and A* has a prime characteristic which is not smaller 
than the order of A, and if the centre of A* does not contain inseparable 
extensions of F, then A is semi simple if, and only if A* is semi simple. 

If namely A* has a radical, then by Theorem 22 also A has a radical. 
We now assume that A* is semi simple. We extend the field F of A* to 
an algebraic closed field F*, and consider the algebra A*x F'*. By 1; 9, 


A 
ix We 
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the algebra A* x F* is semi simple, and is therefore a direct sum of 


simple total matric algebras over #'*. We consider now the algebra 
8 


AX F* = (> a, 4") x Fe = = a, (A* x F*), where the a, form a group 
A=1 “s 

basis of A over A*. The algebra Ax F* is then a group algebra modulo 

the total semi simple matric algebra A* x F'*. By a properly chosen basis 


. . t 2 2 
of Ax F* over F* we obtain as in Lemma 1: Dy. ns = she nit... nt, 


where s is the order of the group of A modulo A*, the ni are the orders 
of the simple ideals of A* x F* and ¢ is the order of A* over F (or of 
A*xF* over F*). Since s,m,---,m,- do not exceed the order of A 
over F, we obtain Daxr« +0, hence, the algebra Ax F* is semi simple, 
and consequently also A. 

Using the facts stated in this paragraph and the same conclusions as 
in the proof of Theorem 27, we now obtain 

THEOREM 27a. Let P= AA be a normal product over A, where the 
characteristic of the field F of A and A is not smaller than the order of P 
over F. If further the centres of A and A do not contain fields which 
are inseparable extensions of F’, then a necessary and a sufficient condition 
that P be semi simple, is that A and A are both semi simple. 











DEFINITION OF A FIELD BY FOUR POSTULATES.' 


By WALLIE ABRAHAM Hurwitz. 


1. Introduction. Investigations of the definition of a field by independent 
postulates were made by L. E. Dickson,’ E. V. Huntington,* the writer,‘ 
and N. Wiener. Each of these studies sought to simplify the formal 
logical structure of the definition in one way or another. One of Huntington’s 
postulate-sets did not assume the law for closure with respect to addition 
or multiplication, but in each case proved it. I combined the commutative 
and associative laws of addition into a single postulate from which those 
laws followed, and similarly for multiplication. Wiener, taking a different 
direction of attack, introduced addition and multiplication, not as undefined 
concepts appearing in the postulates, but as consequences of a distinct 
single law of combination; this procedure was analogous to that of 
H. M. Sheffer® in the definition of a boolean algebra. 

In each of these cases, the authors proved that the postulate-set given 
was consistent and independent, sometimes even with the inclusion of 
a postulate restricting the cardinal number (e.g., finite, infinite, having 
a stated finite number of elements, countably infinite, etc.). None of them 
considered the question of complete independence, as defined by E. H. Moore.’ 
However, B. A. Bernstein® later studied exhaustively the complete existential 
theory of my set of postulates. 

The least numbers of postulates used are seven in one set of Huntington 
and that of Wiener, and five in my own set. In this paper I make 
another step in the direction of my earlier work, retaining the combination 
of commutative and associative laws for addition, but consolidating into 
a single postulate the commutative and associative laws for multiplication 
and the distributive law. The resulting set of four postulates is shown to 
be completely independent, even with the inclusion of a postulate specifying 
finiteness or infiniteness. 

Received September 4, 1931.—Presented to the American Mathematical Society. 

? Transactions of the American Mathematical Society, vol. 4 (1903), pp. 13-26, and vol. 6 
(1905), pp. 198-208; Gétt. Nachr., Mathematisch-Physikalische Klasse (1905), pp. 358-393. 

? Transactions of the American Mathematical Society, vol. 4 (1903), pp. 31-37, and 
vol. 6 (1905), pp. 181-197. 

‘These Annals, second series, vol. 15 (1913-14), pp. 93-100. This paper, which dealt 
with both abelian groups and fields, will be cited as AGF. 

* Transactions of the American Mathematical Society, vol. 21 (1920), pp. 237-246. 

* Transactions of the American Mathematical Society, vol. 14 (1913), pp. 481-488. 

‘Introduction to a form of general analysis, New Haven Mathematical Colloquium, 1910, 
p. 82. Of course, Moore’s work is subsequent to the cited papers of Dickson and Huntington. 

*These Annals, second series, vol. 23 (1921-22), pp. 313-316; Bulletin of the American 
Mathematical Society, vol. 28 (1922), pp. 397-399. 
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2. The postulates. The undefined notions are a set K of elements 
and two combinations, each uniquely determined, of pairs of elements, 
a®b and a@b, satisfying the following conditions: 

(A1) If a,b, c, aBb, cBb, and a®(cPb) belong to K, then (a®b)@c 

belongs to K and 
(a®b)@®c = aPS(c@bd). 


(A2) If a and b belong to K, there is an element x of K such that 


aB«s = b. 
(M) If a and b belong to K and a®a+a, there is an element x of K 
such that 
aQ@x = b. 


(S) If a, b, c, d, a®b, a@d, c@d, bO(c@d), and a®{b@(c@d)} 
belong to K, then (a®d)@c and (a®b)@ {(a@d)@c} belong to K, 
and 

a®{b@(c@d)} = (a@b)@ {(a@d) Bc}. 

The cardinal number will be restricted by one of the following postulates: 

(Nf) K is finite with at least two elements. 
(No) K is infinite. 

3. Deductions from the postulates. The postulates (A1), (42) are 
identical with (1), (2) in §1 of AGF with @ for 0; hence 

I. K ts an abelian group with respect to ®. 

This result implies among other things that for every a, b in K, a®bis 
in K; and that there is a unique identity 0 in K such that for every a 
in K, a®0 = 0@0a= <a; for no a+ 0 is a@a—a. 

Il. If a is in K, then 0@a=0. 

Suppose first that a+0. By (M) choose b so that a@b =O; apply 
(S) with c=a, d=b: 


a®{bP(a®b)} = (a@b)@ {(a@ b) @ a}, 
0 = 0@(08a); 


or 


hence, by I, O@a=—0O. 
Now let a= 0; we wish to prove that O@0—0. In (S) putc=a=0, 
d =b+0; by the preceding proof 0@b = 0: 


08 {bB(0@b)} = (0@b) {0 @ db) @O}, 
0 = 081080); 


or 


hence, by I, O20 = 0. 

Ill. If a is in K, then a@0=0. 

Let c +0; by (/) take b so that c®b =a; apply (8), replacing a, }, 
c, d respectively by c, b, 0, b: 
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c@{bG(0@d)} = (€Bb) G9 {(c®b) @O}, 


or, by UH, 
a= a@(a®0); 


hence, by Ir aQ@0=0. 
IV. If a,b,c, a@b, c@b, and a@(c@b) are in K, then (a®b)@c is 


in K, and 
(a®b)@c = aW(c@b). 


In (8S), replace a, b, c, d respectively by a, 0,c, b; use I and III. 

V. The set obtained by omitting 0 from K ts an abelian group with respect to ®. 

Let us call this set Ky. By IV, whenever a, b, c, a®b, c®b, and 
a®(cQb) are in Ko, then (a®b)@c = a@®(c@b). By (M) and I, when- 
ever a and 6 are in Ko, there is an x in Ky such that a®@x2=—b. These 
two results exactly agree with postulates (1), (2) in § 1 of AGF with ® 
for 0 and Ky for K; hence the theorem is proved. 

This result, together with II, III implies that for every a, }b in K, 
a®b is in K, and that there is an identity 1 in K such that for every a 
in K, a@1—a. 

VI. If a, b,c, d belong to K, then a®(b@®c) = (a®@b)@ (ao). 

In (S), put d= 1, using V. 

3. Verification of the field laws. By I, K is an abelian group with 
respect to @; by V, K without 0 is an abelian group with respect to &; 
by II and III a®0=0@a=0O; and by VI, the distributive law holds. 
Hence a field is defined by (K; ®, ®). 

4, Complete independence. The complete independence of each of 
the sets of postulates 

(Al), (42), (M), (8), (Nf); (Al), (42), GD, (8), (No) 
is exhibited by a table, in which, for the sake of brevity, the choice of K 
and the sign for the N-postulate are not indicated. These are to be chosen 
as follows: for (Nf) + and for (Nx) —, let K be any finite field of at 
least two elements; for (Nf) — and for (No) +, let K be any infinite field. 
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NOTE ON MULTIPLE DIRICHLET AND MULTIPLE 
FACTORIAL SERIES.’ 


By C. RaymMonp ADAMS. 


A recent paper? in which the writer developed some of the fundamental 
properties of multiple factorial series left open the question of the validity 
for multiple series of the natural analogue of the well known theorem 
concerning simple series: A factorial series in x and the associated Dirichlet 
series both converge or both diverge at each point x (+0, —1, —2,---) 
of the complex plane. It turns out that the natural analogue is not valid, 
so that in this respect the theory of the multiple series exhibits an in- 
teresting difference from that of the simple series. The chief purpose of 
this note is to investigate the relation between the regions of convergence® 
of the two multiple series; we shall show that, except for boundary points, 
they are the same. We shall also, in large part incidentally, establish 
some convergence properties of multiple Dirichlet series and shall point 
out one or two extensions of the results of our earlier paper. 

For simplicity we confine our discussion to double series; it need be 
modified only in a formal way to cover series of multiplicity n>2. The 
basis of the proofs is Hardy’s generalization to multiple series of Abel’s 
partial summation device,‘ of which the fundamental identity for double 
series is 


8.t s—1,t—1 s—1 t-—1 
Q 2 aby = Sy A, by — > Sit Aro bit — DD Saj Aor Daj + Sst bat 
i=1,j=1 i=i,j=1 i=1 j=1 
i,j 
where, in general, Sj; = p> aij and 


p=1,q=1 


Ayo big = Vita,j— by, Aor Big = i, j4a— Dy, — Aaa D5 = Aro (Ao1 Dis). 


1, Convergence of double Dirichlet series. Consider the series 


00 
(2) Cij e heyy , 
tjJ=1 





‘Received July 20, 1931.—Presented to the American Mathematical Society, Septem- 
ber 9, 1931. 

? Adams, “On multiple factorial series”, these Annals, ser. 2, vol. 32 (1931), pp- 67-82. 

* Convergence as defined by Pringsheim, Encyklopidie der mathematischen Wissenschaften, 
vol. I, A3, pp. 97-98. 

‘Hardy, “On the convergence of certain multiple series”, Proceedings of the London 
Mathematical Society, ser. 2, vol. 1 (1903), pp. 124-128. 
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in which {A;} is a sequence of real numbers, monotonically increasing with- 
out limit; {w;} is a like sequence; the cy are constants; and a and y are 
complex variables. The basic convergence property of this series is given by 

TueorEM 1. Jf the partial sum Sy of a double Dirichlet series (2) is 
bounded for the place (xo, Yo), the series is convergent with Sy bounded® for 
every place (a1, y1) satisfying the conditions® R(x.) > R(x), R(y:) > R(y). 

We shall omit the proof of this theorem, since it follows precisely the 
lines of the slightly less simple proof of Theorem 2 of the next section. 
It is worthy of note, however, that in the same manner we can establish 
a similar theorem for double factorial series, which is stronger than 
Theorem 1 of our earlier paper.? 

From Theorem 1 we conclude that im general there exist two related 
numbers 6, and 6, such that the series (2) converges with Sy bounded for 
R(x) >6,, R(y) >, and fails to converge with Sy bounded for R(x) < 4, 
R(y)<6,; in particular either one or both of these numbers may become 
positively or negatively infinite. We also infer that within the related half- 
planes of convergence with Si bounded, each row and column of (2) is 
convergent, so that the double series may be summed either by rows or 
by columns in this region. ? 

2. Uniform convergence of double Dirichlet series in a sec- 
torial region. We shall now prove the following analogue of a familiar 
theorem on simple series. ® 

THEOREM 2. If the partial sum Si of a double Dirichlet series (2), with® 
4,>0 and »,>0, is bounded for the place (a, yo), the series converges 
uniformly with Sy uniformly bounded for (x, y) in the region D defined 
by the inequalities 


|am(a—2%)| << 0<n/2, R(x—m) = «>0; 
|am(y—y)| < 4, Riy—y) 2 &. 
Proof. We set 
aij = Cy AMM Mo by (x, y) sis ei oO TH Yo—D | 


* Sy is used, in a generic sense, to designate the sum of the terms in the first i rows 
and the first j columns of any double series to which the phrase “convergent with Sy 
bounded” is applied. 

° R(x) denotes the real part of x. 

"See Pringsheim, Vorlesungen iiber Zahlen- und Funktionenlehre, Leipzig, I. 2, 1916, 
p. 457. 

*See Hardy and Riesz, The General Theory of Dirichlet’s Series, Cambridge, 1915, 
P. 3, Theorem 2. We shall refer to this tract as H.-R. 

*The necessity for this restriction is evident. At the same time it should be observed 
that the product of the series (2) by an exponential factor e-*-™, with suitably chosen 
Values of the constants 7 and m, will always satisfy this condition. 
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and propose to show that under the hypotheses each term on the right 
in (1) approaches a limit uniformly for (v7, y) in D as s and ¢ become 
infinite simultaneously but independently. 

Since by hypothesis there exists a constant M for which the inequality 


(3) | Siz|< M G,j = 1, 2,8,.., 


is satisfied, the first term on the right in (1) will surely approach a limit 
uniformly if the double series 


v2) 


(4) > |4n by (x, y)| 


ij=1 


converges uniformly in D. But this series is the formal product of the 
two simple series ’° 


(5) > |Add |, > Aci |, 
i=1 j=1 


and will converge uniformly in D if both of the series (5) do likewise, 
By virtue of a well known inequality’ and the relation 


|x—2|/R(a—2) < sec 6, 


which by hypothesis is satisfied in D, the first of series (5) is dominated 
by the series 
“2 
(sec 0) > Ag #P oo) , 
i=1 


This series converges to its sum, —(sec0)e*” uniformly in D, since 


the function e”*“°™ tends to zero uniformly in D. Consequently the 
first of series (5), and likewise the second, converges uniformly in D. 

The remaining terms on the right in (1) all approach zero uniformly 
in D: the fourth on account of (3) and the relation 


lim bgt (x, y) = 0, 
8,t—> 0 


which is seen to hold uniformly in D; the second because we have 


s—1 


s—1 
2, Sie dio be(e, y)] <MleMe-n|. Sider, 
~ 1 


- 


whose limit, zero, is approached uniformly in D since the expression itself 
is the product of a function of ¢ which tends to zero uniformly in D and 





'” A operates respectively on i and j. 
! See H.-R., p. 3, Lemma 2. 
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a function of s which has just been proved to tend uniformly to a function 
pounded in D; and the third for similar reasons. 

Hence the left member of (1) approaches a limit uniformly in D; that 
this sum is uniformly bounded in D follows at once from the above dis- 
cussion. This completes the proof of our theorem.” 

3, The relation between the regions of convergence of double 
factorial and associated double Dirichlet series. We now come to 
the main object of this note, which is to demonstrate the two following 
theorems. 

THEOREM 3. The related right half-planes of convergence with Sj; bounded 
of the double Dirichlet series 

oo 
(2') a uty 


i,j=1 


and of the double factorial series 


2 i! jl cy 


" Fizety-@toyyt) OTD 
are identical. 

Proof. It is sufficient to establish two facts: (a) that at each interior 
place’* of the region of convergence with Sj bounded of the series (2’) 
the series (6) converges with Sj bounded, and (b) that at each interior 
place of the region of convergence with Sj bounded of the series (6) the 
series (2’) converges with Sj bounded. Detailed consideration need be 
given here only to (a), since (b) can be treated in a similar way. 

Let us then assume (x, y) to be any particular place satisfying the 
hypothesis of (a) and set 





ag = a — alg! a 7Y 
y av jy’ 7] a(a+1)---(«+ay(y+1)---(yt+y)’ 





The partial sum Sy of the double series > ai is bounded, let us say by &, 


i,j=1 
and we shall show that each term on the right in (1) approaches a limit 
as s and ¢ simultaneously but independently become infinite. 





We take this opportunity to remark that, by a process amounting essentially to trans- 
lation, the unnatural restriction that x and y be positive can be removed from Theorem 7 
of our earlier paper, loc. cit. It is of course understood that if either y or y or both are 
hegative, such of the points 0, — 1, — 2, --- as lie in the right half-planes defined, together 
with neighborhoods of them, shall be excluded from the region. 

‘By this term is meant a place (x,y) for which both x and y are interior points 
of a pair of related right half-planes of convergence. Throughout this section x and y 
are understood to be different from 0, —1, —2,---. 
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To prove that the first term approaches a limit is to prove the cop- 
vergence of the double series 


(7) yo Sy An by. 


i,j=1 


That this series converges absolutely is easily seen, for Sj is bounded and 
co 
> |4ndy| 
4,j=1 
may be regarded as the product of the two simple series’® 


8) >> | A a! a 
© 4 l4e@F)-- e+ 
each of which is known to converge™. 

As for the fourth term on the right in (1), we have by hypothesis that 
lim Sy exists as s and ¢ become infinite in the specified manner, and 


3 1 
yy+)--Y+a |’ 














? > 
J=1 


lim bse = I'(a) '(y). 


The second term may be written 


t! ty = i! i 
y(y+1)--- (y+é p> Sir A x(x-+1) -+- (+4) ° 


Since the limit of the first factor on the right exists and equals I'(y), 
it remains to show that the limit of the second factor exists. This must 
surely be the case if the ordinary double limit of 


v i! i 
(9) = Sud Seti ero’ 


as s and ¢ become infinite independently but not necessarily simultaneously, 
exists. Now (x,y) being an interior place of the related half-planes of 
v2) 
convergence of (2’), each row and column of the series >) ay converges; 
i,f=1 
whence : 











lim Sj exists (Gi = 1, 2, 3, +++), 
t—> 
and 
lim Sit exists (¢ = 1, 2, 3, --+). 
i—>@o 


Consequently the simple limit of (9), as ¢ becomes infinite, exists for each s. 
Moreover, the simple limit of (9), as s becomes infinite, exists uniformly 





'* See Landau, “Uber die Grundlagen der Theorie der Fakultitenreihen”, Sitzwngsberichte 
der Miinchener Akademie (math.-phys. Kl.), vol. 36 (1906), pp. 168-169. 
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with respect to t, since Sie by hypothesis is bounded and the first of series (8) 
converges. Hence by a familiar theorem the double limit of (9) exists. 

That the third term on the right in (1) approaches a limit may be shown in 
the same manner; it then follows that the series (6) is convergent for the 
place (x, y). Moreover, the discussion shows that each term on the right 
in (1) is a bounded function of s and ¢; thus the partial sum of the series (6) 
is bounded for the place (x, y), and the proof of (a) is complete. 

THEOREM 4. The series (2’) and (6) need not, although they may, both 
converge with Si; bounded, or fail so to converge, at each boundary place’ 
of the related half-planes of convergence. 

To prove this theorem it is enough to exhibit examples of each possibility. 
A class of series illustrating the second possibility has already been 
remarked;*® examples of the first may readily be constructed in the 
following manner. 

Let us suppose that for the place (1,1) the series (2’) has the partial sum 


Sy = (—1)4/i. 


It is quite clear that the coefficients cj can be chosen in a unique manner 
to bring this about. Then |Sj| is at most equal to 1, and by Theorem 1 
the series (2’) converges with Sj bounded for all (x, y) satisfying the 
conditions R(x)>1, R(y)>1. Moreover, it is evident that for the 
place (1, 1) the series (2’) converges to zero. 

That the associated series (6) does not converge at (1,1) may be shown 
by proving that the first, third, and fourth terms on the right in (1) tend 
to limits while the second does not. As in the proof of Theorem 3 the 
double series (7) converges absolutely, and we have, as s and ¢ become 
infinite in any manner whatsoever, 


lim Sst Dst — 0; 


thus the first and fourth terms have limits. In the above demonstration 
of Theorem 3 the proof of the existence of a limit for the third term on 
the right in (1) makes use of only two properties of the series (2): 
(i) lim Sy exists, for each j; and (ii) Sy is bounded. The series (2’) of the 
present example possesses both of these properties; hence the third term 
on the right in (1) has a limit. 





’ By this term is meant a place (x, y) for which either or both x and y are boundary 


P oints of a pair of related right half-planes of convergence. | 
© See Adams, “Factorial series in two variables”, Bulletin of the American Mathematical 


Society, vol. 34 (1928), p. 474, Theorem 6. 
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To prove that the second term does not tend to a limit it is sufficient, since 
li t! ty 
im 
to YY (y + 1) - 


is not zero, to show that the limit of (9), as s and ¢ simultaneously but 
independently become infinite, does not exist. But we have 


ae 1 
e=1 (+1)(¢+2)’ 





By == I(1) 





a! a 
x (a+1)--- (x+2) 


so that the sum o is 














2.9 5 taq q Set: —- s(s + 1) Ss—1,t 
L 1 1 
need a3 toga TT ries 


which oscillates between values >% and values <—% and therefore 
has no limit. 

It is manifestly impossible to draw any more general conclusion con- 
cerning the question at issue for a place (x, y) of which one of the points, 
say x, lies on the boundary of a half-plane of convergence, while y is 
an interior point of the related half-plane of convergence, for it would 
frequently happen, although it might not, that both 2 and y were interior 
points of a different pair of related half-planes of convergence. Never- 
theless it seems worth while to make the following observation, the truth 
of which is apparent from the above discussion: ¢f at a place (x, y) for 
which x or y or both lie on the boundary of a half-plane of convergence, 
either series (2') or series (6) converges with Siz bounded and each of iis 
rows and columns converges, then the other series has these same properties. 


Brown University, Provipence, R. L., 
July 17, 1931. 


NOTE INSERTED IN PROOF: There has just come to our attention the article by Leja, 
“Sur les séries de Dirichlet doubles”, Comptes-Rendus du 1 Congrés des Mathématiciens 
des Pays Slaves, Warsaw, 1930, pp. 140-158. The first part of Leja’s Theorem 1 is iden- 
tical with our Theorem 1; the second part, which states that the convergence is uniform 
in the neighborhood of each place (x, y:) satisfying the conditions R(x) > RB), 
R(y:) > Ry), is a consequence of our Theorem 2. 














ON DEFERRED CESARO MEANS.! 


By Rate PALMER AGNEW.” 


1. In recent papers® the writer has found that nearly all of the trans- 
formations used in the theory of summability have undesirable features. 
For example the Cesaro transformation of any given positive order in- 
creases ultimate bounds and oscillations of certain sequences of functions, 
and does not always preserve uniform convergence, or continuous con- 
vergence, or mean-square convergence, of sequences of functions. It is 
the object of this paper to consider modified Cesaro transformations which 
have useful properties not possessed by Cesaro’s and other well known 


transformations. 
2. The transformations which we shall consider are of the type 


00 
(2.1) On dee Ank Sk 
=1 


which assign to a given sequence {s,} the value lim o, when this limit 
n> wo 


exists. With reference to (2.1), the following conditions are of importance: 


(2.2) = |@nz| is bounded for all n, 

=1 
(2.3) for each k, lim ax = 0, 

no 

(2.4) lim Pa Qn = 1, 

no k=1 
(2.5) Gn > O for all n and k, 
(2.6) for each k, dnx = 0 for almost all n,* 
(2.7) > ane =1 for all n. 

K=1 


The first three of these conditions are, by the Silverman-Toeplitz theorem, 
necessary and sufficient for regularity® of (2.1); the last three are sufficient 


‘Received May 20, 1931. Presented to the American Mathematical Society, Sep- 
tember 11, 1981. 

* National Research Fellow. 

* Transactions of the American Mathematical Society, vol. 32 (1930), pp. 669-708; ibid., 
vol. 33 (1931), pp. 411-424; American Journal of Mathematics, vol. 53 (1931), pp. —— 

‘Te. for each k, dmx = 0 except for a finite number, depending on k, of values of n. 

*For definitions of regularity, equivalence, mutual-consistency, etc., see W. A. Hurwitz, 
Bulletin of the American Mathematical Society, vol. 28 (1922), pp. 17-36. 
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to ensure (2.1) having useful properties in addition to regularity. The 
Cesaro arithmetic mean transformation 


(M) Mn = (8+ 82+ +++ +68n)/n 


satisfies all of these conditions except (2.6); it is the failure of (1/) to 
satisfy (2.6) which accounts for its having the undesirable features mentioned 
in § 1. 

3. While it is the primary object of this paper to discuss modifications 
of (M) which satisfy (2.6), we shall consider general transformations of 
the form 


(D) a Sp,tat Sp,,+2 +-:> + 84, 


In Pn 





where {p,} and {qg,} are sequences of non-negative integers satisfying the 
conditions 
(3.1) Pa< In) n = 1,2,3,--- 
(3.2) lim gq, = +. 

no 
Such a transformation (D) will be called the deferred Cesiro Transfor- 
mation determined by {pn} and {gn} and will, when a completely descrip- 
tive notation is required, be denoted by D({pn}, {qn}). We see that (/) 
involves means of first elements of {s,}; and that (D) involves, except in 
case pn = 0 all m, means of deferred elements of {s,}. It may be noted 
that D({n—1}, {n}) is the identity, and that D({0}, {n}) is (MZ) itself.’ 

For (D) we have, in the notation of (2.1), anzk = 1/(Qn—pn) if 

Pn<k < qn, and ax = 0 if k < pp or k> qn. Since each (D) satis- 
fies (2.2), (2.3), and (2.4), every (D) is regular. We see also that each 
(D) satisfies (2.5) and (2.7), and in order that (D) may satisfy (2.6), ita 
necessary and sufficient that lim pn = +0, 

n—>o 


We shall say that (D) is properly deferred when {pn} and {qn} satisfy, 
in addition to (3.1) and (3.2), the condition 


(3.3) Pn!(Qn— pn) is bounded for all n; 


such a transformation will be called a proper (D). 


4. An important property of the set of proper (D)’s is exhibited by the 
following theorem. 





° Mollerup, Det Kgl. Danske Videnskabernes Selskab. Math.-fys. Medd, Voi. 3 (1920), No. 8, 
defines and discusses summability M(r) which involves means of the form D({n}, {du})« 
Mollerup’s results partially include Theorem 4.1 of the present paper. 
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THEoREM 4.1. Jn order that (D) may include (M), it is necessary and 


sufficient that (D) be proper. 
Let {sp} be a given sequence; then for any transformation (D) we have 


D, = (Sp,-+1 + Sp,+2 se 8q,)/(Gn — pn) 
= —[pn/(Qn — pn)] (si e-++ Sp,)/ pn] + [an/(Qn—Pn)] [si +: +8q,)/qn] 


so that 
(4.2) D, = — [ Pn/ (dn —~pn)] Mp, + [dn / (qn—pn)] Mz, : 


Regarding (4.2) as a transformation of the form (2.1) which carries {/,} 
into {D,}, we see that (4.2) satisfies (2.3) and (2.4); and that (4.2) satis- 
fies (2.2) when and only when [pn/(qgn—pn)+4n/(qn—pn)] is bounded, 
i.e, when and only when pn/(gn—pn) is bounded and (D) is proper. Thus 
(4.2) is regular when and only when (D) is proper. Since (J/) has an 
inverse, (D) includes (M) when and only when (4.2) is regular, and the 
theorem is proved. 

From Theorem 4.1 it follows that any proper (D) and (M) are mutually 
consistent. 

5. However it is not true that any two proper (D)’s are mutually con- 
sistent. In fact the sequence {z»}, whose elements 1, —1, 2, —2, 3, 
—3, 4, --- are the partial sums of the series 1—2+3—4+5—6-+:::, 
is assigned the value 0 by D({2n}, {4m}) and the value 3 by D({2n—1}, 
{4n—1}). Since {x} is assigned the value } by the Cesaro mean (C2) 
of order 2, this example shows that a proper (D) and (C,) are not ne- 
cessarily mutually consistent. 

When a method is not consistent with (C2), it is not consistent with 
any method which includes (Cy); hence certain proper (D)’s are open to 
the serious objection that they are not consistent with the Euler-Abel- 
Poisson power series method of analytic continuation. 

These objections do not apply to (D)’s which are included by (J), for 
all such (D)’s must be consistent with each other and with all methods 
Which are consistent with (1). 

We will now show that (JZ) includes certain sets of transformations of 
the form (D). 

6. Transformations which have triangular matrices with inverses, i. e 
transformations of the form (2.1) for which dnx = 0 when k>n and 
mn +0, play an extremely important role in the theory of summability. 
Hence the following theorems involving transformations of the form 
D(\pn}, {n}) are of especial interest. 

THEOREM 6.1. The transformation (M) includes every transformation of 
the form D({ pn}, {n}). 


a 
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Let {s,} be summable D({ pn}, {n}) to Z so that lim D, == L; we shall 
show that lin M, = L. Letting, for each n, pra = 2, pw = n®, 
p,) = n®, +++, we may write 


Bs 
uM, = at toda +s, + 8,04, + +++ -+8,) 
$F 8 ++ 8,0 4 nan® 


n n 
4 -t- . a a §,@) ra yD — nN a n® 


= D (1) Po== e 
n n a ‘ 











This reduction may be continued until, for some positive integer h depending 
on n, we obtain 
(h) __ m+) (h—1) __ ph) 
n n n n 
M —— Dw+ = Do-y +++ 


n- n n 








nO —n_® | 
co i lls Seneca 
n n 7 





where n™ > 1 and n@+) = 0. The preceding relation, which holds for 
each , may be regarded as a transformation of the form (2.1) which 
carries {D,} into {M,}. Since n > nt), r=1,2,---,h, and n+» —0, 
this transformation evidently satisfies (2.2) and (2.4); and for a fixed k, 
the coefficient of D, is either zero or a fraction of which the denominator 
is nm and the numerator is <k so that (2.3) holds. Therefore, by the 
Silverman-Toeplitz theorem, lin M@, — LZ follows from lim D, = L and 
Theorem 6.1 is proved. 

Combining Theorems 4.1 and 6.1, we obtain 

THEOREM 6.2. A transformation of the form D({ pn}, {n}) is equivalent 
to (M) when and only when pn/(n—pn) is bounded for all n. 

As a corollary of Theorem 6.2 we obtain the following result: If @ és 
a constant, O< 6<1, and [@n] is the greatest integer < On, then the 
transformation 
(6.3) D® — Sn) + stoni+2 + +--+ +8n 

n—[0n] 

is equivalent to (M). With the matrix of (6.3) are associated two lines, 
one depending on 6, which bound a closed sector containing all of the 
non-vanishing elements of the matrix; by taking @ sufficiently close to 1, 
we can make the angle at the vertex of this closed sector as small as 
we please. 

7. Two transformations o, = > anys, and o, = > anx se in which anx 
and a,x differ for at most a finite set of values of m are equivalent. 
Hence we obtain, from Theorem 6.1, the following lemma. 
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Lemma 7.1. The transformation (M) includes every transformation 
D({pn}, {qn}) for which qn =n for almost all n. 

THEOREM 7.2. The transformation (I) includes every transformation 
D({pn}, {qn}) for which {qn} contains almost all positive integers. 

Let {sn} be summable D({pn}, {qn}) to LZ so that lim D, = LZ, and 
choose an integer K so great that {qn} contains all integers greater 
than K. Then we may set 2, = %—=---=itq=—1 and determine for 


each n>K an index z such that gq, =n. Since lim i,—-+, it 
n—->o 


follows from lim D, = L that lim D;, = L; hence {s,} is summable 
D({pi,}, {g,}) to Z, and the theorem follows from Lemma 7.1. 


THEOREM 7.3. The transformation (M) fails to contain D({pn}, {qn}) if 
there exists an increasing sequence {en} of integers whose elements belong to 
neither {pn} nor {Qn}. , 

Let Mn = 0, n $ a, a@,---, and Me = an where {a} is a divergent 
sequence; and let {%,} be the sequence which is carried by (/) into {M,}. 
Using (4.2) and the fact that pn and gq, always differ from a,, a, ---, 
we see that D({pn}, {¢n}) evaluates {s,} to 0. Since (1/) fails to evaluate 
{Sn}, the theorem is proved. 

8. In § 4 we gave a simple necessary and sufficient condition that (D) 
may include (M). In § 7 we have a simple sufficient condition and a simple 
necessary condition that (1/4) may include (D). It would be desirable to 
have simple necessary and sufficient conditions that (1/) may include (D), 
but the writer has been able to obtain such conditions only for (D)’s of 
restricted forms. The theorems and examples below give criteria which 
are easily applied and throw some light on the general problem. 

THEOREM 8.1. In order that (M) may include D({pn}, {Qn}) where {pn} 
is for almost all n equal to a given non-negative integer p, it is necessary 
and sufficient that {qn} contain almost all positive integers. 

Sufficiency follows from Theorem 7.2 and necessity from Theorem 7.3. 

THEOREM 8.2. In order that (M) may include D({n—1}, {qn}) where 
qu—n increases monotonely with n, it is necessary and sufficient that 
Qn—n be bounded. 

To establish sufficiency, we note that gn— must have a limit, say L, 
and that ¢ga—mn = L for almost all n; hence {qn} contains almost all 
positive integers and we may apply Theorem 7.2. 

To establish necessity, suppose gn— m increases monotonely with n and 
ls not bounded; we will show that (M) fails to include (D). Let m = 1; 
let mp be the smallest integer n for which gnx—>4q»,— ™%} let ms be 
the smallest integer for which Qn— > Qn,— Mg; and in general let na+1 
be the smallest integer m for which ga— > Qn,— Me. Then 1 =m <ms 
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<<---. We find that we can set s (qn) = Qn, ?=1,2,3,--- and 
choose the remaining elements of a sequence {s(n)} = {Ss} so that the 
sequence {s,} is carried by (D) into a sequence consisting exclusively of 1’s, 
i.e. D,—1 for all n. Thus {s,} is summable (D) to 1. But {s,} cannot 
be summable (1) since the condition lim (s/n) = 0 is not satisfied. There- 
fore (M) does not include (D) and necessity is established. 

It follows from Theorems 4.1 and 8.2 that no D({n —1}, {qn}) for which 
Qxu— n is monotone increasing can be equivalent to (JZ). For example, each 
of the transformations D’ = D({n—1}, {2n —1}) and D” = D({n—1}, {2n!) 
includes (M), but (J/) includes neither D’ nor D”. It is easy to show 
that D’ and D” are not mutually consistent; in fact, corresponding to any 
two complex numbers « and 8, we can find a sequence which D’ evaluates 
to « and D” evaluates to £. 

THEOREM 8.3. In order that (M) may include D({n — 1}, {qn}) where qn =n, 
n+hy,he,--- and qn, = hiti—1, t= 1, 2,---, {hn} being an increasing 
sequence of integers for which h,>n, it is necessary and sufficient that qn/n 
be bounded for all n. 

Corresponding to each index n, let 7 = (mn) be such that hj < n< hits. 
Then, given a sequence {s,}, we may write’ 


1 
M, = n [s; +--- +a—+ (sn, = + sn,—1) + ae ches + (sn, + re + sn,,,-1) 
— (Sntit sn4e+ +++ + $n,,,-1)]- 
Using the definition of (D), we obtain 


at hs 


—] j hi 
Dr, +-——> = Rat —s 


My, = —(D,+-- re “itt Di, 





~ (Dnti+ Dnte+ +++ + Rap P 


The preceding relation holds for each m and defines a transformation of 
the form (2.1) which carries {D,} into {M,}. This transformation satisfies 
(2.3) and (2.4); and satisfies (2.2) when and only when (2Ai41—n—2)/n 
is bounded for all m, i. e. when and only when (Aj11/h;) is bounded for 
all » and therefore when and only when gn/n is bounded for all n. Since D 
has an inverse, Theorem 8.3 follows from an application of the Silverman- 
Toeplitz theorem. 

THEOREM 8.4. The transformation (M) includes D({n—1}, {qn}) where 
Qn =n, N$My, hg, +++, and gn, = hits, i = 1, 2,3, +++, {Mn} being any 
imereasing sequence of integers for which hn>n. 





7In case n = hi+:—1, the terms with subscripts n-+1, n+2, -++, hizi1—1 do not 
appear. 
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Corresponding to each index m, let ¢ = z(m) be such that hi 2n<his1. 
Then we may, given a sequence {s,}, write® 


My = > font erste bans Hoyt by) 8h gab bam, 
+ (Shyg tere E My.) toe Ong, Hee + ong) + Kal 


where 6 is 2 or 1 according as 2 is odd or even, and Ky = s,-+-s:+-----++shy—1- 
Setting 7, = Mn—Kn/n, and using the definition of (D), we obtain 


ts 4 a ee ae es 
hi—hiit1 
nN 





1 
Dist (Dr,-1 t+ + Di, st) 


hi-2—hi-3 +1 hgsi— hgt+1 
ns ae bs 


- 








-} 


The preceding relation defines a regular transformation from {D,} to {Tn}; 
hence if D,>L, then 7,—>Z and, since Ky, is bounded, M,—>L. There- 
fore (M) includes (D) and the theorem is proved. 

The preceding result shows that the condition 


(8.5) gn/n is bounded for all n 


is not necessary in order that (M) may include D({n—1}, {qn}). That 
(8.5) is not sufficient in order that (M) may include D({n—1}, {qn}) 
follows from Theorem 8.2 since we can obviously define a sequence {qn} 
satisfying (8.5) for which gn—n becomes infinite monotonely. 

9. We now turn our attention to transformations of the form D({n— 1}, {an}) 
where {gn} is monotone increasing. In case gna—™mn is monotone increasing, 
Theorem 8.2 enables us to determine whether (1/)>(D); hence we are 
interested in the case where {gn} increases monotonely and, for a certain 
set of values of n, Qn = Qn41- 

Corresponding to a given monotone increasing sequence {qn}, We may 
determine two characteristic sequences {an} and {An} as follows: Let 
% = 2p = 0; let &, = q and let a, be the greatest m for which qn = 4:1; 
let 8: = qa41, and let a be the greatest m for which gq, = 42; and in 
general when @; and 4; are determined, let Ai41 = Qe,41 and let e+: be 
the greatest » for which Qn = Bits. We see that a,<a,<as<- - and 
Bi <A <,<--. and, since the definition of D({n—1}, {an}) requires that 
Qn = n, that ap S An, mn = 1, 2, 8, 


ee 


*In case nm = Jy, the terms with subscripts n, m—1, ---, di +1 do not appear. 
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THEOREM 9.1. In order that (M) may include a D({n—1}, {qn}) for 
which {qn} is monotone increasing and the characteristic sequences satisfy 


the condition 
(9.2) a < By <a < By <a < tee, 


it is necessary and sufficient that (qn/n) be bounded for all n. 
For each index n, choose i = z(m) such that a4 < n<a;. Then 
for any sequence {s,} we may write 


& + +++ +p, 4 sptit +++ +8, 














Ma == : " a 
Sit 8, Seti +s 1H, 
a n n 
and use the definition of (D) to obtain 
M, = & p,4+ 4-4 py +... ¢ Bet py 


The preceding transformation from {D,} to oun obviously satisfies (2.3) 
and (2.4). We find further that ps |anz| = 1 or (28;—n)/n according as 


n = Bi-1 or n + B-1; and wriettiies of the characteristic sequences 
enable us to show that (2.2) holds when and only when q,/n is bounded 
for all n. Hence the transformation is regular when and only when q,/n 
is bounded for all n. 

We shall complete the proof of Theorem 9.1 by showing that each (D) 
satisfying the hypotheses of Theorem 9.1 has an inverse. To show that 
(D) has an inverse, it is sufficient to show that the system of equations 


(9.3) Sat Sntit +++ +5 = En, n= 1, 3,3,--- 


has, corresponding to each given sequence {E,} of constants, a unique 
solution for the elements of {s,}. For each n + a, a, --- we may choose 
2 == 2(n) such that @,1<n<e;. Then properties of the characteristic 
sequences of {qn} enable us to write 


Sat Sntat “es + 8g, = 5 


and 
Sntit ri + 83, — En+1 
so that 
(9.4) sx = En— Ent, n+ Gy, Ag, ay." "°*s 


But for each index r 
(9.5) Se, + Se+1+ mar + sg = Ez,. 
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Since By<er+1, each, except the first, of the terms in the left member 
of (9.5) is determined, in terms of elements of En, by (9.4); hence sq, is, 
for each r, uniquely determined in terms of the elements of {Z,} and 
existence of the inverse of (D) is established. 

10. Theorems 4.1 and 9.1 enable us to establish existence of a continuum 
of transformations of the form D({n—1}, {qn}), with {qn} monotone in- 
creasing, which are equivalent to (1). 

THEOREM 10.1. Let 4>1 be a real constant, let A, be the greatest integer 
< i, and choose an index R>1 such that 4,44 = 4,+1 when r = R. 
If ¢® = 4p,, when n < 4,41, and, for each r>R+1, q = 4, 
when Ay2+1<n < 4,1+1, then D({n—1}, {q}) is equivalent to (M). 

We see that {q#} is monotone increasing, and that the characteristic 
sequences of {q”} are given by a = Apgiitt1, 6 = Ari so that 
(9.2) holds. We can show that (q/n) is bounded for all »; hence it 
follows from Theorem 9.1 that MDD. On the other hand, we can show 
that (»—1)/(gn —n-+1) is bounded for all »; hence it follows from 
Theorem 4.1 that DM and Theorem 10.1 is proved. 

If g and G are constants for which 1<g<@G@ and {An} is a sequence 
for which g < 4, < G for all m, then we may define .4, to be the greatest 
integer less than or equal to the product 4,, 42,---,4,, and proceed as 
in the statement and proof of Theorem 10.1 to obtain further transformations 
of the form D({m —1}, {qn}) which are equivalent to (1). 

If 4 is a positive integer, the statement of Theorem 10.1 may be simplified. 
We find that if 2 is an integer >1, and {qn} is defined by gn = 4° when 
n<4+1 and, when r>2, gn = 4" when 2? +1<n </4""'-+1, then 
D(\n —1}, {qn}) is equivalent to (14). 

11. In §§ 8-10 we considered transformations of the form D({n—1}, {qn}). 
It is unnecessary to make an independent study of transformations of the 
form D({n+h}, {an}) where h is 0 or some other integer + —1. Since 
D({n—1}, {qn}) and D({n+h}, {qn}) are obviously equivalent when gn 
and gn satisfy the relations gn — gn+n+4. for all sufficiently great m, any 
question relating to a transformation of the form D({n-+h}, {qn}) can be 
reduced at once to a question relating to a transformation of the form 
D(\n—1}, {qn}). 


PRINCETON University, Pruceroy, N. J. 











EXTENSION OF THE NOTION OF THE LIMIT OF THE 
SUM OF TERMS OF AN INFINITE SERIES.* 


By G. F. Woronot.! 


The notion of the limit of the sum of terms of an infinite series 


(1) U tum -:--: +im+--- 


of real or complex numbers, can be defined, under certain conditions, even 
when the series (1) diverges. 

The divergence of series (1) might be of various nature. We designate 
a series as arithmetically divergent if there exists an exponent 4 such that 
the ratio s,n-*+ remains bounded as n>, where s, is the sum of the 
first n terms of the series (1). 


co 
The symbol >’ w, can be interpreted as the limit, in case it exists, of 
n=0 


the sequence 0), o;,---, O,,--- defined by 


say {p(n) m+ e(n—1)ayt --- $e(n—hk) ut --- +e Ou}, 


On param 


where the function y(n) is assumed to satisfy the conditions (i) y(n) >0, 
n=1,2,3,---, and (ii) the series y(0)+ (1)+--- is arithmetically 
divergent. 


The possibility of such an interpretation of the symbol > Un is based 
n=0 


upon the fact that >’ uw, = lim f(x), where 
n=0 x—>0 


ie.) 


I(x) = pn e-™, xz>0. 
r= 


* Received February 15, and March 9, 1932. 

' This is a complete translation of a note which undoubtedly will be of interest to those 
who work in the theory of summability. We give the translation because the note appeared 
in Russian, in an extremely rare publication which in all likelihood does not exist in this 
country [Proceedings (Dnevnik) of the XI Congress (1901) of Russian naturalists and 
physicians, S.-Petersburg, 1902, pp. 60-61]. G. F. Woronoi [b. 1868, d. 1908] is one of the 
most remarkable representatives of the Russian mathematical school. We should mention 
particularly his profound investigations in the asymptotic number theory [Sur une fonction 
transcendante et ses applications & la sommation de quelques séries, Ann. Ec. Norm. Sup., 
(3) 21 (1904), pp. 207-267, 459-533] and the theory of n-ary quadratic forms [Nouvelles 
applications des paramétres continus 4 la théorie des formes quadratiques, Crelle’s Jour., 
133 (1908), pp. 97-178, 134 (1908), pp. 198-287, 136 (1909), pp. 67-181]. J. Tamarkin. 
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oo 
Thus it turns out that the value of > uw, does not depend on the choice 
n=0 


of the function y(n), provided it satisfies the conditions listed above. 


ioe) 
In an analogous fashion it is possible to interpret the symbol f u(t) dt 
when this integral does not exist in the usual sense. Such an extension 
of the notion of the integral is given by 


f u(t) dt = Jim a foe u(t) dt 


and is made possible on the basis of the property 


¢ u(t) dt = iim Lf e—%t y(t) a). 


This relation is a generalization of a known theorem of Dirichlet, which 


00 
states that this equality is true when the integral , w(t) dt exists in the 
usual sense. 
REMARKS OF THE TRANSLATOR 


1. If we write y(n) = Pr, po= Po, pn = Pa—Prn-, n=1, 2, 3, alee 
we see at once that 


1 
(2) {= :.y [Po 8,+D, ss aw + Py Sol - 


Hence Woronoi’s definition of summability is identical to that used 17 years 
later by Nérlund,? and therefore includes as special cases those of Cesaro 
(Ce) and Riesz R(n, @). If we use the modern terminology we might 
restate the result above of Woronoi by saying that all his definitions of 
summability are consistent. The idea of the proof sketched by Woronoi 
(via Abel’s theorem, as explained below) is precisely the same used for 
the proof of consistency by Zygmund® and Silverman-Tamarkin.* By Abel’s 
theorem we mean the following statement: 





* Sur une application des fonctions permutables, Lunds Univ. Arsskr., Avd. 2, 16 (1919), 
no. 3. Although various special cases of this definition have been used earlier, Norlund’s 
paper is, to the best of our knowledge, the first after that of Woronoi where the definition 
was stated in its complete generality. We use the term “Nérlund’s transformations”, 
although “Woronoi’s transformations” would be more appropriate. 

°O teorji srednich arythmetycznych, Mathesis Polska, 1 (1926), pp. 75-85, 119-129. 
Cf. also a correction, ibidem 5 (1930), p. 46. 

: On the generalization of Abel’s theorem for certain definitions of summability, Math. 
Zeit., 29 (1928), pp. 161-170, esp. pp. 169-170. The authors had no knowledge of the 
Papers of Woronoi and Zygmund: 














EXTENSION OF THE NOTION OF THE LIMIT OF THE 
SUM OF TERMS OF AN INFINITE SERIES.* 


By G. F. Woronot.! 


The notion of the limit of the sum of terms of an infinite series 


(1) > ato tut --> fiumt--- 


of real or complex numbers, can be defined, under certain conditions, even 
when the series (1) diverges. 

The divergence of series (1) might be of various nature. We designate 
a series as arithmetically divergent if there exists an exponent 4 such that 
the ratio s,n-* remains bounded as noo, where s, is the sum of the 
first m terms of the series (1). 


co 
The symbol >’ wu, can be interpreted as the limit, in case it exists, of 
n=0 


the sequence 0), o;,---,6,,--- defined by 
1 
on 9) {9 (n) w+ 9(m—A)ur+ +--+ +e(n—k)uct --- +9(O)um), 


where the function y(n) is assumed to satisfy the conditions (i) y(n) >0, 
m=1,2,3,---, and (ii) the series p(0)-+9(1)+--- is arithmetically 
divergent. 
. ey, . Go . 
The possibility of such an interpretation of the symbol > wn is based 
n=0 


upon the fact that > Un = lim f(x), where 
n=0 x—0 


co 


I (2) == ae, 2>6, 
0 


r= 





* Received February 15, and March 9, 1932. 

‘This is a complete translation of a note which undoubtedly will be of interest to those 
who work in the theory of summability. We give the translation because the note appeared 
in Russian, in an extremely rare publication which in all likelihood does not exist in this 
country [Proceedings (Dnevnik) of the XI Congress (1901) of Russian naturalists and 
physicians, S.-Petersburg, 1902, pp. 60-61]. G. F. Woronoi [b. 1868, d. 1908] is one of the 
most remarkable representatives of the Russian mathematical school. We should mention 
particularly his profound investigations in the asymptotic number theory [Sur une fonction 
transcendante et ses applications & la sommation de quelques séries, Ann. Ec. Norm. Sup., 
(3) 21 (1904), pp. 207-267, 459-533] and the theory of n-ary quadratic forms [Nouvelles 
applications des paramétres continus a la théorie des formes quadratiques, Crelle’s Jour., 
133 (1908), pp. 97-178, 134 (1908), pp. 198-287, 136 (1909), pp. 67-181]. J. Tamarkin. 
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i.2) 
Thus it turns out that the value of > wu» does not depend on the choice 
n=0 


of the function y(n), provided it satisfies the conditions listed above. 


io) 
In an analogous fashion it is possible to interpret the symbol f, u(t) dt 
when this integral does not exist in the usual sense. Such an extension 
of the notion of the integral is given by 


io) ‘ 1 4 
{ u(t) dt = jim sa J, y (x—t) w(t) dt 


and is made possible on the basis of the property 


f, u(t)dt = lim lf, et u(pat]. 
0 x—>0 0 


This relation is a generalization of a known theorem of Dirichlet, which 


2) 
states that this equality is true when the integral f, w(t) dt exists in the 
usual sense. 
REMARKS OF THE TRANSLATOR 


1. If we write y(n) = Pn, po= Po, pn=Pa—Pa-i, n=1, 2, 3,---, 
we see at once that 


1 
(2) . = Pa [Po 8,7 Py Sy sini + Py Sol 


Hence Woronoi’s definition of summability is identical to that used 17 years 
later by Norlund,®? and therefore includes as special cases those of Cesaro 
(Ce) and Riesz R(n, «). If we use the modern terminology we might 
restate the result above of Woronoi by saying that all his definitions of 
summability are consistent. The idea of the proof sketched by Woronoi 
(via Abel’s theorem, as explained below) is precisely the same used for 
the proof of consistency by Zygmund® and Silverman-Tamarkin.* By Abel’s 
theorem we mean the following statement: 





* Sur une application des fonctions permutables, Lunds Univ. Arsskr., Avd. 2, 16 (1919), 
no. 3. Although various special cases of this definition have been used earlier, Norlund’s 
paper is, to the best of our knowledge, the first after that of Woronoi where the definition 
was stated in its complete generality. We use the term “Nérlund’s transformations”, 
although “Woronoi’s transformations” would be more appropriate. 

°0 teorji srednich arythmetyeznych, Mathesis Polska, 1 (1926), pp. 75-85, 119-129. 
Cf. also a correction, ibidem 5 (1930), p. 46. 

: On the generalization of Abel’s theorem for certain definitions of summability, Math. 
Zeit., 29 (1928), pp. 161-170, esp. pp. 169-170. The authors had no knowledge of the 
Papers of Woronoi and Zygmund. 
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(A) Whenever a sequence {sn} is such that the sequence {Gn} defined by 
(2) tends to a finite limit 6 as n>, then the power series &, Un x", 


where U+u+::-+in = sa, has a non-vanishing radius of convergence 
and defines an element of an analytic function u(x) which tends to « when 
x—1 along the radius O—1. 

Note that this statement does not exclude the possibility of singularities 
of w(x) in the unit circle, or even on the segment 0—1; only the portion 
of this segment sufficiently near to 1, «<1, must be free from singularities. 
To get Woronoi’s notation we have only to replace « by e*. A brief 
analysis of the proof given by Silverman-Tamarkin shows that Woronoi’s 
hypotheses can be made less restrictive. Indeed, we have formally 


ee) ee) ea) oe) Ce) 
(3) Ps On Py Fe I Sn x” Zz Pn a= D> Un x” + PF ”, 
n=0 n=0 n=0 n=0 n=0 


so that, if we set 





(4) P(x) = D Prx®, o(2) = D O% Pax”, 
n=0 n=0 
it follows 
— ¥, .» — %@) 
(5) u(z) = 2 Un Xx P(a)’ 


There is no loss of generality if we assume po = Py =1. Then (2), 
being written in the form 


Pyro, = Po Sn tps Sn—1+::- + pn S0 


shows that we can take for {o,} an arbitrary convergent sequence. In 
the particular case 0 = 1, 6, =—0, n = 1, 2, ---, (5) reduces to u(x) 
= 1/P(x), P(x) = 1/u(z). Since, in this case, uw = % = % —1, it 
follows at once that, if (A) holds, the power series P (a) must have a non- 
vanishing radius of convergence. We shall introduce, however, a more 
restrictive assumption, namely that the radius of convergence of P(x) is 
equal to or greater than 1. 

We shall designate by 9 the corresponding class of Norlund’s trans- 
formations, using the notation N¢ for the subclass of NM for which Abel’s 
theorem (A) holds. The notation N” will be used to designate the sub- 
class of % for which conditions (i), (ii) of Woronoi are satisfied. 2” will 
designate the class of all regular Norlund’s transformations, 9” the sub- 
class of %” of transformations with real coefficients. According to Worondi, 
N’CR*, and it will be shown later that 2”7CMN*, while N” and N” 


overlap. As it is shown in the following note by R. E. Gilman, ®” and 
M* also overlap. 








THE GENERALIZED SUM OF A SERIES. 425 


9. We shall now prove the following theorem. 

(B) In order that a Norlund transformation of the class X% would belong 
fo N* it is necessary and sufficient that (i) there exist a number «, 
0<«<1 and a positive constant M such that 





1 ee) 
nm y none =i 
(6) Pew] wy | Pale” SM, I—e<e<, 


and (ii’) the series P(1) diverges, in the sense that 








n 
(7) lim | > P,| = o. 
n—>o|v=0 
Condition (7) can be replaced by 
(8) lim | P(z)| = o. 
x—>1 
Proof. Tf (A) holds then the function 1/P(~) = u(x) for the particular 
choice 6 = 1, o, = 0, n = 1, 2, ---, must be free from singularities 
on 1—e < <1; moreover, since in this case 6,>o — 0, we must 


have u(z)>0, or | P(x)|—00, as x1 along this segment. An easy 
application of Abel’s partial summation formula shows that 


n 
pe 
v=0 


Hence, if (8) is satisfied, the right-hand member of (9) cannot be finite, 
which is equivalent to (7). On the other hand, if (6) and (7) are satis- 
fied, the numerator in (6) tends to oo as x1, which implies (8). Hence 
the set of conditions (6), (7) is equivalent to the set (6), (8). 

Now it is obvious that the statement of Theorem (A) is equivalent to 
the statement that the transformation defined by 


(10) t(x) = Po bie (ar) ox, One (w) = pe 








(9) lim | P(z)| < Lub. 
x—>t1 


n=0,1,2,+-- 





is regular in the sense of Silverman -Toeplitz theory. The conditions of 
regularity of such transformations are well known (cf. Silverman-Tamarkin, 
loc. cit.). In the present case they reduce to (6), (7), or to the equivalent 
set of conditions (6), (8). 

lt should be observed that all the transformations satisfying condition 
(ii) of Woronoi belong to MN, while (i) implies (i). If we agree to inter- 
pret Woronoi’s “arithmetical divergence” so as to exclude the case of 
cohvergence, then it follows that Mm” Cc MN. The example Py = 1, 
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Py, = ns", n = 1, 2, +--+ shows that NM” is a proper subclass of je 
since the corresponding transformations C ®* but do not CMR”, 

Since Abel’s theorem holds for all the transformations of 2¢ it is plain 
that all these transformations are consjstent because the limit o, if it 
exists at all, must coincide with Abel’s limit of the power series u(z), 
which does not depend on the choice of the transformation. This is pre- 
cisely what Woronoi has proved for the class Xt”. It would be of interest 
to know whether there exist Nérlund’s transformations which do not satisfy 
(i), (ii’), but which are still consistent with all the transformations of 
M*; and others which do not belong to Xt but admit of Abel’s theorem 
as stated in (A). 

3. The conditions of regularity of a Nérlund’s transformation are ex- 
pressed by 





(11) 1+ 2 | Pp—Prs| = O(P,), Py = 1 
and 

Pn __ Pu—Pr- Pro 
(12) alae a —>0O or P, —>1asn>o, 


In this case the radius of convergence of P(x) is equal to 1, so that 
RoR. 

(C) N°" is a proper subclass of N*. In other words, Abel’s theorem holds 
for all regular Norlund’s transformations with real coefficients, while there 
exist transformations in N* (and indeed, in N”) which are not regular. 


Proof. The proof of the second part of this theorem is furnished by 
the example 


R= Ff x Bt = hi = 2; coe PF, ox Q9k-1 when 2*—1 < axe, 


To prove the first part we have only to observe that (11) implies the 
existence of a constant g>0 such that, for almost all n, |P,|>gq. Being 
combined with (12) this shows that almost all P, are of the same sign. 
The verification of conditions (6), (7) now does not present any difficulty. 

An analogous argument yields the truth of the theorem (C) for the slightly 
more general class of regular Nérlund’s transformations with complex 
coefficients, almost all of which are in a sector depending on the trans- 
Sormation, with: the vertex at 0 and of an angle <7. 

On the basis of regularity conditions (11), (12) it can be proved that 


this is the case for all transformations of N” with lim | Pn|<o. Indeed, 


. n—7@o 
on setting 


a ee 
Py, = Rn e ") Gn—Paa = Dn, 
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we derive from (11), d,>0. On the other hand there exists a sequence 


of indices {2} such that 
Pn, = O(1), mto. 


2) 

This implies the convergence of the series >) |P,—Py-i|. But, for 
n=1 

almost all n, we have 


1/2 
| Pn—Pn—-1 | am (4 Rn Ra~1 sin? 3 “a alo 


co 
Hence the series > |d,| also converges, thus yielding the existence of 
n=1 


the sector in question. This sector may be selected even so as to have 
an arbitrarily small angle.® The existence of the sector in question is 
derived still simpler, according to a remark by Dr. R. Agnew, from the 


[°.2) 

fact that the convergence of the series > | P,— P,—:| implies the existence 
=1 

of lim Py. : 


n> 


4, The only place in the literature (not counting a short review in the 
Jahrbuch fiir Fortschritte der Mathematik) where the note of Woronoi is 
mentioned at all, so far as we are aware, is the recent interesting mono- 
graph by E. Kogbetliantz.® The author states there: «En 1901, Woronoi 
a fait voir que pour les suites s, & croissance finie le procédé (C, 0) est 
equivalent & tout procédé (@, d) defini par 


n 
(, 8) —lim gén sn) = lim —1~ >’ O(n — m) um = lim &), 
@(n) 0 n—> 


n> ao n> 


(x) étant positive et monotone, @(x)—> oo pour x00, pourvu que la 

. . . n . . 

limite lim n+) $* @(m) existe et soit finie. Dans ces conditions la somme 
0 


généralisée —(@®, d)’ est indépendante de la fonction particulitre ®(x) 
employée, 
Pour @(x) = a” on a la suite {Cc oul 


J 
cw) = P (1—=) Um 


mon 


* As it is shown in the following note by R. E. Gilman, this result is “the best possible” 
in the sense that theorem (C) fails if sectors of an angle > are allowed. There exist 
therefore regular transformations of 9” which do not C M*. 

* Sommation des séries et intégrales divergentes par les moyennes arithmétiques et 
typiques, Mémorial des Sciences Mathématiques, Fase. LI (1931), p. 52. 

‘We correct an obvious misprint ® (a, s) in the text. 
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et lim C) = lim &”) si l'un des deux membres existe. Le procédé (2”, 4) 
n—->@® ws n> : 
est un des procédés de Riesz, connus sous le nom des moyennes typiques 


et definis par rapport & une suite réelle, positive et monotone {A,} telle 
que 24,0 pour n—> ©,» --- «Les moyennes arithmétiques correspondent 
au type A, =n et les procédés (C, 6) et (R, n, 6) sont équivalent, ce qui 
est le resultat de Woronoi, retrouvé par Riesz.» 

If the reader compares this statement with the translation above of 
Woronoi’s note, he will easily convince himself that neither Woronoi’s 
hypotheses, nor results are stated here correctly. The only thing that 
can be inferred from Woronoi’s note is that he had proved the consistency 
of the transformations in question whence the consistency of (C, 0) and 
(R,n, 6) immediately follows. The equivalence of these transformations 
is an entirely different matter. There is no proof of equivalence of any 
classes of transformations in Woronoi’s note, and the result of Riesz does 
not follow from the result of Woronoi. 


SThe following example, due to Dr. R. Agnew, shows that this statement is incorrect. 
The sequence (1, —1, 1, —1,---) is summable to 0 by (C, 1). It is not summable to any 
limit by (®, 1) where ®(n) = +1, or n+ 8 according as m is odd or even. 


Brown UNIVERSITY. 








A REMARK ON NORLUND’S METHOD OF SUMMATION.! 


By R. E. GiitMaAn. 


In the preceding article* the notation of which will be used throughout 
the present note, it has been shown by Tamarkin that the class of regular 
Norlund transformations whose coefficients are complex, but where, for 
each individual transformation, almost all are situated in a sector with 
vertex at O and of angle <7, is a sub-class M¢; in other words, Abel’s 
theorem holds for all such transformations. The purpose of the present 
note is to show that this statement becomes untrue if sectors of angles 
> a are allowed, so that the result above appears as the best possible 
in a certain sense. To accomplish this it will be sufficient to exhibit an 


example of a power series 


v2] 
(1) P(@) = > Prat 
n=0 
with the following properties: 
P, n+1 


i, —>lasn-o, 
Pr 


| Py — Py-1 | — O(P»). 


Ms: 


il, 
vy=1 


iii. The ratio 





(2) P*(#) 
| P(x) | 
where 
(3) P* (x) = D)| Pa|x” 
n=0 


does not remain bounded as z—>1 along the segment (0,1).° 
The series in question will be constructed as follows. We start with 
the expansion 


(4) (1—a)-2 = 14-29243a94+..-+(n+1)a"+--. 
Next we change the signs of the coefficients to make them alternate in 
successive groups of 1, 2, 4, ---, 2*, --- terms, thus obtaining 
oO of 
(5) g(a) = 1+ P (—1)* Dx (Qk 4 y—1) a2'+?-2, 
k=1 v=1 








‘Received March 5, 1932. 
; G. Woronoi, Extension of the notion of the limit of the sum of terms of an infinite 
~— translated by J. Tamarkin, these Annals, pp. 422-428. 
This will be selfunderstood when we say «—>1, and in general, only positive real 
Values of «<1 will be considered in our discussion. 
429 = 
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Finally we introduce the notation 
exp ia (1+ “|, k odd, 
(6) O(k, v) = 


exp in(1—4}, k even, 


and in each group of 2" terms modify the coefficients of the k first terms 
of the group on multiplying them by 6(k, v). The resulting series 


P(x) = D> Pra” 
n=0 


2) k 
@ =14 S| Y 06,0) eto 


v= 


" 


of 
+ 2, +r—1) tir] 
v=k+1 


will be shown to satisfy all our requirements i.—iii.* 
We first observe that all P, are obtained from the coefficients of (4) 
by multiplying them by factors of the type &“. Hence 


(8) [Pol = n+1, P*@) = (1—2z)’. 
Consequently 
| Pn +1 | 
I Pa | 
This establishes property i. 
To prove ii. let 
(9) n= 2t+m<ckt!, O< me, 
We write 


(10) 2 | Pe Pr! => pe > 


where >) is that part of the summation extended over the values of » 
for which 
(11) M@@—1<y< Mt w—1, p=1, 2,---, k. 


Pris 
Pn 





| | 
>1; arg ( || < Z>0 as n, k>o. 


In the remaining part of the summation, >, we have 


| P» —Pr-1| 4 
whence 


(12) ds <n = O(P). 
As for 31, if » satisfies (11) with a fixed mw, it is readily found 
1 1; 1 
|P»— Py| = v|1— ‘+ ex ((—1)"#)| < 1)—. 
1 » exp ((—1) z < (+1) > 


‘Note also that all the coefficients P, lie in a sector of angle 7, namely the upper 
half plane. 
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Accordingly the summation extended over all »’s of this group (# in 


number except, perhaps the last group, “ =k, when the number of »’s 


might be less than k) will be less than the product of m times the 
+d 





maximum term of the group, which itself does not exceed = Hence 


k 
(13) Dix D> TWH < wQkt? — O(P), 
p=l1 


and the property ii. follows if we combine (12) and (13). 
The proof of iii. is more complicated. In view of (8) this property will 
be established if we can show the existence of a sequence {z;} such that 


the product 


(14) P(x) (1—2)?-0 as aj>1. 
Set 

(15) P(x) = g(a)+h (x) 
where 


(16) h(x) = P(a)—g (x) = Zz (—1)* x {0 (k, v) —1} (2k »—1) +92 


It will be sufficient for our purposes to have a crude estimate of the 
order of magnitude of h(x) as x>1. Since |6(k, v)—1| <2, we have 
at once 


20 k 
(17) h(a)|S2 * ) (Qk 4-y—1) g2@+"-2, 


A simple computation shows that, for a given z, O<a2<1, the expression 
(n+ 1) a” reaches its maximum = O [(1—x)—] when » = O [x(1—2)~']. 
Let now 








2 M k o k 
(18) po 2 = > m»+ i = = Sy+ Ry, 
K=17=1 Kk=le=l k-Mtiv—1 
- log (1— x) . 
h | — ) 
Where A fon kl . It is 


clear that Ry is less than the remainder after NV terms of the series (4), 
which is O(1), for N chosen as specified. As for Sy, if we replace each 
term by the value of the largest term namely O[(1—z)~], we get 


M k a 
Svs 2 2 ofa—s)] = oaryo(a—2] = of 2 O— 2) 


whence 


(19) h(x) = of = B29) as x> 1. 





28* 
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We proceed quite differently with g(x). We have 


a“ £ 
g@)=1+2 2 (—1)F(Q# + y—1)a* +2 


k=1¥7=1 


= 5 |-1 t2+> > (—1fatie] 
du : k=1v=1 


(20) 
= -<- {|—1 +2 Pa (— 1a (1— ot 
= —2[(l—2) f @)+/@)] d—a2)? = —29(z)(1—2)°, 
where 
(21) fe) = 4-2 (—1a® 
and 
(22) g(x) = (1—a)f" (~) + f(@)- 
It follows from (21) that 
(23) I(x) +f @’) = 1—« 
and by differentiation 
(24) f' (a) +22 f' (@’) = —1. 
From (22), (23), (24) we derive 
(25) g(x) + 9 (a*) = (1—2)*f" (a’). 


Take an arbitrary sequence EF of values of x>1. If, on E, /’(z) is 
not bounded then from (24) /’(x) and ff’ (x?) assume opposite signs so 
that f’ (x) vanishes between x and a*. Thus a set E’ of values will al- 
ways exist on which /’(x) is bounded. For z* on £E’ the right member 
of (25)>0, so that y(x)+ (z)>0. Then either y(x)—0, or else ¢(z) 
and g(x*) assume opposite signs and, by continuity, y(x) vanishes for 
some « between x and x. In either case there exists a sequence {2} 
of values of x1 on which »(x)—>0. 

If we restrict « to assume only the values belonging to this sequence, 
it follows from (19) and (20) that 


P(x)(1—ax)* = (1—2)* [9 (x) + h(x)] = — 29 (x) + O[(1—z) log*(1—a)] 0 


which is precisely what we wanted to show. 


Brown UNIVERsITY. 








A CLASS OF FUNCTIONS CONTINUOUS BUT NOT 
ABSOLUTELY CONTINUOUS.* 


By R. E. Gruman. 


1, Introduction. In a recent paper,’ Hille and Tamarkin have set 
forth a collection of interesting properties of the well known function 
of Cantor which is continuous and monotone but not absolutely continuous. 
The following pages are devoted to a discussion of a more general class 
of functions, containing the one just mentioned as a special case. Every 
property (except for trifling modifications) noted by Hille and Tamarkin 
for the special case, is true for all the functions of this more general 
class, but not to be tedious, this statement will be justified only in part. 
Our attention will be centered mainly on a study of the behavior of the 
derivatives, a topic cited by the above authors as having been considered 
but not solved.? 

2, The perfect set Pg. Represent the numbers of the closed inter- 
val (0,1] in an arithmetic scale of radix «. Thus 


1 i es cos ta 5. 

() ea By... 424 

where @ is a positive integer greater than 2, and a, ds,---, Gn,*-- are 
integers such that 

(2) 0<aj<ea (¢ = 1,2,--+). 


Hereafter a, will be referred to as the v-th digit in the representation 
of x. 
Let «—1 be represented as the product of two integers as follows 


(3) a—1=q(@—1), q>2, B22, 


which is evidently always possible. It will be assumed that a definite 
choice of «, 8, and q is made so that they are hereafter to be regarded 
as fixed. 

We define the set Pog = P as consisting of all the points x of [0,1], 
for which all the digits in a representation (1) are integral multiples of q. 


*Received August 18, 1931. 
‘Remarks on a known example of a monotone continuous function. American Math. 
Monthly, 36 (1929), pp. 255-264. 
* Loe. cit., footnote on p. 258.. 
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The complementary set CP =C will comprise all the points of [0,1] for 
which no representation in the scale @ has every digit a multiple of 9. 
The set P will be subdivided further into three subsets, P°®, P+, P-, 
where 
P°® comprises all the points of P having an infinite number of digits 
different from zero and from e—1; 
P+ comprises all the points of P with only a finite number of digits 
different from zero; 
P- comprises all the points of P with only a finite number of digits 
different from « —1. 
It should be observed that P32. reduces to the classical Cantor set con- 
sidered by Hille and Tamarkin. 
The following properties of the sets C and P are easily derived. 
i. The set C is open and consists of all the open (non-overlapping) 
intervals (&’, §”) with the end points 


’ ay ke ak — 1 
ga 4... + As. k q+ 








ak—t ak ? 
(4) ay ce ay 
© tee: oe 4S as S&S 
g — - + ia { =" + ak ’ 
where «1, @2,+++, Qe-1, a are integral multiples of qg and a; +0. 


An interval of this type will be designated as an interval of order k. 

ii. The sum of all the lengths of all the intervals of all orders k = 1, 2,-:: 
is equal to one, whence meas. C = 1. 

iii. The set P is perfect, non-dense in [0, 1], and of measure zero. The 
intervals of D are precisely the contiguous (“black’’) intervals of P the 
points of P*, P— being, respectively, the right and left end points of (&’, §"). 

It should be noted first that some numbers x admit of ambiguous 
representation of type (1), for, 








a+1 a a—1 
a a= tarts OG eet, 
a a—1 a—1 
an woe an + anti + +++, 0<a < a—l. 


Hence a point x will be classified to belong to P, P+, P-, if at least 
one of its representations (1) satisfies the corresponding requirements. 
Let now «CC. We shall bave then a representation (1) with 


“=0@q,i= 1,2,---,k—1; an 0 (9); 


not all asi, --- being equal to zero (or to a—1) when a, =1 (or =—1). 
It is obvious under these conditions that 2 is an interior point of an 
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interval (&, &”) of order k, namely that for which a; is the smallest 
multiple of g greater than ax, while aj = a4 ((=1,2,---,k—1). It 
is also plain that all the interior points of (&’, §”) CC, which establishes 
the property i To prove property ii. we observe that the length of any 


. —1 ’ 
interval of order & is i. If now k=—1, a may have any of the 


values g, 2q,-::,(8—1)q, hence the sum of lengths of all the intervals 


. —1 e , , ’ 
of order 1 is (@—1)2—. If k>1, the digits aj, a2,---, ax. may 


assume all the values 0, g, 2q,---,(&8—1)q, while a; may assume the 
same values with exception of 0. Hence the sum of lengths of all the 


intervals of order k is 
A¥-* (B— 1) (q—1)/a*, 
and the sum of lengths of all the intervais of C, that is meas. C, is 


Jj .».. @—D@—} 1 _ 
2 1(B—1)(q—l1)a* = in _ 3 — j, 





This proves property ii. Property iii. is now obvious. The following 
property will be of great use in our subsequent discussion; the proof is 
omitted. 

iv. The transformation «’ = 1—z leaves the sets C, P, P® invariant, 
while it interchanges the sets P+, P-. 

3. The function wes (x). We shall define now a function og (x) = (x) 
which reduces to that considered by Hille and Tamarkin in the special 
case a = 3, B= 2, 

Let x have a representation of the type (1). We set 


6) ae eS oe 2. ee 

When all the digits a;=0 (q) and 

(6) a= bi (i = 1,2,-->), 
while 


" pe b b bn— Dn ——- Ee 
(5”) o@) = S+at- pa ry bn = [+1 
when 

(6") a = qbi (i = 1, 2,---,n—1) but a, #0 (g). 


A moment’s consideration will show that (x) thus defined is a single- 
valued function of 2, although in some cases x admits of two representations 
of type (1). Various simple properties of w(x) are stated in the following 
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TuEorEM 1. i. The function w(x) does not decrease and varies from 
w(0) = 0 to w(1) =1 as x ranges over |0, 1). 

ii. w(x) assumes equal values at the end points of each interval (&', §") 
contiguous to the set P, these intervals thus being intervals of constancy 
of w(x). 


iii. w(x) satisfies the functional equation 
(7) w(x) + o(1—a2) = 


iv. w(x) is continuous but not absolutely continuous. 
Proof. To prove i. we have to show that if x and 2’ are any two 
points of [0, 1] and — then w(x) > o(z’). Let 


a ee ee = a 


Ak—1 
a4... eee 
be the representations re x, a so that ax is oll first digit of x’ distinct 
from the corresponding digit of x. Then 
a an > Ak, 
the possibility 
dk — a, = 1, U4 = 42 =—---=0,7 Geri = Okte = +: = a—l 
being excluded. 
If there is at least one among the digits a,---, ax—1 that is $0 (q), 


the equality w(x) = w(a’) follows from the definition (5”). On the other 
hand, if all the digits a,,---, ax, a; are =O (q), then 


bb = & G = 1,2,---,k—1), be > Dk. 


If ax $0 (q), ac £0 (q), we have the same situation, except that > in the 
last relation might be replaced by >. Since in this case both sequences 
(bn), (bp) terminate at n =k, we have, in both cases, w(x) > o(z’). If 
a = 0 (q) while aj; 0 (q), the sequence (b;) terminates at n = k and 
bi < bx. Finally, if a, = 0 (q) while a; = 0 (q), we have by > dx, so that, 
in both cases, (x) > w(a’). The relations (0) = 0, (1) = 1 follow 
immediately from the definition of w(x), as well as the property ii. of 
the theorem. 

To prove iii. we observe that if xC P, then 2 =1—a2CP. Let (an), (an) 
be the corresponding sequences of digits in the representations (1) of x, 2’. 
We have 

a= qb, a= (e—1)—a,=q(’—1—b), bi = (B—1)—4hi, 


w(x) + (a) = 2), 8*+ Swe = S@—-1et =1. 
sat += i=1 
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If, however, x CC, there will be a positive integer & such that the relations 
above hold for i << k—1, while 


m= [2] 44, % = [S]41, ae +a; =a—1, kth = B—1. 


The sequences (bn), (bn) now terminate at k = n, and we get again 
o(z)+o(2’) = 1. The continuity of w(x) will follow from the more 
precise Theorem 2 below. To prove that w(x) is not absolutely continuous 
we have only to observe that, on one hand, 


w (1) — w(0) — 1, 


while, on the other hand, the derivative w’ (a) = 0 at all the points interior 
to the intervals of constancy of w(x), that is at all pointsaCC. Since 
meas. C= 1 this implies 


[oo'@az = 04 w(1)— (0). 


Hence w(x) is not absolutely continuous. 
THEOREM 2. The function w(x) satisfies a Lipschitz condition of order 


_ logs 
oe log a 





(8) , B= oe, 


the Lipschitz coefficient being not greater than 
(9) c = B(q—1)™. 


This result is the “best possible” in the sense that the inequality 
| (x) —w(a')| < clx—a'|" 


does not hold for unrestricted pairs of values (x, x’) on [0,1], even for those 
with «’'—x>0, if either oy >p or po =m but o<e. 
Proof. There is no restriction of generality in assuming x>2’. First 
suppose xC P, 2’ C P. We have then 
Co 


oo 
° : / 
x= 2 ys *, a= Dae, a= qh, uv = hi, 
‘= [= 


t=] 
w(x) = = bi Bi, w(x’) = PT A-i, 


Let a be the first digit of x which is different from the corresponding 
digit a, of x’. Then 
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ar— anv’ = q, 





x—x' = (ax—ae*+ 2 aati— > aja-+> (q—1)a, 
i=k+1 i=k+1 
and 
w(x) — w(x") = (be— dy) B-*+ Ps b; B-*§— Bo b; B- 
i=kH1 i=kH1 
< (8B—1)A-*+ Bok — Bi-k — Bake, 
Hence 
(10) 0 < w(x7)—ao(a’) < 4 eae = c(a — a’ )H 


Let now either x, or 2’, or both, C C. Let & be the left end point of 
the interval of constancy containing 2, and &, the right end point of the 
interval of constancy containing a’. Then, by the preceding result, 


w(x) — w(a") = 0 (%&)—0(&) < c&— Ei)" < c(w@—a' yt, 


since §&, and &£,C P. The proof of Theorem 2 is now complete.® 

4, The incremental ratios and derivatives of w(x). We are now 
ready to study the derivatives of w(z). 

THEOREM 3. At all the points of C, w(x) has the unique derivative 0. 
At all the points of P*, 


(11) Dtw(e) = +0, D-o(x) = 0, 
while at those of P-, 
(12) Dto(z)=0, D-al(z) = +, 


with the usual notation D* for the derivatives on the right or on the left. 

Proof. The statement of Theorem 3 concerning the set C has been 
proved already [Theorem 1, ii.]. Since the statement concerning P~ is 
derived from that concerning P+ by the transformation 2’ = 1—-2, only 
formulas (11) need to be proved. The second of formulas (11) is obvious 
since every point of P+ is the right end point of an interval of constancy 
of w(x). Let now 

n 
ye 2 i at, a= qbi 


7=1 


be a point of Pt and 2 >a, while zz. There exists an integer 
p> xn such that 


2<& co xa+t+a-p-l < a! < Lg = x+ea?, pro as gn. 





* Cf. the corresponding discussion of Hille and Tamarkin, loc. cit., pp. 259-260. 
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Then, by Theorem 1, i. and (5”), 


w(x) < w(a%) = w(x)+ 8?! < w(x’) < w(x) = w(x) +h, 
whence 


apt gp > © (a')—@ (x) 


a’ —2x 





. a P 
a? B-P-1 > 7, 7m asa >a, 


IV 


which shows that Dt w(x) = +o. 
The behavior of (x) at the points of the set P° is more interesting 


and more complicated. The following notation will prove useful. 
Let « be a fixed point of P® and 


co 
(13) [= za Ay, a", Ay, = by, 
k=1 


the corresponding expansion. Without loss of generality we may here 
assume that 
(14) Vy Vg Ores MRE +++ PW, 


(15) cr, = dm, +0, Be = br, $0, 
while the possibility 

dy = a@—1, mu—me = 1, kK > kh 21 
is excluded. 


By « we designate the variable point which ultimately will >, and by 


w (a) — w (x) 








(16) Qe, 2) = Wr) = —a=, 
the corresponding difference quotient. 
We set 
n n—1 — 
(17) iy = zZ Opa "k, Yn = > Oey, oe “ as. 
k=1 k=1 - 
(18) On = [%n—1, Xn). 


In order to have some information concerning the distribution of the 0’s 
and («—1)’s in the expansion of x, we observe that », is the place of 
the n-th non zero digit of x, dy,, and denote by 


(19) Sn = Ynti— Y"a— 1 





the number of zero digits that are between dn, and the next non zero digit 


(m,.,+ We shall be interested in the ratios 
(20) — Sn (n = 1, 2, --°). 


Vn 
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We shall use (€,), (yn) as a generic notation for sequences of positive 
numbers such that 
(21) én 0, qn, while Vntn 7D, Vann < M, 


where UM is a positive constant. Finally, by vt, st, r*, e*, * we de- 
signate the quantities which should replace the conresponding quantities 
Yn» Sny Tny €n,» Yn When “zero digit” in the above definitions is replaced 
by “«—1 digit”. To abbreviate, let 4 denote the positive constant 
1 log @ 

22 4A=——1 = 
( ) yu log 8 

With this notation we have the following lemmas. 

Lemma 1. When x'>=<x on the sequence (xn), the difference quotient 


=e, 





2) Oo) > es (a) 


The proof follows immediately from the relations 


2) 


(0) — (0) =D) BB > Bub, 


=n+ 


L— Ln = > Oty, "* < (nii tla Yat - 
k=n+1 


Vat 
Vntt —>@ + (5) —> © . 


B 
LEMMA 2. At x = yp the difference quotient Q(z’) satisfies 


1 = 
(24) Q (yn) « Pata + a” B Vai $ 
For, now we have 
w(x) —w (yn) — k a, Bx Bs < (Bntit 1) , 
= 
iv¢) 
2£—Yn = (q—lIa 4+ k ry a,a”* >(q—1)a", 
=n 
whence (24) follows. 
Lemma 3. Whenever x’ Cdn = [xn-1, tal, we have 


Bais , a Wass 1 
(25) Q(z’) > =e” ih > aR en) 


Proof. Since (x) is non-decreasing, whenever a1 < 2’ < 2p, we have 


© (%n—1) < w(x’) < w(axp) 
and 


@(x)— w(x!) > w(x)— (an) > Bar B 
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while iat 
2— x2 << 2—Ini<(@n+i1)a. 


This yields the first part of (25), whence, by (24), 
Q(z’) Bnii(q—1) a. 
QWn) ~ (n+ 1) Bra) ~ @B" 


We come now to our main result: 
THEOREM 4. A necessary and sufficient condition that, at a point x C P*, 
w(x) have a derivative on the left is that 





(26) Q(yn) > oO as n>, 


This derivative is equal to +00 if it exists at all. 

Proof. The necessity of (26) follows from Lemma 1, since y, > x, while, 
for 2,>2, Q(an)>«. The sufficiency of (26) follows from Lemma 3 
combined with the fact, that, for 2’ sufficiently near to x, there will exist 
an integer n such that a’ Cdn, n>. 

It is not difficult, by using the transformation ¢ = 1— x, to obtain the 
analogue of Theorem 4 for the derivative on the right at ana CP*. Pro- 
bably a better grasp of the true nature of the condition (26) can be obtained 
from the following useful specialization of Theorem 4. 

THEOREM 5. Jf aC P® and 


(27) Yn < A— en, n>N 


for all values of n greater than some fixed constant N, the function w(x) 
has a derivative on the left, equal to-+o. If, however, we have 


(28) Yn = A—40 


Sor infinitely many values of n, (a) has no derivative on the left. 
The same is true of the derivative on the right, provided the conditions 
(27), (28) are replaced respectively by 


(27*) rt < A—e*, n> N* 
and 
(28*) rt > A—4s. 


Proof. It suffices to consider only the derivatives on the left. Those 
on the right can be treated by our customary transformation ¢ = 1—z. 
Since y» Cdn, we have from (24) and (25), 


Bn+1 + 1 a’ | ia - 


Bn+1 a” p “Vati é Q (yn) < vom 


ayn +1 
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Hence 
(29) Q(yn) = Cn a” Bt = (y B "aon 
where 

1 


so that c, is bounded from infinity above and from zero below. If we 
write (29) in the form 


(31) Q(yn) = tn Bn"? 


we see at once that Q(yn)>«© when (27) is satisfied, in view of (21), 
while Q(yn) can not > when (28) is satisfied. 

It is worth while to recapitulate the above results by classifying the 
various cases of the behavior of the derivatives of w (a). 

I, Unique derivative (+ 0). 

II. Derivative (+ o) on the right, no derivative on the left. : 
III. Derivative (+ ©) on the left, no derivative on the right. ech. 
IV. No derivative on the right, nor on the left. 

V. Derivative (+ ©) on the right and (0) on the left. 2 CPt. 

VI. Derivative (0) on the right and (+ cc) on the left. «CP. 
VII. Unique derivative (0). xc. 
It should be observed that, as far as the types of the behavior of derivatives 
are concerned, the sets P®, P+, P-, C are mutually exclusive, while the 
types I-IV actually occur, each on a non-denumerable sub-set of P°. 

We might say in conclusion that all the rational points C P° are of 
type I since in expansions (1) of such points the digits repeat periodically, 
so that both s, and s* are bounded and the ratios r,, r*>0. On the 
contrary, the numbers of Liouville, that are obtained from (13) for vn =1!, 
are all of type II, since, for such numbers, 7,0 and r*>0. 


Brown UNIVERSITY. 








RELATIVE SUMMABILITY.! 


By R. L. JEFFERY. 


1. Introduction. In a previous note® we discussed a problem in 
integration which involved non measurable sets. As one would expect 
under such circumstances, Lebesgue’s theory proved inadequate for its 
solution. The solution was obtained by a device which we have since learned 
is none other than Hildebrandt’s relative summability.* Relative summability 
is obviously well adapted to the handling of such problems, and for this 
reason seems to deserve more consideration than Hildebrandt gave to it. 
We show that it can be made the basis of a complete and satisfactory 
theory of integration which includes those of Lebesgue, of Pierpont, and 
of Young, and this without in any way featuring measurable sets. If S is 
any set we use outer measure, designated by the symbol 7S, which is 
defined for every bounded set, and which is equivalent to measure when 
the sets involved happen to be measurable. We find, however, that there 
is no necessity for distinguishing between the two cases. 

2, Definitions and notation. Let fbe any bounded function defined 
on the bounded set S. Let a,, de, «++, dn be a sub-division of the range 
of f, and s; the part of S for which a1<f<a. If there exists an 
unique number J such that 

n 
y al s% 


i=1 
is arbitrarily near to IJ provided the norm of the sub-division is sufficiently 
small, we shall say that this number J is the Hildebrandt integral of 7 


over S, denoted by the symbol H tf, faz. 

If § is an n-dimensional domain we are able to show that the H ¢-integral 
of f exists for certain classes of functions which are not measurable on 8. 
In this case the Lebesgue integral does not exist, nor does the Pierpont 
integral, since the existence of the latter insures the measurability* of /. 

Let A and B be any two bounded sets, @ and # sets of open intervals 
enclosing A and B respectively. If for every ¢ it is possible to find « 
and & such that 7 (« 8) <e we shall say that the sets A and B are separated. 

Let f be any function defined on the bounded set S and a any real 
number. Let Sf and Sf be the parts of S for which f2a, f<a 


owtlenriesininsniceussliig 
" Received July 9, 1931. 
Proceedings of the London Mathematical Society, vol. 31, Part I, p. 18. 
: Bull Amer. Math. Soc., vol. 24, 1917, p. 128. 
Corollary III, Lemma II, below. 
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respectively. If for every a the sets SZ and S; are separated we shall 
say that f is separable relatively to S. 

Let f be bounded on the bounded set S. Let s,, 8, --- be a finite 
or countably infinite sequence of separated sub-divisions of S. Let M; and 
m; be respectively the least upper bound and greatest lower bound of 
Jf on s;. If for all possible such sub-divisions the greatest lower bound 
of >’ Mils; is equal to the least upper bound of >) m/s, then this 
common value is the Pierpont integral of f over S. If the sets 9, s;. and 
the function f are measurable, then the common value of these two bounds 
is the Young integral of f over 9. 

3. Relations between Hildebrandt integrals and Pierpont 
integrals. 

THEOREM I. If f is bounded and separable relatively to the bounded set 8, 
then both the Hildebrandt integral and the Pierpont integral of f over S 
exist and the two are equal. 

This is an immediate consequence of the following necessary and sufficient 
conditions for the existence of a Pierpont integral. 

Lemma l. Let f be bounded on the bounded set S. Let sys (i = 1, 2, --:) 
be any sequence of separated sub-divisions of S, Mni and muni the least upper 
bound and greatest lower bound respectively of f on sni. Let 


Sn = LD Malou, om = DL mal ou. 
. a 


It is then necessary and sufficient for the existence of the Pierpont integral 
of f over S that there be at least one sequence of sub-divisions for which 
lim =, = lim op. 

nO n—->® 
It is easily verified that >, and o, exist for every n. We show that 
if snj and sp; are any two sequences of the type mentioned in the lemma, 
then every =, > any on. Suppose this were not the case. Then there 
exists d>0, 2, and o, such that 


Gn —2,>d. 
Since f is bounded, it is easily verified that for a given =, and oy there 
exists for an arbitrary ¢ a value k of ¢ and separated sub-divisions 5; , 2, ++; Sk 


and si, 85, +--+, s of S for which, if M; and m; are the greatest lower bound 
and least upper bound of f on s; and s; respectively, 


k k 
X= 2 Milsi, and o%, = > mls; 
i= 


i=1 
differ respectively from =, and o;, by not more than ¢. We have then 


(3) O,— 2, >d—2e, 








RELATIVE SUMMABILITY. 445 


But it can be shown that any 2, > every o;. Let ej; = sis}. Then, 
since all the sets involved are separated, 
k k k k 
x= LM Dley, amd % = Dm Dd ley, 

i=1 j=1 j=1 ‘i=1 
and it can be easily verified that M;ley => mjlej. This shows that >; > o, 
which, with (3), leads to a contradiction. We thus have obtained the 
desired result that every 2, > any o,. If then for any sequence of 
separated sets sai, lim 2, = limo, it follows that this common limit is at 
the same time the greatest lower bound of > M/s; and the least upper 
bound of > mls; for all possible finite or countably infinite separated 
sub-divisions s; of 8. Hence, by the definition given above, this common 
limit is the Pierpont integral of f over S. 

The conditions of the lemma are also necessary. If the Pierpont integral 
of f over S exists it is evidently possible to find two sub-divisions of S 
into separated sets s,---, s and si, +--. s; for which 

k k 
(1) YMis—Pf fae<e, and P{ faa— > mlsi<e. 
& 


i=1 


Set ey = s:s;. Then, since all the sets involved are separated, we get 
from (1) 


k k k k 
(2) LM; Dley— Lm Dley<2e. 
f=1 j=l j=1 ~ {=1 
If now the sets ej; are ordered in the sequence s¢1, se2,---, we get from (2), 


with a suitable change of notation and by taking into account the fact 
that M; and mj are an upper bound and a lower bound respectively of / 
on ej, that 

k? I? 

P M;, | ser — p Mr ler << 2. 

tT=1 tT=1 
Then, taking a sequence of values of ¢ tending to zero and s¢,r the corre- 
sponding sequence of sub-divisions of S, we readily arrive at a sequence 
of sub-divisions satisfying the conditions of the lemma. 

We note that if the sets S, sni, and the function / are all measurable, 
then Lemma I gives the necessary and sufficient conditions for the exi- 
stence of the Young integral of f over 9. 

The next step in the proof of Theorem 3.1 consists in showing that 
if f is separable relatively to S then there exists at least one sequence 
of sub-divisions sn; which satisfy the conditions of the foregoing lemma. 
Let An = dno, Gini, +++, Ann be a sequence of consecutive’ sub-divisions 


> Anti is obtained by retaining the points of A, and inserting additional points, but 


not more than one additional point between dn,i—1 and au (i = 1, 2, +++, m). 
29 
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of the range of f, and sy, the part of S for which dni < f< an. Clearly 
we have 


n n n n 
> ani-rlsni << D muilsu < 2, Mail sri < D anil oni. 
Epo i=1 ‘= t=1 


But as » increases the first and last members of this inequality approach 
each other, which shows that the sequence of sub-divisions s,; has the 
desired properties. Consequently the Pierpont integral of f over 8 exists. 
The foregoing inequalities also show that 


P| fax = lim > anil 8ni- 


nu >o 
But = Ani lsyi Gecreases with n. Furthermore, it is possible to show by 


methods used elsewhere® that for a given «, if a, d:,-+--, Gm is a sub- 
division of the range of f with norm sufficiently small pa s; the part 
of S for which q@—i1<f< a, then >’ als; does not exceed > anilsni by 
more than ¢. It is also evident that 


n 
> als; > Pf. fax. 
i=1 s 


From these considerations it follows that the Hildebrandt integral of 
over S exists, and that 


Ht faa = PI) faz. 


4, The Hildebrandt integral of functions separable relatively 
to S. 

THEOREM II. If f, and f, are functions which are bounded and separable 
relatively to the bounded set S, then S,t-. J, and f, f, are separable relatively 
to S. So also is f,/f, provided f, is different from zero. 

Let An be a sequence of consecutive sub-divisions en the range 
of f,, f, and f,+f,. Let s%, be the part of S for which a, 4 < hy Guis 
and let gy =a,, on s¥ (»=1,2). Then gy, = gi+ g? is separable 
relatively to S. To show this let ¢ be fixed arbitrarily small, and determine 
finite sets of non-overlapping cells w”, containing points of s%, where ©, 


ni 
and *, have no points in common for i +7, and where 


| lor, — Is ,|<t, and 1(s%,— ws” )<t. 


nie ne 
If e= => (@},; 3, +2, 82;), then I(s—e)<2nt. Let D be a bounded 


domain containing the set S and the cells w”.. Set yy = a,,; on Oni? and 
y* = 0 elsewhere on D. Then 





° Proceedings of the London Mathematical Society, loc. cit. p. 20. 
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= Unt Yn = In = Int Gn 


on e. But since W, is a step function on D, it is separable relatively 
to every set on D, and consequently separable relatively to e. Hence 
y, is separable relatively to this set. Furthermore, by taking ¢ sufficiently 
small, Je can be made arbitrarily near to 7S, and from this it follows 
that y, is separable aeeveg to S. Let f= f+ A, and suppose that 
for some number a the sets SZ and Sf are not separated. From the set 
of consecutive sub-divisions A, choose . monotone increasing sequence 
(\,)@,9,+++ Which converges to a. Set a, =a, Then S#DS*", Also 
lim S)? = = Sr. Hence, by a theorem of W. H. Young,’ ip j sufficiently 
nit is is arbitrarily near to Ls? and consequently Sr 4 and sf are not 
ce. 4 Hence if (a—aj)/2 = y we can choose ; and k so that 

—f<y on S, and at the same time a—aax.<y. Then, since 9» = /, 
it is easily verified that _ > S-/, and that ae. Consequently ¢,, is 
not separable relatively to S. But this is a contradiction. We conclude, 
therefore, that f = f,+-/, is separable relatively to S. In a similar manner 
the same can be shown for /, f,, and also for f/f, if f, + 0. 

THEOREM III. If the bounded functions f, and f, are separable relatively to 
the bounded set 8S, then the Hildebrandt integral of f,+-f, over S exists, and 


Ht (ptf) de = Ht fdet tf fae. 


The truth of this theorem follows readily from the definitions involved. 

THEOREM IV, Let f be bounded and separable relatively to the bounded 
set S which is contained on the bounded domain D. About each point p 
of S as mid-point let wz be a sequence of cells with side length ay, where 
ax tends to zero as k increases. Let So, = s,. Then for all points p of 8 
except a null set the ratio 


Ht f fax/ 1s 


converges to f (p). 
First let f be greater than zero, and let G, be the part of S which 


is such that for each point p of G, there is at least one sequence of cells 
for which 


(1) uty Le? < tp )(1—A) (k = 1, 2, ---). 
Suppose 7G@,>0. It is then easy to show that 
Ht{. fdx =q>0. 

«<. 


‘Theory of Sets of Points (Cambridge, 1906), Theorem 28, p. 104. 





29* 
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Now divide the range of f on S at the points a, de, ---, a, where for 
an arbitrary fixed 7 we have 


Let s; be the part of S for which au<f<a. Then 5 and s; are 
separated for 7+ j. Let gj =sG,. About each point pj of g; there 
exists a sequence of cells w, with p; as mid-point for which (1) holds, 
where s; = Swx. But since s; and s; are separated, it is possible to choose, 
for an arbitrary «;, a part gi of gj with 7 gj;—19:<« which is such that, 
if six = 8; o,, we have, for p; a point of gi, 


(3) Htf 24% <ppya—a) k= 1,2,--. 
Six ik 





From the infinite set of cells containing g; we can, by means of Vitali’s 
theorem as stated by Hildebrandt*, choose a finite set m,, w, --- such 
that 


(4) Lgi— Gi On < &. 
n 
Then for each of this finite set we have, for pin a point of g which is 
a mid-point of @,, 
(5) H,| £22 <riga—d. 


t Sin l Sin 





It is easily shown that there exists on si a point pj, for which 


(6) f (phn) l8in < Ht [ fae. 


From (2) f (pin) =f (pin) + tin, where |tin|<qy. Then (5) becomes, after 
dividing through by / (pin), 
4 fdz eens 

(7) Ht), {lsin f (pin) + sin tin} oie * 

If we carry out the above process for all values of 7, sum the numerator 
of the right hand side of (7) with respect to 7, and then with respect 
to m, and likewise sum the denominator, the resulting fraction is still 
not greater than 1—A. But by properly choosing « the numerator can 
be made arbitrarily near to q; while from (6) and the fact that | tin|<1 
the denominator does not exceed the numerator by more than 7/S, where 7 
is at our disposal. Thus the supposition that 7G, >0 leads to a contradiction. 
We conclude, therefore, that 7G, = 0. If in (1) we replace 1—4 by 
1+4 and < by >, the set G, for which the resulting inequality holds 
can, in a.similar way, be shown to be a null set. Then taking a sequence 
of values of 4 tending to zero we arrive at the desired result for f>9. 


* Bull. Amer. Math. Soc., vol. 32, no. 5, p. 447. 














RELATIVE SUMMABILITY. 449 


For f unrestricted as to sign it is only necessary to apply the above 
reasoning to y =f + constant >0. 

5, Relations between sets. Let A and B be any two bounded sets. 
Let each point of A be the mid-point of a sequence of cells ,; of side 
length a, where a, tends to zero. Let Ay = Aw,, and By = Box. Let 


LB. 
C4 (w,., B) = 7a’ 


By interchanging the roles of the sets A and B in the foregoing, obtain 
Op (x, A). 

I. At each point of A except a null set e, (@,, B) is defined for all values 
of k, and at each point of B except a null set @,(,, A) is defined for all 
values of k. 

This follows from the fact that the outer metric density of a set is unity 
at each point of the set except a null set.® 

Let A’, be the part of A for which lim @ 4 (,, B) = 0 and At the part 
of A for which lim @4 (ox, B)>0O. Similarly define B4 and Bi. 

Il. Let E be a part of Ad with LE = 1>0. Then for a given ¢>0 
there exists a number d>O, a part Eq of E with LEa>4—«, and for each 
point p of Eaa sequence of cells wo, with p as mid-point for which ax, the 
side length of wy, tends to zero, and for which 


1 Br 
—— Pa = .. 2, Mia 
i: = d (k ) 
Let d,, d,,--- be a sequence of positive numbers tending to zero mono- 
tonically. Let E; be the part of E for which 
—— Bx 
1 p. & ; 
(1) lim TAy > di. 


It is then evident that E; > E,;-1, and lim E; = E. Consequently, by Young’s 
theorem’? lim 7E; JE. We can, therefore, take ¢ sufficiently large to 
insure that 7E;>4—e. For such a value of i let dj; = d and Kj = Eu. 
Then from (1) for each point of Hz we have 


(2) = LBy 
lim Ay 


Then from any sequence w, with a point Eg as center for which (2) holds 


it is evidently possible to choose a sub-sequence for which 
* Hildebrandt, Bull. Amer. Math. Soc., vol. 82, no. 5, p. 451. 
” Loe, cit. 


>d. 
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E24 (K=1,2...), 
Evidently II is also valid when the roles of the sets A and B are inter- 
changed. 
Ill. The sets Ap and B are separated. So also are the sets BY and A. 
For points of A® lim ea (ox, B) = 0. Hence about each such point as 
mid-point there exists a sequence of cells w, such that 


1 Bx aa 
(1) |) (k = 1,8, ---), 
It is now possible to apply Vitali’s theorem to the set of cells enclosing Aj 
for which (1) holds, and obtain a finite set ,, w,,--- without common 
points and for which 
(2) 1A — > lon AB< é. 


But from (1) 
> 1Bax<eD>lAn<elA, 
n n 


from which the desired result immediately follows. In a similar way it is 
possible to prove that BY is separated from A. 

IV. There is no part of one of the sets Ab and Bh, except null parts, 
which is separated from the other set. 

Suppose Z is a part of 4g with 7E = 2 >0, which is separated from B. 
Then, by IJ, we can find a number d>0, a part Ey of E with 1 EZ, >4—«, 
and for each point p of Hg a sequence of cells w,; such that 


LBx 
1 i Ae 3 
(1) TA >d & = 1,2, ---) 


Since by hypothesis Zz is separated from B it is possible to put Ey and B 
in open sets of cells ag and 8 respectively in such a way that 





(2) l(ag, B)<e. 


Then «’ = ag— Beg contains no points of B. But since 1/Eg>4—<« it 
follows from (2) that HE’, the part of Ey, on a’, is such that / EH’ >4—2¢. 
But for each point of E’ (1) holds. Hence about each point of EZ’ as 
mid-point we can find a sequence of cells w;, on «’ for which 


L Bx — eee 
TA, = @ & = 1, 3, ---) 


Applying Vitali’s theorem to the set of cells thus obtained, we easily arrive 
at the fact that there are points of B on «’. Hence we conclude that 
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there is no part of Ap which is separated from B. It then follows from 
IU that no part of Ag wt separated from Bi. Similarly it can be proved 
that there is no part of Bi, except null parts, which is separated from A; B 

V. The sets Ap and Ax are separated; so also are the sets B4 and Bi. 

Suppose AB not separated from Ag. Let a and a; be sets of open 
cells containing A® and Ap respectively. Then, since these sets are not 
separated, the lower limit of /(a)a;) = 4>0, and from this it readily 
follows that for every @ and e+, we have 


(1) I(aya4 Ab) > 4, Wayay Ab) > 2. 


The first inequality of (1), in conjunction with IV, shows that for every 
a, and «, we have l(a oe, BX) =A, and this, in conjunction with the last 
inequality of (1), shows that A% and Bi are not separated. We thus have 
a contradiction of II, and can conclude, therefore that A% is separated 
from 4}. Similarly it can be shown that BY is separated from Bi. 

VI. 14g = 1B = (4B + Bi). 

If we suppose that 74g =—/Bi-+c, c>9, it can then be shown by 
methods similar to the foregoing that there is a agi E of Ab which is 
separated from Bi. But thie contradicts IV. cand l Ay <l Bi. Similarly 
it can be shown that 7 BA < 1A%. Hence Aa = = 1B. In order to com- 
plete the proet of VI we first note that / (Ag + Bi)> >1A%. A supposition 
that 1(4p + BL) = 1A +c, c>0, readily leads to the fact that there is 
a part of BA which is separated from Ag. But this again contradicts IV, 
and the truth of VI is established. 

VII. Let Aap be the lower limit of l(a 4) Sor all possible enclosures « 
and 8 of A and B respectively. Then 1(Ap+BA) = Aap. 

If each point of A is in some cell of a set of open cells «, and each 
point of B is in some cell of a set of open cells 8, then e—e 8 contains 
no points of B, and, on account of IV, no points of Az. Similarly 8 —«8 
contains no potas of Bi. Thus A} -o sig and Pa readily follows 
from this that W(4p+Ba) < Aap. Suppose that 1(A$+Bi) = 4 = Aap—c, 
c>0. Put 4¢+Bi in a set of open cells y where ly<Atel2. The 
set Ap is separated from Az and from B, and the set Bi is separated 
from Bx and from A. Hence we can put A% in a and Bi in Bo where 
l(a) By)<c/2. We shall then have A in « =y-+a and Bin =y+Ap, 
and evidently 7(a@ 8)<4A+c<Agp, which is a contradiction. The truth 
of VII then follows. 


VI. (A+B) = Ab +1Bh + Udi + Bd), 
LA+IB = 1A%+1B4421(454+ Ba), 
LA+IB = W(A+B)+1(A$4+ Ba). 
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The first and second of these relations are immediate consequences of 
III—VII, while the last is obtained by combining the first and second, 

6. Functions not separable relatively to the set over which 
they are defined. We are now in a position to prove 

THEOREM V. Let f be bounded on the bounded set S, and let S = 8,+-S82+--+8, 
where f is separable relatively to S; (i= 1, 2,---, p). Then the Hildebrandt 
integral of f over S exists. 

We carry through the proof for p = 2. Except for more complicated 
notation there are no further difficulties when p>2. 

Let A, be a sequence of consecutive sub-divisions of the range of f 
on S, and let spi be the part of S for which daia < f<a (v = 1, 2), 
Let » be a cell with a point of sy; as center. Since sp»; and sy»; are 
separated for 1+ 7 it easily follows that the ratio 


(1) 


lw Snvj 
l  Snvi 


= 0 


at every point of s,,; except a null set provided the side length of @ is 
sufficiently small. If then for all values of » and all values of 7 we remove 
from S the points for which the right side of (1) is not defined or is greater 
than zero for every #, we alter S by at most a null set. In what follows 
we shall consider S so altered. Let 


n 
ms (n) ns p> CP + _ 7 Tete + Fema + Z3 + Si ); 


nm 
n 
Bx (0) = 2 (hata, b+ Sata, «tty yyy tot ety) 
ia ni,i n1,i+1 
e (n) _— S7119,9 + S128 909 + jit + SAMS gan? 
2 (n) eer Sian + $7225, = a + Trani ain : 


It follows from IV of § 5 that there is no part of one of the sets Z, (n) 
and E;(n), except null parts, which is separated from the other set. 
Likewise there is no part of one of the sets e,(m) and e(n), except null 
parts, which is separated from the other set. While from the fact that 
f is separable relatively to S, and Sp, together with IV, it readily follows 
that E,(m)+E,(n) is separated from e,(n)+e(n). We show next that 
(a) The set E,(n-+ 1) contains the set Ey (n) (v = 1, 2). 

Let p be a point of E,(n) and let o, be a sequence of cells with p as 
center for which a, the side length of «, tends to zero. Let Savik = k Snvi 
(vy =1,2). Then for some values of i and j, t+j, we have pC smi, and 


(2) Him Saad >d>0. 


Snlik ~_ 
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But for some values of 7 and m, 1 +m 
Sniik = Snti,iuk + 8n41,1,141,k; 


Sn2ajk = Sn-1,2mk + Sn41,2, m-+41,k- 


We then have 
L8n41,2mk + 18m+1,2,m+1,k __ U8najx 


(3) U8n4s,1Ke + U8n4s,1, 41,k Lsniiz’ 





where either pC Sntt,im OF pC Sn41,t41,x. Suppose the former to be true, 
and divide numerator and denominator of right hand side of (3) by Jsn41,1%. 


We thus get 
Lsn4tjemk , l8n41,2,m+1,k 














l Sn+1, 11k l Sn-+H1, 11k 
ls ‘ 
1 rs n+1,1,14-1,k 
USn+1, 1k 


It follows from (1) above that for & sufficiently large the denominator of 
this ratio is unity. Hence, on account of (2) and (3), either the upper 
limit of 

1 Sn+1,2mk a 1 8n41,2, m-+1,k 

L8n41,1k 1 8n41,1k 





is greater than or equal to d/2. But this makes p a point of E,(n+1). 

(b) The set ey (mn) contains the set ev (n+1) (v =1, 2). 

This is evident from the definition of ey (m). 

(c) If E= lim E,(n) + Ey(n), and e = lime, (n)+e(n) then E and e 
are separated. 

Suppose EZ’ is a part of HE which is not separated from e. For the 
sake of definiteness let E, E’ = E” wherelE"” >0. Since Z, = lim £,(n), 
we can use Young’s theorem!! to so fix » that JE” E,(n)>0. Then, 
since e(n)+e(n)De it follows that E,(n) and e,(m)+e.(m) are not 
separated. But this contradicts the fact that E, (m)-+E2(m) and e (n)+ es (m) 
are separated. We conclude, therefore, that EH and e are separated. 

(d) If Ei and Ez are non separated parts of E, and E,, Ey = ES, (v=1, 2), 
then f is not separable relatively to E' = Ej + EF. 

Again making use of Young’s theorem it is possible to fix n great 
enough to insure that 1Ei E,(n)>0, and that 7A; E:(n)>0. Then 
E; E,(n) contains some part $j Of Shiissay ( +j), and EH, £,(n) contains 
Some part s; Of Sos, (+2), where s,; and s,, are not separated. We 
hote first that k4+i. For if ki, then k 4 J, and consequently snax 
and sn2; are not separated, which is a contradiction. Let e be the part 





"Loe. cit, 
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of E for which daia<f<dadu. Then ¢ Ds and e Ds. But since 
sj and s, are not separated it follows that e and e* are not separated, 
Consequently f is not separable relatively to EZ’. 

(e) The Hildebrandt integral of f over E = E,+ Ey exists, and 


Ht fae = utf, fant Ht), tie, 


Let en: be the part of E for which daia<f<ani. In conformity 


with the notation of § 5, we set ¢,;, = no, and likewise define the 


corresponding sets e!,,, ¢,;, and e',,,. Let 
n 
n 0 n 0 
Ay = > Si, Hy = D>, ais; 
i=1 s=1 


n n 
n + n ¥7 Cron 
Gq = >, Onis, Go = €n21 
i=1 


It can be easily verified by means of IV and V of §3 that H(n) 
— Hi'+ Hz’ is separated from G(n) = Gi+ G2. Also, the methods used 
in obtaining (a) can be used to show that Gy SG Vv = 1,2). LetG, 
and Gz be the sets belonging to Gi and Gz respectively for all values of n. 
Then G(n)ODG=—G,+G,. Let gi(n) be the part of G(m) for which 
M j;1<f<4a,;- Then, since gi(n) = et, + ey, it easily follows that 
Yi (n) and gj(m) are separated for 7+ 7. Let gj be the part of @ for 
Which dni < f<ani. Hence, since gi(m) contains gi, it follows that 
gi and g; are separated when 7 + 7. But this easily leads to the conclusion 
that for any a,,; Gy , and Ge are separated. It now follows that / is 
separable relatively to G. For if this were not the case there would 
exist some number a for which GS and G? were not separated. Proceeding 
as in the case of Lemma II, it is possible to choose from the set of 
sub-divisions A, a monotone increasing sequence a} ? a2, --- which 


converges to a. Then, if a; = aj, by making use of the fact that 
Gy and Gi are separated and proceeding as in Lemma IJ, it is possible 


to ‘senile the supposition that GJ and G4 are not separated. Thus f 
is separable relatively to G. But if tS is mnerilie relatively to @ it is 
evidently separable relatively to any part of G. It then follows from (4) 
that G, and G@, are separated. The set Hz’ is separated from Gj DG, 
and therefore separated from G,. Hence Hz + G2 is separated from 4, 
and since lim (H3' + G2) = Ez, it easily follows that G, is separated from F. 
But G,CG?. And since for every » no part of Gt, except null parts, 
is separated from Ey, it follows that / G, = 0. Ina similar manner it can 
be shown that 7G, 0. By methods indicated above it can be shown 
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that HD Hy -1 (v = 1, 2), and from this and the facts that lim (H,’+ @?) 
— Ff, and 1G, = 0, (v = 1, 2), we are easily led to the conclusion that 
lim 1H” = 1E, (v = 1, 2). Let h(n’) be the part of H(n) for which 
tn ia<f<amiln’ >n). Tf hi(n’) = hi(n’) Ey (v = 1, 2), it follows 
from the definitions of H,? that hy(n’) and he (n’) are separated. Con- 


sequently 


n’ 


n’ n’ 
> awilli(n’) = = din’ UI: (n’) + p> dn’ lho; (n'). 
t=1 ‘= i= 
From this it easily follows that the H t-integral of f over H (n) exists, and 
Ht) fae = Ht wi tc+ Ht unt a 


The truth of (e) then follows from the fact that 7 H,’ tends to / E, (v = 1, 2). 
(f) The function f is separable relatively to e, and if ey = eSy (v = 1, 2), 
then 


Ht{ faa = Ht fae = Ht| faz. 


Let e; be the part of e for which ani <f<aj. It follows at once from 
the definitions of e,(m) and e,(n), and from the fact that e;() = ei (m) + ei () 
that e; and e; are separated whenz+ 7. The above methods can now be 
used to establish the fact that is separable relatively toe. The second 
part of f then follows from Theorem I, and from VI of § 5. 

It is now possible to write 


(4) S = &+S& = So+Su+E+e, 


where the four sets on the right are such that each is separated from the 
other three; where / is separable relatively to each of the sets Sto, Sar, 
and e; and where the Ht-integral of f over EF exists. Hence we have 


(5) Ht| fae = Ht |, fdx+ Ht " fadn+Htl fax+ Hef far, 


which establishes Theorem V. 

CorotLary. Let f be defined and bounded on the bounded sets S, and Sz, 
and be separable relatively to each of these sets. It is then necessary and 
sufficient for 

tif afte = nif seer af ft 
that 7e = 0, or that f= 0 on e. 
This follows at once from (e), (f), and (5). 
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Lemma II. Let f be bounded on the bounded set 8. It is then necessary 
and sufficient for the existence of the Pierpont integral of f over 8 that f 
be separable relatively to 8. 

The sufficiency of the condition follows from Theorem I. To show its 
necessity, let there be some number a for which Si and Sf are not separated. 
Let a, a2, --- be a monotone increasing sequence converging to a. By the 
methods used above it is then possible to arrive at E, = S** such that, 
f k= sf, then E, and HE; are not separated. Set H = E,+ FE, and 
let e +e,+---+e be a separated subdivision of # for which /e>0 
(i= 1,2,---,n), M; and m; the least upper bound and greatest lower 
bound respectively of f on ej. Let 7 =a—aj. Then 


n n n 
> Mle — Dmle => 1 De. 
j=1 j=1 j=1 


It then follows from Lemma I that the Pierpont integral of f over S does 
not exist. 

CoroLLaRy I. Let f be bounded and separable relatively to the bounded 
sets S, and S,. It is then necessary and sufficient for the existence of the 
Pierpont integral of f over S that 1E = 0, where E is defined by (4) above. 

CoroLuary II. Let f be bounded and separable relatively to the bounded 
sets S, and S,. It is then necessary and sufficient for 


P| fax = Pf. faot+P J, fax 


that either 1E =le=0, or LE=0 and f=0 oe. 

It is evident that separability of a function f relatively to a bounded 
domain D is equivalent to measurability of f on D. We thus get 

Corouuary III. Lf the bounded function f defined on the bounded domain D 
is such that the Pierpont integral of f over D exists, then f is measurable 
on D. 

Remark. If in Theorem V, § is a bounded domain D, and S=8,+°4:, 
where S, and S, are such that /E>0, then f is not measurable on D, 
and consequently neither the Lebesgue integral nor the Young integral 
of f over D exist. Furthermore, it follows from Corollary I of Lemma II 
that the Pierpont integral of f over D does not exist. It is thus possible 
to have a function defined and bounded on the bounded domain D for 
which the Hildebrandt integral exists, but for which the same is not true 
of any of the other three integrals. 

7. Functions which are not bounded on the bounded set 4. 
Let f be defined on the bounded set S. Let -++, A-1, Uo, Ny °*"* be 
a system of sub-divisions of the interval (—0oo, 0) for which ai—a— 
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tends to zero independently of 7. Let s; be the part of S for which 
ai1a<f<«a. If there exists a number J such that 


= 00 


lr, > als 


i= —oo 





is arbitrarily small ee a:—qa—-, is sufficiently small, we shall say 
that this number J is the Ht-integral of f over S. 

Let f be separable relatively to S, and let Sy be the part of S for 
which | f|< N. If the Ht-integral of / over S exists it is easily verified 
that V/(S—Sy) tends to zero as N increases. Making use of this it is 
easy to prove that the necessary and sufficient conditions given above for 





Ht ss, 4% = Ht), fax+ Ht), fax 


also holds when the function f/ is unbounded but Ht-integrable. We 
further state the following theorem, the proof of which is easily obtained. 

THEOREM VI, Let S=8,+S8,-+---+8p, and let f be separable relatively 
to 8; (i= 1,2,---,p). If there exists on S a positive function » for 
which | f' |< except for a null set, and if the Ht-integral of 9 over 8 
exists, then the Ht-integral of f over S exists. 

The principal theorems of integration have now been obtained for 
Hildebrandt integrals, and this without recourse to the theory of measure. 
Since sufficient has been accomplished to establish the general methods 
of procedure, we carry this phase of the discussion no further. 

8, Relations between sets in general and measurable sets, and 
between separable functions and measurable functions. Let S 
be any set on the bounded domain D, and S its complement. If the 
sets S and § are separated we shall say that S is measurable, and shall 
call 7% the measure of §. This is in conformity with the usual definition 
of measurability. We prove 

I’. If E=SE+8> then E is measurable. 

Except for at most a null set, E= SS +89. Applying III and IV of 
$5, together with the above definition of measurability, we obtain the 
desired result. 

Il’. 1D = 183 +18. 

We have 

D = S{+E+S8$te, 


Where e is a null set, and where the three remaining sets on the right 


are separated. Hence 
ID = ISS +1E+ 18%. 
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And from this, together with V and VI of § 5, we get 
1D = ISs+1SZE+195 = 18s+I8. 


In conformity with the usual definition of interior measure JS of a set §, 
we put JS = 1D—IS, and prove 

Ill’. The measure of E is the difference between the exterior and the interior 
measures of S. 

Making use of V and VI of § 3, we have 


Is = 1D—18 = ID—1(S$+Ss') = 1D—ISs—18s' = 1D—I18$— 18. 


From this, together with II’, we get III’. 

Let A and B be any two distinct bounded sets. Let F = Aj+ Bi , 
and let Eas = F-+Fi+ Fr. Then from V and I’ we have Eup 
measurable, and from VI and VII we get 

IV’. lEap = Aap. 

The existence of a measurable set associated with the sets A and B 
the measure of which is equal to 24" has been pointed out by W. A. Wilson”, 
but he gives no rules for determining such a set. 7 

We now prove 

V’. Let 8 be a set contained on the bounded domain D, f a bounded function 
defined on 8 which is separable relatively to S. Then there exists a bounded 
Junction » which is measurable on D, which is equal to f at each point 
of S except a null set, and for which 


Lf dz = Htf fac. 


Let the interval (7, Z) be the range of f on S, A, a consecutive sequence 
of sub-divisions of (/, Z) for which ang+— au = (L—/)/2""', and sni 
the part of S for which anya < f<ay. For each s,; determine the set éni 
corresponding to E of I’. Let e,: be the part of en; not on any én, 
Cn2, °°", Cnji—ty Cnitity ***, Cnne Set Pn = Ani ON Cni, and 9, = 0 elsewhere 
on D. g, is then a monotonically decreasing sequence of measurable 
functions, and consequently converges to a measurable function g. It is 
easily verified that » fulfills the requirements of V’. 

We note that Hildebrandt" has indicated the existence of a function 
such as y, but gives no explicit scheme for its determination. 

In conclusion we outline a method for determining a measurable function » 
which is equal to f at every point of S except a null set, which method 
does not depend on the results of § 5 of this paper. 





'? Bull. Amer. Math. Soc., vol. 22, p. 384. 
'S Bull. Amer. Math. Soc., vol. 24, p. 129. 
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Let p be a point of a domain DDS and @ a cell on D which contains p 
as an interior point. If for every such w the set wS is non measurable 
then we shall say that p is a point of non measurability’ of 8. If N is 
the totality of all such points it is easily verified that N is closed, and 
consequently measurable. If S contains no measurable component with 
measure greater than zero it is evident that? N>7S. An example shows 
that 7N>/S can hold. 

On the interval (0,1) let a = a,, ay, --- be an everywhere dense set 
of distinct open intervals for which Ja<«. Then @ is non dense and 
closed, and Ja >1—e. Let S&; be a non measurable set on a; and N the 
set of points of non measurability of S= 8,+8,+---. Evidently 1S<e, 
and since ND@, IN>1—e. Also JS = 1—I8 < 1—le<e. 

To proceed with the determination of the function y, let the range of / 
be sub-divided by An asin V’. Let Nj be the points of non measurability 
of si, and Ny: the part of Nx: not contained on any Nya, Nne, ---, Nni—s, 

Initiy**t; Nun. The function g can then be determined by substituting 
the sets Nni for the sets e,; in the reasoning of V’. 





“This formulation was suggested by D.C. Gillespie, who raised the question as to 
whether or not the measure of the set of all such points was necessarily equal to the 
difference between the outer measure and the inner measure of the set S. The example 
given below answers this question in the negative. 


AcapIA UNIVERSITY, WoLFvILLE, Nova Scorta. 











ON THE SEMI-CONTINUITY OF DOUBLE INTEGRALS 
IN THE CALCULUS OF VARIATIONS.! 


By E. J. McSHane.? 


In his Fondamenti di Calcolo delle Variazioni Tonelli has given a number 
of theorems on the semi-continuity properties of functionals of curves, 
establishing both necessary and sufficient conditions that integrals of the 
type usually considered in the calculus of variations be semi-continuous. 
Tonelli’s work shows the importance of the rdle played in the calculus 
of variations by semi-continuity properties. 

With regard to the semi-continuity properties of double integrals taken 
over a surface in three-space, certain necessary conditions have been 
established, both for the parametric form of the problem® and for the 
non-parametric form.‘ For the non-parametric problem a set of conditions 
sufficient for lower semi-continuity has been given by Tonelli.® 

In the present paper we consider integrals of the form 


F(s) = JJr@, a, #, X*, X*, X9 de dd’, 


where S is a rectifiable surface 2? = a? (u', u*) (i = 1, 2, 3), and the 
X* are the Jacobians of the 2* with respect to the u’s. Assuming that 
the integrand satisfies the usual conditions of continuity and homogeneity, 
we show that the integral is a functional of the surface only, and inde- 
pendent of the particular parameterization. We then find conditions on 
the integrand which are sufficient to insure the lower semi-continuity 
of F(S). 

1. Generalities concerning continuous surfaces. We shall in 
this paper be chiefly concerned with systems of three functions of two 
variables 


(1.1) xe = a*(ul,u*), 2? = a® (ul, u®), 2? = o* (u', uw’). 





‘Received May 20, 1931. 

* National Research Fellow. 

°E. J. McShane, On the necessary condition of Weierstrass in the multiple integral 
problem of the calculus of variations, Annals of Mathematics, vol. 32 (1931), p. 723. 

In this paper, as also in that of note 4, the condition obtained is stated to be necessary 
for a minimum, but is actually shown to be necessary for lower semi-continuity. 

*E. J. McShane, On the necessary condition of Weierstrass, etc., Annals of Mathematics, 
vol. 32 (1931), p. 578. 

*L. Tonelli, Sur la semi-continuité des intégrales doubles du calcul des variations, 
Acta Math. 53 (1929), p. 325. 
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For compactness such a system will henceforth be written in the form 
zi = zi(u), or if desired simply x = x(w); the use of the letter x will 
connote a triple of numbers, the use of wa pair of numbers. For example, 
the equation « = w(w), or ut = ué (uv), will be understood to mean 
ui=u' (wt, u®), u® = u® (wt, w*). The Jacobians of the system (1.1) 
will be designated by capital letters: 


























dx da° dx*® dx dx' O2* 
68 ell ke. GL. xem |, 
Ox® Oa°|’ aa® ag!’ bis 0a? |’ 
| du? du? du? du? | du? du? 





and if the 2 have a subscript, the X* will bear the same subscript. A 
function of the type 9 (a", x, 2*, X', X?, X*) will be written g(z, X). 

Double bars ||-|| will be used to denote distance; ||x,, w,|| will mean 
[(w@—ad)?+- (e222)? }", || x, 2, || will mean [(a7!—z!})?+-(a?—a?)?+ (a8—a3)"]!”, 
and for surfaces S,, S, the symbol ||S,, S.|| will mean the distance of 8, 
from S, in a sense shortly to be defined. We shall also define 


|X|) = [Cr+ ey + EP, 


The nature of the symbol between the bars distinguishes unambiguously 
the particular sense of ||-|| each time it is used. 

A system of three functions x? = 2*(w), defined, single-valued and con- 
tinuous on a region B consisting of a Jordan curve and its interior, will 
be said to represent a continuous surface. (We do not assume that different 
values of w necessarily determine different values of #.) It is clear that 
there are infinitely many other systems 2‘ = x‘(u), w on B, which re- 
present what we would wish to call the same surface. To give a precise 
statement, we introduce a modification of the definition of distance of two 
surfaces given by Fréchet.® Let us assume that we have two represen- 
tations of surfaces 
(1.3) S: at = gi(u), u on B, 


(1.4) S: af = xi(u), won B. 


Suppose that 7’ is a topological (i.e., one-to-one bicontinuous) mapping 
of B on B. Then if a point P traverses the boundary curve of B ex- 
actly once, its image P will traverse the boundary curve of B exactly 
once. If O be a point interior to B and O its image in B, then the line 





°M. Fréchet, Sur la distance de deux surfaces, Aunales de la Soc. Polonaise de Math., 


3, (1924), pp. 4-19. 
30 
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segment OP will undergo a net rotation of +22; we suppose P con- 
strained to move so that the rotation is +27. Correspondingly the 
segment OP will rotate through +22. If the rotation is +27, we say 
that the mapping 7’ is of positive index; if it is —2z, we say that T is 
of negative index. 

Let us then suppose that 7’ is a topological mapping of B on B, of 
positive index. If the points P= (wu) and P= (wu) of B and B respectively 
correspond under 7’, then the expression ||x(w),2(u)|| has a definite 
maximum M(7') as P ranges over B. The distance ||S, S|| is defined to 
be the greatest lower bound of (7) for all topological mappings 7 of 
positive index. We readily see that ||8, S|| = ||S, || >0, ||S8, S||=0; 
and moreover if S,, S:, Ss; be any three continuous surfaces we have the 
triangle inequality ||S,, 93 || < ||S,, Se||-+||S2, Ss/l. 

We will say that (1.3) and (1.4) are representations of the same surface 
if and only if ||S, S|| 0. This will certainly be the case if there exists 
a topological mapping 7 of positive index such that for all corresponding 
points «w and uw we have «*(u) = x'(u). However, it is possible to have 
|S, S|| = 0 even if no such mapping exists. 

In restricting ourselves to mappings of positive index, we have made 
a distinction analogous to distinguishing between the line segment AB 
and the segment BA. We do this because certain integrals of a type 
which we do not wish to exclude are invariant under changes of parameter 
of positive index, but not under changes of negative index. For example, 
let Q be the unit square 0 <w<1, 0<u?<1). Define S and 9 by 
the relations 

S: gt = 2u'—1, oe meg, oe =: © (u on Q), 
8S: 2=1-20, 2=— a* = 0 (u on Q). 


Under the definition of distance as originally given by Fréchet these sur- 
faces are identical, under our definition they are distinct. We wish to 
consider them distinct, for if we define 


F(S) = f (X|+X9au, 


we have F(S) = 4, F(S) =0. 

We will say that a sequence {S,} of continuous surfaces approaches 
a continuous surface Sy as a limit (lim S,—= Sp) if ||Sp, So|| tends to zero. 
It follows that if limS,—&, we can find for each S, and for % 
a representation S,: a? = xi(u), won B (j=0,1,2,---+) such that 
lim a‘, («) = x‘ (u) uniformly on B. 

A continuous surface § will be called a rectifiable surface if among its 
representations there is one in the form (1.3) for which the functions 2” (u) 


Ws; 
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satisfy a Lipschitz condition. (The functions x‘(w) are said to satisfy 
a Lipschitz condition if there exists a constant K such that the inequalities 
zi(u)—a*(ue)| < K||ea, us|! are satisfied for all points «4, uw in B.) 
A representation of S satisfying these conditions is called a typical re- 
presentation of S. 

A continuous surface WZ will be called a polyhedron if among its re- 
presentations there is one in the form (1.3) for which the boundary of 
the region B is a simply closed polygon, and the region B can be sub- 
divided into a finite number of triangles on each of which the functions 
a(u) are linear in u' and u®. Such a representation of 77 will be called 
a typical representation. It is evident that every polyhedron JZ/ is a rectifi- 
able surface, and that its typical representations as a polyhedron serve 
also as typical representations as a rectifiable surface. 

For every continuous surface S we define the area in the sense of 
Lebesgue as follows: Let = be a sequence {J/,} of polyhedra approaching S 
as limit. Each polyhedron 7, has an area A(J/,) in the elementary sense, 
that is the sum of the areas of its triangular faces. For the sequence = 
we define m(=) as lim inf A(J7,). The area of S is then defined as the 


—>0o 
greatest lower bound of m(2) for all possible sequences = of polyhedra 
approaching 8. Since we are using a definition of distance different from 
that of Fréchet, this definition is different from that usually given, in 
which no account is taken of the indices of transformations involved. It 
is readily seen, however, that this definition is equivalent to the usual one. 

Suppose that (1.3) is a typical representation of a rectifiable surface; 
then the six partial derivatives @2‘/6u/ are all defined for almost all points 
of B, and are uniformly bounded and measurable. The same is therefore 
true of the Jacobians X', X*, X*, so that the integral 


Jilx | du = J I, (X24 (X24 (X9)]!2 dul du? 


is well defined. It is known’ that this integral is equal to the Lebesgue 
area of S; we shall however not make use of this fact, but shall in fact 
obtain a proof of it as a by-product of the methods here used. 

2, Generalities concerning integrals. Suppose that we are given 
a function ¥ (a1, 2*, x, p', g', p*, @, p*, 9°) which is continuous for all 
values of a', 2®, 2 in a point set A of x-space and for all real values 
of the six remaining arguments. Then if the points of the rectifiable 
surface S, typically represented in the form S: x‘ = a‘(w), u on B, lie 
in A, the integral 








'T. Rad6, Uber das Flachenmaf rektifizierbarer Flichen, Math. Annalen 100 (1928), 
pp. 445~479, | 
80* 
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Oa! Oa! Oa? O27 Od2® G23 
J Jn (« (u), a (wu), x* (u), Ou’ Ou?’ Ou!’ Ou?’ Out’? oui x) du du 


is well defined. If however we wish the value of such an integral to 
depend only on the surface and not on the particular representation of it, 
the function % must be further restricted; it is in fact necessary* that ¥ 
depend only on the 2? and the Jacobians X*, and moreover that it be 
positively homogeneous of degree 1 in the X?: 


(2.1) 5 (a, af, af, 22, ..., 25) = fe, X), 


(2.1b) f(a, x*, a°, kX*, kX*, kX*) = kf (a', a’, w*, X*, X*, X*) (k20). 





We shall henceforth assume that (2.1a) and (2.1b) are satisfied, and 
moreover that 
(2.1c) f(x, X), together with its first and second partial derivatives with 
respect to the X‘, is continuous for all 2 in A and all X such that 
|X| +0. | 
Conditions (2.1) are sufficient® to assure that the integral shall not 
change in value under any change of parameters 


(2.2) ub = au’ (u) 


satisfying a Lipschitz condition. However, we cannot immediately conclude 
from this that the integral is actually a function of the rectifiable surface 
alone, in the sense that its value is the same for all typical representations 
of such a surface; for two such representations may exist which are not 
related by any such transformation as (2.2). That such an integral is 


a function of the surface alone will be proved in Theorem I; in anticipation, 
we use the notation 


F(8) = {7 (x, X)du = f ice a®, x8, X1, X®, X%) dul du’. 


We shall make use of a fairly common modification of the tensor 
summation convention, and agree that the repetition of a (reek-letter 
subscript or superscript in any term will indicate the summation over 
all the values of that subscript or superscript; for example, Xi Xn will 
mean Xn Xn+XnXn+X,Xn, the summation being extended to all the 
values of the @, but not to the m. With this convention, we define 


E(a, X, X) = f(a, X)—X* fya(z, X). 


8 Vivanti, Elementi del Calcolo delle Variazione, pp. 153-161; or Sull’equazione di Eulero, 
etc., Rend. Cir. Mat. Palermo, vol. 33 (1912), p. 268. 


* Loc. cit. §; the proof extends readily to Lipschitzian transformations. 
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As a consequence of the homogeneity relations (2.1) this can also be written 
(2.3) E(a, X,X) = f(e, X)—f(@, X)—(X*—X*) fya(z, X). 


This is well-defined for all x in A, all X, and all X such that || X|| + 0; 
it is positively homogeneous of degree 1 in X, and of degree 0 in X. 
The functional F(S) will be called positive quasi-regular if E(x, X, X)>0 
for all « in A, all X, and all X such that ||X||+0. It will be called 
positive definite if f(x, X)>0O for every x in A and every X such that 
|X || +0; positive semi-definite if f(a, X) = 0 for every x in A and every X. 
3. Simplification of the problem. We shall now turn our attention 
to sequences of rectifiable surfaces approaching a rectifiable surface as 


a limit. Stated in more detail, we shall consider systems of the form 


(3.1 a) S,: 2 = ai (u), u on B,, 
(3.1b) Sn: xt = a (u), u on Ba, 


in which each function satisfies some Lipschitz condition, and in which 
each region B, can be mapped on By by a topological mapping 7, of 
positive index such that for all points uw and uw corresponding under 7), 


(3.1 ¢) || vo (u), an(u)|| << gn, Where lim, = 0. 


Our principal object in this paper is to prove that if the function f(a, X) 
satisfy certain conditions, then 


(3.2) lim int ST (an, Xn) du = f, ST (ao, Xo) du. 


In this section we shall show that if the function f(a, X) satisfy the 
condition 
(3.3) J(@,X) 20 


for all x in a neighborhood of the points of Sp and for all X, then in 
order to prove that inequality (3.2) holds for systems (3.1) we have only 
to show that (3.2) holds for certain systems of a simpler type than (3.1). 
We observe that under condition (3.3) we may assume that /(vn, Xn) > 0 
for every n, for all the surfaces S, save at most a finite number will lie 
in the neighborhood of Sp in which (3.3) is satisfied. 

We now effect four simplifications. 

First. We can in (3.1) restrict By to be the unit squareQ: OS u' <1, 
0 = u® <1; that is, we can show that if there exists a system (3.1) for 
which 


(3.4) lim int ST (an; X,)du— fi SF (a0, Xo) du< 0, 
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Oat Oat ba? O2% d2® G23 
I 2 ‘2.2 
J fo3 (« (uw), x (u), x *(u), aut’? ou?’ ou’ ou®’ our’ ous du‘ du 


is well defined. If however we wish the value of such an integral to 
depend only on the surface and not on the particular representation of it, 
the function must be further restricted; it is in fact necessary® that § 
depend only on the 2 and the Jacobians X*, and moreover that it be 
positively homogeneous of degree 1 in the X?: 

(2.1a) e (x, x", ae", Our’ sai Due +3) = SI (x, xX), 

(2.1b) f (ct, a8, a, kX', hX*, kX) = kf (a', a, 0°, X14, X4, X) (kD0). 


8 x 82° 


We shall henceforth assume that (2.1a) and (2.1b) are satisfied, and 
moreover that 
(2.1c) f(a, X), together with its first and second partial derivatives with 
respect to the X‘, is continuous for all 2 in A and all X such that 
|| X|| + 0. 
Conditions (2.1) are sufficient® to assure that the integral shall not 
change in value under any change of parameters 


(2.2) u’ = u' (u) 


satisfying a Lipschitz condition. However, we cannot immediately conclude 
from this that the integral is actually a function of the rectifiable surface 
alone, in the sense that its value is the same for all typical representations 
of such a surface; for two such representations may exist which are not 
related by any such transformation as (2.2). That such an integral is 
a function of the surface alone will be proved in Theorem I; in anticipation, 
we use the notation 


F(S) = ff, X)du = J fre@, a*, o®, X', X*, X*) du‘ dw’. 


We shall make use of a fairly common modification of the tensor 
summation convention, and agree that the repetition of a (reek-letter 
subscript or superscript in any term will indicate the summation over 
all the values of that subscript or superscript; for example, Xn Xn will 
mean Xn Xn+XnXn+X,Xx, the summation being extended to all the 
values of the @, but not to the n. With this convention, we define 


E(@, X, X) == f (2, X)—X* fya(z, X). 


8 Vivanti, Elementi del Calcolo delle Variazione, pp. 153-161; or Sull’equazione di Eulero, 
ete., Rend. Cir. Mat. Palermo, vol. 33 (1912), p. 268. 


y Loe. cit. °; the proof extends readily to Lipschitzian transformations. 
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As a consequence of the homogeneity relations (2.1) this can also be written 


(2,3) E(x, X,X) = f(e, X)—Sf(@, X)—(X*—X") fya(w, X). 








This is well-defined for all x in A, all X, and all X such that || X|| + 0; 
it is positively homogeneous of degree 1 in X, and of degree 0 in X. 

The functional F'(S) will be called posttive quasi-regular if E(x, X, X)>0 
for all z in A, all X, and all X such that ||X||+0. It will be called 
positive definite if f(x, X)>0O for every x in A and every X such that 
\X|| +0; positive semi-definite if f(a, X) = 0 for every x in A and every X. 

3, Simplification of the problem. We shall now turn our attention 
to sequences of rectifiable surfaces approaching a rectifiable surface as 
a limit. Stated in more detail, we shall consider systems of the form 


(3.1 a) S,: wz = af (u), u on B,, 
(3.1b) Sn: ai = a (u), uw On Ba, 


in which each function satisfies some Lipschitz condition, and in which 
each region B, can be mapped on By by a topological mapping 7), of 
positive index such that for all points « and w corresponding under 7), 


(3.1 ¢) || xo (u), xn(e)|| < gn, where limyn = 0. 


Our principal object in this paper is to prove that if the function f(x, X) 
satisfy certain conditions, then 


(3.2) lim inf . f (an, Xn) du > f, f (a, Xo) du. 


In this section we shall show that if the function f(z, X) satisfy the 


condition 
(3.3) S (az, X) =0 


for all x in a neighborhood of the points of S) and for all X, then in 
order to prove that inequality (3.2) holds for systems (3.1) we have only 
to show that (3.2) holds for certain systems of a simpler type than (3.1). 
We observe that under condition (3.3) we may assume that /(2n, Xn) = 0 
for every n, for all the surfaces S, save at most a finite number will lie 
in the neighborhood of Sj in which (3.3) is satisfied. 

We now effect four simplifications. 

First. We can in (3.1) restrict By to be the unit squareQ: OS u' <1, 
0 tiles 1; that is, we can show that if there exists a system (3.1) for 
which 


(3.4) lim int [ ST (xn, X,)du— J (xo, Xo) du< 9, 
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then there exists a system (3.1) with By = Q for which inequality (3.4) 
holds. 

Designate by —2e the left member of inequality (3.4). We can con- 
struct in By a finite set of non-overlapping squares g,,---, @Qm such that 


FI (x0, Xo) d U 


The mapping 7, maps q1,--+,;Qm on a set of regions in B,, which we 
call g”,---,q”. Then 


. 








lim inf ba | ad (tn, Xn) du a SI (x0, Xo) au| 
J=1bO" 4 
< lim inf [f ST (an; Xn) du | I(x; Xo) au| 
B,, 24; 


< lim inf [I S (an; Xn) du— fe SI (a, Xo) au| +e<—e, 


so that on at least one g; we must have 


(3.5) lim int |. Alon, Xn) du <Jf fe, Xo) du, 


The square q; can be mapped on the unit square Q by a linear mapping 
ui = ul(u). Define xi(u) = ai(u(u)), u on Q; then 


Jf Go, Xs) att = J) flav, Xo) du, 


which with (3.5) gives us the desired result. 
Remark 1. By the homogeneity of the H-function we have for every set 
of numbers X* the identity E(xo(w), Xo(u), X*) = E(@o(u), Xo(u), X*). 
Second. We can in (8.1) restrict By to be the square Q, for each value 
of n. For, let {€,} be a sequence of positive numbers tending to zero. 
We map B, conformally on the unit circle K,: ||w|| <1. Then the 
functions 


(3.6) S:2a=zi@, wok, 


are uniformly continuous; hence we can find a d,>>0 such that for each 
pair of points «1, w2 for which ||, w|| < 0, we have 


(3.7) || an (1), Xn (Ue) || 4 En. 


Moreover, if for each r<1 we let Sx be that portion of S, defined by (3.6) 
with ~ on the circle K;: ||w|| < r and let By be the image in B, of K,, 
we find that the mapping of By on K;, is analytic, hence Lipschitzian, 
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so that the functions a= x(a), wu on K;, form a typical representation 
of Sx, and we have | 


(3.8) Jef Gm X,) du =i, I (an, Xn) du < J, Flom Xn) du. 


Fixing x at the value r(m) = 1—9,, we map each point (e, 9) of K, 
on the point (re, #) of K,; by (3.7) it follows that || S,°", Sa || < én. 
Hence - 

0 < lim||S,, So|| < lim || S,, So||+lim «, = 0, 
so that the surfaces 8, approach Sj; and by (3.8) 


lim inf f. f@n(u), X00) du < lim inf {, Sleal(ts), Xa(u)) de. 


Since K, can readily be mapped on Q by a Lipschitzian transformation, 
we can represent S,”” typically on Q. 

Third. We can in (3.1) restrict the surfaces S, to be polyhedra. We 
assume that each S, is typically represented on Q, and select a sequence {¢,} 
of positive numbers tending to zero. Fixing upon a particular », we 
successively subdivide the square Q into 4, 9, 16, ---, h®, --- equal squares 
and divide each square into two triangles by a line from lower right to 


upper left corner. For each h we define 


TL, = xn 1 (u); won Q, 


n 


by setting ay (w) = a! (u) at each vertex, and linear in the interior of 
each of the 2h? triangles. TT,,n is then inscribed in S,. As h tends to 
«©, the Jacobians X;,, converge’? in measure to X,, and are uniformly 
bounded; hence 


im J, SF (an,n(u), Xnn(u))du = Jf (an (u), Xn(u)) du. 


Also || Znn, Sn|| tends to zero; so that we can find an h(n) for which 


Jr (an, nin) (u), Xn, nny (w)) du < |. a4 (xn(u), Xn(u))du+ én, 
whence || n,m Sn || S én} 
lim inf Jf (xn, nny (u), Xn nm (u))du < lim inf J, Ft (an(u), Xn(u)) du, 
lim || Zn,nm, So || = 90. 
REMARK 2, We have in the second and third simplifications made no 


essential use of the assumption f(x, X) > 0; for by selecting r large enough 
we could make 


STS 
For a proof of this see, e. g., H. Rademacher, Uber partielle und totale Differenzier- 
barkeit von Funktionen mehrerer Variablen, Math. Annalen 81 (1920), pp. 52-63. 
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Lf r@u X,) du— Ji fem Xn) du < En, 


which serves as well as (3.8) in the demonstration. Hence we have except 
for notation proved that if f(x, X) satisfy conditions (2.1), then for every 
rectifiable surface S: 2? = az'(u), wu on B, there exists a sequence {I/,} of 
polyhedra 7: a = x‘ (u), uw on Q, such that 


lim 7, = 8S, tim [_flen, Xn) du = fe, X)du. 


Fourth. Let us say that a function g(u) defined on a polygonal region B 
is quasi-linear if it is continuous on B, and B can be subdivided into 
a finite number of triangles on each of which »(w) is linear. A mapping T: 
ui = ué(u) of a region B on a region B will be called quasi-linear if 
wi(u) and u2(w) are each quasi-linear on B. Our final simplification of 
the problem consists in showing that the topological mappings T;, of the 
system (3.1) (which are now mappings of Q on itself) can be taken to be 
quasi-linear. 

Let {€,} be a sequence of positive numbers tending to zero. Since 
is continuous on Q, we can find a 6, >0 such that if u, and w, are points 
of Q for which ||x,, w2|| << 4,, then 


(3.9) \| Xo (ux), 2o (uz) || < &n. 


Let the mapping 7’, be defined by the equations wu‘ =u‘ (w), and let Ty: 
u=u*(u) be a quasi-linear topological mapping of Q on itself such that 
I|u,,(u), ux(u)|| << 6,. That such mappings exist follows from a lemma 
established by Franklin and Wiener.1! We then have by (3.1) and (3.9) 


| ay (uy (e)), @y(M) || S a,+ 4,3 


and since lim (yn-++én) —0, the quasi-linear mapping Tn can be used 
instead of Th. 

Now if S, be taken (as we have already seen possible) to be a poly- 
hedron typically represented in the form 2‘ =Zi(u), w on Q, and the 
transformations 7;,: ui = u‘ (w) (and consequently their inverses uw‘ = ui (u)) 
are quasi-linear, then the representation of S.: af = af (u) = ai (u, ( (u)) is 
also typical; and since 7;, is Lipschitzian we have 


J fn, Xn) du = fi s@, Xn) du. 


' P. Franklin and N. Wiener, Analytical Approximations to Topological T: ransformations, 
Trans. Am. Math. Soc., vol. 28 (1926), p. 764. 











DOUBLE INTEGRALS IN THE CALCULUS OF VARIATIONS. 469 


Hence, recalling (3.1¢), we can if we wish consider the Sp to be polyhedra 
typically represented in the form Sn: xt = xi (u), u on Q, with the condition 
lim a, (w) = 24 (wu) uniformly on Q. 

4, Convergent sequences of polyhedra. We now proceed to 
establish 


Levmal. If 
a) the functions x(u) satisfy a Lipschitz condition on a square q; 


b) the functions xn(u) are quasi-linear on q; 

c) lim 2¢ (u) = 24 (u) uniformly on q; 

then for every set of constants a, dz, a3 we can find a sequence {V»} of 
subsets of q such that 


lim f da Xn du = J a Xp du. 
7. qa 


There is clearly no loss of generality in assuming dede=1. Let 
b;, ¢ be six numbers such that the matrix 


Hm A As 
b, be dz 
G4 G& & 


is orthogonal, and apply the transformation 
(4.1) Feast, P= het, F = 2"; 


by direct calculation we find that for every set of Lipschitzian functions 2‘ (w) 
we have 5' = a X* holding almost everywhere. Hence we need only 


find sets V, such that 
tim f =} du =| du. 
| = a 


We shall retain the symbols x‘, X‘ instead of using &, 5%. 

The transformation a‘ = a‘ (u) (¢ = 2, 3) carries the boundary of q into 
a rectifiable curve, which we call J), in the x** plane; likewise the trans- 
formations a? = a#(u) (¢ = 2,3) carry the boundary of g into polygons Ty 
in the z*a* plane, and liml, Jy. Let (x, x*) be a point not lying 
on I); its index’ yuo (x*, x*) with respect to Ty is well defined, and“ 


jx du = Jv (x*, 2°) da* dz*, 


" Ordnung des Punktes; see, e. g., Osgood, Lehrbuch der Funktionentheorie, 5th ed., 
vol. I, p. 175. 

J. Schauder, Uber stetige Abbildungen, Fundamenta Math., 12 (1928), pp. 47-74; in 
particular, Satz VILL. 
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the second integral being taken over the whole x*z* plane. We define 
lin (x*, 2°) analogously. The set of points of the «*x* plane for which 
Ho(x*, x*) is defined and not zero is a bounded open set, containing none 
of the points of I; so for every ¢>0O we can construct a finite number 
of squares q,,---, qa lying in that open set and such that 


(4.2) 





h 
> J uote’, x) dat da*—f o(c x*) dz dz*|<e. 
Jesoy 


There is a positive lower bound y to the distance between points (z*, x’) 
lying in the set >'q; and points (x, x*) lying on M; and since lim l,, = Jy, 
for all m greater than a certain m) we will have ||I,, Z|| < 7/3. Then 
for every n> and every point (x*, x*) lying in >'q; we have pp (2°, 2°) 
= mo(x*, x*). Fix n at any value >m. The edges of the flat polyhedron 
a =0, 2 =a22(u), 2? = a5 (u) subdivide each square g; into a finite 
number of polyhedral regions, which we suppose further subdivided into 
a finite number of non-overlapping triangles 7;,---, Ts; > 7; = Dd qj. Let 
(x, x*) be a point interior of 7j, of index pn (ax, x*) = po(a*, x*). Then 
Hn (x*, x) is constant throughout 7;, since we can join any two points 
of 7; by a line-segment which does not intersect I,. The triangle 7; is the 
image under the transformation x* = 2? (u), 2° = a? (u) of a point set in 
the w-plane consisting’ of a finite number of triangles 7,1, t),2, - «+, Tj, mi; 
and 


. 
zi. xs du = Jin o' x®) da? dz’. 


No two alii Tj,x Overlap; hence 


> >> 
a Mau= 2 f, bn (x3, 2°) dx*® dx® 
2 ft 


=z f Hn (x, 2°) dx* da§ =>f My (x, ac®) dx? dx’; 
j= j=1 
which by (4.2) differs from 
J mote’, x) dx*dxz* =f oxbau 
by less than «. 


Consider now a sequence {e;} of positive numbers tending to zero. To 
each ¢; there corresponds an integer n; such that for every n> we can 
define a set V/ (namely the set Pa x defined just above) such that 


Spxtan —f x3 au < &. 





4 Loc. cit. 13, 
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We can assume the numbers 7, %2, ---, j,--- to be monotonic increasing. 
Then for each j we define V, = Va (mj<n < mi). The sets V» thus 
defined have the desired property. 

REMARK. Suppose that after the rotation (4.1) we find I Xj du>0; 


we can then select the Vp in such a way that at every point in V,, X;>0. 
For let be large enough so that 


J, Xtau>o, 


and denote by Vx that subset (consisting of a finite number of triangles) 
on which X,>0; then 
yp Xn du - J, hau. 


Now if we shrink each triangle of V;' on itself continuously to zero, we 
must at some stage pass through a set V;, such that 


i Xidu = J, Xau 


and on V, we have X,>0. 

Remembering that on each face of the polyhedron Sy: 2 = sx‘ (w) the 
Jacobians X,(w) are constant, we can express the above result in the 
following form. To each triangle zx of V, we make correspond a vector 


Jj,kn = (Ij.rny Tptsny J}x,n) defined by the equations Jinn = f Xi du; 
5k 


this vector has the direction of the positive normal to the corresponding 
portion of the polyhedron S,, and length equal to the area of that portion. 


Let the vector Jo be defined by Jo = J Xj du. 
_ Then the vector sum of the projections of Jj,x,n on the vector (a;, a2, a) 
1S ~ da Jj'%n- This tends to ae Jo; and moreover we can assume that 


for every j,k, and m the projection ae Jj‘x,n has the same sign as de Jo . 

5. Fundamental lemma. The following lemma is important in that 
Theorems I to IV are based on it: 

Lemma 2. Let the function f (a, X) be defined and satisfy conditions (2.1) 
on a point set A of x-space. Let Sy: xi = xi (u), u on Bo, be a typical 
representation of a rectifiable surface interior to A. Let f(x, X) satisfy 
the conditions 
(5.1a) f(@,X)>0 for every x in some neighborhood of the points of So, 

and for every X; 
(5.1b) H(e%(u), Xo(u), X)>O for almost all points u in By such that Xo(u) 
is defined and || Xy(u)|| +0, and for all X. 
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Then for every sequence {Sn} of rectifiable surfaces typically represented in the 
form Sy: x= ai (u), u on Bn, for which 


lim S» = %, f, |Xalldu << W 
(N a constant independent of n) it is true that 
(5.2) lim int ff (en, Xn)du > fo (eo, Xa)du. 

n 0 
By § 3, it is sufficient to show that (5.2) holds for systems 
(5.3) So: x = ai(u), wu on Q, 
(5.4) Sn: v = ai(u), u on Q, 
in which the 2‘ (w) are quasi-linear and 
(5.5) lim x (u) = ai (u) uniformly on Q. 
nao 

By Remark 1, § 3, inequalities (5.1) continue to hold for the simplified 
system. We can also assume A to be closed and bounded; for if it is 
not, we restrict ourselves to a closed neighborhood of S, and for large 


enough values of » each S, will lie in that neighborhood. 
On the bounded closed set 


(5.6) [x in A; X such that || X|| = 1] 

the function /(~, X) is continuous, hence uniformly continuous; hence for 
every ¢ >0 there exists a d>O such that if ||2,, 2 || << 20, 

é 

4N° 

Moreover the functions (5.3) are uniformly continuous on Q; hence there 
exists a y>0 such that if ||, we || < 2y, 





(5.7) IS (a, X)—f (ee, X)|< 


(5.8) || Zo (ws), ao (ue) || < 4d; 
and also for all sufficiently large values of n 
(5.9) || Xo (wu), an (u) |< 


for every point w in Q. 

The functions fx:(7, X) are continuous on the set (5.6), hence are less 
in absolute value than some constant M. Since they are positively homo- 
geneous of degree 0 in X, we have for every x in A and every X such 
that || X|| +0 the inequalities 


(5.10) \fu(w, X)| <M. 
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The functions Xi(u) are measurable and bounded on Q; hence the set 
E, of points w of Q at which all three are approximately continuous has 


plane measure 1. On Ey f(% (u), Xo (w)) is also approximately continuous. 
Letting %» be a point of H,, we have for every sufficiently small square q 


with center at % the inequalities 





(5.11) | fxd au— J 5 Qu) du} < sm to) ; 
ém(q) 


(5.12) | fr (x (u), Xo (w)) du— J re (uu), Xo (uo)) du ns 


Let & be a positive number so small that for every subset H of Q with 
measure < £ we have 











< 


(5.13) Jf Go, Xow) du< z. 
By Vitali’s theorem we can find a finite set of non-overlapping squares 
iy ***> Qm lying in Q, having total measure >); m (qj) => 1—8, each of 


side < y, and on each of which inequalities (5.11) and (5.12) are satisfied. 
Letting uj be the center of square gj; we have by (5.12) and (5.13) 


é 


(5.14) ‘S,re (u), Xp (u)) du— 2 Jf (uj), Xo (uj) du < 2 ° 
On each square g; we have by (5.8), (5.9), (5.7) and (2.1) 


(5.15) | f (xn (u), Xn (u))—S (a0 (uj), Xn (u)) | < || Xn (w) || rT Zo 
and since a J || Xn (u) || de < N, this implies 


(5.16) J, fom X,)du> J F@ntw, Xn (u)) du 


= 
=> > fre (uj), Xn (u)) du—=. 


By Lemma 1 we can in each qj define a sequence of subsets Vi, such 


that 
(5.17) lim f, Xe(u) fya(a,(u), X,(u)) du = I Xe (uw) fya(ay(u;), Xo(u))) du. 
n—>00 n J 


If we define X, by the equations 


Xi@ = Xi (won Vi) 


(5.18) pron 
Xi(u) = 0 (u on gj—Vv), 
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we have from (5.17) and (5.14) 
(5.19) J se (uj), Xn(u)) du = J, Feo (uj), Xn(u)) du, 


(5.20) lim J a (u) —XF(u)) Fala, (u;), Xp (u;)) du = 0. 


n> 


For each square gj we must have either || Xo(w,)||>0 or || Xo(u)|| = 0. 
We consider these cases separately. 

Case 1: || Xo(wj)||>0. In this case we must have E(x (uj), Xo(uj), X) >0 
for all sets of numbers X; for if a set X exists such that at w; 


(5.21) E(x (uj), Xo (uj), X)<0, 


then since E(x (w), Xo(u), X) is approximately continuous at w;, inequality 
(5.21) will continue to hold on a set of w’s of positive measure, contrary 
to hypothesis. Let us write the identity 


J. Fe (uj), Xn(u)) du = | 2 (uj), Xo (uj), Xn(u)) du 

ij q; 

+ (uw) — Xf (u)) fya x, (u i)» Xo (a ) du 
+) xs (u)— XF(u,)) Fea (wo(uj), Xo(uj)) du 


+r (29 (uj), Xo(uj)) du. 


As we have just seen, the first integral on the right is > 0. For all 
sufficiently large values of » the second integral has absolute value at 
most ¢m(qj)/8, by (5.20); and by (5.11) and (5.10) the absolute value of 
the third integral is at most ¢ m(qj)/8. This, together with (5.19), gives us 


(5.23) J SF (xo (uj), Xn(w)) du > i F(a» (w), Xo (w)) du— te), 
, j 
We turn now to Case 2: || X>(w)|| = 0. For this case inequality (5.23) 


is immediate, since f(z» (uj), Xo(uj)) = 0, and by hypothesis the left 
member of (5.23) is > 0. 


Now from (5.16), (5.23), and (5.14) we conclude that for all sufficiently 
large values of n we have 


Jf ony Xx) du = ae J, fle (w), Xn(u)) du—z 
= 2 J, Flee (uj), Xo (uj)) du—>Z 


> fle, Xo) du—e; 


(5.22) 
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hence lim inf J, ST (an, Xn) du => J, J (xo, Xo) du, and inequality (5.2) is 

valid. 

6. Invariance. Semi-continuity on restricted classes of sur- 

faces. In order to justify the use of the notation FS) we must prove 
THEOREM I. Let f(x, X) satisfy conditions (2.1) on a point set A of 

Let the rectifiable surface S be interior to A, and have the two 


a-space. 
typical representations 

(6.1) S: at = at(u), u on B, 
(6.2) S: af = zi(u), won B. 
Then 

(6.3) J_r@, X)du = fre, X) du. 


First, let us suppose that conditions (5.1) are satisfied on 8. We define, 
for every positive integer n, B, = B, and set x! (wu) = x'(u), wu on B, 
so that ||, S,|| = 0 for every ». Then by Lemma 2 we have 


J,f@, Haw > fire, X)aw. 


Interchanging the roles of (6.1) and (6.2), we obtain (6.3). 
Suppose now that conditions (5.1) are not fulfilled on S. Define 
y(z, X) =||X||; we easily calculate that the corresponding F-function 


Ey (a, X, X) = || X|| -(1—cose), 


Where @ is the angle between the directions X and X. If we denote 
by A* a bounded closed subset of A to which S is interior, we find’ 
that on A* 

|E(a, xX, X)| < M: || X|| E (1— cos @), 


Where M is a constant and @ the angle between X and X. And by (2. 1), 
if NV be the upper bound of | f(a, X)| for all x on A* and all X such 
that || X|| = 1 we have \f (a, X)| << N- |X]. 

Choosing H as a constant greater than M and N, we find that the 
function f(x, X)-+ Hg (a, X) satisfies conditions (5.1) on S. Consequently 


jr Xyau+Hf g(x, X)du = f fe, Haut Hf, 90, X) du. 


8g, A Bliss, The Weierstrass E-Function for Problems of the Calculus of Variations 
in Space, Trans. Am. Math. Soc., vol. 15 (1914), pp. 369-378. 

In this paper Bliss considers curves, not surfaces, in three-space; but by a simple 
change of notation we find that his results apply equally well to our case. 
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But since (x, X) itself satisfies conditions (5.1) on 8, the second term 
on the right is equal to the second term on the left; hence equation (6,3) 
is valid, even if conditions (5.1) are not satisfied. 

Let us denote the area, in the sense of Lebesgue, of the surface 9 by 
the symbol Z(S). It is now easy to prove 

THEOREM II. Jf the rectifiable surface S be typically represented in the 
form S: a? = ai (u), u on B, then 


(6.4) L(8) = fi ||X\ldu. 


The integrand f(z, X) = || X|| satisfies conditions (5.1) on every surface. 
By a direct calculation we find that equation (6.4) holds for typically 
represented polyhedra; and the area is a lower semi-continuous functional, 
as follows immediately from its definition. 

Therefore if {Z7,} be a sequence of polyhedra typically represented in the 
form I,: x = a! (u), u on By, of uniformly bounded area, and approaching § 
as limit, we can write 


(6.5) L (Uh) = J) || Xn) du, (n = 1,2,-+4, 
(6.6) lim inf [|| Xu|| du > ff || Xj du, 
(6.7) lim inf Z(M%) > L(S8). 


By the definition of area we can find such a sequence of polyhedra 
for which the equality sign holds in (6.7), from which it follows that 


fx du < L(S). On the other hand we can by Remark 2 of § 3 find 
a sequence of polyhedra for which the equality holds in (6.6), from which 


it follows that J, || X||du => L(S). These two inequalities together establish 
equation (6.4). 
Theorems I and II, together with Lemma 2, establish 
THEOREMIII. Let the function f(x, X) be defined and satisfy conditions (2.1) 
on a point set A of x-space. Let S,: xt =-ai(u), u on By, be a typical 
representation of a rectifiable surface interior to A. Let f(x, X) satisfy 
the conditions 
a) f(a, X) =0 for every x in some neighborhood of the points of So, and 
Jor every X; 
b) E(@o(u), Xo(u), X) > 0 for almost all points u in B such that Xo(u) 
is defined and || Xo(u)||+0, and for all X. 


Then for every positive number N the functional F(Ss) = fr (a, X) du ws 


lower semi-continuous at Sy with respect to the class of all rectifiable surfaces 
of area < N. 
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As an immediate consequence of Theorem III we have 

TuEoREM IV. If F(S) be positive semi-definite, positive quasi-regular on A, 
and & be a class of rectifiable surfaces |S] interior to A and of uniformly 
bounded area, then F(S) is lower semi-continuous on &. 

7. Semi-continuity with respect to all rectifiable surfaces. In 
this sections we shall develop conditions which are sufficient to insure 
lower semi-continuity on the class of all rectifiable surfaces interior to A, 
without restriction as to area. We find it convenient to introduce a new 
notation; a subscript « at the left of a vector shall indicate that it is 
a unit vector; that is, if we write ,X we shall understand that we are 
considering a vector such that ||,,X||==1. Moreover, let X be any vector 
such that || X|| +0; by the symbol uX we shall designate the unit vector 
X/| We have then X‘ = (,,X°) (|| X||). 

A first and simple theorem is 

THEOREM V. If in the hypotheses of Theorem III we replace (5.1a) by 
the condition 
(7.1) f(a, uX)>O0 for every x on Sy and every yX, then F(S) is lower 

semi-continuous at Sy with respect to the class of all rectifiable surfaces 
interior to A. 

By the Heine-Borel theorem we can find a neighborhood W of S, such 
that for every x in W and every ,X we have f(7,uX)=>m>0. Con- 
sider a sequence {S,} of rectifiable surfaces S,: 2? = ai(u), wu on B,, 
tending to 8). For sufficiently large values of m the surface 8, will lie 
in W, so that by (2.1) 


(7.2) J, fens Xn) du =f. S (@n, uXn) || Xn || du =m ‘. || Xn || du. 





If it were now true that lim inf F(S,)< F(S)), we would be able to select 
a subsequence of {S,} (for which we retain the same notation) such that 


(7.3) lim F'(Sn)< F'(S). 


By (7.2) this implies that J, || X, || @u is uniformly bounded, so that by 


Theorem III the inequality (7.3) is impossible. 

As a corollary we have 

THEOREM VI, If F(S) is positive definite, positive quasi-regular on A, 
it is lower semi-continuous on the class of all rectifiable surfaces interior to A. 

We now proceed to prove 

THEOREM VII. Let the function f (x, X) be defined and satisfy conditions 
(2.1) on a point set A of x-space. Let Sy be a rectifiable surface typically 
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represented in the form Sy: x! = a4 (u), u on Bo, interior to A. Let f(x, X) 

satisfy the conditions: 

(7.4) f(x, X) = 0 for every X and for every x in a neighborhood of the 
point-set constituting So; 

(7.5) E(x (u), Xo(u), uX)>O0 for almost every point u of By at which 
Xo(u) is defined and || Xo (u)||>0, and for every uX + uX (u). 
Then F'(S) is lower semi-continuous at Sy with respect to the class of all 

rectifiable surfaces interior to A. 

As before, we need only to prove liminf F'(S,) > F'(S)), with the 
assumptions that By is the unit square Q, and the surfaces S, are poly- 
hedra typically represented in the form S,: 2 = a‘,(u), uw on Q, with 
lim a, (u) = a (u) uniformly on Q. By Remark 1, §3, we see that 
hypotheses (7.4) and (7.5) continue to hold after the simplifications. 

Let « be an arbitrary positive number less than 1. Defining FZ, as the 
set of all points w of Q at which Xp, (u) is defined, (7.5) holds, and 
J (xo (u), Xo (u)) = «/8, we have 


(1.6) FS) = Jf, Xo)dutf fle, X)dus fi fla, Xo)dut<. 


Denote by « (w) the angle between the vectors X (uw) and fx: (a (uw), Xo(u)); 
on E, we have 


= <S (x, Xo) = Xo Sxa(xo, Xo) = | Xo || - || fx (ao, Xo) || - cos « (u), 


in which || x(a, Xo) || denotes [fxa (a, Xo) fxa (ao, Xo]. Since the 
coefficient of cos @(u) is bounded on Q, there exists a constant #>0 
such that on £, 


(7.7) 0< ew < F—29. 


Moreover, || /x (2, Xo)||>>Z, where L is a positive constant. 
Since f(a (uw), Xo (u)) is summable on Q, there exists a 8>O such 
that for every subset E of Q having measure m(Z£) < @ it is true that 


(7.8) J, fw, Xow) du<<, 


Let x be any point in A, and ,X any unit vector. As the variable 
vector ~X ranges over all unit vectors such that the angle between 
wX and uvX is at least J, the function E(x, uX, uX) has a certain lower 
bound which we denote by w(a,uX). We easily see that w(x, uX) is 
a continuous function of its arguments; hence on £, the function 
H (x (u), uXo (u)) is measurable. Moreover, it is by (7.5) positive on £,, 
hence for a certain m>0 the subset E, of E, on which mw (a, uXo) 2m 
has measure at least equal to m(E,) — ~. 
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From (7.6), (7.8) we conclude that 
€ 
(7.9) JF» Xo) du = J, Xo) du—-~ = F(S)—=- 


Almost every point of Ey is a point of approximate continuity of Xo, Xo, 
and X;; and at every such point w we have for all sufficiently small 
squares g with center at uo 











(7.10) | J Sf (ao (u), Xo(u)) du— J, SF (Xo (Uo), Xo(uo))du} < om(a) | 
(7.11) fx (u) du—J x3 (uo) au| Ss ul 


where M is defined by inequalities (5.10). 
On the bounded closed set [a in A; ~X such that ||/,X|| = 1] the fune- 


tion f(z, uX) is uniformly continuous; hence there exists a d>0 such 
that if ||2,, z2|| << 20, 
(12) | (1s wX)—S (wo, wX)| << smaller {™, 2S | 

‘ - 2’ 16(H+1)!’ 


where H is an upper bound for / (a (wu), Xo(u)) on Q. Also, by the uniform 
continuity of z(u), there exists a y >O such that if |/w,, w:|| <7, then 


(7.13) Il xo (etx), Lo (me) || < 9; 


and since lim a (w) = ai (u) uniformly on Q, we have for all sufficiently 
large values of n 


(7.14) '|an (uw), Xo (u)|| < 6 for all wu on Q. 
By Vitali’s theorem we can find a finite set of squares q1,---, Qn, each 
of side <y, whose centers « are points of E, at which the Xo are 


approximately continuous, such that m(E.— > qj) <8, and such that (7.10) 
and (7.11) are satisfied. Then by (7.10), (7.4), (7.8) and (7.9) we have 


h 
= J, SF (%o (uj), Xo(uj)) du 
: é 
< p> J, SF (ao (u), Xo (u)) du a 
> fi. Fea), Xow) du—t 


> F(%)—5. 


(7.15) 
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By Lemma 1 we can find a sequence of subsets Vi of gj; such that 
Jim f. “ Xn (u) fx (ao (uj), Xo (uj)) du 
= Ji, XE (0) Fa (wo (u), Xow) du; 


and by the remark after Lemma 1, we can assume that the integrand on 
the left is always of the same sign as the integral on the right. We define 
ps (u) = x; (uw), won vi, 
Xi(u) = 0, wu on qj—Via. 
Then by (7.4) we see that ‘ 
(7.18) F (Sn) = p> J FT (an (u), Xn (w)) du. 

eae J 


Let T4,j,n be the subset of Vi on which the angle between Xo (vj) and 
Xn(u) is <4, and T2,;,n the remainder of the square gj. On 7\,;,n the 
angle between Xy(uj) and the vector fxi(a(uj), Xo(uj)) is by (7.7) less 
than 7/2 —23, and the angle between X,(u) and Xp (uj) is <*#, so that 
the angle between fx‘ and X,(u) is <2/2— 3; whence 


XS (w) F* (ow), Xo(w)) Z || Xn(o)||-[Lfxl-€08 (F—9) 
= || Xn(w) || - || fx||- sin +. 
This with (7.16) implies that for all sufficiently large values of n 
2 J | Xo (u) fx (a (uj), Xo (uj) du 
3 
> Joy XE CW) Frew), Xo (wy) du 


> | Xn (u) fx (a9 (uj), Xo (wj)) du 


T,5,n 


> sind. L- ‘. ‘| Xalldu, 
or using (7.10) and (7.11), 


J;,.,. Xn||du S — (rar rast J, Xo (a) Fx (xo (uj), Xo (uj)) du 


™ toy" 1, (xs (u) — Xo (w,)] Fx (aro (uj), Xo (wy) du 


(7.16) 


(7.17) 


(7.19) 


(7.20) 





ied | + J, Xo (wy) fx (ao (uj), Xo(w)) du} 
2 
= + sin # Ce + fe (uj), Xo (uj) du} 





Lsin & ’ 
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recalling in the last step that H is by definition an upper bound for 


f(a(u), Xo(u)) on Q. 
On T2,;,n we have by the definition of Z, 


(7,22) E(xo (uj), Xo (w)), Xn (u)) =m: | Xn(u) ||. 
Let us now consider the identity 


Js (xn (u), Xn(u)) du ~j. SF (xo(ty), Xo (uj) du 
a + i oa LF (an(u), uXn(u)) —S (aro (uj), uXn(w))] «|| Xn (we) Il du 


Ti, j,n 


a2) +f, + fp, Bleoleu), Xow), win (ed) || Xn(e) dr 
+ J, X50) — XW] Fa (eolu), Kol) de 


+ J, [Xo (u) — Xo (w)] Fx (xo (uj), Xo (uj)) du, 


wherein we agree to set »Xn(u) = (1, 0, 0) when || Xn(u)|/ = 0. Denote 
the six integrals on the right by ¢, 2,---.%. Then by (7.12), (7.13), 
(7.14), (7.21) 
eLsin d = em (qj) 
> nine sean De ees, 

4 2 — 6TH Jr,,,!aWllau 2 ——G 


By (7.12), (7.18), (7.14), 


. m = 
b2—FJe, iXeWollau, 


and by (7.22) 
“4 > m., \| Xn (u) || dw. 
2,j,” 


By (7.5), is >0. For all sufficiently large values of » we have by (7.16) 
and (7.17) i; > —em(qj/4, and by (7.10) (with (5.10)) we have 
we 2 —em(q))/8. 

Summing over all squares qj, we find that the left member of (7.23) is 
> —e/2. This, with (7.18) and (7.15), proves that for all sufficiently 
large values of m F(Sp) > F(S)—e; so that lim inf F(S,) > F(So), and 
our theorem is established. 

An immediate corollary of Theorem VII is 

THEorEM VIII. If Sor every x in A, every unit vector .X, and every unit 
vector uX*+uX we have 

J (x, uX) = 0, E(x, uX, uX*)>0, 
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then F(S) is lower semi-continuous on the class of all rectifiable surfaces in- 
terior to A. 

8. A comparison theorem. Suppose that f(z, X) is defined and 
satisfies conditions (2.1) on a point set A. For brevity we denote f,:,: 
by fix; we find as a consequence of the homogeneity relations 


(8.1) X* fox(x, X) = 0, 


so that the quadratic form X*X*fog(x, X) vanishes identically. Also, 
FSix(a, X) is positively homogeneous of degree —1in X. As an immediate 
consequence of a formula of Bliss’® we find that the functional F(S) is 
positive quasi-regular if and only if X« Xe Sug(a, X) = O for all x in A, 
all X, and all X such that || X||}+0. We will say that F(S) is positive 
regular on A if for every pair of orthogonal unit vectors ,X, uX (that is, 
every pair such that .X*,X* = 0) and every x in A we have 


(8.2) uX XP fas (ar, ur) >0. 


From this it follows that if F(S) is positive regular on A, then for every 
pair of vectors X, X for which || X||/+0, || X||/+0, and .X+.X, we 
have X*° XP fag(z, X)>0. For we can find a unit vector ~Xo orthogonal 
to X such that ,.X' = a-,Xo+b-X', a $0; then by (8.1) 


X*X? fop(w, X) = (| X|l*/\| X|l) wX*uX? faplw, uX) 
= (| X|P/|| X |) [2 uXs Xo fap (w, uX)]>0. 


Consequently if F(S) be positive regular on A, it is a@ fortiori positive 
quasi-regular on A. 


Using the notation F(S) =re, X) du, G(S) = fot, X) du, we 
now prove 

THEOREM IX, Let f(x, X) and g(a, X) be defined and satisfy conditions (2.1) 
on a point set A of x-space. Let the rectifiable surface Sy be interior to A, 
and on the point set constituting Sy let f(x, X) be positive definite and positive 
regular. Then for every sequence {Sp} of rectifiable surfaces such that 





(8.3) lim S, = So, 

(8.4) lim F'(Sn) = F(So) 

it 7s true that 

(8.5) lim G(Sy) = G(S). 
16 loc. cit. ', 
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For each point x of A we define «(x) as the greatest lower bound, for 
all pairs of orthogonal unit vectors X, X, of the expression X* XB fug(x, X). 
We readily see that w(x) is continuous. On the bounded closed set of 
points constituting Sy we have by (8.2) w(x) >0, hence w(x) > 2m>0. 
Hence we can find a closed neighborhood W of Sj on which w(x) = m; 
and for all sufficiently large values of m S, must lie in W. 

Utilizing the formula of Bliss we have for every x on W, every X, and 


every X such that || X|| +0, the inequality 
Ey(x, X, X) > m-|| X||-(1—cosa), 


where « is the angle between X and X, and Ey is the E-function formed 
for f(z, X). By the same formula we have 


| Ey (a, Xx, X)| <M. || XI -(1— cose), 


where M is some constant. Hence for every constant H > M/m both of 
the functionals H-F(S)+G@(S) and H-F(S)—G(S) will be positive 
quasi-regular on W. By a similar and simpler argument we see that if 
H be large enough both of these functionals will also be positive definite 
on S). Hence by Theorem VII we will have 


lim inf [H - F(Sn)-+ G(S,)] > H- F(So) + GS), 
lim inf [H - F(Sn)— @(Sp)] > H- F(S))— GS). 


By virtue of equation (8.4) these inequalities imply 


liminf G(Srn) 2 GS), 
lim inf [— @(Sp)] = —G@ (So); 
from which (8.5) follows immediately. 
CoroLLary. If f(x, X) be defined and satisfy conditions (2.1) on a point 
set A of x-space, and Sy be a rectifiable surface interior to A, then for every 
sequence {Sn} of rectifiable surfaces such that 


lim S, = S, lim L(S,) = L(S), 
lim F(S,) = F(S). 


For by Theorem IV we have L(S) = J || X||- du, and we readily verify 
that this functional is on the whole of x-space both positive definite and 
positive regular, 

9. Continuous functionals. If we compare Theorems III, IV, VI 
and VIII with their analogues’’ for curves, we find as the most important 


panels 
"Tonelli, Fondamenti di Calcolo delle Variazione, vol. 1, §§ 108, 106, 96. 
81* 
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distinction the added hypothesis that f(z, X) 20. As a matter of fact, 
this added condition is actually necessary in order that F(S) be lower 
semi-continuous on the class of all rectifiable surfaces interior to A. For 
suppose that for a certain (w, X), with x interior to A, we have 
St (a, X) = —k<0; we can without loss of generality assume « = (0, 0, 0), 
X=(0,0,1). Then the sequence {S,} of surfaces Sy: at = n— ul cos n? v2, 
2=n'usinn? wv, 2 = 0, 

ecw <i, Fs 


IA 


U 


IA 


27, 


approach the limit surface Sy: a*—0O. Each Sy, is rectifiable, and we 
easily calculate L(S;,) = for every n. For large enough values of n 
S, lies in A; and 
lim F(S,) = —ka<0 = F(S). 


As a consequence of this we find that the only functional which is 
continuous on the class of all rectifiable surfaces, or even on the class 
of all rectifiable surfaces of area less than some constant JN, is the 
trivial one F(S) = 0; for to have both upper and lower semi-continuity 
we must have 


f@,X) <0, f(z, X) 2 0. 


However, if we limit ourselves to the class of rectifiable surfaces bounded 
by a given fixed curve of finite length the condition f(2, X) > 0 is no 
longer necessary; for in fact for any three constants a; the functional 
F(S) = | ae X“ du is continuous on such a class of surfaces. For such 
a class of surfaces we have as a necessary condition for continuity E= 0, 
E<0; hence f(x, X) = a«(x)X%, where the a;(x) are continuous functions 


of the x’. It would be interesting to investigate more fully the conditions 
for continuity on such a class of surfaces. 


HARVARD UNIVERSITY, 
May 13, 1931. 





SOME APPLICATIONS OF THE CALCULUS 
OF VARIATIONS TO RIEMANNIAN GEOMETRY.! 


By I. J. ScHoENBERG.? 


In 1855 O. Bonnet, using Jacobi’s variational equations for geodesics on 
a surface and Sturm’s comparison theorem for linear second order differential 
equations, established a theorem relating the curvature of an ovaloid surface 
to its size: If at every point of an ovaloid surface Vz, its curvature K is 
> 1/A® (A constant), then the distance between any two points on Vz is 
<nAi 

It is the purpose of this paper to generalize this theorem to Riemannian 
geometry. The Theorem 4.1 here proved is based on the assumption of 
the existence of an absolute shortest distance in V, between any two points 
of V, which is furnished by a geodesic are joining those points. The 
application of recent existence theorems for the absolute minimum makes 
it possible however to derive from Theorem 4.1 more special and precise 
results like Bonnet’s theorem. 

The method of proof here set forth is similar to Bonnet’s with the 
following changes: We do not work with Levi-Civita’s variational equations 
which generalize Jacobi’s equation for geodesics, but directly with the 
second variation of the length integral of V,. This second variation is set 
up by a method first used by L. Berwald.4 The use of Levi-Civita’s geo- 
desic codrdinates® turns out to be very convenient (§ 2). Accordingly, 
Sturm’s comparison theorem is replaced by a comparison theorem for the 
second variation. This theorem, a special case of a comparison theorem 
of Morse,® will be established quite independently with the help only of 
classical results of the calculus of variations (§ 1). 


‘Received July 1st, 1931. Presented to the American Mathematical Society June 13, 
1931. 

*Fellow of the International Education Board. 

°0. Bonnet, Sur quelques propriétés des lignes géodésiques, Comptes Rendus 40 (1855), 
Pp. 1311-1313. See also W. Blaschke, Differentialgeometrie I, Berlin 1930, § 100. 

‘L. Berwald, Una forma invariante della seconda variazione, Rendiconti dei Lincei, 
serie IV, vol. 7 (1928), pp. 301-306. Compare J. L. Synge, The first and second variations 
of the length integral in Riemann space, Proc. of the London Math. Society, 2nd series, 
Vol. 25 (1926), pp. 247-264. 

*T. Levi-Civita, Sur Vécart géodésique, Math. Annalen, Bd. 97 (1927), pp. 291-320. For 
more recent papers on this subject see E. Bortolotti, Sulle coordinate geodetiche lwngo una 
linea, Rend. dei Lincei, vol. 10 (1929), pp. 486-492. 

°M. Morse, A generalization of the Sturm separation and comparison theorems in n-space, 
Math. Annalen, Bd. 103, pp. 52-69. 
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The problem of the shortest distance in V, is also discussed. A suffici- 
ency theorem of Bliss for the general parametric problem of the calculus 
of variations will easily solve this problem (§ 5). 

1. A comparison theorem for the second variation. We con- 
sider the quadratic form in w and %, (¢ = 1, 2,---,m), 


(1.1) 22(x, u,v) = Pix (x)ui ux + 2 Qc (x) ui ve + Rix (x) vi ve, 


the coefficients Pj, (x), Qix (x), and Rx (x) being functions of x of class C’’ 
for 2, <2%< a, with Px = Pu, Rx = Reg and 


(1.2) Rix(x)vinx>O0 for 4S exam, yvu>d0. 
We set up the integral 


" ’ ee. " ’ 
(1.3) Z(y) =" (Pic 94 Me + 2 Qin 6 Ge + Rin Yi 4K) dx ={ 22 (x, 4,7) dz. 


The problem of minimizing Z(7) in the class of sets 9; = 9: (x) (¢ = 1, 2, ---, n), 
ni(x) being functions of class D’*® on 2,22, with 4: (a) = 7: (a) = 0 
(we shall call such a set an admissible one), leads to the system of second 
order linear homogeneous differential equations 
Oy; — 24 = 0, (¢ = 1,2,---,n), 
the Euler equations for Z(y). The set 4,=0, x1 <x2< 2s, is an ad- 
missible one, satisfies the system (1.4) and gives Z(7) the value zero. 

The calculus of variations provides conditions under which J(0) = 0 is 
the minimum value of Z(7) in the class of admissible sets 4; = 7 (2). 
The extremal are 4;=0, 1, <2<%z, satisfies Legendre’s condition in 
the strict sense, because of (1.2), which insures | Rx (x)| +0 on % 2%. 
Jacobi’s condition deals with conjugate points: The point § on 2; 2 is said 
to be conjugate to 2,, if there is a set uw; — u(x) of class C’ and not 
all wu = 0 on 2, &, satisfying (1.4) and w(2,) = ui (§) = 0. Jacobi’s 
condition is satisfied in the strict sense, in case there is no such § on the 
interval x, Xo. 

In the calculus of variations the following lemma is proved:® 

LemMA 1.1. If there is no point on 2, x, conjugate to x,, then one always 
has I(n)>0, for every set 4: = yi(a) of class D! on 2,22, with 4i(%) 
= 4: (%2) = 0 and not all 4: identically zero on 222. 


(1.4) 





7A function is of class C’ if it is continuous and has a continuous first derivative. 

SA function is of class D’ if it is continuous, and if the interval x, 2, can be devided 
into a finite number of subintervals, such that in each subinterval its derivative should 
be continuous (0. Bolza). 


*See J. Hadamard, Calcul des Variations, I, Paris 1910, § 288. 
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We shall prove now the following 
CoMPARISON THEOREM 1.1. Besides I(q) given by (1.1), condition (1.2) being 


retained, we consider the integral 


I* (1) =f" (Pie (x) i 9+ 2 Qik (x2) i Me + Rix (xx) 9 mk) dx 


=. 22*(x, 9, 4') da, 
the coefficients Pix, Qi, Rix, with Pik = Pri, Rix = Riu, being of class C’ 


On XX. 
We suppose 
(1.6) Q(x, u, v) < 2* (x, u, v), 


(1.5) 


to hold identically in ui and vu; for x <x <a. 

Then the conjugate points on 2,22 with respect to I(y) are closer together 
than the conjugate points with respect to I*(y). More precisely: Suppose e 
m a2, to be conjugate to x, with respect to I*(n). Then there exists 
a point § conjugate to 2, with respect to I(y) with 


(1.7) m<F < &. 


This theorem is readily proved. By definition of &*, there is a set 
ui; =u; (x) of class C’ on 2, &*, with 1: (2) = ui (§*) = 0 and satisfying 
the system 


(1.8) . 


dx 
An integration by parts and (1.8) give 


e g 
I*(u) =[ 2.2* (x, u, uw’) dx =|. (ug Qu, + ui Qe) dx 
1 i 


Qi, — XH, = 0. 


4 d ax 
= Ji, «(9% — gz Mt) ae = 0, 
and this result and (1.6) give 
(1.9) I(u) < I*(u) = 0. 


Hence x, &* certainly contains some point conjugate to x, with respect to I, 
otherwise (1.9) would contradict our Lemma 1.1 applied to J for the inter- 
val 2, §*. Hence the theorem is proved. 

2, The second variation of the length integral of a Riemannian 
manifold. Let R be an open region in the space of the variables 
(1, 22, +++, 2) on which a Riemannian manifold V» is defined by the line 
element, 

(2.1) ds* = dag dxadxp. 
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This quadratic form is supposed to have its coefficients functions of the 2x, 
| of class C’” in R, and to be positive definite within this region. Let 9, 
be a geodesic arc of Vp, interior to R, and which does not intersect itself, 
T. Levi-Civita has introduced (loc. cit.) a special system of codérdinates 
(yi, Y2,***, Yn), locally cartesian along g,2, which will be very convenient 
for our purpose. This system of so called geodesic .codrdinates along 4g» 
has the following properties:'° 
| 1. The functions ye = ya (2%, %, +++, Xn) defining the transformation, are 
of class C’” in a neighborhood N of giz, with their functional deter- 
minant + 0 in N. 
2. The line element ds* = bag dyadyg of Vn, expressed in the new vari- 
ables, has the cartesian form and is locally euclidean in every point 


of 912) i.e. 
(2.2) bug = Sas, oe 0 along 2. 
dYy 
3. Along gis we have y, = ys = --- = Yn-1 = 0, and hence y, =< is 


the length of are of gi (let o—= 0 and o =/ at 1 and 2 respectively). 
The geodesics of V» are the extremals of the problem of minimizing the 
integral 


2.3) L=JVingylt2nyltbmdo = flo, y, y')ao 
the variables y; (¢ = 1, 2,---,—1) being functions of o. The equations 


yi = 0 give the extremal g,. of this problem. The second variation of L 
with respect to gis is given by 





z 
I(y) =| (Sum, 6 M+ Wy, Vi Mk +Syy Vi Mk) dO, (i,k = 3. Be --+,n—1), 


where the 7; = (0) are the variations of the y;, and the coefficients 
Sum» Sua a fy, being computed for y; = 0, are functions of yn =¢ 
only. 

By a simple direct computation combined with (2.2), one readily finds 
the result: Along g12 we have fyy, = $+ 8° Dnn/Oyi 0 yx, Soy, =, Sy%= dix, 
and hence the second variation takes the form 








1 2 
(2.4 10) =f (nisi + 2 Pb asm) ao. 
) () ; Ni Ni 2 0 yi 0 YK Vi Wk do 
Furthermore we have along 912 
‘ 1 07 by e 
a (2.5) 2 tn 2 a = —(ni, nk), 


‘We use here only the results of the §§ 1-3 of Levi-Civita’s paper. 
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the symbol on the right hand side being a Riemann symbol of the first 
kind with respect to the variables. yz. In order to prove this, we start 
from the formula of definition of Riemann’s symbols of the second kind" 





, 0 . , ' 
ini, nk} =~ (nm, 1) — 5 (nk, a} + (ek, a} {nn, @} —{an, i} {nk, a. 
The last terms of the right side drops off because of (2.2) and also 
3/8 yn {nk, 7} = d/dyn {nk, 1} —3/8 yq (nk, 1} -dyq/dyn = 0 along gis. 
One therefore has {nz, nk} = 0/dyx{nn, 7}. Furthermore {nn, 7} 
= bi¢[nn, @] = (1/2) b* (28 bne/ a Yn—O bnn/ Oya) and because of 0b*/ dy, = 0 
along 9:2: 
" 8"bne «1a | 


0 a >| Be reac 
{nn, 7} = b aS tn30 


0 Yk 
Again é 
———— == ——— —— = alon 
0Yn 9 Yk dyn OYK 5 His 
and finally 
° bs ps 0 ° See 1 ie 0? Dan wS ir) 0? ban 
{ni, nk} = tx {nn, i} = aa 2 Oy Oye 


along gi2. But (ni, nk) = db {na, nk} = {ni, nk} along gz, and thus 
(2.5) is proved. From (2.4) and (2.5) we get finally 


Y 
2.6) Tn) =f biri—(ni, nk) ed do.” 
Levi-Civita’s variational equations™ 
(2.7) qi’ +(ni,nk)m% = 0, ( = 1,2,---,n—1), 


are a mere consequence, as Eulers equations for Z(y) as given in (2.6). 

The quadratic form K(o, 7) = (ni, nk) 4iqx which appears in (2.6), 
has a remarkable geometric interpretation: Let u* and v® be the contra- 
variant components of two orthogonal unit vectors at a point 3 of dis. 
One has u® uw = 1, yt yt = 1, u*v* = 0, and 


(2.8) K = (a8, v0) u% v? wr v? #4 
es 

"See for instance: T. Levi-Civita, The absolute differential calculus, London 1927, 
Chap. VII, formula (3) on pag. 175. 

ad Compare L. Berwald, loc. cit., formula (6), and J. L. Synge, loc. cit., formula (6.21). 
E. Cartan’s formula (1) given in his paper Sur V'écart géodésique et quelques notions 
connexes, Rend. dei Lincei, serie VI, vol. 5 (1927), pp. 609-613, is a consequence of our 
formula (2.6). 

*See the first system (I’) on pag. 319, Math. Annalen 97. 

“Levi-Civita, Absolute differential calculus, Chap. VIL, formula (31) of § 10. 
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is the Riemannian curvature of V, at 3 with respect to the orientation 
defined by the two vectors u* and v*. Let now v® be the unit vector 
tangent to giz at the point 3. One has o*=0, %=—1, u*=0, ww = 1, 
and from (2.8) one sees, that 

(2.9) K(o,u) = (ni, nk) wvu®, with wu = 1, 


is the curvature of V, at 3 with respect to the orientation tangent to g 
defined by the unit vector w* orthogonal to gy. at the point 3. 

3. On conjugate points on a geodesic arc.” Jacobi’s condition 
for the extremal are gz: for the problem of the shortest distance in Vp, 
a problem which will be discussed in § 5, depends on the discussion of 
the conjugate points on g:2. The definition of conjugate points has been 
given in § 1. The actual determination of the conjugate points on g» 
can be made in every case, using the general devices of the calculus of 
variations. In a very special case however, this determination is imme- 
diate, namely the case when V, is of constant positive curvature K. 
From (2.9) one gets in this case (nz, nk) 4: 9x = Kyi yi and the system (2.7) 


becomes ; 
ni +Ky = 0, 


Its solution 7; = sin(K!*0o) and the definition of conjugate points (§ 1) 
give the 

THEOREM 3.1. Let gi2 be a geodesic are of a Riemannian manifold Vn 
of positive constant curvature K. The distance along giz between two con- 
secutive conjugate points on giz is constant and equal to 7/ VK. 

The general device for the determination of the conjugate point of 1(« = 0), 
is as follows.’® Determine the set of »—1 solutions win, won, «++, Un—t,k; 
(k = 1, 2,---,m—1), of the system (2.7), which is uniquely defined by 
the initial values 


(¢ = 1, 2,---,n—1). 


wiz (0) = 0, ux (0) = dx, 


where (6;,) could be replaced by any other matrix of values with deter- 
minant +0, and set up the equation 


A(c) = |ux(o)| = 0. 


Its first positive root <7, if there is one, will determine on giz the first 
conjugate point of 1(¢= 0). 

We shall apply this method in the case when K(o, u) defined by (2.9) 
is constant along gis, for ué propagated parallel to itself in the sense of 


* J. L. Synge considers (loc. cit. § 10) only conjugate points on giz which are conjugate 
with respect to some definite surface V, containing the arc gis. 
© See J. Hadamard, Calcul des Variations, §§ 282-284. 
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Levi-Civita. Since Christoffel’s symbols vanish identically along 9:, this 
means that K(o, «) has to be constant if the w’ are constants. Hence the 
(ni, nk) are to be constants along g,2, and we put (m7, nk) = ax, with 
diz = deie The system (2.7) or 4; + aix yx =O represents a linear trans- 
formation with a real symmetric matrix of coefficients and a well known 
theorem’’ insures the existence of a non-singular transformation 9; = cix qx 
with constant coefficients, carrying (2.7) into its canonical form 


(3.1) ti +he ti = 0, (¢ = 1, 2,---,n—1). 
In these equations, the ~; are the »—1 roots of the characteristic equation 
(3.2) |aix — won| = 0, 


and the subscript in parantheses of w@ will indicate that there is no sum- 
mation on the left hand side of (3.1). Let w,>0 for r= 1, 2,---, 2", 
is <0 for s = 7’ +1, .--, +8’, and w¢=0 for t= 7’ +8'+1,--, +842 
=n—1. We set up a set of »—1 solutions of the system (3.1) as 
follows: We put u,—= 0 for i+k, and for 7 = k we put wu, = mw," 
sin (ue? a), 27*| un [ 7? (el iv _ gia elo) or o, according as ux > 0, 
<0, or #,=0. Returning to the original system (2.7), we get 


A (0) = | ta | = |eiy|+ lee! = 9 © |] sin @4?0), 
r=1 


the function y(c) being +0 for o>0. This last formula proves the 
following 

THEOREM 3.2. Let gis be a geodesic arc of a Riemannian manifold Vn, 
along which the curvature K is constant with respect to the orientations 
tangent to gis and defined by a unit vector orthogonal to g12 which is moved 
along 912 parallel to itself in the sense of Levi-Civita. As a consequence, 
the Riemann symbols (ni, nk), (é, k = 1, 2,---,n—1), of the manifold Vn 
with respect to its geodesic codrdinates along giz, are constant along gre. 
Let w be the largest root of the characteristic equation 


For w <0, there are no conjugate points on gis. If w>0, the distance 
along 91s between two consecutive conjugate points of giz ts constant and 
wal to m / Vo. 
We shall prove now the following 





See H. Hilton, Homogeneous linear Substitutions, Oxford 1914, Chap. I, § 12, pag. 43. 
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THEOREM 3.3. Let g,. be a geodesic arc of two Riemannian manifolds V, 
and V** which osculate’* each other along g,.. We suppose that we have for 
their curvatures the relation 


(3.3) Kt <5, 


for every orientation tangent to g,.. Then the conjugate points on g,, with 
respect to Vn are closer together than the conjugate points with respect to Vn 
(in the same sense as in Theorem 1.1). 

Let ds** = a*, dx, dx, be the line element of V*. The osculation is 
expressed by the relation a7, = ,., 9a¢,/0x,, = 0a,,/dx, along g,.. Any 
transformation of coérdinates preserves these relations and therefore has 
ds** = bi, dy, dy, the same properties (2.2) as ds’, i.e. the variables y, 
are geodesic codrdinates along g,, also for the manifold V*. For V;, 
(2.6) becomes 


1 
(3.4) I*(y) =|. [nj 9; — (ni, nk)* 9, 4] do. 


The inequality (3.3), the expression (2.9) and the similar expression for Vn 
show, that the inequality (1.6) is verified for our integrals J and J* as 
given by (2.6) and (3.4). Hence Theorem 1.1 implies Theorem 3.3. 

Let V* osculate V, along g,,. One knows that the curvature K* of V;* 
is expressible, for orientations tangent to g,,, as a quadratic form like (2.9) 
in the components wu! defining the orientation. Of some interest seems to 
be the following inverse question: Let p,.(¢)u‘w* be a given quadratic form 
along 9,,. Is there a manifold V* osculating V,, along g,. and whose curvature 
along Gy. 78 given by K*(o, u) = p,(o)uéiu®, (ué ut = 1)? 

The solution is obvious: The manifold Vn whose metric is defined by 
ds? = dyi+----+dy?_,+(1—p,,(¢) y,y,) do, (do=dy,), in some neigh- 
borhood of gy, satisfies the proposed condition. Indeed, this manifold V,* 
certainly osculates V, along g,,, and (2.9) and (2.5), applied to V* give 
K* (9, u) = (ni, nk)* ui = py (0) ué uk. 

As another indirect corollary of Theorem 1.1, I mention the following 

THEOREM 3.4. On a geodesic arc g,, along which the curvature K of V,, 
takes on no positive value with respect to the orientations tangent to 9,9; 
there are never conjugate points. 

Its proof is as follows: We set up the integrals Z(y) and I*(y) of 
Theorem 1.1 with 22 = 9; nj and 22* = 4! 4! —(ni, nk)n,%,. The con- 
dition K<0 along g,. and formula (2.9) show, that the inequality (1.6) 
holds identically. The existence of a point on g,, conjugate to 1 with 





'8 See E. Cartan, La géométrie des espaces de Riemann, Paris 1928, Chap. IV. 
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respect to 7*(y), would imply the existence of a similar point with respect 
to the integral ; 
1) =f af afao. 


Its Euler equations being 7;,—= 0 (¢= 1, 2,---,m—1), this last integral 
has no conjugate points. This proves the Theorem 3.4. 
4, A generalization of O, Bonnet’s theorem on ovaloid surfaces. 


On the Riemannian manifold V, of § 2, we make the following additional 


assumptions : 
(a) There is a positive constant A such that 
(4.1) K = 1/A® 


holds throughout the open region R on which V, is detined. 

(b) Any two points 1 and 2 of R can be joined by an arc gj» interior 
to R and whose length J,, is the absolute shortest distance between 
1 and 2 within V,, which implies that gy. is a smooth geodesic are. 
We shall prove the following 
THEOREM 4.1, The assumptions a and b imply the inequality 


(4,2) le < wA, 


hs being the length of the shortest geodesic arc 912 joining two points 1 and 2 
of R and whose existence is insured by assumption b. 

Let 1 and 2 be any two points of V, and gis be the geodesic arc 
given by assumption (b). Let Z(y), given by (2.6), be the second variation 
of the length integral for this arc gi2. In order to prove (4.2), let us 
suppose the contrary: 


(4.3) La >A. 
We set up the integral 
A 
(4.4) I* (4) = f, * (oi at —je wen) do. 


From (2.9) and (4.1) we get 
Ul / . / / 1 
114i — (ni, nk) Hi Me S Vi Mi— Ga Vi Vi 


for 0<o<ks, 4; and 7} arbitrary. The points >= 0 and o= 7A are 
conjugate with respect to J*(y) and Theorem 1.1 shows that there is 
a point on gis, conjugate to 1 (¢ = 0) with respect to J (y) and which 
lies between o = 0 and o—2A. Our assumption (4.3) shows that this 
point is actually interior to g,2. This last result contradicts the minimum 
property of 9,3, Jacobi’s condition being necessary for the existence of 
a relative minimum. Hence (4.3) is impossible and the theorem is proved. 








Seat 2h, mix 
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The portion of the surface of a sphere in S; interior to some small 
circle of it, satisfies the assumptions (a) and (b), but the remaining portion, 
exterior to this circle does not. Therefore the following extension of 
Theorem 4.1 seems to be of interest: 

Corouiary 4.1. We retain assumption (a), but replace assumption (b) by 
the following assumption (b'): Any two points 1 and 2 of Vn can be joined 
by a broken curve composed of m smooth geodesic arcs gi1', 91'2' +++; Gm—1',2; 
every one of these arcs furnishing the absolute shortest distance in Vy, be- 
tween its two endpoints. There is then a path from 1 to 2 within Vn whose 
length is <mmA. 

Theorem 4.1 gives indeed gu < 7A, gyre < WA, +++, Gm—-112< 7A, 
and therefore gu + gyv2+-+--+gm-r,2< maA. That this limit maA 
which, according to the Corollary 4.1, is an upper bound for the greatest 
lower bound of the distances in V, between any two points of V», can 
be approached as nearly as may be desired for some pair of points in 
a suitable choosen manifold, can be seen already for n = 2 using a sphere 
suitably cut: We cut the sphere with radius A along its equator, leaving 
both hemispheres connected only by a small segment of this equator. This 
manifold V, satisfies both conditions (a) and (b’) with m= 2. If we take 1 
and 2 in different hemispheres, close to the equator and almost diametrally 
opposite to the connecting segment of the equator, then the shortest way 
joining 1 and 2, will be as close to 27 A as we want, choosing the con- 
necting segment sufficiently small. A shere suitably cut along m—1 
circles proves the same fact for any value of m. 

5, The problem of the shortest distance in V,.1° Let 9:2 be a geodesic 
are in the manifold V, of § 2. What are the conditions which insure that 
giz represents the shortest curve joining 1 and 2, compared with all the 
other curves Cy of a sufficiently small neighborhood of gi. and joining 
these two points? We have a so called parametric problem of the calculus 
of variations, the problem of minimizing the integral 


sane I " , 
(5.1) L= J, V dag x03 dt == J «vat, 


Le = a(t), (4+ <t<t), being a parametric representation of Cjz. We 
suppose the functions x¢ = aa«(t) to be of class D’ and a2e2q >0 for 
th St<hky, with xe(t)) = var and Xe (t2) = 2e2, the whole curve Cj lieing 
within some neighborhood of 9,2, interior to the open region R of § 2. 

The are g,. was supposed to be a geodesic are, and it is well known 
that this is a necessary condition for the minimum property of gis, since 


‘For the same problem on a surface (n = 2) see G. Darboux, Théorie générale des 
surfaces, vol. III, Paris 1894, Chap. V. 
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the Weierstrass-Erdmann corner conditions remove the possibility of corners 
for gis» The Weierstrass function*®® 


E(z, x’, p) = S (x, p)—S(@, x')—( pa— xa) Su (x, x’), 
takes in our case the form 


(52) E(e, x’, p) = (dap va xp)” [(dap aa xg)"? (dap pa pp)" — dap Xe pp). 
Legendre’s condition is related to the quadratic form 


Q(x, 2’, p, p) = Sag, Da Dp 


5,3) —— a ’ 
( = (aagXe2'g)*? [(aap paps) (dagXuxs) — (das pax) |. 


Let % = %e(t), (4 <t<t&), be a parametric representation of gs. 
From (5.2) and (5.3) one concludes that E(2, x’, p) >0 and Q(z, 2’, p, p) > 0, 
at any point of gig and for every set pa With papa >O0O and which is not 
proportional to the set 2a: The necessary conditions of Weierstrass and 
Legendre are always satisfied along gz, in the strict sense.*' 

A sufficiency theorem of Bliss** for the general parametric problem leads 
to the following result: 

THEOREM 5.1. Let gig be a geodesic arc of Vn, interior to Vn and which 
does not intersect itself. If gy, does contain no conjugate point to 1, then gis 
actually is the shortest curve joining 1 and 2, compaired with all such 
curves of class D! of a sufficiently small neighborhood of gis.” 

Theorems 5.1 and 3.1 show, that a geodesic arc g:2 of a manifold of 
constant positive curvature K, gives a relative shortest distance as far 
as its length does not reach the value 7/V K. Theorems 5.1 and 3.4 
show, that a geodesic arc gig Of a manifold of non-positive curvature, 
Which does not intersect itself, always gives a relative shortest distance 
between its endpoints.*4 





| ” See G. A. Bliss, The Weierstrass E-function for problems of the calculus of variations 
‘ parametric form, Transactions of the American Math. Society, vol. 15 (1914), pp. 369-378. 

1 Compare A. R. Forsyth, Geometry of four dimensions, vol. Il, Cambridge 1930, 
Chap. XVII, § 299, where the same fact is proved for a Vs which is emmersed in 
4 euclidean space S,. 

This theorem, which Professor Bliss uses to give in his lectures, insures the existence 
of a relative minimum for the parametric problem in n-space for which the Legendre and 
Weierstrass necessary conditions are satisfied in the strict sense. 

BAR. Forsyth gets, loc. cit., the same result for Vs, based however on no sufficiency 
theorem. 

“Compare the note III at the end of E. Cartan’s Géométrie des espaces de Riemann, 
Paris 1928, where this result is obtained by @ quite different method. 
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GROUPS OF MOTIONS IN SPACES ADMITTING 
ABSOLUTE PARALLELISM.! 


By H. P. Rospertson. 


I. INTRODUCTION. 


One of the most fundamental questions which can be asked concerning 
a space of given structure is whether it admits automorphisms or not, 
i. e. whether it is possible to establish one or more correspondences P-> P 
of the space on itself in such a way that corresponding points P, P or 
configurations of such points are zntrinsically—by means of the structure 
of the space alone—indistinguishable. Obviously the set of all such auto- 
morphisms, including the identity P> P, admitted by such a space constitutes 
a group; in case this group involves r essential parameters o,, (w = 1, 2, ---, 7) 
we say that the space admits an r-parameter group of motions into itself. 
The converse of this problem, that of determining the restrictions placed 
on the structure of a space by a priort symmetry conditions, is not only 
of geometrical interest, but is further of importance to any physical theory 
which considers the structure of physical space or space-time as contingent 
on its physical content—such as the state and distribution of matter and 
electricity. 

The discussion of such groups of motions in spaces defined by a Riemannian 
metric has been given by Killing, Fubini and other writers®. Linstein’s 
1916 theory of relativity, which is based on the assumption that physical 
space-time constitutes a 4-dimensional Riemannian manifold, leads to 
applications of these investigations to problems met in physics and astronomy. 
His more recent unified field theory’, in which the Riemannian space-time 
is assumed to admit absolute parallelism, raises the corresponding problems 
for such a space; two particular investigations of this type have been 
carried out by Einstein and Mayer* and by McVittie’. 

It is the purpose of the present paper to develop the theory of groups 
of automorphisms in general absolute parallelism spaces, with special 

’ Received December 4, 1931. 

>For a concise development of this theory and for references to the literature see 


L. P. Eisenhart “Riemannian Geometry”, Chap. VI, pp. 221-251 (Princeton 1926) ; hereinafter 
referred to as “R. G.”. 

* A. Einstein, various papers in the PreuB. Akad. Sitzungsber. 1928-1931. 

* A. Einstein and W. Mayer ,,Zwei strenge statische Lésungen der Feldgleichungen der 
einheitlichen Feldtheorie“, PreuB. Akad. Sitzungsber. 1930, pp. 110-120. 

* G.C. MeVittie “Solutions with Axial Symmetry of Einstein’s Equations of Teleparallelism ”, 
Edinburgh Math. Soe. Proe. (2) 2, pp. 140-150 (1930). 
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reference to Riemannian spaces admitting an absolute parallelism. The 
determination, in principle, of the complete group admitted by a space of 
given structure is given, and the spaces admitting certain groups of interest 
to the general theory are obtained. The results are finally applied to 
certain Riemannian absolute parallelism spaces (“R. A. P. 8.’’) of possible 
physical interest—including that considered by Einstein and Mayer—but 
in this we restrict ourselves entirely to geometrical considerations, leaving 
entirely aside the problem of the further specification of space-time by the 
introduction of field equations. 

We first discuss those properties of general and of Riemannian absolute 
parallelism spaces which will be required in the sequel. 

1, Notation and general preliminaries. The n-space 7, with which 
we are concerned is characterized by the property of absolute parallelism: 
with each vector 4) at a point Py of 7, is associated a unique vector 4(P) 
at an arbitrary point P of T,, which is said to be parallel to 49:4(P)|| Ao. 
This distant parallelism is a reflexive, symmetric and transitive relation 
such that from 2(P)||4, w(P)||mo we may conclude that aA(P)|| ad, 
L(P)+u(P)||%o-+mo. For our present purposes we may assume that on 
introducing a cobrdinate system x“ (wu = 1, 2, ---, m) the components 4“ (x) 
of the vector 2(P) are analytic functions of the x“—although it is only 
necessary to assume that they possess derivatives of a certain order. 

Let 4; (x) (i =1,2,-++, m) be the nm vectors at P which are associated 
with » independent vectors at some given point Py); this ennuple of » 
(independent) vectors then defines the structure of the space. Any otlier 
ennuple 4‘; (x) which may be used to define the structure can be obtained 
from the vectors 47 (x) by a non-singular linear homogeneous transformation 
with constant coefficients: 


(1.1) AE (a) = ay at (a), 


for the vectors a (ao) at Po which are parallel to the 14 (a) at P must 
be independent linear combinations of the original 47 (a) with numerical 
coefficients a’. We may associate with the ennuple 4 (x) of contravariant 
vectors the reciprocal ennuple hu (x) of covariant vectors defined by the 
equations 


(1.2) Ma = of oor Ua = di; 


these covariant vectors each undergo the transformation contragredient 
to (1.1) on transition to the new ennuple 27. Any tensor Ay.:: may be 
expressed in terms of its scalar components 4j::: with respect to the ennuple: 


ra on ° i 7 : . av 
(1.3) 00 Ab) = Ab at... ad, where Aj = Av) Aue Aj. 
82 
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On change of ennuple the scalar components 4j::: transform as tensors 
| of indicated rank under the affine transformation defined by (1.1) for 
a covariant vector. Similarly a pure tensor Ay..:, with no free Latin 

indices, is an invariant under (1.1). - 
The association with a vector at P(x) of a parallel vector at P(2+dz) 
may be expressed in terms of a parallel displacement with coefficients of 


connection® 
, Id ¢ 
(1.4) Ine = —4 ci. (~ a u). 








” dae 0 a8 


Covariant differentiation with respect to this connection will be indicated 
by a comma; naturally (1.4) is exactly the condition that the covariant 
derivatives 24, dis,» of the ennuple vectors vanish. The anti-symmetric part 


1 
of Lho satisfies the identities’ 
(1.6) Qive,i +2 Bing Boje = 0. 


The scalar invariant associated with the covariant derivative A’... of 
the tensor A}..’ is the intrinsic derivative 
bi 0 Aj... 0 Aj. 
1.7 re 
—_ Aj.--ak 0 sk mary 





of the scalar components i. The Ricci identity, in terms of scalars, is 
(1.8) Aan = — AR sm Qe, 


where the 27 are the scalar components of the tensor 2%. 

We shall have occasion to refer to the concept of an autoparallel sub- 
space Tn-m of Tn, i. e. an (n—m)-dimensional variety immersed in 7), 
which is such that any vector lying in 7,—m remains wholly in it under 
an arbitrary parallel displacement in the sense of 7;,. To find the necessary 
and sufficient conditions that a given 7,—m be autoparallel we introduce 
a coérdinate system xv: x*, 2” (a = 1, 2,---,m; o = m+1, m+2, +, 0) 
in which the equations of T,—m are x“ = 0 and in which a given point / 
of Tr-m has the codrdinates <” — 0. The vector 4“ at P, then lies in 
Tn—m provided 








° Of. L. P. Eisenhart “Non-Riemannian Geometry”, p. 48 (New York 1927); hereinafter 
referred to as “N.-R.G.” The notation employed in the present paper follows, on the 
whole, that of this text and R. G. 





dass 


a 


he | 7A. Einstein “Zur einheitlichen Feldtheorie”, Preuf. Akad. Sitzungsber. 1929, eq. (3) 
a : | p. 4. The brackets around the indices veo indicate 1/6 the alternating sum with respect 
ae ee to these indices; ef. J. A. Schouten “Der Ricci-Kalkiil”, p. 4 (Berlin 1924). 
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(1.9) * = UO) = 0, 
and the vector 4“ (a) at an arbitrary point P(x®) of T,—m which is parallel 
to 4# at Py lies wholly in Tn—m provided 


(1.10) a (ae) = MAE (x) = 0 


where the 2’ are the same constants as in (1.9). The condition that 7',—, 
be autoparallel is that the defining ennuple be such that (1.10) must be 
satisfied for any constants 4’ satisfying (1.9). To obtain an explicit form 
of these conditions we transform to a new ennuple such that at Py 
(0) = oN; eqs. (1.9) then become 2° = 0 (a = 1, 2, ---, m) and (1.10) 
must therefore be satisfied for arbitrary 4 of the form 4* = 0, 
it (¢ = m+1, m+2, ---, m). Hence the necessary and sufficient con- 
dition that T,—m be autoparallel is that it be possible to choose a codrdinate 
system and an ennuple in such a manner that 
a, w a@=—1,2,---,m 

as) is(u') = 0 5 wo = m+1, m+2,---, ,) 
at all points a: a* = 0, 2” of Thm. 

Riemannian space with absolute parallelism. A case of particular interest 
arises when we consider the ennuple defining the parallelism as an orthogonal 
ennuple of unit vectors in a Riemannian space—the resulting geometry, 
forn = 4, is that employed by Einstein in his recent unified field theory. 
We then have in addition to the ennuple the Riemannian metric defined 
by the following conditions: the square of the absolute magnitude of the 
ith vector shall be e (= +1), and any two distinct vectors of the ennuple 
shall be orthogonal. These conditions are, however, equivalent to the 
assertion that the scalar components of the metric tensor gu» are 


i’ ij? 


(1.12) I; = Duy ay Me = e.0 


Where the indices appearing on the e are to be disregarded in applying 
the summation convention to Latin indices. The Juv are themselves given by 


(1.13) Quy = gyhidh = Udi; 


the signature of the Riemannian space which they define is equal to the 
difference between the number of e; which are +1 and the number which 
are —1, We have here introduced the convention that a Latin index 
may be raised or lowered in the usual manner by means of the form (1.12); 
that this convention is permissable is due to the fact that we must now 
restrict the transformations (1.1) to a new ennuple to those which leave 
the form defined by (1.12) invariant, in order that the metric (1.13) be 


82* 
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invariant under change of ennuple. These transformations, which we refer 
to as rotations, must satisfy the conditions 


ie seek a ik ae | 
(1.14) a 0 Ia = Jy 8 Ady = Oi. 


An infinitesimal rotation is defined by 

(1.15) aj = dltas+.- 
where the first order terms satisfy the conditions 
(1.16) 2 ag) = aytai = 0. 


Greek indices may now be raised or lowered with the aid of the g,,, and 
we have in particular , ; 
(1.17) du = 9" Gur hj = Yur”. 


It is to be observed that although in a general absolute parallelism 
space the ennuple may always be chosen in such a manner that at a 
given point P, it assumes the form 47 = 6f without restriction on the 
cobrdinate system, in a Riemannian absolute parallelism space this choice 
of ennuple at Py is possible if and only if the coérdinate system is chosen 
in such a way that the g,» assume the canonical form gy at Py. 

2. Equivalence conditions. In order that the two absolute parallelism 
spaces 2‘'(x), a4 (x) be equivalent there must exist a correspondence 
z’—>x” and an affine transformation (1.1) such that 








(2.1) Ze =/ ae “> HF (a) 
or 

0 acl FH i=) a ot 
(2.2) aoe = Wi @)a‘, Ua), 


where the a‘, define the inverse of the transformation (1.1). The conditions 
of integrability of these needs are® 


‘ -k oi 
(2.3) 21.@) = a’ a a; Qi, (x), 
7 — = i 
2; kt (“) = ia cs a; Qin @); 
(2.4) ot : aod : ‘ly oi 
QFE. 1.@ ee, Qi tty)» 


8 For a modern account of the theory of such equations and for references see N.-R. G., 
p. 14. 
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ie. the scalars 2 and their intrinsic derivatives must be equal to the 
scalars 2 and their corresponding derivatives to within an affine trans- 
formation. The precise criterion for equivalence may now be stated in 
the following form: the two spaces 2% (x), AE (Z) are equivalent provided 
there exists an affine transformation aj’ and a non-negative integer N such 
that 1. the first N sets of (2.3), (2.4) are compatible equations for the 
variables x as functions of the independent variables x, and 2. all solutions 
of these equations satisfy the (N+ 1)st set. 

In the special case in which the first set (2.3) of conditions is satisfied 
identically in the , x for some choice of the a, equations (2.1) are 
completely integrable and the complete solutions contains, in addition 
to the a/, m arbitrary constants (e.g. the values of the zx for 
a = 0). 

Riemannian absolute parallelism space. The above considerations hold 
for a Riemannian space admitting absolute parallelism provided we require 
that the constants a/ define a rotation (1.14). 


Il. GENERAL THEORY OF GROUPS OF MOTIONS. 
THE Group ADMITTED BY A GIVEN SPACE. 


In this section the fundamental equations for a group of motions in an 
absolute parallelism space are developed and the results are applied to 
the problem of determining the complete group of motions admitted by 
a space of given structure. 

3. Fundamental equations. We now return to the problem of finding 
the conditions that a 7, admit an automorphism in the sense discussed 
in the introduction. But to say that 7; admits such an isomorphism is 
the same as saying that it admits a non-trivial equivalence with itself in 
the sense of §2; the fundamental equations for an automorphism are 
therefore obtained from (2.1) on replacing 24(z) by 4/*(z): 


7 j Oak 
(31) Ai (@) = af sy 





The conditions of integrability of these equations are given by (2.3), (2.4) 
on replacing the scalars 2(z) and their intrinsic derivatives by the 2(z) 
and their corresponding derivatives. 

As remarked, the set @ of all such automorphisms A: x2", a) ad- 
mitted by a given space, including the identity 1: «“+2", 6j, constitutes 
4 group. For a formal proof we need only remark that G contains 1) the 
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identity 1, 2) the inverse A—!: >a, a>¥ = a/, of any A, and 3) the 
product C = BA: az", c/ of any two automorphisms A and B: 
zz", bi, where 

(3.2) oi = b¥ aj. 


a 


Denoting the group of coérdinate transformations ~“—>z* associated with G 
by G(x) and the corresponding isomorphic group of affine transformations a) 
by G(a), the conditions of composition (3.2) assert that the group @(A) 
is an n-dimensional representation of the transformation group G(x). Now 
those automorphisms for which aj is the identity 6/, which we shall in 
the following call special, are associated with an invariant sub-group q(z) 
of G(x)—for the conjugate A’== BAB of a special automorphism 4 
with respect to an arbitrary automorphism B is itself special. The affine 
representation @(A) of G(x) is therefore a faithful representation of the 
factor group @(x)/g(x).° 
In case equations (3.1) admit a family of solutions 


(3.3) A(o): x2t>xh = f(x, 0), afd = aJ(o) 


depending on 7 essential continuous parameters o,, («== 1,2,---,7) which 
for some value of the o,—say o, — O—-yields the identity, then by the 
above these automorphisms constitute a continuous group Gy: Gy(x), Gr(A) 
of motions of the space into itself. We shall, as is usual in considerations 
involving continuous groups of transformations, concern ourselves with the 
infinitesimal elements 


(3.4) do: dx = §*(x)-d0, dai = a).do 
of the group. Equations (3.1) then become 


3.5 ae ae we VE je 
(3.5) [§ i sa he ie ax” — os Me; 





alternative forms of these equations, which will be useful in the sequel, 
are 





age f ‘al 
—— 4 Jf 8 = —@ J ae 
(3.6) —- * ad 4, a, 
(3.7) ef, = —20%, B— a}. 


It is evident that if a space admits an infinitesimal motion £4 it admits 
the finite group G, of motions generated by it; a direct verification of 
this assertion is to be found in §7 below, where we obtain an explicit 
expression for an ennuple admitting a group G, of motions. 


®° Cf. H. Weyl, “Gruppentheorie und Quantenmechanik”, 2nd ed., p. 107 (Leipsic 1930). 
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For a special infinitesimal motion we have a = 0, and eq. (3.6) asserts 
that the field $4(a) defining such a special motion is a field of vectors 
which are “parallel” with respect to the transposed connection 


(3.8) Lov —_ Live 


R.A. P.S. The above results hold for a Riemannian absolute parallelism 
space provided the a/ define a rotation (1.14) and the a@/ (= —e/) an 
infinitesimal rotation (1. 16). On eliminating the «/ from (3.5) with the 
aid of this anti-symmetry property we obtain the equations of Killing for 
the Riemannian metric (1.13): 


“S . ae ad 0 “ 
(3.9) & 7 +9 ee oe + Jus == () 


The “special” ae for which a) is the — d/, can here more 
significantly be called zrrotational motions. 

4, Conditions of integrability. The conditions of integrability of 
the fundamental equations (3.5) are readily computed with the aid of (1.8), 
or they can be taken over directly from bang obtained in § 2 for the 
equivalence problem by replacing 24 (z), aj’ by 47 (x+&- do), d+ aj. do 
and expanding (cf. remarks concerning the conditions of integrability 
of (3.1) in § 3 above); they are 





(4.1) Du, m ii —_ — am Rie + aj” Qn + cj, Qin 
Qi,m B" = — am Seat + -+-- »+ a” Qie,m 

“4 ol m m 
““jk,l,+--lgm = — is, rly +.--+ cy Dir, 1,. 





The necessary and sufficient conditions that the space T,, defined by Mi admit 
a group G; of motions is that there exist a constant matrix «/ and a non- 
negative integer N such that (1) the first N sets of equations (4.1), (4.2) 
are compatible for the &™ as functions of the independent variables x and 
(2) all such solutions for these values of «) satigfy the (N+ 1)st set. 

R.A. P.S. We need in this case only require that in addition the «/ 
satisfy the conditions (1.16) for an infinitesimal rotation. 

5. Commutator conditions. Equations (3.5) are linear and homo- 
geneous in the &, their first derivatives and the constants «/; hence if 
the space admits the two infinitesimal motions 


(9.1) OA: &, aj; OB: 4%, Bb 














ahem eiitiy. ARETE bai gee 
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it also admits their sum 
(5.2) ODA+OB: S4+ 7%, a) ob BY. 


But since these motions (5.1) are infinitesimal elements of a group the 
space must also admit their commutator [6 B, dA] =d0B.dA—6A.6B 
whose generator is 


ae ’ 8 nl Q gH 
(5.3) pH = [Eq Ty 


ae! Jas . 
P 5a 8 a 





the fact that the rotations a) («) constitute a representation of the trans- 
formation group G(x) tells us that the infinitesimal affine transformation 
of G(A) associated with this commutator is the commutator 


(5.4) ye = BE ag —ai* Bf 


of the infinitesimal transformations «/, 8/. That the commutator (5.3), 
(5.4) does in fact define an infinitesimal motion of the space into itself 
is immediately shown by reducing the Jacobi identity 


(5.5) [159] 4a] + [ly 4a] ] + [148] x] = 0 


with the aid of the fundamental equations (3.5) satisfied by §#, 7”. 

These considerations, which involve the fact that @(A) is a representation 
of G(x), will be found an important tool in determining the spaces ad- 
mitting automorphisms for which G(x) is a given group. If the totality 
of representations are known for the group G(x) in question the solutions 
of (5.4) are known explicitly—although not every such solution need lead 
to a solution of the geometrical problem (cf. § 11). 

hk. A. P.S. For motions in such a space it is again merely necessary 
to require that «; be anti-symmetric. 

6. The complete group admitted by a given space. We now 
apply the results of §§ 4-5 to the problem of determining the complete group 
of motions admitted by a space of given structure, i. e. that group G, of 
motions which contains all the automorphisms which are generated by the 
reiteration of infinitesimal elements. The order 7 can at most equal n(n+1), 
for equations (3.6) define the first derivatives of §# linearly and homogeneously 
in terms of the n components &“ themselves and the n? constants a), whence 
the general solution can contain at most n(n-+1) arbitrary constants (e. g. 
the values of the &# at 2# = x and the constants @y); a group of this 
greatest order will be said to be maximal. We denote by G, that invariant 
sub-group of G, consisting of all special motions; its order p is by the 
above at most equal to n—in which case it will be said to be a maximal 
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sub-group of special motions—and for p = 0 the only special automorphism 
with which we are here concerned is the identity. 

We first discuss the case 0<_p <m in which there exists a proper in- 
variant sub-group G, of special motions. This case arises if and only if 
the equations obtained by equating the left-hand sides of (4.1), (4.2) to 
zero are of m-rank n—~p, for there then exist exactly p independent 
infinitesimal motions §“ satisfying the fundamental equations (3.5) for 
aj =0; each of these motions is of order zero at any point in space, as 
otherwise its components §“ would vanish identically in virtue of the 
fundamental equations, and furthermore there exists no non-trivial homo- 
geneous linear relation between the p sets with coefficients which may be 
functions of the 2“. Hence the minimal invariant varieties of Gp» are 
p-dimensional; in view of the interpretation of special motions given in § 3 
above these minimal invariant varieties may be considered as generated by 
parallel propagation with respect to the transposed connection Leo (3.8) of 
the vectors §&* in the »—1 parameter family of directions defined by the 
§* themselves. Now for each non-vanishing set of values of the @/ for 
which the solutions of the first « sets of (4.1), (4.2) satisfy the (@#-+ 1)* 
set there exists exactly one additional (non-special) independent infinitesimal 
motion of G,—for the difference of any two solutions for the same con- 
stants «/ is a special motion. Hence the number g <n’ of linearly in- 
dependent sets of constants «/ which make equations (4.1), (4.2) compatible 
in the sense of § 4 determines the number of additional motions in the 
complete group G,, and r = p+q. 

The case in which there exists no special sub-group Gp arises when the 
m-rank of equations (4.1), (4.2) for «J =O is >mn. The order g =r of 
the complete group G, is then equal to the number q of linearly independent 
sets of constants @/ which make (4.1), (4.2) compatible, for each such set 
leads to a solution & of (3.5), and if there existed two distinct solutions 
for the same «J their difference would generate a special G; of motions. 

hk. A. P.S. Here the maximal group is of order n(m+1)/2, for the 
constants aj must now be anti-symmetric. The invariant sub-group Gp 
of special motions is the same G, as in the general case above. 


III. DETERMINATION OF SPACES ADMITTING CERTAIN GROUPS. 


This final section is devoted to the determination of spaces admitting 
certain specified groups which are of interest either for the general theory 
of groups of motions in absolute parallelism spaces (§§ 7-9) or for any 
physical theory based on a Riemannian space-time admitting absolute 
parallelism (§§ 10-12). 








See aati OEE i 
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7. Group G,. Reflection. In order to determine a canonical form for 
a space admitting a group G, of motions we choose a codrdinate system x4 
in which the generator of G,(x) assumes the canonical form § = dx, 
Equation (3.5) then becomes 








0 At ii 
(7.1) —-— ae: u 
or, in matrix form, 
0 AP 
— AA 
(7.2) ts 


where 4“ is the matrix whose single column consists of the elements 4” 
(i = 1,2,---, m) and 4 is the square matrix whose elements are «/, The 
solution of this matrix equation is’® 


(7.3) Ab (x', a, oo, On) = ee’ M? (x*, pe, a”) 

where the initial values w4 (7°, ---, 2") (= M* for i= 1, 2,---, nm) are 
arbitrary functions of their arguments and e4 is the matrix defined by 
(7.4) ed Pp At SpA bap oes, 


For the direct verification, mentioned in § 3, of the assertion that this 
space admits the finite automorphisms of the group G, generated by & 
we need merely note that (3.1) becomes 


AM (a*-+ t; x’, ae x") ee A(z) Ab (a, x*, a x”) 
for the finite transformation 
(7.5) zvizai+r, a—>ax* (a +1) 


of the group G,, where A(z) is the matrix of the a/(x). This equation 
is then satisfied in virtue of (7.3), where 


(7.6) A(t) = e* 


is the finite affine transformation generated by the infinitesimal trans- 
formation 4. It is to be noted that any quantity obtained from the ii 
and their derivatives and which is invariant under change of ennuple—i. e. 
which carries no free Latin index—is independent of x'. The coefficients 
of affine connection are, for example, 


ccuccaiuaa Fi MOE 
(7.7) i,=—%,y, I =—ese ©. 





For a proof of the existence of e4 and the solution (7.8) see J. v. Neumann ,,Uber 
die analytischen Eigenschaften von Gruppen linearer Transformationen und ihrer Dar- 


stellungen“, Math. Zeits. 30, pp. 5-42 (1924); Weyl ,,Gruppentheorie und Quantenmechanik*, 
p. 25. 
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In order that the spaces x' = const. be autoparallel it is necessary 
and sufficient that it be possible to choose the above ennuple in such 


a way that #), = 0. 
A problem related to the above is that in which the reflection 


(7.8) Y: gi>—z2', at—> at (a = 2,3,---,n) 


in the hyper-surface z' = O constitutes an automorphism. The fundamental 
equations (3.1) are now 
a (—2#, Dyer, a") = —apit (x, 27, ---, a”), 


(7.9) de (—a!, x, ves, x”) — aj! AS (a, x, ree, x"). 


On choosing the ennuple in such a way that 2° = 0% at P,: a” = 
we find that 

a; = —dl, a;* = 0 (a = 2, 3, ---, n). 
The necessary and sufficient conditions that the space admit the reflection 
(7.8) is therefore that the ennuple may be chosen in such a manner that 


(7.10) Moa, Mee, Moa, Moa 


on replacing «' by —a'. The hyper-surface x’ = 0 is autoparallel, as 
on it Fad ss (), 

We now investigate the restrictions placed on the ennuple by requiring 
that it admit both the group (7.5) of translations and the reflection (7.8). 
No restrictions were placed on the orientation of the ennuple in deriving 
(7.3), so we are free to choose it as in the derivation of (7.10). This 
latter then requires that wi, w® vanish, and since at the point /, introduced 


above wi’ = 6” we find from (7.3) that 
(7.11) A (a', 0, cee, 0) = Jf fH altos, 


Since 24;, 4g are to remain unaltered on changing the sign of z we must 
conclude that the corresponding elements @;1, «,’ of 4 all vanish. These 
hecessary conditions are also sufficient, for on expanding (7.3) we find that 











At = wt coshez', (a? = a:4a;1), 
al «* 
(7.12) i= = # sinh ez, Ma = : we sinh oz, 
pee 
A= wet oo ue (cosh «x'—1) 
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and this ennuple satisfies (7.10).. The above form of the ennuple is for 
the case «;*a1>0; the corresponding canonical forms for the cases in 
which this sum is less than or equal to zero are readily obtained from the 
above by replacing « by ia or allowing «0, respectively. The surfaces 
x' = const. are autoparallel. 

R. A. P. S. It is only necessary to require that the a; be anti- 
symmetric in the above in order to obtain the corresponding results for 
a Riemannian absolute parallelism space. The A(z) defined by (7.6) is 
a finite rotation generated by the infinitesimal rotation 4; a direct verification 
of the fact that this A(r) defines a rotation is readily obtained on intro- 
ducing the unipotent matrix « whose elements are ¢/ = g,, (1.12). For 
equations (1.14), (1.16) may be written 


(7.13) edeA* = I, A*+¢Ae = 0 


where the asterisk indicates the transposed matrix, and since it follows 
from (7.4) and the above that 


—_A* 
oe axa = €@ € 


the desired result is established. The coefficients 
(7.14) gt? = AM ¢ A” = MP « M” 


are of course independent of x', as is any quantity with no free Latin 
index formed from the 4/, guy and their derivatives. 

A slight change in the argument leading to (7.10) is now necessary, 
for as noted in §1 the requirement that 2{ = 6; at P) here demands 
that the coérdinates x“ be chosen in such a way that the metric assume 
the canonical form (1.12) at Py. However, an examination of the argument 
concerning the reflection (7.8) shows that this is possible in virtue of the 
fact that we must have g,,—=0 on 2'=0. 

8. Maximal sub-group of special motions. Motions in group 
space. In case the invariant sub-group of special motions is maximal, 
i.e. contains » independent infinitesimal motions, the conditions of integrability 


i m 
“jk, nS = 0, 


obtained from (4.1) by setting «/ = 0, must be satisfied identically in 
the m components §”; hence we must have 


(8.1) Qim = 0 or By, = const. 
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But this is exactly the condition that our n-space 7), be a group manifold 
of an n-parameter continuous group H, (not to be confused with the 
group @, of motions admitted by the space!) of transformations” 





a eee 
A = fA(yB om ’ 9“) ’ 
(8.2) Y PAY", 2") ( 7 me Sd 
for which a 
3) a = oh @) Hi) 
; dah . sini 


The constants of composition ck of H,, are expressible in terms of the 2# 
in (8.3) by 





k 
0 
= le ee SN 
(8.4) dj, = 2a ke ay 2M 
and satisfy the relations 
(8.5) Cy = 9, ay hr = 0 


in virtue of (1.5), (8.1) and the identity (1.6).’* 

For this case the problem thus becomes that of determining all auto- 
morphisms which preserve the structure of the group H,.'* The necessary 
and sufficient condition for such an automorphism is now merely that there 
exist a non-singular matrix a/ such that 
-k 7 


_—— we 
7 Ss Se 


(8.6) a 
the corresponding condition for the existence of a one-parameter continuous 
group of such automorphisms is that there exist a matrix «/ (not necessarily 


non-singular) satisfying 


(8.7) at Cy = am é +a” Com 


We first consider the sub-group G,, of special motions. The fundamental 
equations (3.7) are, on setting «/ = 0, 


(8.8) = —el, B; 


“od 


but these are exactly the conditions that the vector §” define a (-)-constant 
field in the sense of Cartan and Schouten, and the independent vectors 


"For a systematic treatment of the geometry of group space see J. A. Schouten “Zur 
Geometrie der kontinuierlichen Transformationen”, Math. Ann. 102, pp. 244-272 (1929); 
hereinafter referred to as “G, K.T.” Of. in particular pp. 249-250. 

" G. K. T. p.250, eqs. (12), (13); p. 256, eq. (48). 

Cf. E. Cartan and J. A. Schouten “On the Geometry of the Group Manifold of Simple 
and Semi-simple Groups”, Amsterdam Akad. Wetensch. Proc. 29, pp. 803-815 (1926); in 
particular p. 811. Hereinafter referred to as “G. G. M.” 
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defining the (—)-equipollence are the generators of the second parameter 
group associated with H,.'* Our result is therefore: an absolute parallelism 
space admitting a maximal invariant subgroup Gn of special motions is the 
group space of an.n-parameter group Hn, and Gn(x) is the second parameter 
group of Hn. 

The first parameter group associated with H,, the generators of which 
are the 24 themselves, is also admitted as an -parameter sub-group (in 
general non-special) of motions.’® This result follows immediately from 
the fundamental equations (3.5) on writing (8.4) in the form 


(8.9) [A. AJe = ol Me; 


ut ut 
iii is therefore an infinitesimal motion for which 
(8.10) ad = Che. 


The complete group G, thus contains both the first and second parameter 
groups of H, as transitive invariant sub-groups of order n; these two sub- 
groups possess no common sub-group if and only if the first parameter 
group contains no exceptional G,, i.e. if and only if the w-rank of c/, is n. 

Cartan’® has determined the automorphisms admitted by the group spaces 
of simple and semi-simple groups. 

hk. A. P.S. In this case the space is again the group space of an 
n-parameter group H, and the (maximal) sub-group of irrotational motions 
is as in the general case the second parameter group of Hy. But the 
first parameter group of H, no longer defines in general a sub-group of 
motions, as the constants « must now be anti-symmetric; the condition 
that 2%, define an infinitesimal motion is that 
(8.11) («,, =)ecd,; = —e,c, 


i “uj* 


Hence the first parameter group defines an invariant sub-group of motions 
if and only if Cin = 6; i Gi is completely anti-symmetric. 

The complete group of isomorphisms in the group space of a simple or 
semi-simple group, under which the Riemannian metric (1.13) is invariant, 
is that sub-group of the isomorphisms discussed by Cartan for which the 
a) define a rotation (1.14). 

9. Maximal complete group. An absolute parallelism space which 
admits a maximal group Grw+si) of motions must in particular admit a 

“G.G.M., eq. (18), p. 807 (with — cf, in place of ci, a8 pointed out by the authors on 
p. 946); G. K. T., eq. (64), p. 258 and eq. (27), p. 253. 

°G.G. M., p. 812. 

16 Fi. Coven, “Le principe de Dualité et la Théorie des Groupes Simples et Semi-simples”, 
Bull. d. Sci. Math. 49, pp. 361-374. Eq. (8.6) is Cartan’s fundamental eq. (6), p. 363. 
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maximal sub-group of special motions and must therefore be a group space, 
as shown above. But in addition the conditions of integrability (8.7) must 
be satisfied identically in the n* constants «/; this requires that the con- 


stants ci, satisfy the equations 


(9.1) OF, Ch 7 of Cink + i, Con F 


On contracting with respect to 7 =m we find that 
nc, = di cm, + dt om 
mm —— cm 


and on contracting again with respect to / = we find that ¢”, = —c™,.=0, 
whence it follows from the above equations that 


(9.2) Cy, = 0. 


But our space 7, is then the group space of an Abelian group H, and 
is therefore flat—a coérdinate system 2“ may be introduced in which the 
emuple 24 may be taken as 6;, as is immediately evident from the equi- 
valence conditions (2.3). The sub-group of special motions is then the 
group G, of translations z*—a«“-+ a" and the complete group consists of 
these together with the full affine group G,:, as is apparent from the 
fundamental equations (3.1). 

k. A. P.S. In order that the group admitted by a Riemannian absolute 
parallelism (group) space be of maximal order n(m-+1)/2 the constants 
of composition On = ¢,¢,, Must be such that (8.7) is satisfied identically 
for all anti-symmetrie constants Oy =e; «J, Condition (9.1) must then be 
replaced by 


(9.3) Cm (dy; Cmjk + 01 Cimk + On Cijm) = 4 (Omi Clik + Omj Cilk + Omk (ijl). 
On contracting with respect to m — j we find 
(9.4) Clik + (n — 2) Cm = % 9, Ck 


and on multiplying this equation by e,6,, we find that cy, vanishes. 
Equation (9.2), together with the one obtained from it by interchanging ¢ 
and 7, then yields 

(9.5) (n —1)(n—3) cm = 0. 


The case m = 1 being of no interest, we see that unless n = 3 the con- 
stants cyx all vanish; the space is therefore as in the above the group 
space of an Abelian group, and the complete group Gnm+n2 consists of 
the group G@, of all translations as the invariant sub-group of rotations 
and the group Gnin—12 Of all rotations (1.14). 








ug 
i 
4 
ae 
; 





(9.7) ds* 
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For the case n = 3 (9.4) requires that cj be completely anti-symmetric; 
we may therefore write 
(9.6) Ck = Fy! R 


where éj; = +1 according as (ijk) is an even or an odd permutation 
of (123) and O otherwise, and # is an arbitrary constant. In order to 
obtain a canonical form for this case we first remark that the associated 
Riemannian space (1.13) must be of constant curvature x, since it admits 
the maximal group G, of motions, and may therefore be taken in the form" 


= ex dat dat 
[1 + xe at at/4]? 





The six independent infinitesimal motions admitted by this space are 


_— = nui Oa (u = 1, 2, 3), 
g= €& (1 = @ x‘) + eu al at 


and their commutators are 


oe lt pe 
[Sx §y] = — Furw Cw Sy, [S,, Hv] = _— Equay Cy iio; 


(9.9) 
(u,v,w = 1, 2, 3). 


It 7] 
[Nu nv = —— Exuvw % ge 


Now it is readily shown that the G, generated by (9.8) possesses invariant 
sub-groups Gs; if and only if 
(9.10) A? = e,€2¢3% > O 


and that for 4*>0 there exist exactly two such invariant Gs whose 
generators are 


(9.11) s — Hut dey ei, - — i — dey gn 
note that 

— , 
(9.12) thet = (1444 a! x!) nd” — gf” 


and similarly for Ci‘. Since cyx is completely anti-symmetric it follows 
from the remarks in § 8 that the 4% must themselves be the generators 
of an invariant sub-group G; of motions and may therefore be taken as 
linear combinations of the three vectors of either of the sets (9.11). But 
since by (9.12) each of these sets is itself an orthogonal ennuple in the 
Riemannian space defined by (9.7) we may take 


(9.13) m= or OF. 
R. G. pp. 239, 85. 











or 
— 
eo 
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It then follows from (8.9), (9.6) and (9.9) that 


Euvw 


1 — 
(9.14) Cuvw = i where R =r 2) €; C2 €3 


and that the C/* are the generators of the irrotational sub-group. 

In summary, we have shown that the only non-flat Riemannian absolute 
parallelism spaces which admit a maximal group of motions are those 
3-dimensional ones whose curvature x satisfies the condition e, e:e,* >0; 
the ennuple defining such a space may be taken in the canonical form (9.13), 
and it admits the Gg of motions defined by (9.11). The two absolute 
parallelisms thus defined in these Riemannian spaces become the parallelisms 
of Clifford for a positive definite Riemannian space of positive constant 
curvature.’® It follows immediately from eqs. (3.1) that these spaces do 
not admit the improper rotations unless x = 0. 

10. Applications. Stationary space-time. The remaining sections 
are devoted to the discussion of certain Riemannian absolute parallelism 
spaces of interested to the unified field theory mentioned in the Introduction. 
For such spaces n = 4 and the signature is —2; on choosing 2* (= 1, 2, 3) 
as the space-like coérdinates and calling the time-like codrdinate «° = ¢ 
instead of a* we may take 


(10.1) & = 1, Qa—- ag —-eb = —l. 


Henceforth the Greek letters w, », etc. and the Latin letters 7, 7, ete. 
run through the entire range 0, 1, 2, 3, whereas «, 4, etc. and a, b, ete. 
are restricted to the values 1, 2, 3. 

We shall understand by a stationary space-time one which admits a G;, 
of motions whose infinitesimal generator &“ is time-like. On introducing 
codrdinates in which €“ assumes the canonical form 6o we have as the 
canonical form for such a stationary space-time (cf. 7.3) 


(10.2) A" (t, 2) = eM M" (x) where 4° e+e4 = 0. 


The spaces ¢ = const. are autoparallel if and only if the codrdinate system 
and the orientation of the ennuple may be further specialized in such 
a way that 
(10.3) wo = 0. 
ee 

‘SCartan and Schouten have also been led to the association of a Riemannian space 
with the group manifold of certain groups; see G.G.M. p. 811. See also remarks by 
E.T. Whittaker in “Parallelism and Teleparallelism in the Newer Theories of Space”, 
London Math. Soc. Journ. 5, pp. 68-80 (1930); E. Bortolotti “On Parallelisms and Tele- 
parallelisms in Curved Space”, id. pp. 242-248. Further references to the literature are 
to be found in these papers. 


33 
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If the space-time is also reversible in time, i.e. if it also admits the 
automorphism t->—?t, z*— 2“, then it must be of the form (cf. 7.12) 


a) = pocoshat, a= =. uo sinh et, 
3 

(10.4) 4 = =. ug sinh et, (« aan = a), 
t= 4S “ u* (cosh at —1) 





a 


where the «, are arbitrary real constants and the initial values « of 
the 4), 4% are arbitrary functions of the a*. The spaces ¢ = const. are 
autoparallel. 

If the motion is irrotational 4 = 0 and the ennuple 


(10.5) : di = pit (2) 


is independent of the time; we shall say that such a space is static. 
Previous writers’® have employed this more restrictive assumption in dealing 
with space-times whose structure is unchanged in time. It is to be noted, 
however, that such a static universe is reversible if and only if 


(10.6) wy = 0, uy = 0; 


this result may also be obtained from (10.4) on allowing «>0. We shall 
in the following consider that the requirement of unvarying structure is 
met by the stationary fields (10.2), reserving for more restricted situations 
the stationary autoparallel fields (10.3), the reversible stationary fields 
(10.4), and the static fields obtained from them by the requirement that 
the motion be irrotational. As noted in §7 above, any pure tensor 
(i.e. with no free Latin index) is independent of the time if the ennuple 
is defined by (10.2), so this requirement is sufficient for any unified field 
theory based on the 2, gj alone in which physical quantities, such as 
the electro-magnetic field strengths, are described by such pure tensors. 

11. Spherical-symmetric space-time. We now apply the results 
of our investigations to the a priori determination of the form of space- 
time suitable for describing the field of a spherically symmetric body 
— i.e. to the problem already discussed by Einstein and Mayer. Our 
assumptions, which are weaker than those of these authors, are 1) space- 
time is stationary and 2) spatially spherical-symmetric, i. e. it admits 
the full group G, of rotations about the center, the paths of which 





'* Einstein and Mayer, 1. c. eq. (16), p. 112; McVittie, 1. c. p. 142. 
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lie completely in the 3-spaces ¢ = const.*° In spite of our weaker 
assumptions, our results will be found to agree with those obtained by 
the former authors. 

We first consider the restrictions imposed on the absolute parallelism 
space by assumption 2) alone. Let the paths of the time-like motion 
1) define the ¢-axis; we then set up spatial “polar” codrdinates consisting 
of r, some function of the normal geodesic distance from a fixed sphere 7, 
and # and g, the co-latitude and longitude of the point in which the 
geodesic intersects the fixed sphere 7). The group Gs now consists merely 
of the group of rotations of the fixed sphere on itself; we find it convenient, 
however, to express the problem analytically in terms of the “Cartesian”’ 
codrdinates a* (a = 1, 2, 3) which are defined in terms of r, # and @ as 
usual in Euclidean 3-space. The generators of G; are, in terms of these 
codrdinates x*, the familiar rotations [cf. (9.8)] 

(11.1) B= 0, B= tape (u,a,8—=1, 2, 3). 


We must now determine the associated Lorentz representation A (oc) 
of this rotation group. The general theory of such representations tells 
us that there are but two single-valued 4-dimensional representations of 
the complete groups of proper 3-dimensional rotations: a) one which is 
equivalent to the identity taken four times and b) one which is equivalent 
to the identity taken once and the 3-dimensional rotation group itself.*' 
In the latter case we may take as the representation A(o) the group G@; 
itself,** which is a sub-group of the Lorentz group. The anti-symmetric 
matrix 4,¢ defining the infinitesimal transformation associated with (11.1) 
may therefore be taken in the form 
(11.2) Guao = O, Ouad = Meuar 
where M = 0, 1, corresponding to the two possibilities a), b).”° 


” Of. treatment of the corresponding problem for the associated Riemannian space by 
J. Kiesland “The Group of Motions of an Einstein Space”, Am. Math. Soc. Trans. 27, 
pp. 213-245 (1925). 

*! See, for example, Weyl, l. c.; in particular p. 128. 

” For a formal proof of this assertion it is only necessary to show that the transformation 
matrix M in A(¢) = MR(oc) M-' can be taken as a Lorentz transformation (7.13), where 
R(o) is the 4-dimensional matrix describing the rotation sub-group Gs of the Lorentz group 
im reduced form, for on subjecting the ennuple to the transformation M-' we may take 
the new A(c) = R(c). But it is readily shown that 1) «M*eM commutes with R(o) 
and must therefore be of the form a1+be where a>|b| and 2) M may be replaced by 
a matrix M(c1+de), which does not affect A(o), in which the constants c, d may be 
so chosen that the new M satisfies the condition (7.13) «M*eM = 1 for a Lorentz 
transformation—specifically ¢ = rcos@, d = rsin@ where sin20 = b/a, r* = a. 

= These results are of course obtainable directly from the commutation rules satisfied 


by the «/, but not without considerable manipulation. An alternative method which gives 
33* 
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The fundamental equations (3.5) are now 


0 A9 
(11.3) Epuy LT = 0, 
Ao 
(11.4) &puy at Eup = 0, 
7 
(11.5) Buy x? =3 = —M ear dy, 
Ode B ce 
(11.6) Eguy xy re faugp = — M exar Ay. 
From (11.3) we conclude that 
(11.7) 4 = F(r,é), where 7? = 2%2*. 


On multiplying (11.4) by 2“ and summing we find that 2> is of the form 
E(a?, t) x“, and on substituting this result back in (11.4) that 


(11.8) 4g = E(r, t) 2". 


Consider now the possibility a), i. e. the case M =O. The remaining 
two sets of equations are, for given a, then the same as the first two and 
their solutions are therefore 


Mn = Dalr,t),, 4 = Car, 2"; 


however this is impossible, as in this case |2;| — 0 and the vectors 
cannot constitute an ennuple. Hence we must have b), M = 1; (11.5) 
is then essentially the same set of equations as (11.4), and its solution is 


(11.9) ua = Dir, t a”. 
Finally, on multiplying the last equation by 2“ and summing we find 


a (Eup ab al Euab ab) —_ 0; 


them immediately, and which is more allied to that employed by Einstein and Mayer, 
consists in choosing r in such a way that it is zero at the “center of symmetry”, at 
which point we take # = Jf. (11.2), for M — 1, then follows immediately from the 
fundamental equations (3.5) for (11.1) on setting «*—0. The objection that the “point” 
r = 0 may be of the nature of the singularity in the Schwarzschild solution can be 
circumvented by applying this reasoning to a case in which r — 0 is a regular point 
and concluding that the result (11.2) points to the existence of a Lorentz transformation 
which establishes this result regardless of the nature of the “point” » = 0. We have 
preferred, however, to call on the theory of representations for this case in order to indicate 
the general method of attack for groups whose representations are known, but the simpler 
alternative method sketched in this foot-note will often be found useful—e. g. in the 
problem discussed by MeVittie, 1. c. 
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the solution of these algebraic equations is readily found to be 
(11.10) dg = Ax® x*+ BOG+ Ceaag x*, 


and on substituting this result in (11.6) we find that A, B and C must be 
functions of and ¢ alone. 

We have yet to discuss the result of imposing condition 1), which should 
determine the dependence of these six functions A, ---, F on the time. 
Substituting (11.7)-(11.10) in the fundamental equations (3.5) for the trans- 
formation t>t-+c, 2*—>2a® we find, on equating coefficients of the various 
powers of x*, that in order that the space be stationary we must have 


(11.11) aj(t) = 6/; A= A(r),-+-, F = F(r); 


our result thus agrees completely with that of Einstein and Mayer.** 

The most general space-time transformation which leaves the analytic 
expression of the complete group G, unaltered can be obtained from the 
four simple transformations 


(11.12) a) toat, b) t>t+w(r), c¢) r-g(r), 4) ar xP 


where the rg define a proper rotation. As shown by Einstein and Mayer® 
D and A can be made to vanish by transformations of the type (11.12b) 
and (11.12¢), respectively—hence the codrdinates can be so chosen that 
the spaces ¢ = const. are autoparallel. But in order that the space-time 
be reversible we must have D = E =O, and this constitutes a real re- 
striction. Finally, as noted by the previous authors, improper rotations 
are admitted if and only if C = 0—which can be seen immediately from 
. (7.10) on noting that the space must. then admit the reflection z’>—z', 

The associated Riemannian space is defined by the metric tensor gu 
Whose contravariant components are 


g? = F?—D**,  g@ = [EF—D(Ar*+ B)] 2“, 


(11.13) gs is — (B*+ C* y*) 68 — (4? r?t+2AB—C?— E*)x* x8. 


12. Space-times for relativistic cosmology. As a final application 


of the theory developed in the previous sections we consider the Riemannian 
LS 

“ Einstein and Mayer, l.c. p.114. To obtain the result A (r) 1 in terms of the theory 
of representations it is only necessary to remark that A(z) commutes with R(o) and must 
therefore be of the form al +be. But since it is also to be a Lorentz transformation 
eA"eA—=1 or ab=0, a?+b?=1. Hence A(r)=+1 or +e, and since it is to 
be the identity for r= 0 we obtain the desired result. 

* 1c. p. 114. 
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absolute parallelism spaces possessing the a priori symmetry properties 
required by the theory of relativistic cosmology. These requirements, 
which were set up by the author for Riemannian space,*® are expressed 
by the assumption that space-time admits an intransitive group G, of 
spatial motions. This previous work shows that such a Riemannian space 
must be of the form 

(12.1) ds* = d?— R*(t) dv? 


where du? is the linear element of a positive definite 3-space of constant 
curvature, say x; the associated Riemannian space (1.13) may therefore 
be taken in the form (12.1). On choosing spatial coérdinates z* as in §9 
(for ey == +1) we have 

4 4 
(12.2) pe ee. 


[1+ 77/4]? 


where r? = x“a*. The group G, admitted by this 3-space, defined by the 
generators &, 7% in (9.8) for e, = +1, may be taken as the group ad- 
mitted by the 4-space (12.1) provided we add &, = 7, —0 to the defining 
equations; the commutator rules satisfied by these 4-dimensional generators 
are then given by (9.9) on allowing w to run through the range 0, 1, 2, 3. 

Since our absolute parallelism space admits the rotational sub-group G; 
defined by (11.1) the results of §11 apply to the present problem; in 
particular, the constants «J, associated with the infinitesimal motions of 
this Gs; may be taken as in (11.2) and the 4/ must be of the form 
(11.7)-(11.10). The commutation rules (9.9) for &%, 7 lead, in accordance 
with (5.4) and (11.2), to the equations 





Reon Euba = Fuvw Bwoa, 


(12.3) 


Brae Eucb — Euac Bved = Euvw Bwad, 
for the constants 8-J, associated with the motions 7“. The solution of these 
equations is readily found to be 
(12.4) Bua = Mua, Buad = Neuad 


and the additional equations for 4,2; arising from the commutation rules 
for 7%, 7% in (9.9) are satisfied by (11.2), (12.4) provided 


(12.5) MN = 0, —M*+N* =x. 


We consider first the case in which M = 0, N? = x > 0. The fun- 
damental equations (3.5) for the infinitesimal motion 7 then yield, on 


6 H. P. Robertson “On the Foundations of Relativistic Cosmology”, Nat. Acad. Sci. Proc. 15, 
pp. 822-829; in particular p. 824. 
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substituting the values of 4 given by (11.7)-(11.10), the following results. 
From (3.5) for # = 0, «=O we find that F=— F(A); for w= a, i=0 
that H=0; and from » =0, 2=—a that D=0. On comparing (11.13) 
with (12.1) we now see that F* —1, and we may therefore take F = 1. 
The remaining equations, for » — «@, 7 =a, now assert that the 3-space 
defined by 24% admits the motions 7, and by (11.6) it also admits the 
motions &. But since Z, and therefore 4>, vanish R(t) 4¢ is an orthogonal 
ennuple for the 3-space (12.2) and the results of § 9 show that it may be 
taken as Co or Ca [ef. (9.13)]—the possibility that R(f)4¢ is obtained from 
the Ci or Ch by an orthogonal transformation with coefficients which are 
functions of ¢ being eliminated by comparison with (11.10). This possibility 
thus leads to the result 
0 0 a 
112.6) 4 = 1, 4g = 0, ig = 0, 
R(t) da = GG (1 —r) + 5 att + Vx boas ao 


for x20. This space admits the improper rotations if and only if x = 0. 
The other possibility is that in which VN = 0, —M*? =x< 0. Equations 
(3.5) for w = 0, i =7 now yield the independent equations 


om (1 +47) —MDr = 0, 
p(i—+r)—MF =0 
for the functions D and F. These equations, together with the condition 
F?— D?r? = 1 


obtained by comparing (12.1) and (11.13), allow us to write 


1—xr*/4 a M 
1+ xr?/4’ ~ L[+xr?/4 


The fundamental equations (3.5) for ~ = «, i = 0 become 


Cm (i+ 7r)— MB = 0, 


(12.7) F= 





+ on (itd ‘)_z5—MA=0, 


Yr or 


and these equations, together with the condition 
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obtained from (12.1) and (11.13), allow us to solve for the remaining 
functions 


28) #== - 


ond. pee —" a 3s 
Zz: 4=~3e B= 3(1+4r). 


The ennuple defined by (12.7), (12.8) is now found to satisfy the remaining 
equations of the set (3.5) without further restriction. The absolute parallelism 
space defined by this ennuple admits the improper rotations, as is readily 
seen from the conditions (7.10) for the improper rotation x'—> —z', 

Previous work has shown that the Riemannian space-time (12.1) is 
stationary, i.e. admits a time-like motion §* for which §° is a function 
of ¢ alone, if and only if* 


(12.9) R(t) = Ret, xa=0, 


and that furthermore we may take §°=—1. The possibility a = 0 leads 
to cases in which R = const. which are obviously stationary; (12.6) then 
corresponds to the original Einstein cosmology, but it is to be noted that 
the absolute parallelism space-time becomes flat if we require that it admit 
the improper rotations in addition. The second possibility, in which « = 0, 
R= Re, gives rise to a stationary Riemannian absolute parallelism 
space admitting the motion 


(12.10) a ji, g* — — gg": aj = 0 


and whose associated Riemannian space-time, of constant curvature — 1/a’, 
is that upon which the de Sitter cosmology is based. 





7 Robertson, |. c. p. 825. It is to be noted that the space-time codrdinates here employed 
are chosen with reference to the physical content of the world, and that it would there- 


fore be an essential restriction to choose the motion &“ in the canonical form employed 
in § 10. 








ON DUALITY AND INTERSECTION CHAINS 
IN COMBINATORIAL ANALYSIS SITUS.* 


By J. H. C. WHITEHEAD. 


1. Introductory. This note is intended as a contribution to the formal 
exposition of combinatorial analysis situs. We do not attempt to cover 
much ground, but are content with a proof of the fundamental relation 


F (Cp Cg) = Cp» F(Cz) + (—1)""-9 F(G) - Cy’, 


which is due to S. Lefschetz." An account of the geometry underlying 
this note is to be found in his Colloquium Lectures.” The purely com- 
binatorial theory has been developed in a series of articles by J. W. Alexander 
and by M. H. A. Newman,® further references to which are made in “Topo- 
logy”. We also call attention to a paper by Newman‘ and to Chap. II 
of a mémoire by G. de Rahm,® in which intersection chains are defined by 
means of looping coefficients without reference to the dual complex. 

2. Derived chains. Let M, be an orientable and oriented manifold 


1 a 199, a 
(2.1) (m+! ° ""a,-++ La, (2 understood for «a = 0, 1,---N), 
where the coefficients c are —1, 0 or +1, and are anti-symmetric in their 
indices. The symbols x obey the multiplication law v2’ = —2’ x. All 


relations will be relative, in the sense of Lefschetz, to F (M/,), the boundary 
of My. Formally this is the same as assuming F'(M,)=0. For non- 
orientable manifolds take everything mod. 2. 

The first derived complex D(M,) is composed of cells 


(2.2) + Ler, Lore, * * * Very-+ 0,9 


Where ze... is the new vertex® associated with the p-cell 2«,---2«,. 


It follows by an easy induction that the cell (2.2), with the + sign, is 
similarly oriented to the cell we, ---2%e,. Therefore 


* Received December 8, 1931. 

‘Trans. American Math. Soc. 28 (1926), pp. 1-49. 

*Lafschete, Topology, New York, 1930. See, in particular, the beginning of Chapters III 
and IV. 

*See for instance, Alexander, Annals of Math. 31 (1930), pp. 292-320; and Newman, 
Proc. Royal Academy of Amsterdam, 29 (1926), pp. 611 and 627. 

‘Proc. Cambridge Phil. Soc. 27 (1931), pp. 497-507. 

* Journal de Math. p. et a. 10 (1931), pp. 115-200. 

*This convenient notation was, I believe, introduced by Alexander. 
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(2.3) D (Mn) _ om Ler, Lae, Tae a a 
where the c’s are the same as those in (2.1). 
Let 
1 ++: 
>- Gaara 


be any chain, the ¢’s being positive, negative, or zero, and anti-symmetric 
in their indices. Its boundary is given by 


1 ae 
F (Cp) == of Dy pP%s a, Lee, eee Lee,y 


where 4, like all Greek indices, runs from 0 to N. A useful formula 
follows from the fact that the boundary of D(C,) is the derived complex 
of F'(C,). That is to say 


(2.4) FD(C,) = DF(Cy) = 24 0"? tq, ta,0,+ +> a,..-0,. 


1 P 


3. Dual chains. The complement of an r-cell in My, 





Ey = Lee, eee Le,» 
is given by 
(3.1) a fo tld (q = n—») 
. in c Hy, °+* XL, q=n 
and the chain dual to E, by 
(3.2) Eq = E00 te By Bee Byecdys 
where 
(3.3) : 7 Very: + G9 
Tam as Hoty + +O, Ayes Aye 
The first derived chain of (3.1) is given by 
Sy-1 — 0" Or Aye ag x), 2+ Dpeody , 


and by the definition of a manifold is a sphere, rel. F(M,) (whether 
a “true” or a “combinatory” sphere is irrelevant to this discussion). 
The congruence x & carries xS,-1 into E; and therefore the latter is 
a cell. 

An orientation for any two of the chains M,, E, and Ey determines 
an orientation for the third. For if a... a,4,---4, are indices such that 


lo Ay dg + 0, 
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these three chains may be oriented by assigning a sense to the orders 
iy ++ Gy Ayes dgy Gg+++ Gy and A,.--4, respectively. An order for A, --- 4, 


determines an orientation for F(EZ,), and (3.2) fixes the position of the 


vertex’ &. 
4, The intersection of chains. If 


Ep = vp, °*° Xp 


P 


is any cell in My, then® 
(4.1) D(E,) = Op,---B, XA, eee XJy-+-2y* 
For (4.1) and (3.2) to have a vertex in common it is necessary and 


sufficient that the @’s are contained among the 4’s. That is to say 
p2r and EZ, must be incident with Z,. For simplicity of notation let 


Ey == Lo XW +++ Ly 
Ep = Ho ++? Lr Lrit+++ Lp- 


Then the intersection E,-E; is given by 
(4.2) E,- Ee ere Eph ds Eyes Sa eecay 
where s = p—r, the &’s are given by (3.3), and 


Qe oe Ghe 
It follows by arguments similar to those used in § 3 that E,- E,' is 
a cell, and that an orientation for any three of Mn, Ep, Ey and E,- Ey 
determines an orientation for the fourth. This is in accordance with the 
conditions stated in Chap. IV of “Topology”. We suppose the cells in 
question to be positively oriented as written. From (4.2) and (2.4) we have 


(4.3) F (Ep: Ey’) _— gee, = yy... — ES, 9M AE, cee ee 
1 1 As 2 





This formalism should be convenient for a discussion of the Poincaré duality relations. 


For example, the relation 
D(M,) = D(M, ) 


is evident when we set r= 0 in (3.2), replace § by x according to (3.3), and sum over 9. 


We then have 
+O, 


D(M*) = 2, EX* =c* 


Le °°? Ve...) 
a, Oy: +O, 


Which is identical with (2.3). 
*The “generalized Kronecker J” is 0 unless 4o---4 are obtained by permeating 
Bo, +++, Bp, and is +1 for even, —1 for odd permutations. 
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while from (3.2) we have 
F(Eg) = OAS, oe Enns 
since 0 ,/@& is a sphere and its boundary vanishes. Therefore 
(4.4) E+ F(R) = "9, «0s By...n. 
We also have, from (2.4) | 


F(E,) = = Oe Soy ook 


By O1---p 0, O° Op? 
and 
= rt+i1 0+ + -702,°++A, 
(4.5) F(E,)- EY =~ ( 1) S48, og. hi Saeed? 
- _— ‘is Rest As 
si (-—¥) & =, 0°" By os Sed? 


the factor (—1)"*' being present because o, as an index on 0, has been 
shifted r-+1 places to the right. From (4.3), (4.4) and (4.5) we have 


F (Ep, Ey) = Ep- F(E;)+(—1)” * F(E)- E,, 
which leads to the fundamental relation for chains 


(4.6) F(Cy- Cy) = Cp- F (Cy) +(—1)"" F (Cp) - Ce. 











ON SEPARABLE SPACES.! 


By S. LerscHetz. 


We owe to E. H. Moore the introduction of a very general type of 
double sequence {P*“} which he called a development. With such sequences 
there may be associated certain abstract spaces investigated at length by 
Chittenden and Pitcher with noteworthy results particularly in connection 
with the problem of metrization. They dealt at considerable length with 
so-called regular developments of a space ®. In a regular development 
the P’s are neighborhoods of # and e@ has a finite range for every 7. 
Our first object in the present paper is to investigate a type of develop- 
ment called normal whose sets are subjected to more stringent conditions 
of convergency than with the regular type. It turns out, however, that 
every separable metric space possesses normal developments. As a con- 
sequence they seem to be just what is needed for the treatment of many 
questions on separable metric. 

Making use in part of normal developments, we have put on a solid 
basis the theory of the order for separable spaces, and in particular, com- 
pletely extended to them the fundamental order theorem (Lebesgue order 
theorem). It was then a simple matter to prove that every separable metric 
space can be mapped topologically on a compact metric space of the same 
dimension. As a consequence certain mapping theorems that we have obtained 
previously for compact spaces? hold for separable spaces. By means of 





‘Received January 13, 1932. The results of the present paper were communicated in 
a Note to the Proceedings of the National Academy of Sciences, vol. 18, February 1932. 

*See our paper On Compact Spaces, these Annals, vol. 32 (1931), pp. 521-538, also 
Nobiling, Math. Ann., vol. 104 (1930), pp. 71-80, and a recent paper by Pontrjagin-Tolstova, 
Math. Ann., vol. 105 (1931), pp. 734-746. Regarding our paper, the sets G of No. 3 are 
better introduced as follows: Define first the sets 


(1) [F%..... 7%] = F%..... P%— IEP, B not an @, 
then introduce closed sets G such that 
(2) G%o'"'% D[F% 22... F%] — BGQ% Bia, A; not an @, 


while F?.G@ = 0, We now select the @’s so as to satisfy IV, VI, VII loc. cit, with # 
in VIE replaced by []. For k =m the sets [] are closed and do not intersect, hence we 
can take for the G’s closures of non-intersecting neighborhoods of the []’s. Let everything 
go through down to k+1. On the one hand no two [] with k+1 terms meet; on the 





other hand [F%o..... F] meets only sets Go" B,--Ba, Hence we can find suitable G’s 
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our results it is a simple matter to complete a noteworthy intersection 
theorem due to Menger and Hurewicz.° 


§ 1. GENERALITIES AND Two LEMMAS. 


1. We shall denote our fundamental separable metric space by §, its 
points by x, y,-+-, its distance-function by d(a, y). If A, B are subsets 
of R, by AGB is meant that the closure, A, of A is a subset of B, 
If c= {A*}, o = {4} are two aggregates of subsets of R, we write 
oCo’ or Go’, whenever respectively every A or every A is a subset 
of an A’. We shall also denote by o the aggregate {A*} consisting of 
the closures of the sets of o. 

An open subset of # will be generically designated by the letters U, 
V, W with indices. An aggregate {U*}, such that every open set of & 
is a sum of sets U‘, is called a base of R. Separability is defined by the 
possession of an enumerable base. 

A covering of R is an aggregate of subsets {A}, whose sum is §; its 
mesh is the maximum diameter of the A’s. The covering is jinite or in- 
jinite according as the number of A’s is finite or infinite. Of basic im- 
portance for the sequel are the finite coverings by open sets (= f.c¢. 0.8.). 

2. We recall that according to Urysohn # can be mapped topologically 
on the Hilbert parallelotope $: 

ul<—, i= 1,2,---, +%, 
which is itself compact and metric. The mapping is obtained as follows: 
Given any two closed subsets A, B of R, whose intersection A-B = 0, 
there exists a continuous single-valued function f(z) of the point x on ® 
such that 


J(z) = 00n A, f(z) = 1 on B, O<f(x)<1 on R—A—B. 


We will call f(x) a characteristic function of the pair A, B. Let {V"} 
be an enumerable base, and consider all the pairs (V?, V2) such that 
VieV?. We have V?- R — V? = 0, and since the two intersecting sets 
are closed they possess a characteristic function. The totality of these 
functions is enumerable; range them in a certain order and call them /i (2), 
@= 1,2,---,-+00. The subset R of § represented by 





by taking closures of neighborhoods of the sets at the right in (2). The proof of the 
Lemma I is then carried out as before except that on p. 523 T and U should be inter- 
changed. 

*For accurate references to the literature the reader is asked to consult the recent 
article by Tietze-Vietoris, Encykl. der Math. Wiss. III A B 13, which appeared prior to the 
papers quoted in the preceding footnote. The notation and terminology of our paper are 
those now generally current in Topology. 
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(1) y = 2), 1 = 1,2,---, +o, 
is the required topological image of ®. 
3. LemMA I. Given an enumerable aggregate of non-intersecting pairs of 
closed sets {(A*, B*)}, the metric can be so chosen that every d(A', B‘)>0. 
Let gi(x) be the characteristic function for the 7th pair, and let the /’s 
be as in (1). The equations 


__ gi (x) -. ee 


(2) Ya = Qi” Yai = e721? cCRx, 








represent a subset R of $. By paraphrasing Urysohn’s reasoning in the 
theorem just recalled, it is shown that R is homeomorphie to R. Let us 
adopt for R the metric of R, i.e. take as the distance of any two points 
of R that of their images on R. If xC A’, x'C BY, we have d(z, 2’) 
> gil) — ia’) = = which proves the Lemma. 

It is hardly necessary to observe that when ® is compact the Lemma 
holds with the initial metric. 

Lemma II. Given a f.c.0.s. = {U*}, the metric can be so chosen that 
there exists any, such that every subset of R whose diameter <4, is a sub- 
set of some U. When ® is compact this holds without modifying the metric. 

We make use of the following property due to Menger.* For every U“ 
there is a V*G@U*" such that o = {V*} is also a covering. If we set 
A* = R — U*, a closed set, we have V“.A* =0. By Lemmal we can 
choose a metric such that d(V“%, A%)>0 for every «. These distances 
being in finite number they will have a lower bound y>0. Let B be any 
set of diameter <<. Since o is a covering B meets at least one V, 
say V*. Since d(V%, A“) > 4, we will have B.A“ = 0, hence BC U*, 
Which proves Lemma II for the separable case. When % is compact we 
always have d(V“, A*)>>0 without modifying the metric, and this com- 
pletes the proof. 

Lemma III. Given a finite covering by closed sets 6 = {A*}, the metric 
can be so chosen that there exists an y4>0O such that if A... 4% = 0 
no set of diameter <n meets all the sets A“. When ® is compact this 
holds without modifying the metric. 

An equivalent property is: The largest distance 0(x) from a point x to 
one of the sets A“ has a positive lower bound 4 as x ranges over R. 

Consider first a finite number of f. c. 0. s. 3! = {U}, i = 1, 2,---,k. 
I say that the metric can be so chosen that Lemma II holds simultaneously 
for all the 3’s. For the sets U1“. U8 ... U*” constitute af.c.o.s. Apply 


eee 
. Dimensionstheorie, p. 160. 
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Lemma II to it and let 7 be as in the lemma. Then if diam B<y, there 
is a U'*.U%... U'Y DB, and hence a U'**> B for every i. 
Let now U* = R—A*%, an open set. We have 


A%... A” = M(RK—U™) = R—(U"+..-4+U%), 


Hence if the sets A“ do not intersect, their complements U“ constitute 
a f.c.o.s. The number of the latter being finite, let the metric be so chosen 
that Lemma II applies simultaneously to all, with 4 as in the lemma. If 
diam B<y, there is then a U“‘>B and hence B- A“ = 0, which proves 
Lemma III. For the same reasons as previously, in the compact case no 
modification of metric is called for. 


§ 2. NoRMAL DEVELOPMENTS. 


5. By a decreasing sequence of open sets we shall understand a sequence 
of open sets {U”} such that U"*1G@U" for every n. For such a sequence 
1U" = 1U™, and the intersection +0 when & is compact. Whether # 
is compact or not, let the intersection exist and denote it by A. This set 
is necessarily closed since it is the intersection of an enumerable group 
of closed sets. If every open set VDA contains all but a finite number 
of the sets U, we say that the sequence converges to A and write {U"}— A. 
When A = O we say that the sequence converges to zero. 

It is now a simple matter to define a normal development A. It consists of 
a sequence {>} = {{U*}} of f. c. 0. s. with the following properties: 

(a) {{U*}} is a base; 

(b) every Ut"! ig on a U*; 

(c) if UUs, then for i above a certain value, every U"7 meeting 
U* is likewise on U/; 

(d) every decreasing sequence {U"} converges to zero or to a point. 

Evidently (a) implies separability. It is important to observe that it 
may be replaced by: 

(a’) there is a decreasing sequence converging to any given point x of XR. 

For >" being a covering there is a U' Dax. Owing to (a) then and to 
the regularity of R, there is a U™ such that ec U™ GU, then 
a U"s"s such that ec U"*GU™", ete. Therefore {U"} is a decreasing 
sequence all of whose sets Dz, hence by (d) it converges to x. 

Conversely suppose that (a’), (b), (c), (d) hold for 4. Whatever the 
open set VDa, there is a U““'Dx and CV, hence V is a sum of U’s 
and (a) holds. 

Another noteworthy property is that both (a) and (d) are consequences of 

(e) the mesh of S*>0 with 1/7. 
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For let it be & and let WU"Da+y, x+y. For a certain i we will 


have diam U"““*<d(a, y), and hence U"“‘-pa+y, i. e. the U’s cannot 
converge to more than one point. As regards (a), let V be open and Dz. 
Since R—V is closed, d(z, R—V) = «>0. For some 7 mesh Yi<e. 
Since S* is a covering there will be an U*“Dzx and hence CV since 
diam U*“<e. Therefore V is a sum of sets U**, which shows that (a) 
follows likewise from (e). 

6, Existence theorem. Every separable metric space possesses a normal 
development. Before we take up the formal proof we will make an 
observation as regards Lemma I. Suppose that we have a first finite 
aggregate of non-intersecting pairs of closed sets (A‘, BY), i= 1, 2,---, pr, 
then increase it by another (A”**, B’**), 71, 2,--+, ps, ete. We can 
construct the characteristic functions g;(x), for the first p, sets, then the new 
functions g»,+:(x) arising for the second set, etc. Consider now the set R re- 
presented by (2) as before and let A’ denote the locus obtained when in (2) all 
functions g(x) beyond Jp, are replaced by zero. It has been shown in 


the course of the proof of LemmalI that the R’s are all homeomorphs 
of #, and R* is the R of the lemma corresponding to the first p, pairs. 
Now let dj(a, x’) denote the distance-function for R corresponding to the 
metric of R*: distance equal to that of the images of the points x, a’ on R’. 
By writing down the expressions of the distances, we verify immediately 
that disi(a, x’) > di(x, a’). Hence for fixed x, x’, di(x, x’) is a non- 
decreasing function of i. This is the property which we need in the 
immediate sequel. 

7. To prove our theorem we must construct the successive >’s of 4. 
We take for 2' a wholly arbitrary f.c. 0.s. and choose a metric, i. e. 
a distance-function d, (x, y), such that Lemma II becomes applicable to >", 
the 7 of the lemma being denoted by 7,. We then choose for >* a f.c.0.s. 
Whose mesh ¢,< 4,, so that we will have *G>'. >* may be determined 
thus: d,(x, y) is the actual distance-function of a certain topological image R 
of R on H. Since is compact it possesses an é2-f.c.0.s., and the sets 
of the latter intersect R in sets which are open, of diameter <«, and 
hence their images on # are the sets of a suitable >*. 

We now impose a second modification upon our metric, that is choose 
a new distance function dz (a, y), as outlined in No.6, such that: (a) Lemma IT 
becomes applicable to 3%, thus giving rise to an 7, for it; (b) whenever 
U* © U'* and hence U2". A? = 0, A’ = R—U*, we have also 
d,(U**, 448)>0. The distances mentioned in (b) being in finite number 
they will have a lower bound §,>0. The passage from d; to d; is by 


augmenting the functions g, after the manner of No. 6, so that we will 
84 
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have d,(x, y) > d(x, y) whatever z,yCR. We now choose for >* any 
f.c. 0. Ss. Whose mesh és< & or 72. Suppose that we have thus reached >°, 
We choose di(x, y) as outlined in No. 6, such that: (a) Lemma II holds 
for > with a corresponding 7,; (b) whenever U** © UJ, 7 <i, and hence 
Uie. AJ? =, also dj(U*, AJ®)>0. There will be again a positive lower 
bound &; for the latter distances, and we choose 3*t! of mesh &41< §; 
or 4; We do this for every ¢ with the added restriction that ¢,>0 
monotonely with increasing 7. Since ¢,,,<4,; we have ='t'@ > for every i. 
From é4% < &41< & follows that every Uit+*.8 which meets U is on 
any Ur 5 U*", j7< i, and this for every 7. Therefore conditions (b), (c) 
for a normal development hold throughout 4 = {>}. 

The choice of our metric is such that djii(x, y) > di(a, y) > d(z, y). 
Therefore the mesh of =’, as measured by the fixed distance-function d, (x, y), 
+0 monotonely like «. From this follows that conditions (a), (d) for 
a normal A hold also (No. 5). Therefore A is normal. 

Remark. Referring to the lemmas we find that when is compact 
there is no need to modify the metric. Therefore 

THEOREM. When ® is compact any development A consisting of a sequence 
of f.c.0. 8. is normal provided that mesh X* tends rapidly enough to zero 
with 1/%. 

8. Criterion for compactness. is compact when and only when 
every decreasing sequence {U™\ converges to a point. 

When & is compact 70" = 7U™* +40, and hence it consists of 
a point. 

Conversely suppose that the intersection is always a point. Let A be 
an infinite subset of R, and let K’ be the aggregate of sets U' each 
of which carries an infinite number of points of A. Since A is infinite, 
K'+0. In the class K' there is a subclass K® consisting of sets U*“ 
such that U“5U?, where U® carries an infinite number of points of A. 
Similarly K* has a subclass K* consisting of all sets U*SU%?DU*, 
where U*? carries an infinite number of points of A, etc. Whatever /, 
there is a U“ with an infinite number of points of A. By condition (b) 
there is a U* *“4 50 and thus a sequence ui 5U0™...5U™. 
Therefore K+ +0, and hence k;, the number of sets U* in K’, >0. 
Also K'c K*"', Hence k, >k, >--->0. Therefore the sequence ky, 
k,,++- has a least positive integer say kp. The sets of the class K?, 
will be sets U'“, such that there corresponds to each a decreasing infinite 
sequence {U‘“} on each of whose sets there is an infinite number of points 
of A. We have by assumption 7U“* =a, a point, and owing to con- 
dition (c), every neighborhood of x contains a set U‘“, hence an infinite 
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number of points of A. The point x is then a condensation-point of the 
arbitrary infinite subset A of ®, and & is therefore compact. 

9, With any normal development A there is associated a mapping of R 
on a certain compact space which is basic in the next section. Consider 
the following sets of non-intersecting pairs of closed sets: (Ui# U8); 
(u.....0%, 0); (U, A’*), where A”? — R—U"?, They include the 
pairs of Uevetilts mapping described in No.2. If f;(x), i= 1,2,---+ 0, 
are characteristic functions corresponding to all these pairs, (1) will again 
represent a topological image R of R on §. If U*, A’? continue to 
designate the images of the sets thus called previously, we will have now 
that whenever two closed sets in a pair such as above do not meet their 
distance on R is >0O. 

10. Let R* designate the closure of R on §. Since the latter is 
compact, R* is self-compact. We have thus mapped ® topologically on 
a set R* which is compact as a space. This is the mapping that we 
have been seeking. 

Now the closure A*” of A on 6 is closed also relatively to R*. 
Hence U*** = R* — A* ig relatively open. The points of R on U** are 
all its points at a distance >0 from A*, hence also from A, and their 
sum is U**, so that U'**CU*, Moreover if x is a condensation-point 
of R on U**, the points of R very near to x are at a distance >0 
from A, and hence again CU*, so that U*** = U‘*+ condensation- 
points of U* on $. Therefore the closures of U** and U* relatively to 
coincide. 

Let the closure bars refer respectively to closures on # or R* as regards 
their subsets. Since R* is closed the closures relatively to it and to 
are the same. It follows that U** is the closure of U on §. 

From the closure relations between the U’s and U*’s, we deduce: 

(a) [*ia , U*i8 + 0, 


(b) U*" SUB , are equivalent to the same non-starred relations; 
(ce) U Utes U*> e+ 0, 
(d) mesh gir with 1/i, 3*# = {U*#}, 


The last property is evident. From our basic closure relations between 
the U’s follows that [ae a - 
(3) d(U, Uie) = a(U**, U*P), 
(4) d(U*, Ajé) = d(U*i, A*iB), 


Now to impose the existence of one or the other intersection in (a) is 
equivalent to demanding that the distances (3) vanish, which proves (a). 
Similarly (b) is a consequence of the fact that to impose one of the in- 
clusions in it igs equivalent to demanding that the distances in (4) be 
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>0O. As regards (c) since the closures as to R* are also closures as 
to , we have 
pit F Ue ju *o iu: Ute .R 


Therefore when the sets U* intersect so do the sets U*. Conversely 
if the intersection of the non-starred sets = 0, there is a g<p such 


eet OT. -02 O26, Oe Ue! — 0, Therefore by our con- 
struction of R (see No. 9) 
HO. 4% u, 0+) >0, 


and since the distances are the same as for the corresponding starred sets, 
necessarily 
UT *i0 oe U ots — pe Uy *% oe 7°. 


From (a), (b), (d) we conclude that conditions (a’), (b), (c), (d) of No.5 
for a normal development hold as regards A* = { 3**}, 

The set R is clearly dense on R*. Conversely if R* is self-compact, 
with 4* as a normal development, and R is a subset of R* which is dense 
on the latter, the sets U*“ — U*.R define on R a normal development A 
related to A* in the same manner as above. We have therefore proved: 

THEOREM. To every normal development A of R there corresponds a dense 
topological mapping of R on a compact metric space R*, on which there 
exists a normal development A* such that the i-th coverings of each have the 
same intersection properties (expressed by condition (c)). Conversely given 
A* on R*, there is defined on any dense subset R of R* a normal development 
A related to A* in the preceding manner. 


§ 3. THE ORDER OF A SPACE. 


11. The order of an aggregate of sets o = { A%}, is the largest integer 
o(o) such that there are 1+ (0) sets A with a non-vacuous intersection. 

Let = be a fixed f.¢.0.8., o a variable one CS. The number e(9) 
being a positive integer has a least value (3) which is actually reached 
for some o. As & itself varies » (3) has a highest value finite or infini 
w, called the order of R. When o@ is finite it is reached for some =. 
In any case @ is a topological invariant of KR. 

Instead of a variable f. c. 0. s. o, we might have coverings by other types 
of sets. Any topological class of such sets gives rise to a topological 
invariant » (R, K) of R analogous to w. The following two classes are 
noteworthy: 

(a) &, the class of all closures of open sets. 
(b) R?, the class of all closed sets. 
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The second class is the one selected by all previous writers. Let ,, 
w, be the #’s corresponding to the two new classes. I say that #, = o, = w. 

12. Since R'C K?* it follows immediately from the definition of the w’s 
that w,<o,. Take now two f.c.0.s., o, 2, with oC. As recalled 
in the proof of Lemma II, according to Menger there can be found, for 
every «, a V“@ U* such that o’ = { V“} is likewise a f.c.0.s. Let 
¢ ={V“}. We manifestly have @(¢’)<e(c), hence the lower bound 
of e(c’) << w(Z). As the sets of o’ belong to S', passing to the upper 
bounds of the two orders we find #, <o. 

13. We will now show that #, >. Let o = {A*} bea finite covering 
by closed sets C2 = {UF}. By LemmalIlI the metric of R can be so 
chosen that the distances d(A*%, R— UF) corresponding to all pairs A®, 
U® such that A*CU*, have a lower bound &,>0. By Lemma III it 
can be so chosen that there exists a §&>>0 such that, if A%..-... 4% +0, 
at least one distance d (a, A“) >0O whatever the point x of R. The choice 
of the two metrics involves a mapping of KR on H by a system (2) with 
suitable functions g:(a). The two sets of functions are finite. If we unite 
them into a single set and take the representation (2) corresponding to 
that set, we find that both properties above mentioned are fulfilled 
simultaneously by the metric associated with the new representation, and 
we have as above a &, and a &; let & be the least of the two. 

Let now V® be the set of all points of # whose distance from A*< &. 
It is an open set, and if A*C UP? we have V°GU?. Hence 


oco’ = {V*} ]| {UF} 


and o’ is a f.c. 0.8. Moreover V..... Vv” +0 when and only when 
y A“ +0. That the second implies the first is clear. Conversely 
let the first hold, and the second not. Then a point of V.---- V’ is 
nearer than § < & to the sets A“, which contradicts the basic property 
of §. Thus when one of the two intersections exists so does the others. 


It follows that 
e(s) = e(o’). 


From this we conclude, as in No. 12, that 
w(2) < e(), 


hence passing to the maxima, #, >. Since #, <<, these three 


numbers are equal. 
14, Order of a normal development. If 4 = {>} little can be 


said in general about @(3‘). Suppose however that 4 has the following 
property: for every i, 
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e(241) = e(2) = o(2), 


its least possible value consistent with S‘*1€@ >. Owing to this inclusion 
o (+1) > o(3%), and hence e(2*) is a non-decreasing function. Its limit, 
®, finite or infinite, is called the order of 4, and a development of the 
type considered is said to be minimal. Since 


e('1) = w(>), 
necessarily wo = 2, 
THEOREM. A space KR of finite order w possesses minimal normal develop- 
ments whose order is also @. 
We obtain A such as required by a suitable modification of the con- 
struction in § 2. With the same notations as loc. cit., we take, as we 
may by No. 13, =' such that 


e(2') = e(2') = a, 
its maximum value. Suppose that we have obtained 3’, ---, 2*-', such that 
e(3) = e() = oa. 


We now take an ¢;-f.c.0.s., 04, hence © S*!, and choose 3’Co*, such 
that 
o(>") = o(2') = a(0'), 
We have then 
w(o) > w(3*") = w, and w(o4) < oa. 
Hence 
o(2) = (ot) = a. 
For the usual reason likewise 


w (3%) 2 w (o*) rs 
and also <, hence w(3‘) =. By this construction then 
e(>) = e(2) = o(2) = a 


for every 7>1, and hence A is normal and minimal of order o. 

15, Order of a compact space. When & is compact an order may 
be defined in somewhat different manner. Take all e-f.c. 0. s., and let r(é) 
be their lowest order. Since an ¢’-covering is also an «-covering when 
e’<e, we have then r(e’) >r(e). Hence r(e) is a non-decreasing function 
of « and it has a maximum @p, finite or infinite, called the metric order. 
I say again that ) = w, or the metric and topological orders are equal. 
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Let first @) be finite and construct A as follows: >! is of mesh «, such 
that already 7(&) = ; 2 is taken of mesh &<é-; or mi-1, the 7 of 
Lemma II corresponding to =*—'; we impose e(>') = w ), its minimum value 
since €;< €,, and also ¢; 0 with 1/7. By Lemma II the sets of >’ can be 
slightly shrunk without its ceasing to be a covering, say >". Again 


e(=") —= @, 


e(2") < e(2") < o(2') = w, 


and moreover 


hence ras 
g(2") = a. 


Writing now = for a we see that the development A will be minimal 
of order ). Now when @ is finite it is precisely such a 4 that we have 
constructed in No. 15, therefore when w, , are finite ») = o. When 
® = © we have, whatever the integer n, a f.c.0.s., 2 whose w(2)>n. 
If 7 is the number of Lemma II for 2, any «-f.c.0.s. oC 2, whatever 


é<¥, hence its order 
e(o) > w(2)>n, 


and therefore r(¢)>m so that limit r(e) = 0 = wm = o. 

If in place of open sets we choose «-coverings by closed sets we obtain 
a new metric order w). This is the order as defined by Urysohn. It is 
not difficult to show that it is again equal to ». For let o = {A*} be 
a finite «-covering by closed sets. By Lemma III we can shlightly dilate 
the A’s without changing @(c).—A* is thus replaced by a certain V“ and 
o ={V*} is an e’-f.c.0.s., where «’>0 with ¢, whose order is also 
e(o). Hence r(e’) < e(c) and therefore w) < /.—On the other hand if 
we have an e-f.c.0.s. 0, Lemma II authorizes us to contract its sets into 
a certain covering o’ = {V“} Ga, and e(o’) <e(¢). Since o’ is a special 
finite «-covering by closed sets, we find this time ) > @, hence #) = w) = o. 

16. The Lebesgue order theorem. The order of KR is equal to 
its dimension. This fundamental theorem was first stated for Euclidean 
spaces by Lebesgue, then proved for them by Brouwer, later also by 
Lebesgue. The complete theorem was proved for compact spaces by 
Urysohn,® while for separable spaces Menger® showed that o <n = dim R. 
By a judicious use of normal developments Urysohn’s proof for the compact 
case can be made to yield the proof of the theorem for separable spaces. 

We have to show that when & is separable » < m, and at the same 
time >. We indicate briefly the mild departures from Urysohn’s proof. 


a 








*Fundamenta Matematicae, vol. 8 (1925), p. 292. 
* Dimensionstheorie, Ch. V. 
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Let = be a given f.c.0.s. To prove »<™m we have to find a f.¢. 0.3, 
«CX whose sets have boundaries that are at most (m — 1)-dimensional. 
According to No. 7 we can find a f.c.o.s. o ={V#}E = {U*}, 
Given V@ there exists a U“SV*. Since the two closed sets V8, R—U« 
do not meet there exists an open set W? such that VeeEWPEUs, 
dim F(W?) <n." Therefore o = {W*} is a f. ¢. 0. s. behaving as 
required. From this point on the proof continues substantially as with 
Urysohn. 

We now pass to »< wo. By Urysohn’s method and a simple induction 
we can establish this result: if 4 is a normal development having the 
property that e(24) = e(3*) = k, a fixed integer, then n <k. Since 
there are minimal developments of order w, it follows that for them k = o, 
hence n<. This is then in outline the proof of the order theorem as 
it may now be derived by the aid of normal developments. 

17. The Imbedding theorem for a separable metric space: 
K can be mapped topologically on a compact metric space of the same 
dimension. We have seen in no. 10 that with any normal developmnt 4 
of R there is associated a topological mapping of ® on a compact 
metric space t* having the following property: In the notations loc. cit. 
there is a normal development A* of R* such that the orders of >* and 
>** are the same (no. 10 property c). 

Suppose in particular that A is minimal of order » = n. Then 


o(>") = e(2*) = n. 


Since mesh =**— 0 (No. 10d), order R* = dimR* < n. But as R* contains 
an n-dimensional set, dim R* > n, hence dim R* — n, which proves our 
theorem. 

18. REMARK. Combined proofs of the order and imbedding theorems 
can be obtained along the following lines: (a) » <m is to be established 
as by Menger; (b) » = is to be proved as by Urysohn for the compact 
case only; (c) it is then proved as above that R can be mapped topologically 
on a compact metric space R* whose order <. By (b) we then have 
dim #* < , and since n < dim&*, this yields n < w, and hence n= ®, 
which is the Lebesgue order theorem. We then have dim #* < n and 
hence = n, which together with (c) yields the imbedding theorem. 

19. COROLLARY. T'he various immersion theorems obtained in our paper already 
quoted (footnote 2) are valid for any separable metric space. In particular 


the two universal n-spaces there considered are also universal n-spaces for 
separable metric n-spaces. 





7 Menger, loc. cit., p. 115. 
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90. Menger’s generalization of the Lebesgue order theorem. 
Let = be a f.c.0.8. 6 = {A*} a finite covering by closed sets CX. 
Instead of the order e(o) we may consider with Menger the maximum 
dimension @x(¢) of any intersection A“°-...- A“, By the same considerations 
as before we obtain an invariant d,; analogous to the order, and we then 
have, with dim R = n: 

THEOREM (Menger). dy = n—k. ; 

For k = n+1 this yields d,;1 = —1, which is merely the expression 
of the Lebesgue order theorem. As in the proof of the latter we have 
to show that d, < n—k and also > n—k. The first part was proved 
by Menger, the second also by him for a compact space, (loc. cit. p. 156 
and following). Thus all that is now lacking is the inequality d, >n—k 
for any separable metric space. 

21. By repetition of the argument used in proving the theorem in No. 14 

we show that there exists a development 4 such that o(2*‘) = d, for 
every 7. To complete the proof there remains to be shown as in the 
similar case in No. 16, that if there exists a A such that o(2‘) < d for 
every 7, then n < 6+k; since 6 can take the value d,, the required 
inequality will follow. We have already disposed of 6 = 0 (No. 16), 
hence we can use induction on 0. 
Suppose then that o(2*) <6 for every k. Now all the sets 
U“.....0*+0 constitute an enumerable aggregate of closed sets. 
Let us designate them, ranged in some order by {G?}, 8 = 1, 2, +--+. 
Since dim G < 46, by a well known theorem® dim >G? < 0. It follows 
that any point x of R possesses a neighborhood V whose boundary intersects 
the sum, and hence every G, in a set whose dimension < d—1*. But 
the intersections U‘*.F(V) determine on F(V) a normal development such 
that the corresponding G’s are the sets G?.F(V), and these sets are 
d6—1 dimensional at most. Under the hypothesis of the induction then 
dim F(V) < d6—1-+k, and hence dimR = n < 6+k. This completes 
the proof of Menger’s theorem. 





* Hurewicz, Math. Ann., vol. 96 (1927), p. 760. See also Menger, loc. cit. p. 96. 
* Menger, loc. cit. p. 82. 


Princeton, N. J. 


(ADDED IN THE PROOF.) Professor Cech recently called our attention to a paper by 
Hurewicz, Monatshefte fiir Math. und Physik, 37 (1930), pp. 199-208, which had escaped 
us, and where he proves this imbedding theorem by a procedure based like ours on 
4 modification of metric. While we have many points of contact with Hurewicz we diverge 
in scope, and more particularly in the explicit consideration of normal developments and 
in the treatment of the order. 
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A CLASSIFICATION OF THE HOMOLOGY GROUPS 
OF COMPACT SPACES.! 


By J. W. ALEXANDER AND L. W. CouHeEN. 


1. The homology groups of a compact space have been defined by 
Vietoris.2 We give below a classification of these groups by means of 
invariants. The problem will be treated from the point of view of abstract 
group theory. In the applications to analysis situs the group @ of § 2 
will be the group of all z-cycles of a compact space, and the closed sub- 
group H of § 8 will be the group of all 7-cycles that are homologous to zero, 


A. The infinite commutative group @. 


2. Let 
XH, Hey Lg, °°° 


be an infinite sequence of marks and let 
p= B As Xs 
8 


be any infinite linear form in these marks, with integer coefficients. Then, 
to every form p there corresponds a negative, 


— Zz — as Xs; 
8 
and to every pair of forms p and py there corresponds a sum, 


pte = Dat aia. 


The set of all forms (py) may, therefore, be regarded as a group @ with 
respect to the operation of addition. 

If the first m —1 coefficients of a form p are zero, but not the m-th, 
we shall call the reciprocal of the number » the norm w(p) of p, 


1 


wtp) 





* Received March 7, 1931. Part of a paper read before the Amer. Math. Soc., April 3, 
1931, under the title “Homology Groups Associated with Infinite Complexes”. 
?L. Vietoris. “ber den hiheren Zusammenhang kompakter Riume ...”, Math. Ann. 97 
(1926), pp. 454-472. 
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If all the coefficients of » vanish we shall set the norm of p equal to zero, 
w(0) = 0. 
Clearly, the norm of any multiple of p is equal to the norm of p itself, 


(1) w(dAp) = w(p), 2440. 
Moreover, the relation 
w (p) > w(q) 


implies the relation 
(2) w(p+4q) = o(p). 


3. We shall think of the forms p as the points of a group space Xq and 
shall define the distance 0(p, g) between two points p and q of Sq as the 
norm of the difference (p — q), 


d(p,q) = o(p—9q). 
The relation of symmetry, 
(3) O(p, q = 9, p), 


follows at once from (1) by setting 4 = —1. 

The distance function 6 has the following property: 

Let p, q, and r be any three points of the group space =. Then either 
all three of the distances 6(p, q), 6(p, r), and 6(q, r) are equal or else two of 
them are equal and the third one is smaller than the other two. 

For if the three distances are not all equal, we may choose our notations 
so as to have 

O(p,q) > 9,7), 
or, in other words, 
o(p—q) > o(q—"). 
We shall then have 


77) [(p—q) + (q—7)] 


O(p, 49), 


d(p,r) = wo(p—r) 
(4) 


I i ll 


which is what we set out to prove. ‘ 
It follows, at once, that the distance function satisfies the triangle in- 

equality, 

(5) 5(p,q) => 4(p,7)+ 94,7), 


for arbitrary choices of the points p, gq, and r. The space ¢ is, there- 
fore, a metric space. 


85* 








if 
J 





540 J. W. ALEXANDER AND L. W. COHEN. 


4, Let us next inquire under what conditions an infinite sum of linear 
forms, 


pit pet ps+-::, 


converges to a limit. Suppose we have 


(6) pi = D> Uist, (i = 1,2,3,--), 
8 


Then, a necessary and sufficient condition that the infinite sum > p; con- 
verge to a limit is that the norms of the forms p; converge to zero, 


(7) lim w(p) = 0. 


Condition (7) is obviously necessary. It is also sufficient. For if it is 
fulfilled there can be at most a finite number of non vanishing elements 
aj in each column of the matrix || aj\||. Let as be the sum of all the 
elements in the s’th column of || aj || and let » be the form 


= 2 Mois. 


Then, clearly, the norm of the difference 
p— (pi + pa +--+ + pn) 


approaches zero as n increases indefinitely. This establishes the sufficiency 
of the condition. 
Condition (7) also implies 


lim @ (bi pi) = 0, 
7a 


where the 6;’s are arbitrary integers. Therefore, if condition (7) is ful- 
filled, every linear combination of the forms pi converges to a limit, 


(8) > bipi = > didis%s. 
a 1,3 


The coefficients >’b,ais in the right hand member of (8) are, of course, 
a 


finite sums because there are at most a finite number of non vanishing 
elements as for each value of s. 

A matrix || aj || will be said to be regular if there are at most a finite 
number of non vanishing elements in each of its columns. Condition (7) 


is clearly equivalent to the condition that the matrix || ais || in (6) be 
regular. 
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Let us note for future reference the following simple theorem: 

The product of two regular matrices ||ais|| and || bgj|| is a well defined 
regular matrix. 

Proof. Since the matrix || bg;|| is regular each term of the product matrix 
is a finite sum of the type 


(9 cy = 2, tis by. 

The product matrix ||cj\| is, therefore, well defined. To prove that || cj|| 
is regular let us assign an arbitrary fixed value to the index 7. Then, 
because of the regularity of the matrix ||b,;||, there exists a number « 
such that in the jth column of ||bg;|| all elements after the one in the 
eth row are equal to zero. Moreover, because of the regularity of the 
matrix ||qais|| there exists a number 4 such that in the first « columns of 
lais|| all elements after the ones in the Ath row are equal to zero. 
Therefore, as soon as 7 is greater than # the elements cy in (9) must all 
vanish. In other words there can be at most a finite number of non- 
vanishing elements in each column of the product matrix || cjj||. 


B. Change of basis. 


5. Let us now consider a new infinite sequence of marks, 


Yi» Yo) Ys) Pros 


and construct the set of all linear combinations of these marks with integer 
coefficients. Let us also set up an arbitrary one-one correspondence between 
the elements p of the group G and the various linear combinations of the 
marks y; such that: 

(i) If 


>= Pa As Xs 
8 
is any element of the group G@ and 
q= Lhe by 


the corresponding linear combination of the y;8, then —p always corre- 
sponds to —q. 

(ii) If p and p’ are any two elements of @ and q and q’ the two corre- 
sponding linear combinations of the y,’s then p+p’ always corresponds 
to g+q’. 

Then, if we think of the elements p as functions of the y,’s rather than 
of the z,s and if we redefine norm and distance in terms of the y,’s we 
shall, in general, alter the metric of the group space 2g. If the topological 
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structure of the space Sq remains invariant—that is to say, if the new 
metric leads to the same definition of limit points as the old—we shall 
say that the elements 

¥, = 2 Aig Vs 


of G form a basis of the group G. 
A necessary and sufficient condition that a set of equations 


(10) y, = Di Mig X, 


determine a change of basis is that the matrix || ais|| be regular and that 
it have a regular inverse || bis ||. 

Proof. Tf the marks y; are to be a basis of the group @ every mark z, 
must correspond to a linear combination of the marks y,, 


(11) x, = Di big Yo: 


Now, the matrix ||0js|| determined by expressions (11) must be regular. 
For the left-hand members of (11) converge to zero in terms of the metric 
of the 2;’s; therefore, the right hand members must converge to zero in 
terms of the metric of the y,’s. The matrix ||q,,|| in (10) must also be 
regular, for a similar reason. Thus, to prove the necessity of the condition 
we have only to show that the matrix || bis || is the inverse of the matrix || ais||. 
To do this, let us form the following linear combination of equations (10), 


(12) D bis Ys = > dis Asj Xj. 
8,J 


Then, by (11), the right hand member of (12) must, of necessity, converge 
to x;, which means that we must have 


1 for: = 7 
13 Dis Asj = 03; v= | { 3 
aed 2 hia ai i 0 for i + j/ 


Moreover, by reversing the réles of the two sets of equations (10) and (11) 
we may obtain the further relations 


(14) > Us by = dij. 
8 


Relations (13) and (14) signify that the matrix ||bj.|| is the inverse of 
the matrix || ais||. 

To prove the sufficiency of the condition let us assume that the matrix 
||ais|| is regular and that there exists a regular matrix ||bis|| satisfying 
condition (13) and (14), Then, with the aid of equations (10) we may 
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set each linear form in the y;’s into correspondence with a linear form 
in the z's according to the following rule: 


2c Yi — Di Gi Mis 


while with the aid of equations (11) we may set each linear form in the 2;’s 
into correspondence with a linear form in the y;’s: 


> %i “= > % bis Ys- 
a 1,8 


These two correspondences must be identical. For the right hand member 
of the first correspondence is paired in the second correspondence with 


the form 
> Gi dis by yy = ayes Jj Yj = 24 Yir by (14), 


1,8,J 

just as it is in the first. Similarly, the right hand member of the second 
correspondence is paired in the first correspondence with the form > «; xj, 
(by (13)), just as it is in the second. It follows, at once that the corre- 
spondences are one-one, for the first relation gives the form in the z;’s 
corresponding to an arbitrary form in the y;’s, and the second relation 
gives the form in the y;’s corresponding to an arbitrary form in the 2;’s. 

To complete the proof of the sufficiency of the condition we must show 
that the metric of the y,’s leads to the same definition of convergence as 
the metric of the 2;’s. Now, a sequence of elements p; of the group @ 
converges to a limit p if, and only if, the differences »p;—p converge to 
zero. Let us write 


(15) pi—p = D cists = D Cis by yj. 
8 8,J 


Then if the sequence p:—p converges to zero in the metric of the 2,’s 
the matrix ||cis|| must be regular; therefore, the product matrix || >’ cis bs/|| 
must be regular, (§ 4); therefore the sequence pi—p must also converge 
to zero in the metric of the ys. A similar argument shows that if pj—p 
converges in the y;’s it also converges in the x;’s. This completes the proof. 

The restriction that a transformation from one basis to another shall 
not alter the topological structure of the group space 2q seems to be 
required if we want the transformation to be completely determined by 
a set of relations of the form (10). Without such a restriction, relations (10) 
apparently tell us nothing about the form in the 2’s corresponding to an 
infinite linear combination of the y;’s, even when the matrix ||aj|| is 
regular. It is barely possible, however, that every one-one correspondence 
between the set of all linear forms in the 2s and the set of all linear 
forms in the y’s such that the correspondence satisfies conditions (i) 
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and (ii) must automatically leave invariant the topological structure of 
the group space, and that the restrictions turn out to be redundant. At 
all events, we know of no example to the contrary. 

6. The following two examples may, perhaps bring out more fully the 
significance of the theorem of § 5. 

(i) If we write 


(16) 


Y= NX; 
Y= —MAtxN, (i>1), 


we obtain, on solving for the a;’s, the inverse relations 


(17) Li = YWtyet--- +yi- 


Now, although the matrix of (16) is regular and has an inverse—namely 
the matrix of (17)—the inverse matrix is not regular; therefore, equations (16) 
do not determine a change of basis. In this particular example, the 
representations of the elements of G in terms of the y;’s is not unique. 
For instance, the sum of equations (16) converges to 


YWtyetyst---= 0. 
(ii) The situation is somewhat different if we write 


"= NM, 
18 
” Y= —2HAtK, (¢>1), 
in place of (16). The inverse of (18) is 
(19) x = 2 1y, +2? yt --- +yi, 


therefore the inverse matrix is again irregular. In this example, no linear 
combinations of the y;’s can vanish identically. For a relation of the form 


(20) Daiyi = 0 
a 
resulting from equation (18), can only hold if we have 
paella 
1 
=> gi 1° 


Moreover, the only integral solutions of these last expressions are c; = 0, 80 
that relation (20) must reduce to an identity. Thus, it is clear that no 
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two linear combinations of the y;’s can represent the same element of G. 
This time, however, not every element of G can be represented by a linear 
combination of the y,’s. Consider, for example, the linear combination 


(21) XL + x3 + 5+ --- 


If there were a linear combination of the y;’s reducing to (21) its coeffi- 
cients would have to satisfy the relations 
an=za—a, {ey seam 

Now, it is easy to verify that these relations admit no integral solutions. 
For if we assign any integral value to c, we find that the numerical values 
of successive coefficients must diminish steadily until one of them, say «i, 
reaches one of the values: 0,1, or —1, in which case either cj+1, cis, 
or cits Will have to be fractional. 

We know of no example of a regular matrix ||aj|| with an irregular 
inverse || b|| such that the transformation 


Y; ses Di Mig X, 


sets up a one-one correspondence between the set of all linear combinations 
of the y,s and the set of all linear combinations of the z,’s. If such 
a transformation exists, the change from the metric of the 2;’s to the 
metric of the y,’s will, of course, alter the topological structure of the 
group space 2g, in view of the theorem at the end of § 5. 

Among the more obvious transformations which determine a change of 
basis are the following 

(«) Any permutation of the marks 2;. 

(8) Any transformation such that its matrix ||aj\| has zeros below the 
main diagonal, 1’s along the main diagonal, and arbitrary integer elements 
above. The inverse of ||a,|| obviously exists and is of the same general 
type as ||a,j|| itself. 

(y) Any transformation determined by grouping the marks 2; into an 
infinite number of jinite sets and performing on each finite set a trans- 
formation of determinant +1. Here again the inverse transformation will 
exist and will be obtainable by merely performing the inverse transformation 
on each finite set. 

7. Consider an infinite sequence of transformations, 


(22) y(n) = D Mig (M) ©, 
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from a basis x, to a variable basis y,(m), (m = 1, 2, 3,---). The 
sequence (22) will be said to converge to the limiting transformation 


(23) Yi, = 2s Mig, 


provided each of the coefficients ais(m) converges to the limit ais; that 
is to say, provided each coefficient ais(m) differs from ajs for at most 
a finite number of values of . If the transformations (22) converge to 
the limit (23) it does not necessarily follow that the limiting transformation 
determines a change of basis. Thus, for example, if the mth trans- 
formation (22) merely permutes the marks 2, %,---+, 2» cyclically the 
limiting transformation will be 


Y; = Vita 


and there will be no linear combination of the y,’s reducing to z,. We, 
therefore, propose to find conditions under which a limiting transformation 
actually does determine a change of basis. 

Let ||ais(n)|| be a variable regular matrix. Then the matrix || ajs(n)|| 
will be said to converge regularly provided that to each positive integer m 
there corresponds an integer n’ such that for »>vyn’ the first m columns 
of the matrix || ais (m)|| remain invariant. If a regular matrix || as(n)|| 
converges regularly to the limit ||ais||, the limit is obviously regular. In 
terms of regular convergence we now have the following useful criterion. 

Let 


(24) y,(n) = = a,,(n) x, 


be an infinite sequence of transformations, each determining a change of basis 
and let 


x= 2 b(n) y;(n) 


be the corresponding sequence of inverse transformations. Then a sufficient 
condition that the limit of (24) exist and determine a change of basis 1s 
that the two variable matrices || ais(n)|| and ||bis(n)|| be regularly convergent. 

For under the conditions of the theorem the limiting matrices || ais || and 
|| bis || will both be regular. Moreover, it is easy to see that the elements 
bis Of the second matrix will satisfy relations (13) and (14) of § 5. For 
suppose we wish to show that they satisfy any particular one of these 
relations, such as relation (13) corresponding to some particular choice 
of the indices i and 7. Then, if the last non-vanishing element of the 
j-th column of the matrix || aj || is the a@’th we may choose n so large 
that the first @ elements in the i-th row of || }is(m) || have reached their 
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final, limiting values and that all the elements in the j-th column of 
|| ais (n) || have also reached their final values. We shall then have 


2 dia =a 2 bia(n) ay(n) = dy, 


because || bis(m) || is, by hypothesis, the inverse of || a.;(m) ||. By a similar 
argument, the other relations in (13) and (14) may be shown to hold. 
Consequently, the regular matrix || bis || must be the inverse of the regular 
matrix || ais ||, and the transformation 


(25) i= >> diss 
8 


must determine a change of basis, by the theorem of § 5. 

It may be well to observe that the regular convergence of the matrix 
|ais(n) || is not, of itself, sufficient to insure that the limiting trans- 
formation (25) shall determine a change of basis. For example, the matrix 
of the transformation 


y(n) = x, 
Y2(n) = —HAitN, (1<i< n), 
yi(n) = x, (i = n), 


converges regularly to the matrix of the transformation represented by 
relation (16) in § 6. But we have seen that this last transformation does 
not determine a change of basis. 


C. Sub-groups and factor groups. 


8. A sub-group H of G will be said to be closed if its group space =z 
is a closed sub-space of the group space 2q of G. If H is any sub- 
group whatever of G@ there is always a minimal closed sub-group H’ of 
@ containing the group H. The group space Sq of H’ consists of all 
points and limit points of the group space Sz of H. Since the space >¢ 
is metric, the space Sq’ is necessarily closed. 

Let ps, (s = 1,2, 3,---), be any finite or infinite sequence of elements 
of G such that the norms of these elements are monotonically decreasing, 


«(p1) > @(ps) > (ps) >---- 


Then the set of all linear combinations of the elements ps is a closed sub- 
group of G. 

Proof. The set of all linear combinations of the elements ps is ob- 
viously a group H. Therefore, we have only to show that if a sequence 


of linear combinations 
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(26) Gi = > dis ps 
8 


approaches a limit g then g may always be represented as a linear com- 
bination of the elements ps. We shall prove that for each value of s the 
coefficient as approaches a limiting value as; whence we shall at once 
be able to write 


(27) ee > Ass 
8 
If we form the differences, 
(28) j-Kt = pa (4i+j,s— Gis) Ds ; Gj 2 1), 


the norm of each difference will be equal to the norm of the first non 
vanishing term in the corresponding right hand member of (28), because 
the norms of the elements ps are monotonically decreasing. Therefore, if 
Vi+j—G is to converge to zero, (as it must if g; is to converge), each 
coefficient ai+j,s— dis must ultimately become and remain zero, or in other 
words each coefficient ais must attain a limiting value as. But, if each 
coefficient ais attains a limiting value as, the difference q—qi obviously 
converges to zero; that is to say, qi converges to q. 

We have stressed the proof of this rather obvious theorem because it 
is so easy to jump to false conclusions when dealing with infinite 
groups of the sort here considered. Thus, for example, we cannot replace 
the condition that the norms (ps) decrease monotonically by the weaker 
condition that they merely converge to zero. This is shown by the second 
example in § 6. If the elements y; in relations (18) determined a closed 
group H the group H would have to be the group G itself. For, by (19), 
every finite linear combination of the 2;’s is expressible in terms of the y;’s 
and every infinite linear combination is a limit of finite linear combinations. 
We have seen, however, that the group determined by the y;’s does 
not include the element 2,-+-2,;-+-2,+---. 

9. A finite or infinite sequence of elements p; of G with monotonically 
decreasing norms will be called a normal basis of the closed sub-group 
of G consisting of all linear combinations of the p;’s. 

Every closed sub-group H of G possesses a normal basis, one of which 
may always be found in the following manner.. Corresponding to each 
value of let us consider all elements of the group AH of norm 1/n. If 
there are any such elements at all, let pn be one of them, so chosen that 
the numerical value of its leading coefficient (the mth) is as small as 
possible. We shall prove that the elements p, arranged according to 
ascending values of m are a normal basis of H. Of course, our notation 


is such that pp need not be defined for all values of », but this is quite 
immaterial. 
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The proof consists in showing that the closed group H’ consisting of 
all linear combinations of the elements p, is identical with the group H. 
Now, every finite linear combination of the p,’s belongs to H, since H 
has the group property; therefore, also, every infinite linear combination 
belongs to H, since H is closed. Thus, the group H must contain the 
group H’. But the group H’ must also contain the group H. For let qg 
be any element of H. ‘Then since the group H’ is closed and since the 
distance function d can only take on values of the form 0 or 1/n there 
must be an element p of H’ such that (p,q) is a minimum. Now, if p 
were different from g we would have 


5(q,p) = oq—p) =~. 


Therefore, the leading coefficient of the form g—yp would have to be 
exactly divisible by the leading coefficient of yp», otherwise we could find 
an element of H of the form g—p—Apn which would also be of norm 
1/n but which would have a leading coefficient numerically smaller than 
that of pa, contrary to the definition of pz. But if the leading coefficient 
of g—p were exactly divisible by the leading coefficient of p, we could 
find a multiplier w of pp, such that the element g—p—wp pn would lack 
the terms in 2, and would therefore have a norm smaller than 1/n. The 
element p+ yep, of H’ would consequently be closer to g than the element p, 
contrary to the definition of p. Thus, every element q of H must be 
identical with an element p of H’. This completes the argument. 

If we re-define the distance between two points of the group space =q 
in terms of the p,’s rather than in terms of the z;’s we obviously leave 
invariant the topological structure of the space >. 

10. Every sub-group H of G determines a certain factor group, G (mod #). 
Let us recall, very briefly how this factor group is defined. We arrange 
the elements of G into classes, called, co-sets, such that two elements 
belong to the same co-set if, and only if, their difference belongs to the 
sub-group H. These co-sets are the elements of the group G (mod H#). 
We shall write the symbol [p] to denote the element of G (mod 1) containing 
the element p of G. There will thus be as many different symbols for 
the element [p] of @(mod H) as there are elements of @ in the co-set 
containing p. The negative of the element [p] is, by definition, the 
element [—p]; the swm of the elements [p] and [q] is the element [p+ gq]. 
It is easy to verify that the negative of an element and the sum of two 
elements are uniquely determined. The zero element of the group G (mod H) 
is, of course, the co-set made up of all elements of H. 

We shall confine our attention to the case where the sub-group H is closed. 
Each element [p] of the factor group G (mod #) will then be represented 
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by a closed point set in the group space 2g, for the point set in question 
will be the image of the space =q under the displacement of the space 3, 
determined by the element p. We shall define the norm @[p] of an 
element [p] of the factor group as the greatest lower bound of the norm 
of the elements of G in the co-set [p]. Moreover, we shall define the 
distance between two elements of the factor group as the norm of their 
difference: 
O[pl lg] = o[p—ql. 


We shall prove in just a moment that the distance function d[p][q] has 
properties analogous to the distance function d(p, q) of § 4, and, hence, 
that the group space 2q is a metric space. 

Let us remark, in passing, that if the sub-group H had not been assumed 
to be closed the norm of a non-vanishing element [p] of the factor group 
might have been equal to zero. 


D. Classification of factor groups. 


11. Two factor groups F and F” will be said to be homeomorphic if, 
and only if, the following two conditions are fulfilled: 

(i) The groups are simply isomorphic. 

(ii) The isomorphism is of such a character that it induces a homeomorphic 
(i. e., a one-one bi-continuous) correspondence between the points of 
the two group spaces =r and =p’. 

We shall now attack the main problem of the paper which is: 

To characterize the factor groups of the group G by numerical invariants in 
such a way that two factor groups are homeomorphic if, and only ¢, they 
have the same invariants. 

Let H be any closed sub-group of G and let 


(29) Pi = D dies 
8 


be any normal basis of H, (§ 6). Then the structure. of the factor group 
G@ (mod H) is completely determined by the matrix || aie ||. We shall call 
the matrix || ais|| a matrix of the factor group G (mod H). The matrices 
of two factor groups will be said to be eguivalent if and only if the two 
groups are homeomorphic. To analyze the structure of the factor group 
G (mod H) we shall start with an arbitrary matrix of the group and try 
to find an equivalent matrix of as simple a form as possible. 

Let us denote the leading coefficients of the forms p; in (29) by «i 
respectively. Then, as a first simplification, we may assume that all the 
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coefficients «; are positive, since we are permitted to replace any of the 
forms pi by their negatives. 

Since the forms »; are a normal basis of the sub-group H, no column 
of the matrix || ais|| can contain more than one of the coefficients «;. 
Moreover, the column containing the coefficient «4; must always follow 
the column containing the coefficient «;. We shall call the columns containing 
the coefficients a; the principal columns of the matrix || ais || as distinguished 
from the secondary columns. Moreover we shall call the marks 2; associated 
with the principal columns, the principal marks of the basis. Finally we 
shall call the coefficients «; the principal coefficients of the matrix. 

Now, in the notation of § 10, every element of the factor group G (mod H) 
is represented by a symbol [> cs2s], where the linear form appearing 
between the brackets is only determined to within a linear combination 
of the forms p;. It will be convenient to reduce the symbol [> csxs] to 
a unique canonical type such that the coefficient cs of each principal 
mark xs is a non-negative integer smaller than the principal element «@; 
appearing in the column associated with xs. This may evidently be 
accomplished by subtracting from the form > css a suitable linear com- 
bination of the forms p;. If the symbol [> css] is in canonical form 
there is clearly no element of G of the co-set [>'css] nearer to the origin 
than >'csxs; hence, by the definition of the norm of [>'csas], we must 


have 
@ [D coe] = w (2 cos). 


It follows, at once, that the inequality 


a w[p] > w[g| 
implies the equality 

o[p+ig] = o[pl, 4+0, 
which is the analogue of relation (2). Hence, by precisely the same 
argument as the one used in § 3 we find that ¢f |p], [g], and [r] are 
any three points of the group space qian) then either all three distances 
[pl {ql, 8[ pl] [7] and [gq] {[r] are equal or else two of them are equal to one 
another but greater than the third. 

The distance function d therefore satisfies the triangle axiom; whence, 
the group space Xg@anoaH) is a metric space. 

12. If one of the principal elements a; has the value unity and if all 
elements of the matrix ||ais|| in the same row or column as a have the 
value zero except a; itself we shall say that the row and column con- 
taining a; are redundant. If we strike out all redundant rows and columns 
Srom the matriz || ais\| the resultant matrix will clearly be equivalent to || ais ||. 
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For the canonical symbols [> cs 2s] representing the elements of the factor 
group G@(mod H) will obviously be identical with the symbols for the 
elements of the factor group determined by the new matrix. Moreover, 
the symbols will combine in the same way whether they represent elements 
of @(mod#) or of the new factor group. Strictly speaking the norm of 
an element [>'cs2s] of the new group will, in general, be greater than 
the norm of the corresponding element of G(mod H), owing to the elimination 
of the redundant columns of || as || but this change in the norm will evidently 
have no effect on the definition of convergence. 

By reversing the above process, we may transform a matrix || ais|| into 
an equivalent one by interpolating any number of redundant rows along 
with the corresponding redundant columns, provided, of course, we never 
interpolate more than a finite number of rows between any two consecutive 
rows of || ais||. 

The lemma about redundant rows and columns will now be used in 
proving the following theorem: 

The matrix || ais\| 7s equivalent to a matrix || cis\|| such that the principal 
element in each row of |\|cis|| 7s a positive prime number or unity. 

Proof. Each principal element «; of || ais|| which is not a prime number 
or unity may be expressed as the product of k+ 1 prime factors 





(30) OO; = MyM +++ Mr. 


Wherever such a leading element occurs we shall enlarge the matrix || ais) 
by interpolating k redundant rows immediately after the row containing «; and 
the corresponding k redundant columns immediately after the column con- 
taining «;. We shall thereby obtain a new matrix ||dj.|| which will be 
equivalent to ||ais||, by the lemma. We may think of the columns of || Dis 
as associated with the base elements ys of a new group G’ analogous to G 
and of the rows as associated with the base elements q; of a sub-group H ; 
of @’. The matrix ||djis|| will then be a matrix of the factor group 
(mod H’) homeomorphice with @ (mod H). 

Let us now examine a k+1 rowed minor pw of the matrix || bis||_ com- 
posed of a block of terms in consecutive rows and columns, and such 
that the element in the upper left hand corner of w is the principal 
element «; in (30). Evidently, the minor w will be a diagonal matrix 
with the diagonal elements a, 1,1,---,1. Therefore by the classical 
theory of finite matrices with integer elements, there will be a.change of 
basis t; of G’ and a change of basis o; of H’, involving only the marks ps 
and gi associated with the columns and rows of the minor », which will 
transform the minor w into one with the prime numbers 7, 71, 72, -++» 7% 
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along the main diagonal, with the numbers 1 along the diagonal immediately 
above the main diagonal, and with zeros everywhere else. Thus, the 
effect of the two transformations +; and o; will be to replace the principal 
elements @;, 1, 1,---, 1 by a set of prime principal elements 7, 7, ---, 7%. 

Now, the resultant of the sequence of transformations 7; (7 = 1, 2, 3, ---), 
determines a change of basis of the group G@’, since it is of the type (y) 
discussed in § 6. Similarly the resultant of the transformations o; deter- 
mines a change of basis of the sub-group H’. Moreover these two changes 
of basis reduce the matrix ||ajs|| to the desired matrix ||cjs|| in which all 
non-prime leading coefficients «; have been eliminated. We have, there- 
fore, proved the theorem. 

13. Next, we shall prove that the matrix ||ais|| 1s equivalent to a matrix 
\|bis|| such that all the elements in the secondary columns of |\bis|| are zero. 
The transformation carrying ||ais|| into ||bjis|| will be derived as the limit 
of a series of simple transformations, each of which will reduce to zero 
a new element in one of the secondary columns. To avoid unnecessary 
complications, we shall assume, as we may in view of the last theorem, 
that the principal element in each row of the matrix ||ajs|| is a prime 
number or unity. 

Let the first secondary column of || ajs|| containing a non-vanishing element 
be the sth column, and let the last non-vanishing element in this column 
be the element ais in the 7th row. We may then replace the element dis 
by zero in the following manner. Let the principal element in the same 
row as ais be the prime element 7;, and let the principal column con- 
taining 2; be the rth column, (r<s). Then, by a suitable change of basis 
of the form 

Ly = arty+bas, 


d—be = +1 
Le = CXr+ das, n F 


(31) 
involving only the principal mark 2, and the secondary mark x; we may 
obviously replace the rth and sth columns of the matrix ||ais|| by linear 
combinations of the two of them in such a way that 2; is replaced by 
the highest common factor of 7, and ais, and that ais is replaced by zero. 
By a succession of similar transformations, we may, therefore, reduce the 
elements in the secondary columns to zero, one after the other. The special 
case where the complete reduction may be effected in a finite number of 
steps requires no further comment. However, we must examine more closely 
the general case where the complete reduction necessitates a passage to 
the limit. 

Let the resultant of the first » transformations of type (31) be expressed 
as a function of n. 


86 
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| (32) a(n) = Qi his (1) ars, 
8 
let the inverse of (32) be 
(33) “4 = 2 Mis (n) xs (n), 


and let the matrix into which ||qis|| is transformed by (32) be ||ais (n)|\. 
a Then, clearly, the matrix ||is(m)|| varies co-grediently with || ais (n)||, as 
m increases, and the matrix || Ais (m)|| varies contra-grediently with || ais (n)||. 
We shall prove that all three of these matrices are regularly convergent. 
It will then follow, by § 7, that the variable transformation (32) converges 
to a limit and that the limiting transformation is a change of basis of G 
carrying the matrix || ais || into the desired matrix || Dis ||. 

Let us first examine transformation (31) a little more closely. If it so 
happens that the element ais which we wish to replace by zero is exactly 
divisible by the principal element 7;, all that we shall have to do will be 
to add to the sth column of the matrix |lajs|| a suitable multiple 2 of the 
rth column. The requisite transformation (31) will, therefore, reduce to 
the simplified form 

ry = ty—Atz, 
te = Le. 


(34) 


It will, thus, leave all the marks of the basis a invariant except the 
principal mark associated with the 7th column of ||q@is (m)||._ If the element ais 
is not exactly divisible by 7; we shall not be able to reduce (31) to the 
form (34). In this case, however, the elements 7; and ais will be mutually 
prime, (since 7; is a prime number), consequently the transformation will 
reduce the principal element in the yth column from 7; to unity. Every 
subsequent transformation involving the principal mark 2;(n) associated 
with the rth column, will therefore have to be of the simplified type (34). 
The regular convergence of the matrix || as() || now follows immediately. 
By what we have just shown, a variable mark x,(n) associated with a 
principal column of || as(m) || can undergo at most one transformation of 
type (31) irreducible to type (34). Therefore, as » increases, each princi- 
pal column of || ais(m) || will either remain invariant or change exactly 
once for some one value of m. Moreover, each secondary column of 
|| ais(m) || will remain invariant from the moment when all its elements have 
been reduced to zero. The regular convergence of || ais(n) || is, therefore, 
. assured and, with it, the regular convergence of || mis(m) ||, because 
; || is(m) || varies co-grediently with || aie() ||. 
. Finally, to show that the matrix || Ais(n) || is regularly convergent, let 
us re-examine relation (32) from which the matrix was derived. Initially, 
the variable marks a;(m) in (82) will have the values 2;(0) = a and, 
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therefore, the norms (a;) = 1/i. Moreover, as may at once be verified 
by induction, the norm of each principal mark 2, (n) will remain invariant 
and equal to 1/r as m increases, but the norm of each secondary mark 
as(n) will increase to a new value 1/r each time the mark 2, (n) 
enters into combination with a principal mark 2,(n) as the result 
of a transformation of type (31) irreducible to type (34). Now, given 
any positive integer k, let us carry out the reduction of the matrix || ajs || 
to such a point that, at the moment when we are about to start operating 
on a new secondary column, the first k columns of || ais (m) || have attained 
their ultimate, invariative form. Then, clearly, at each further step of 
the reduction we shall either be making a change of basis of type (31) 
such that the norms of z,(m) and 2,(n) are both less than 1/k or a change 
of basis of type (34) such that the norm of x(m) in less than 1/k. But 
the only effect that these transformations can have on the right hand 
members of equations (32) will be to alter the coefficients 4;,(m) of the 
variables x; subsequent to the kth one a,. Therefore, the transformation 
will leave the first & columns of the matrix |! Ais(m) || invariant. This 
establishes the regular convergence of the matrix || Ais(m)|| and thus 
completes the argument. 

On the strength of the last theorem let us choose the matrix || ajs || so 
that all the elements in its secondary columns are zero. Let us further 
express the group G as the direct sum of two groups A and B, the first 
consisting of all linear combinations of the primary marks a of G and 
the second consisting of all linear combinations of the secondary marks. 
Then we may, at once, express the factor group G (mod H) as the direct 
sum of the groups A (mod H) and B. The matrix of A (mod H) will 
be obtainable from the matrix || ais|| by merely striking out all the 
secondary columns of || ais ||. It will have zeros below the main diagonal, 
prime numbers and 1’s (but never zeros) along the main diagonal, and arbi- 
trary numbers above. In view of the topological applications which we 
have in view, we shall call the group B the Betti group of G (mod H) 
and the group 7’ = A (mod A) the torsion group of G (mod H). 

The torsion group 7’ = A (mod A) is a uniquely determined sub-group 
of the group @ (mod A); that is to say, it is independent of the parti- 
cular reduced matrix || ais || used in defining it. Every element a of 7 
is characterized by the fact that we can find a multiple 4a of a, (4 +0), 
which is as close as we please to zero. For let 7, %2, 7% °°: be the 
elements down the main diagonal of the matrix of 7. Then, the multiple 


7, +++ ma of a may evidently be expressed in terms of the marks 
associated with columns subsequent to the kth. Therefore, as k increases 
indefinitely, the norm of (7, 7 --+ 2a) approaches zero. On the other 
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hand, if b is an element of G(mod H) but not of 7 then the symbol for 
b must involve at least one of the secondary marks z;. Consequently, 
the norm of 2b, (A+ 0), can never be less than 1/s. 

The Betti group B is evidently not uniquely determined, for the form 
of the matrix || as || is not altered if we add an arbitrary linear combi- 
nation of the primary marks x, to one of the secondary marks z,. How- 
ever, the topological structure of B does not depend on the particular 
way in which B is chosen, since B is obviously homeomorphic with G 
(mod H), reduced again mod 7’. 

The structure of the group B is completely determined when we know 
the number of marks in its basis. It is, therefore, characterized by a 
single invariant P, (its Betti number), which will either be a non-negative 
integer Or Np. 

The structure of the torsion group 7’ requires further analysis. 

14, To determine the structure of the torsion group TJ let us consider 
one of the matrices ||cjs|| of 7’ such that every diagonal element of || cis|| 
is either a positive prime number or unity. We shall first reduce the matrix 
\|cis || to such a form that each element cis above the main diagonal is zero 
unless the diagonal element cy in the same row as cis and the diagonal 
element Css in the same column as cis are both different from unity and 
Srom one another. 

Suppose that in the matrix ||cis||, as originally chosen, an element cis 
above the main diagonal is different from zero. Then, unless the diagonal 
elements cj and Css are equal to the same prime number (greater than 
unity) there exist multipliers 4 and » such that we have 


Aci + Wess = 1, 
and, hence, multipliers Ai; = Acig and pis = cis Such that we have 
his Cit + bis Css = Cis. 


We may, therefore reduce the element ci, to zero by subtracting is times 

the cth column from the sth column and pis times the sth row from the 

ith row. Let a, and p, be the base marks associated with the columns 

and rows of ||cs|| respectively. Then if we make the following changes 

of bases, 

(35) xy = 24 +> his Xs, (s>1), 
8 


and 
(36) P; = 2 —> Hi. Pg (s >1); 
8 
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which are of the form (8) described in § 6, we shall simultaneously reduce 
to zero all elements cjg such that their corresponding diagonal elements 
ci and Css are not equal to the same prime number. The sums in (35) 
and (36) are of course to be extended over all the multipliers associated 
with the various elements cis which we are reducing to zero. 

After the matrix ||cis|| has been simplified in the manner just indicated 
there will be a redundant row and column corresponding to each element 1 
appearing along the main diagonal, because every other element in the 
same row and column as a diagonal element 1 will have to vanish. We 
shall therefore be allowed to strike out all the rows and columns containing 
a diagonal element 1. 

Now, let us say that a base mark 2; or p, is of class m (a prime) if 
the diagonal element of the simplified matrix is 7. Then, clearly, each 
base mark p, of class ~ is a linear combination of base marks x, of the 
same class 7, because all the elements in the th row of the matrix || cis || 
are zero except, possibly, the ones in the columns corresponding to the 
base marks 2; of class 7. The group T is, therefore, the direct sum of 
a set of groups Tx, one corresponding to each prime number 1 and such 
that the matrix of each group T,, is the one obtained from the matrix of 
the group T by striking out all rows and columns except the ones associated 
with the base marks of class a. Each group Jy will be determined 
by a matrix of the same general form as ||cjs|| except that all the 
diagonal elements of the matrix of 7 will be equal to the same prime 
number 7, 

15. To complete the discussion we must now determine the structure 
of the groups 7x. Consider any group 7x, let its matrix be ||es||, and 
let the marks associated with the rows and columns of ||eis|| be 7 and 2s 
respectively. Then, in the notation of § 10, the group elements of 7> will 
be represented by symbols of the form 


(37) t = [D ase. 


We shall measure the norm of a group element ¢ of 7, in the metric 
determined by the marks zs. Thus, if the symbol (37) is in canonical 
form and if the leading term in the brackets is a» zZ, the norm of ¢ will 
be 1/n (cf. § 11). Each column of the matrix || e»|| determines an element 
Cs = [zs] of the group 7x. To simplify the notation we shall express 
a general element ¢ of 7’; as a linear combination of the elements ¢; with 
non-negative coefficients smaller than 7: 


(38) t= Dasts. 
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When we operate with symbols of the form (38) the coefficients as are, of 
course, not reduced modulo = in the ordinary sense. They are reduced 
successively to non negative integers smaller than 2 with the help of 
relations 7; == 0 determined by the rows of the matrix || e;s|\. 

From the form of expressions (38) it follows, at once, that the group T, 
is compact. For consider any infinite sequence of elements 4; of 7, 


(39) ni = D dis bs, G = 1,2,.-). 


Since the coefficients aig can only take on the values 1, 2, ---, —1 there 
will always be an infinite sub-sequence of (39) such that the first coef- 
ficient a will have a constant value a, for every element 7; of the sub- 
sequence. Similarly, there will be an infinite sub-sequence of the previous 
sub-sequence such that the second coefficient az will have a constant 
value az, and so on. The form 


1 = Debs 
8 


determined by the successive coefficients a,, d2,--- will clearly represent 
a limit element of the sequence (39), since there will be elements 7; differing 
by as little as we please from 7. The group 7 must, therefore, be com- 
pact. By a similar argument it can be shown that the entire torsion 
group 7’ is compact. The group G (mod #) is, however, not compact unless 
its Betti number vanishes. 

16. Let us now begin with the very special case where the matrix of 
the group 7 has the numbers z along the main diagonal, the numbers —1 
along the diagonal immediately above the main diagonal, and zeros every- 
where else. From the rows of the matrix we have, at once, the relations 


Csi = Cz, (s = 1, 2, 3, +++), 
whence, also, the relations 


Cs44 = nm - . 


It therefore follows that if the matrix of 7, is a finite matrix with n columns 
the group 7, will be a cyclic group of order 2” generated by &. If the 


matrix of 7’ is an infinite matrix, every group element of 7’ will be of 
the form 


(40) c= (ais 7°) i= MS +awt+a,n?t,+---. 


By a slight extension of the meaning of a generator we shall say that in 
the infinite case, the group Tn is the 1-adic group generated by &,. The 
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a-adic group generated by ¢, is, more precisely, the closure of the 
infinite group generated by ¢,. If the element ¢ in (40) is expressed in 
canonical form the coefficients a; will all be non-negative integers smaller 
than a. The set of all elements ¢ obviously has the cardinal number of 
the continuum. 

We shall prove that, in the general case, the group Tx is the direct sum 
of a countable number of n-adic groups and of cyclic groups of orders x", 
(ng = 1, 8,.+ 5 

17. We shall find it convenient to introduce 7-adic operators of the form 


(41) a= > as m8 


and to represent the elements of the z-adic group generated by ¢, by the 
abridged symbols @f,. Two za-adic operators a and 8 are to be regarded 
as equal if, and only if, the elements #f, and Af, of the a-adic group 
are identical. Every operator @ may, therefore, be reduced to a unique 
canonical form, 


(42) a = at we , 
8 


such that the coefficients b, are non-negative integers smaller than 7. 
The coefficients bs may evidently be determined, one after another, by 
successively solving the diophantine equations 


bo = tA x, 
bh = (4 +4) +47, 


bs = (ag+As—1) +45 Uy 


An integral operator may be regarded as a special case of a 7-adic 
operator, but there will, of course, be 7-adic operators which correspond 
to no integer, since we have seen that the -adic operators have the 
cardinal number of the continuum. 

If the leading coefficient of a 7-adic operator «, written in the canonical 
form (42), is the mth one, ba, we shall say that the norm of @ is 1/n. 
Thus, in particular, if the norm of an integral operator « is 1/n it means 
that the integer @ is exactly divisible by 7”, but not by 7”. 

The operators @ may be combined by addition, subtraction, and multi- 
plication in the way that ordinary power series are combined. Clearly 
the norm of a product @f can never exceed the norm of either factor. 
Therefore, it will never be possible to divide a 7-adic operator « by 
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a m-adic operator # of smaller norm than @. However, if the norm of 8 
is equal to or greater than the norm of « there will always be a n-adic 
number 8/a. For it will always be possible to find a -adic number ;, 
such that the leading term in the canonical expansion of 7; @ is the same 
as the leading term in the canonical expansion of 8. Hence it will always 
be possible to write : 

= na+A, 


where the norm of the remainder 4, is smaller than the norm of the 
dividend 8. The quotient 8/« will, therefore, be obtainable by the ordinary 
process of long division in the form of a convergent series, 


bee yntntnt 


of m-adic operators with monotonically decreasing norms. 
18. We are now ready to analyze a perfectly general group of type 77. 


Let 
c= Gn Sn++++, (0<am< 1), 


be any non-vanishing element of 7, expressed in canonical form. Then, 
clearly, the norm of the wth multiple 7¢ of ¢ is smaller than the norm 
of ¢ itself. For if we express ~C in terms of the elements ¢; the 
coefficient of ¢, will be exactly divisible by ~ and will, therefore, reduce 
to zero when we write 7¢ in canonical form. It follows, at once, that 
every infinite series, of the type 


Dag = wba wo+--- 


converges to a definite element 7 of Tx. With the help of the 7-adic 
operator (41) we shall be able to express y as a. 

A a-adic basis of the group 7x will be any set of elements 75 of Tx 
such that the following two conditions are fulfilled: 

(i) Given any integer n there are, at most, a finite number of elements 7° 
of norms greater than 1/n. 

(ii) Every element ¢ of 7, is expressible as a linear combination of the 
elements 7s with 7-adic coefficients. 

In view of condition (i) every linear combination of the elements 7 with 
m-adic coefficients will be convergent and will, therefore, have a meaning. 
In general, there will, of course, be relations of the form 


D> abs = 0 


with 7-adic coefficients connecting the marks of a 7-adic basis. 
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A cyclic group of order x” has a z-adic basis consisting of a single 
element 7 satisfying a relation 7*47—0. A a-adic group has a z-adic 
basis consisting of a single element 7 satisfying no relation of the form 


ay =0, (2 $0). 
Let us note, for future reference, the following obvious lemmas: 


The relation 


(43) uP, the Cs = 0, (a; m-adic), 
8 
implies the relation 
(44) b> ast, = 0, 
8 


where 8 is any 7-adic number. 

For relation (44) may be expressed as a convergent sum of integral 
multiples of relation (43) such that each term of the sum corresponds to 
a term in the expansion of # in powers of 2. In general, relation (44) 
does not imply relation (43). 

If the norm of a coefficient as in (43) is 1/n, the multiplier B may be 
so chosen that the coefficient of Bas in (44) is the integer n™—', For the 
coefficient @; has the same norm as the integer 7”. Therefore, we may 
choose 8 as the quotient 2”—!/a, 

19. To fix matters, we shall choose as a z-adic basis of the group 7> 
the set of all marks £, associated with the columns of the matrix || es|| 
of Tz. Let this basis be denoted by Z. Then, if the basis Z -contains 
an element ¢ which is expressible as a linear combination of the other 
base elements of Z the element ¢ is clearly redundant in the sense that 
if we discard it from the set Z we shall still have left a 2-adic basis 
of 7. We shall prove that there is always a subset of the elements Cs 
forming a 7-adic basis of 7 and containing no redundant element. This 
subset may readily be obtained as follows. If the basis Z contains redundant 
elements we always discard the first one £,, appearing in the sequence s, 
thereby obtaining a new basis Z,. If Z, contains redundant elements, 
we discard the first one £,, (4 >), thereby obtaining a new basis Z2, 
and so on. If the discarding process comes to an end after a finite number 
of steps we obtain, at once, the desired basis Z,. Moreover, if the process 
goes on forever, it is easy to show that the residual elements of Z which 
are not discarded at any stage of the process form a basis Z,, of the 
desired sort. For let ¢ be any element of the group 7> and let 


(45) c= Pa Ans Ss 


be any representation of ¢ in terms of the base elements of Z,. (If 
Zn, does not contain the mark £, we shall, of course, write dns = 0). 
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Then, by the classical device for compact sets which we have already 
employed so often, there exists a sub-sequence of the sums 


2 tigllins (= 1, 2, 3,.-.), 
8 


such that the first coefficients «,, converge to a 2-adic number «@,. There 
also exists a sub-sequence of this sub-sequence such that the second 
coefficients converge to «,, and so on. In terms of the coefficients «,, a, ... 
we shall now be able to express ¢ in the form 


(46) t= dts c. 


since there exist relations (45) differing by as little as we please from (46). 
Evidently, relation (46) expresses ¢ in terms of the base marks of Z,, 
alone, for if ¢; is not a mark of Z,, the coefficients ang will all be zero 
from a certain point on, therefore the coefficient a; in (46) will also be 
zero. Moreover the basis Z,, cannot contain a redundant element. For 
a redundant element ¢, of Z,, would necessarily be a redundant element of 
all the Z,’s. But if the element were redundant for Z;, (¢ = 0, 1, 2,---, n—1), 
it would have to be the first redundant element of Z,-:. Therefore, it 
would not be present in Z,, and we would be led to a contradiction. 

20. In view of what we have just proved, we may always start with 
a basis Z of TJ, without redundant elements. Let the elements of the 
basis Z be ¢;. Then if there is any relation 


(47) > ts i a= @ 


with z-adic coefficients connecting the elements ¢;, the norms of the 
coefficients @s will all have to be smaller than unity. For if the norm 
of a coefficient @, were unity there would be a z-adic number of the 
form 1/«s, (§ 18). Therefore, we could multiply (47) by 1/as and obtain 
a relation in which the coefficient of ¢, was unity. The element ¢, would, 
therefore, be redundant, contrary to hypothesis. 

A relation (47) will be said to be of species 1/n if no coefficient @s has 
a norm greater than 1/n and if one coefficient, at least, has the norm 1/n. 
By what we have just seen, the species of every relation (47) must be 
smaller than unity. Ina relation of species 1/m, the first element ¢, with 
a coefficient @, of norm 1/n will be called the principal element of Ss. 
If we multiply such a relation by 1/a, (cf. § 18), we shall evidently obtain 


an equivalent relation in which the coefficient of the principal element is 
the integer n”~1, 
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Now suppose there is a relation of species 1/n, among the base elements £,, 
but no relation of greater species than 1/m,. Then, in the sequence {,, 
let us pick the first element ¢ which is a principal element of some 
relation of species 1/m,. The element C, clearly appears in a relation of 
the form 

ni Ce + pa als = 0. 
$¥t, 
Moreover, since all the 7-adic coefficients a, are exactly divisible by 2” ", 
we may write this relation as follows: 


ni" (5, + 2 Bs cs) = 0, (2 + = i ) 


7 
Thus if we make a change of basis which merely replaces & by 


(48) = bet Oy Bole 


the new base element will evidently satisfy the relation 
“ a = 0. 


Moreover, it will satisfy no relation in which the norm of its coefficient 
is greater than 1/n,. Otherwise the original base element ¢, would have 
to satisfy a similar relation, as we could see, at once, by applying the 
inverse of transformations (48). The group 7x is, therefore, the direct 
sum of a cyclic group K, of order 2” generated by £7, and of a group 7% 
generated by the remaining base elements ¢;, (s+¢,). 

In general, there will also be relations among the base elements of =. 
in which case, we shall decompose this new group into the direct sum of a cyclic 
group K, of order 2"**, (ng > m), and of a group T7, and so on. If 
the process comes to an end after a finite number of steps we shall 
ultimately resolve the group 7x into the direct sum of a set of finite cyclic 
groups K; and of a group T” such that there are no relations whatever 
between the base elements of 7%. Moreover, the group 7x will obviously 
be the direct sum of a set of 2-adic groups, each generated by one of the 
base elements of 7%. 

21. There remains the case where the process of taking out finite cyclic 
groups goes on forever. To handle this case, a certain amount of care 
must be exercised. If the group 7x is to be the direct sum of the cyclic 
groups K; and the residual group 7 generated by the residual base 
elements, the norms of the base elements 3 of the groups K; will have 
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to converge to zero, since the combined base elements of the groups K; 
and 7’? will have to form a -adic basis of the group 7. But if the 
groups K; are obtained according to the process indicated above there is 
no assurance that the norms of the base elements ¢;, will converge to 
zero. The difficulty may readily be overcome in the following manner. 
If no two of the base elements ¢;, have the same norm their norms will 
clearly converge to zero, and no difficulty will be encountered. If two or 
more elements ¢, do have the same norm, let Ky be the first cyclic groups 
such that the norm of its base element & is the same as the norm of 
the base element &, of some group Ky, already in the sequence. Then 
there always exists an integer k (< 7) such that the norm of &% —k{¢, is 
smaller than the norm of &, as may be seen, at once, by expressing 
¢; and ¢; in canonical form and noting that the leading coefficient of 
k¢:, is k times the leading coefficient of ¢, reduced modulo m. What we do, 
therefore, is merely to replace the cyclic group K, by a new group K;, 
generated by & —k{,. The direct sum of K, and Ky is clearly identi- 
cal with the direct sum of K, and Kj. For the matrix of K,+X, is 
of the form 

(49) sles 


QO atts |? (8 =?) 





Moreover, when we replace f, by ¢,—lt, the matrix becomes 


han 
| km@tB ~e+B 


which reduces, at once, to the original form (49) if we subtract from the 
relation corresponding to the last row the kv*th multiple of the relation 
corresponding to the first row. After a finite number of steps similar to 
the one just made, we may obviously replace the group Ky by a group 
Ky such that the norm of its generator is different from the norms of the 
generators of all the preceding groups K;. In other words, there is n0 
loss of generality in assuming that the groups K; are successively chosen 
in such a manner that no two of their generators have the same norm. 

Now, when the group elements K; have been chosen in the manner last 
indicated it is easy to see that the group 7; is the direct sum of the 
groups K; and the group 7% generated by the residual base elements. 
The proof follows the lines of previous proofs so closely that a rapid 
outline will be sufficient. Let € be any element of the group 7x and let 


(50) c= = Oni oe+ > hrs Cs 
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be any expression for ¢ in terms of the base elements of the groups 
K;(i<n) and the group Tx. (Of course, the coefficient By, vanishes if C, 
is not a base element of 77). Then, there is always a sub-sequence of 
(50) which converges to a form 


(51) c= Zwiti+ 2 Bots, 


where 8, is zero if ¢, is not a base element of 77. This proves that the 
group 7; is the sum of the groups K; and the group 7. To prove that 
Tx is the direct sum we observe that a relation of the form (51) in which 
one of the coefficients a; was smaller than the period of K; would imply 
a similar relation (50), which would contradict the fact that 7, was the 
direct sum of Ki (i < n) and Tr. 

22. The argument is now nearly completed. It may, of course, happen 
that there are relations among the base elements of the residual group 7’ , 
in which case, we can start afresh and remove cyclic groups from 7’ . 
Let Kw be the first cyclic group to be removed. Then, clearly, the order 
of Kw must be greater than the orders of all the groups K; previously 
removed. For the presence in 7x of a cyclic group of the same order 
as a K; would imply that at some stage in the formation of the groups K; 
we had chosen one of the groups K; incorrectly by failing to pick the 
jirst principal element ¢:, occurring in a relation (47) of maximal species. 
We may, therefore, choose Kw in such a way that the norm of its base 
element is different from the norms of the base elements of all the groups K;, 
and so on. Thus, by repeating the entire process an infinite number of 
times, if necessary, we must ultimately arrive at a countable set of cyclic 
groups 

K,, Ks, aoe Ko, Ko, eee, 

such that the norms of their base elements are all different, and at a 
group 7 determined by whatever base elements ¢, of 7x are still left 
after all possible cyclic groups of all possible orders have been taken out. 
By a mere repetition of the argument made above, the group 7; may be 
shown to be the direct sum of the cyclic groups K; and the group Tr. 
Finally, the group Tr is obviously the direct sum of a set of 7- adic groups, 
one determined by each of its base elements. The resolution of the group 7; 
is, therefore, completed. 

23. In conclusion, we evidently need the following invariants to charac- 
terize the factor group G (mod H) completely. 

(i) A Betti number P. 
(ii) An invariant [x*], for every choice of the positive prime number 7, 
measuring the number of z-adic groups in the decomposition of 7’. 
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(iii) An invariant [7”], for every choice of the positive integer n and the 
prime 7, measuring the number of cyclic groups of order x” in the 
decomposition of 7’. 

The numbers P, [7%], and [7”] are either non negative integers or in- 
finite. We have already proved that the number P is an invariant, § 13. 
The numbers [7”] and [a”] may be given the following invariantive 
significance. Let FP be the sub-group of 7 consisting of all elements of 
finite period, and let Fy be the sub-group of 7x consisting of all elements 
of period 2” or less. Then the number of independent elements in the 
factor group 7 (mod F,) is clearly [a*], and the number of elements in 
the factor group Fx (mod Fy’) is nl", 

If two groups G (mod H) and G (mod H’) have the same invariants they 
are obviously homeomorphic. 











UBER EINEN SATZ VON HERRN M. H. STONE’. 


Von J. v. NEUMANN, PRINCETON. 


1. Herr M. H. Stone hat vor einiger Zeit den folgenden Satz formuliert 


und bewiesen?: 
(S) Sei Ut eine Schar unitiirer Operatoren des Hilbertschen Rawmes, mit der 
Gruppeneigenschaft 
Ut Us = Ui+s. 


(t, s reelle Zahlen). Dann existiert eine Zerlegung der Einheit E(A)’, 
so daB symbolisch 


+2 
Ur = {- eit d E(A) 


gilt*. 
Hierbei ist Voraussetzung, dab U; stetig von ¢ abhiingt®. Die Anwendungen, 
die von diesem Satze, besonders in der von Herrn B. 0. Koopman ent- 
deckten Operatorenbehandlungsweise der klassischen Mechanik gemacht 
werden kénnen® (so konnte der Verfasser mit ihrer Hilfe die klassisch- 
mechanische Quasi-Ergodenhypothese beweisen’), lassen es als erwiinschens- 
wert erscheinen, den Stoneschen Satz auch ohne die Stetigkeitsannahme 
zu beweisen®, Auch rein mathematisch ist eine solche Verscharfung 


anzustreben. 
In einer friiheren Abhandlung® fihrte der Verfasser den Begriff der 
meBbaren Abhangigkeit eines Operators Ay vom Zahlenparameter ¢ ein: 


' Received March 16, 1932. 
* Proc. Nat. Ac. 16, Februar) 1930, S. 173-174. 
*Vgl. z. B. die Abhandlung des Verfassers ,,Allgemeine Eigenwerttheorie Hermitescher 
Funktionaloperatoren“, Math. Ann. 102,1 (1929). Sie soll im folgenden als E zitiert werden. 
‘D.h. fiir zwei beliebige f, g des Hilbertschen Raumes 


(Urf.9) = [eta E@s 9. 


Die Bezeichnung nach a. O. Anmerkung ?, sowie E. 

* Vgl. z. B. die Abhandlung des Verfassers ,,Zur Algebra der Funktionaloperatoren usw. ’, 
Math. Ann. 102,3 (1929), wo der Stetigkeitsbegriff variabler Operatoren prizisiert wird, 
insbesondere 8. 381-388. Diese Arbeit soll im folgenden als A zitiert werden. 

° Proc. Nat. Ac. 17, May 1931. 

7 Proc. Nat. Ac. 18, January 1932, sowie weitere Abhandlungen in den Proceedings, 
und den zweitfolgenden Artikel dieses Annals-Heftes. 

*Vgl. den in Anmerkung 7 genannten Artikel des Verfassers in diesem Annals-Bande. 

* Math. Ann. 104,4 (1981), S. 572. 
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(M) Der Operator A; hiingt meSbar vom Zahlenparameter t ab, wenn fiir 
alle f, g des Hilbertschen Rawmes die numerische Funktion (A: f, 9) im 
gewihnlichen (Lebesqueschen) Sinne mefbar ist. Ubrigens kann man 
bei dieser Definition f, g auf die Elemente eines vollstiindigen normierten 
Orthogonalsystems 91, 92, +++ beschriinken™. 

Im nachsten Paragraphen zeigen wir, da die Pramissen von (9) (d. i: 

U; unitar, U; Us = Ut+s) zusammen mit (M) (d.i.: U; meBbar von t¢ 

abhangig) die Stetigkeit von U; in bezug auf ¢ nach sich zieht. Im letzten 

Paragraphen geben wir einen neuen Beweis des Stoneschen Satzes an. 

2. Erfille U; die Pramisse von (S) sowie (M). Da (Uf, 9) mefbbar 
von ¢ abhangt, (7, 9g beliebig, aber vorlaufig fest im Hilbertschen Raume), 
gibt es nach einem Satze von Lusin™ zu jedem ¢ >0 eine t-Menge T = Ty,- 
von Lebesgueschem Mafe <e, so dab (U;/, 9), als Funktion des auf die 

Komplementéarmenge von & beschrankten ¢ betrachtet, stetig ist. Sei 

Ji, fa, «++ eine im Hilbertschen Raume iiberall dichte Folge’, durchlaufe 


J, g alle Paare fm, fn. Wir setzen dazu ¢ = (d>0). Die Menge 


Qm+n 
e2, 0 . 
2 == Sand sill hat ein MaB < >’mn ri 6, und fiir das 
I Ins nbn 1 


auf ihre Komplementérmenge beschrankte ¢ sind alle (U: fm, jn) stetig, 
also auch alle (U;/, g) (denn (U;:/, g) ist, wenn ¢ als Parameter angesehen 
wird, gleichmaBig stetig in f, g fiir alle ¢'*). Wenn also ¢ und 4, &,--- 
nicht in &’ liegen, und t,—¢, so gilt fiir alle f, g (Ui,S,9-(US, 9), 
d. h. die U%, f konvergieren schwach'* gegen U;f. Da aber gleichzeitig 
|| Ut, f|| gegen || U:/|| konvergiert (wegen der Unitaritat sind ja alle = ||/'\)), 
konvergiert U;, f sogar stark gegen U%; f'*. Nach einem bekannten 
Satze von Lebesgue hat in allen Punkten ¢ auBerhalb von 2’, bis auf eine 
Menge vom Mafe 0, dieses ©’ die Dichte 0'°. Fir ein solches ¢ kinnen 

0D). h.: die Matrixelemente der A; (im Koordinatensystem der 91, 92, ++-) sollen meb- 


bare Funktionen von ¢ sein. Die Gleichwertigkeit der Definitionen beweist man leicht, 
vgl. a. a. O. Anmerkung °. 


"C. R., 154, 1912, 8. 1688, oder Sierpinski, Fund. Math. 3, 1922, S. 320. 

Der Hilbertsche Raum ist separabel! Vgl. z. B. E, 8. 65 und 109-111. 

 Daes in f, g linear ist, geniigt es, die Falle f =0 oder g = 0 au betrachten. Dann 
ist (U: f, g) =0, und wegen der Schwarzschen Ungleichheit sowie der Unitaritit von U; 


U:f, 9)| S| Uefll «lig il =i llgll- 
Vel. E, 8. 64, Sate 1. \UeF, 9) SN UF || «|g |] =F il lig ll 


“ Vgl. z. B. A, S. 378-381. 


'* Wenn fx schwach gegen f konvergiert, und || fn|| (numerisch) gegen || ||, so gilt 
sogar starke Konvergenz: 


Ifa —F |? = FolP+MS 2 -—2RS, fo >2|| FP? —2RS S) = 0. 


‘© Vgl. z. B. Carathéodory, ,,Reelle Funktionen“, Berlin 1918, 8. 492—497, Satz 3. Die 
dort auftretende Funktion f(P) sei f(#), u. zw. = 1 in &’, sonst = 0. 
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wir also zu jedem f, @>0, 4>0 folgendes finden: Erstens ein 6, >0, 
so daB fir 6’ << 46,, >O der im Intervalle t—d’<?t’<t+0’ liegende Teil 
yon &’ ein MaB <6-0’ hat (wegen der Dichte 0!). Zweitens ein 6,>0, 
so daB fiir jedes nicht zu &’ gehdrige ¢’ des Intervalles t—0d,< t/< t+, 
Ur f—-Urf||<4 gilt (wegen der Stetigkeit). Sei d) = Min (d,, d,)>0, 
also Jy = 40 (t, f, 0,4). Fiir 6’ < do, >0 gilt also im Intervalle t—d’<t'<t+0’ 
iiberall, bis auf eine Menge vom Make <6.0’, || Uy f—U:f||<y. In 
dieser letzteren Aussage kommen &’ = Tj, 0 nicht mehr vor, sondern nur 
U; und t, f, 6, y sowie 0); wir wollen sie, die analoge Denjoysche Begriffs- 
bildung verallgemeinernd, approximative starke Stetigkeit von U; in ¢ 
nennen (vgl. a. a. O. Anm. ™). Sie gilt fiir alle ¢ auBerhalb von &’, bis auf 
eine Menge vom Mafe 0, d. h. fiir alle ¢ bis auf eine Menge vom Mafe <0. 
Da aber 6>0 beliebig war, fiir alle ¢, bis auf eine Menge vom Mafe 0. 

Wegen U; = Ut-+, U;,, Ur = Ur-t, Ut4w—» und der Unitaritét von U;-+, 
ist U; tiberall approximativ stark stetig, wenn es dies fiir f ist — also 
ist ersteres der Fall. 

Sei nun ein f und «>0 gegeben, wir wahlen ein d>0 so, daf fiir alle 


' in —d<t'<4, bis auf eine Menge vom Mage <36, lWet—fIl<z 





ist (¢ = 0,0= > 1 = +). Ferner seien ¢,, ¢ beliebig, aber mit 
i) 
l4—&|<é. Fir |e — it's <- ist bestimmt | —t|<4, |r—t|<4, 





, 0 
also gilt auch hier bis auf Mengen von Mafen <> || OS —S <=, 


|| Ort, S—S I<. Bis auf eine Menge vom Mae <6 gilt daher beides 


aeh <* das MaB é hat, gibt es 


2 
ein ¢ mit allen diesen Eigenschaften. Hieraus folgt aber: 


zugleich, und da das Intervall | — 








|| U.S — UF \| < || Ue, S— OF ||+ || Ox fF — Ui, || 
= || Ur (U:-+f—S) I+ Il Ui,(Ur4,f—S) || 


é 


= ||N-f—S\|4+|U4,f—SIi<ot+5 = 


Damit ist. die starke Stetigkeit von U fiir alle ¢ (vgl. a. a. 0, Anm. °) 


bewiesen, 
3. Wir gehen nun daran, den Stoneschen Satz zu beweisen. 


+00 
Sei a(t) eine numerische Funktion mit endlichem | 'a(t)| dt, dann 


87 
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+00 
kénnen wir einen Operator A symbolisch durch e , wt) Ur dt definieren, 
d. h. durch 


+00 
fg =f. a Ug at 


(vgl. a. a. O. Anm.’, S. 573-574). Man beweist. leicht, wenn auch 
r) oe 
| wi | b(t)| dt endlich und B = | b(t) U; at ist, die folgenden Formeln: 


A* = {- a(—t)U:dt, cA = i. ca(t) dt, 
+00 
A+B= J (+00) Hat, 
+00 
UA= AU, = {. at—s) Teat, 
oe) -+-00 17 
AB = . c(t) U;dt, (c = | ie a(s)b(t—s) ds 


(vgl. die analogen Beweise am oben a.O.). Die letzteren Formeln zeigen, 
daB unsere A, B, --- miteinander und mit den U; vertauschbar sind. 
e fir ¢ > 0] “- 


Wir setzen nun a(t) = 0 fir t< Ol’ 


e+ 
A= | et*U;,dt, A* =f{" éU; dt. 
0 —o 
Daraus folgt sofort: 
+ 0 
A-+ A* = [ el! UT dt, 
haat AA* = A*A = }(A+A?*). 
AA* = #74 = | ea se"! Ui dt, 


Fir V = 1—2A ergibt das: VV* = V*V = 1, ah. V ist unitar. Es 
ist, ebenso wie A, mit den V; vertauschbar. 


Betrachten wir den Ausdruck ae (V—1). Er ist gleich 





—2(-1)4 = 2 (4-1), 


*(f, e*U,ds—f, eU,ds | 


t a 0 
= ad. [leu, ds—2 downs. f e-* U, ds. 


also gleich 





t 








7 A* ist die Adjungierte von A. Man beachte, daB aus U:U, = Usts folgt. 
Us = 1, Ur’ = U-+, als wegen der Unitaritat UF — Uz’ = U-+. 
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Im ersten Glied konvergiert der erste Faktor fiir t>0 gegen 2, der zweite 
(der Operator!) wegen der Stetigkeit von U,; gegen U) = 1 (stark!), im 
zweiten Glied konvergiert der erste Faktor gegen 2, der zweite (der 
Operator!) ist gleich A. Also ist der (starke Operatoren-)Limes gleich 
2.1—2-A = V+1. Etwas anders geschrieben: 
U:—1 nei 
—.— (V—1) = —i(V+i) (t>0). 
Aus dieser Formel folgt Verschiedenes. Erstens hat V/= / (V—1)f/=0 
zur Folge, also 
U:—1 ; _ 
—{ V-DS = 0, (V+ NS = 0, dM Vf = —/, 
Also f=0. Somit ist V die Cayleysche Transformierte eines hyper- 


maximalen Operators R.'° Rg hat Sinn, wenn g = (V—1)/ ist, und 
dann ist es gleich —7(V+1)/,’* also gilt fiir alle g, fiir die Rg Sinn hat, 





ee g >, Rg (t+0). 


stark 





Wenn aot g auch nur einen schwachen Limes fiir ¢>0 hat, kénnen 


wir diesen gleich R’g setzen, dadurch einen Operator R’ definierend. Aus 


U-1 ook Se oot b= | U4—-1 


folgt (R’g, h) = (g, R’h), so daB R’ Hermitesch ist. Da es nach Obigem 

das hypermaximale R fortsetzt, ist Rk’ = R. D.h.: wenn Rg keinen Sinn 

- 
it 
Sei schlieBlich (4) die zu R gehérige Zerlegung der Kinheit.'* Wir 

a+ 00 
definieren eine Operatorenschar Uj symbolisch durch i_ et4 dB(A), dh. 
durch 








hat, konvergiert : g nicht einmal schwach. 


Ut,9) =f, Maes, 9, 


ganz analog wie in einer friiheren Abhandlung des Verfassers.*” Durch 
dieselben Rechnungen wie dort*! erkennt man: 





‘SE, 8. 80-81 und 91. 

'°E, 8.91, Def. 17 und S. 92, Satz 36. 

* Annals of Math., 32/2 (1931). 

*! Vgl. insbesondere S. 205, a)—b), und deren Beweise. 
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+- 00 
Bo =f aE@ = 
+ 00 ___ oe .. 
ut = [mane = [maw = 0%, 
WP i + 
U; U! ii ee eitd , gist d E(A) ={- eilt+s)a adE(4) = ae Utss. 


Also ist Uj Ui/* = Uf U'4 = Up = 1, ebenso U;* Ui = 1, d.h. UY unitar, 
mit derselben Gruppeneigenschaft wie die U;. Ferner ist jedes U; mit V 
vertauschbar, also mit allen H(A),?” also auch mit allen Uy. 
Wenn fir 4>C E(A)f=/ ist, und fir 4<—C E(A)f=—0 (was 
z. B. fiir jedes f= (E(C)—E(—C))g der Fall ist?*), so kénnen wir bei 
oo C 
Ui f das f . durch ein f 7 ersetzen. Dann erkennt man miihelos die 


Legitimitat der folgenden Rechnung (das 4 gilt fiir <0): 
+ | +C 
[i etan@ys— [az s 
it 
+ 
aBis > |. Ad E(A)f 


Ui—1 ., 
at i= 


_ +-C eitd mf 








os [Po razwys — Rf. 


Fir diese f hat Rf Sinn, und = liegen iiberall dicht, da fiir C>-+© 
Sa, eee 0= oa Somit gilt in einer iiberall dichten 











Menge der also 
.[Or:—1 _ Uf—1 4) a O:,—Ut —U/ whe 
ye af TE ee tee 
Fir ein solches / ist aber: 
n 
|(i—O) f || = Gages U" y—1 Tne, f's |S 
1 eT Seek ee 
<3 >” Un» Ae —U' t)F 

1 n 











TA 
M 

















Cone (Oe) 


Vel. z. B. E, S. 115, Satz 10* und dessen Beweis, woraus dies leicht folgt. 
8 Vgl. die Formeln in E, 8. 91, Def. 17. 
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n 


=F [7 y| 
eee sy | 








ms | 
n n 
ova sc leek 


n 
Fir n>+0 strebt der zweite Faktor gegen 0, also ist 
(Or—TH) f || = 0, Unf = Uf. 


Da Uf, Ui f stetig von f abhangen, gilt dies nicht nur in der genannten 
iiberall dichten /-Menge, sondern fiir alle f. Also ist 


UO = Ui = f- . aE). 


Damit ist die Behauptung von (S) bewiesen. 
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EINIGE SATZE UBER MESSBARE ABBILDUNGEN' 


Von J. v. NEUMANN, PRINCETON. 


1. Den Gegenstand dieser Arbeit bilden einige Satze tiber mefSbare 
Funktionen, die teilweise wegen ihrer Anwendung im unmittelbar nach- 
folgenden Artikel des Verfassers abgeleitet wurden. Immerhin sind sic 
vielleicht auch von selbstindigem mathematischen Interesse. 

Wir werden im folgenden gewisse Mengen 2 betrachten, die kurz 
m-Riume genannt werden sollen; sie sind so definiert: 

DEFINITION 1. Die Menge 2 heift ein m-Raum, wenn sie metrisch, 
separabel und vollstiindig ist’ (ihre Elemente sollen x, y, «++ heifen, die 
Entfernung x,y). 

Beispiele von m-Raéumen sind zahlreich: Der k-dimensionale Euklidische 
Raum, in dem die Distanz zweier Punkte {&,,---, &}, {41,-++, a} (die 
£,4 sind reelle Zahlen!) durch V (&—y,)?+ --- +(&—yx)* definiert 
wird, oder auch durch Max [|&,— |, ---, |§e—x|]; der Hilbertsche Raum 
(Punkte: {§,, &,---}, §+8-+--- endlich), in dem die Distanz zweier 
Punkte {&, £,---}, {#1, 92, ---} durch WV (&,—)?+ (&— 4)?+ --- 
definiert wird; der o-dimensionale Raum® (Punkte: alle {&,, §,---}), in 
dem die Distanz zweier Punkte {&, &, ---}, {m, 92, -+-} durch 
ain {Max [sal -++, |Ea— Mal, =| definiert wird‘; jede ab- 
geschlossene Teilmenge eines m-Raumes*; usw. 

Der zweite Begriff, den wir einfiihren, ist derjenige eines dem Lebesgueschen 
auferen Ma analogen Mages, definiert in einem m-Raume. Wir nennen 
es ein /-MaB°: 











1 Received March 16, 1932. 

* Vgl. z. B. Hausdorff ,Mengenlehre“ (Berlin und Leipzig, 1927), 8.94, 125 und 103. 

*Im oo-dimensionalen bestehen, wie man sieht, mehrere, voneinander wesentlich ver- 
schiedene, Analoga des Euklidischen Raumes! 

‘ Diese Entfernungsdefinition hat die Wirkung, da die Folge {#”, &”, ---} (p=1,2,-~) 


dann und nur dann fiir poo gegen fi. Ea, 4 konvergiert, wenn fiir jedes el?) _» 5, 
(p— co) gilt. 


> Mit derselben Metrik! 
°Die nachfolgenden Begriffsbildungen lehnen an jene von Carathéodorys Theorie 
der reguliren Maffunktionen an, jedoch mit einigen Zusatzbedingungen (d. s. Ver- 
pe in I. und V.). Vgl. Carathéodory ,,Reelle Funktionen“ (Berlin und Leipzig 1918), 
. 237—274. 
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DEFINITION 2. Im m-Raume 2 ist ein l-Maf$ definiert, wenn jeder Teilmenge N 
von 2 eine Zahl w*(N) zugeordnet ist, mit den folgenden Eigenschaften: 
I, w*(N) ist 0, oder positiv-endlich, oder +. Fiir jede Kugel ist es 
endlich. (Eine Kugel mit dem Mittelpunkt x) und dem Radius e>0O 
ist die Menge der x mit x, x < @.) 
Il. Aus MCN" folgt w*(M) < w*(N). 
Ill. Secen Ny, Ne,+++ endlich oder abzihlbar viele Mengen, M thre Ver- 
einigungsmenge. Dann ist: w*(M) < w*(N,)+y*(Ng)+ «+. 
IV. Ist die Entfernung der Mengen M,N*® >0, so ist w*(M+N) = »*(M) 
+p*(N). 
V. w*(M) ist die untere Grenze aller w*(O), wenn O siimtliche offenen 
Mengen DM durchliiuft®. 
Wir kénnen nun, in beinahe wortlicher Wiederholung von Carathéodorys 
Begriffsbildungen und Beweisen (a. a. O. Anmerkung °) zuniachst definieren: 
DEFINITION 3. Die Teilmenge M von 2 heift mefbar, wenn fiir jede Teil- 
menge N von 2 
u* (N) = w* (MN)+u* (N—MN)* 


gilt. Statt w*(M) schreiben wir dann w(M) und beweisen dann: 

a) jedes offene M ist mefbar. 

b) Sind M,, Mg, --- endlich oder abziihlbar viele mefbare Mengen, so ist 
M,+ M,+--- und M,-M,---- meSbar. Ferner ist mit M, N auch 
M—WN mefbar. 

c) Alle M mit u*(M) = 0 sind mefbar. 





7D. h.: M ist Teilmenge von NV, 

°D.h. die untere Grenze aller Z, y, x in M, y in N. 

II. folgt aus V., wir wollen aber die Carathéodorysche Anordnung nicht aindern. — 
Ubrigens kénnten wir in V. an Stelle der offenen Mengen DM ebenscgut alle Borelschen 
Mengen > M treten lassen. Da jede offene Menge Borelsch ist, ist bloB zu zeigen: wenn 
P Borelsch ist, so existiert ein offenes ODP mit u*(0)<u*(?)+¢e (¢>0). Bilden wir 
hierzu die Borelschen Klassen F) nach Hausdorff, S. 178, aber so, daB F aus den 
offenen Mengen besteht. Ein Borelsches 0 obiger Art existiert: etwa 0 = /’, wihlen 


wir es aus F® mit kleinstmiglicher Ordnungszahl £. Ware § gerade, +0, so wire 


O = 0,+04+ +++, On aus PE E,<<&, und nach e) im Text limes u*(0,) = u*(9), also ein 
n—>D 
H*(On)<u(P)+¢, entgegen der Annahme. Ware § ungerade, also = 7+1, so ist 
0=0,+0,+ ++, On in F, Da bei unserer Definition F) = F ist, ist 7 +0, also 
On = Oni + Ona» +++, Onm aus FO”, tam <q. Also ist limes «* (Om) = f*(9n), und wenn 
n—>® 


wir m = mn mit u*(Onm) << u* (On) + = (d>0) wihlen, fiir 0 = O:m,+ Oom,+ +++ 
B* (O') <u*(O)4-0 = u*(P)+e, wenn wir d= u*(P)+e—u* (A) wihlen. Dabei gehért 
0 za F®, entgegen der Annahme. Also muf § = 0 sein, d. h. @ offen. 

‘°M+N, MN oder M-N, M—N bezeichnen die Vereinigungs-, Durchschnitts-, Differenz- 
menge. Ebenso fiir mehrere Addenden bzw. Faktoren. 
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Ferner die bekannten Additivitéts- und Limeseigenschaften des Lebesgue- 
schen MaBes: 


d) Sind M,, M,, --- wie in b) und paarweise element fremd, so ist 
w (M, + M,+-- -) = ¢(M,)+ 4 (M)+-- saa ans M, pr 

e) Sind M,, M,,--- wie in b) und M, 5 M,> -- oder M, CM,Cc.. 
und N thr Limes (d. 7. M,-M,- --- saci M,+ M,+.---), so ist 


w(N) = limes fe (Mn). 


Aus a), b) folet “insbesondere, da8 alle Borelschen Mengen meBbar sind. 

Beispiele von /-Mafen sind leicht anzugeben: das gewéhnliche Lebes- 
guesche dufere Mafi im k-dimensionalen Euklidischen Raume; wenn 
F(a, +++, ve) eine in diesem Raume definierte, im gewéhnlichen Lebes- 
gueschen Sinne meSbare Funktion ist, mit Werten >0O, die Gréfe 


p*(N) = ie f FT (ai, +++; te) da, +++ da"; usw. Der allereinfachste 
w,,+++,a,} in N 

Fall besteht, wenn 2 ein Intervall 0 < «<<a ist (a positiv-endlich oder ), 

und «* das Lebesguesche aufere Maf8 ist. 

Ist ein m-Raum 2 mit einem /-MaB gegeben, so betrachten wir seine 
meSbaren Teilmengen. Zwei solche, M, N, nennen wir 4quivalent, in 
Zeichen M~ N, wenn sie sich nur um eine Menge vom Mafe 0 unterscheiden, 
d.h. wenn »* ((M+N)—M-N) =0 ist. Da offenbar M~M gilt, aus 
M~N NxM folgt, und aus M~N, N~A M~ ZH folgt, hat dieser Begriff 
die wesentlichen re eines Aquivalenzbegriffes. Wir definieren pm: 

DEFINITION 4. Seien 2, 2! zwei m-Riiume mit den bzw. I-Mafen u*, w'* 
Eine maftreue pshaaeneggsing von 2 auf 2' ist eine eineindeutige Abbildung 
x’ = 9(z) von § 2 auf 2’, die jeder mefbaren Teilmenge M von 2 ein mefbares 
Bild M' in 2 vom gleichen Mafe zuordnet, und jeder mefbaren Teilmenge M' 
von 2 ein mefbares Urbild M in 2 vom gleichen Mafe. 

DEFINITION 5. Seien 2, 2’, w*, w’* wie vorhin. Eine maftreue Mengen- 
abbildung von 2 auf 2 ist eine solche, die jeder meBbaren Teilmenge von 2 
eine mepbare Teilmenge von 2’ vom gleichen Mafe zuordnet, und ewar mit 
den folgenden Eigenschaften: 

1. Zw jedem meBbaren M’' in 2! existiert ein mefbares M in 2, dem eine 
M' iiquivalente Menge zugeordnet ist. 

2. Sind M,, My, --- (in 2) die bew. Mengen Mj, M3, --- (in 2’) zugeordnet, 
so sind M,+M,+..-, M,-M,- --- bew. Mi+ Mi+-.--, Mi-M2--- 
zugeordnet. Sind M, N (in 2) bew. M’, N’ (in 2’) zugeordnet, so ist 
M—N M'—N' nett. 

1! Falls V nach Lebesgue nicht mefbar ist, bedeute ff das ,obere“ Lebes- 
guesche Integral. f(x,,--+, a) = 1 fihrt zum “enon ft ete MaB zuriick. 

2 Von diesen drei ethene geniigen zwei, da aus ihnen die dritte folgt. 
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Zwei maftreue Mengenabbildungen (von 2 auf 2’) heifen iiquivalent, wenn 
fiir jedes meBbare M in 2 die durch die beiden Mengenabbildungen ihm 
cugeordneten Mengen in 2 einander dquivalent sind. 

Eine ma8treue Punktabbildung x’ = (x) erzeugt offenbar eine maftreue 
Mengenabbildung: indem wir jedem meSbaren ™ in 2 sein durch x’ = » (zx) 
vermitteltes Bild M’ in 2’ zuordnen'*, Wir werden aber auch die Um- 
kehrung hiervon beweisen: (Satz 1) zu jeder maftreuen Mengenabbildung 
kann eine maftreue Punktabbildung gefunden werden, die eine ihr aquivalente 
maBtreue Mengenabbildung erzeugt. 

Diese, und noch einige weitere Satze bilden den Inhalt dieser Arbeit. 

2. Seien 2, 2’ m-Raume mit den bzw. /-MaBen pu*, u’*, und sei eine 
maftreue Mengenabbildung von 2 auf 2’ (im Sinne von Def. 5) gegeben. 
Ehe wir den angekindigten Satz 1 beweisen, leiten wir den folgenden 
Hilfssatz ab: 

HILFssatz. Sei M eine meBSbare Menge in 2, und es sei ein ¢>0 
gegeben. Dann kann M in paarweise elementfremde Mengen 7, 73, ---, N 
zerlegt werden, M=1,+1,+ .-...+N (die Anzahl der Addenden J, darf 
auch endlich, oder sogar 0, sein), derart, daB «(N) = 0 ist, und jedes J, 
abgeschlossen ist, «#(I;,)>0, und einen Diameter <« hat". 

Die Bedingung iiber den Diameter ist offenbar gegenstandslos, wenn M 
selbst einen Diameter <« hat. Ist ferner M— M,-++ M,+----, wo M,, M,,-- 
paarweise elementfremde meSbare Mengen sind, fiir die der Hilfssatz 
gesichert ist, so steht er auch fiir M fest: denn 

M, = Yyy4+Tyet---+M, M, = Ty, +To.+---+Ne,--- 
ergibt fiir M die Zerlegung 
M = 1,+1I,+---+N, 
wo 7,, Ty,++- die Ty,, Tyg, ---, Ta, Toe, +++, --- in irgendeiner Reihenfolge 
sind, und N = N,+N,+..-. Es geniigt also, den Hilfssatz ohne die 
Diameterbedingung zu beweisen, wenn jedes meBbare M = M,+ M, + ---, 


mit paarweise elementfremden, meBbaren M,, M,,---, mit Diametern < « 
ist. Nun ist 2 separabel, sei 2,, 22, --- eine iiberall dichte Folge, Ai, Kz, --- 


die Kugeln vom Radius « um diese bez. Mittelpunkte. Dann ist 


9 = K++: 
so daB 


M, = K,-M, M, = (K,—K,-K,)-M, 
M, = (K; — (K, + Ke) - Ks)- M, ‘i 
das Gewiinschte leisten. 


81. gilt sogar in verschirfter Form: jedes meSbare M’ in 2’ ist selbst einem meBSbaren 


M in Q (seinem durch a’ = (x) vermittelten Urbild) zugeordnet. 
“Der Diameter einer Menge I’ ist die obere Grenze aller Zablen 2,7, x in I’, y in I’. 
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Wir kénnen also die Diameterbedingung fortlassen, und M in einer 
Kugel K gelegen annehmen. AK ist abgeschlossen, also mebbar, also K—M 
auch. Sei d>0, nach Def. 2, V existiert ein offenes OD K— M, mit 
w(O) < w(K— M)+ 0. Also ist erst recht 


w(O-K) < p(K—M)+64, 
und 


w(K —O.K) = w(K) — pw(O-K) = w(K) — pe (K— M)—6 = w(M)—0), 


Dabei ist [ — K—O-.K abgeschlossen (K ist abgeschlossen, O offen) 
und C M, 

Bilden wir nun das I fiir M und 0d = }, es heife F,, dann das I fiir 
M — TI, und 6 = 3, es heife 7,, dann das F fir M— I, — I, und 6 = }, 
es hei®Be 73,---. Nach Konstruktion ist 


1 
a eee oe ee 
also auch 
1 
M—I,—I,-—-.---) << —~, adh=0. 
ju ( 1 2 ) = nt+1 
Diese 7, 23, --- und N == M—T,—TI,— --- leisten daher alles Gewiinschte, 


wenn wir noch diejenigen unter ihnen, die das Maf 0 haben, falls solche 
iiberhaupt vorliegen, fortlassen und zu N hinzufiigen. Damit ist der Hilfs- 
satz bewiesen. 

Nunmehr gehen wir so vor: Wir zerlegen 2 nach dem Hilfssatz in 
I,+1,+.---+N mit «+4. Die Mengenabbildung ordne I, Iz, ---, N 
die Mengen 7y, Zy,---, N’ in 2’ zu. Je zwei der ersteren Mengen haben 
leere Durchschnitte, also haben je zwei der letzteren Durchschnitte vom 
Mafe 0. Daher sind Ty, I, T3,--- bzw. den Mengen 


f=, Hei—r7., He B-+h)-h,--- 


aquivalent. Also: 1, F,,--+ sind paarweise elementfremd und C 2, ebenso 

1, fo,--- und C2'; +724 --- ist C2 und ihm aquivalent, 7+ %+--: 
ist C 2’ und ihm aquivalent; die , zugeordnete Menge ist Z, aquivalent; 
Ir, ist abgeschlossen, vom Mae >0, und sein Diameter < }. 

Jetzt zerlegen wir jedes Z, nach dem Hilfssatz in Mi-+ Uyo+ ++: + Nn 
mit ¢ = +. Die Mengenabbildung ordne Ii, Zn2,---, Nn die Mengen 
Pri, Tn2,+++, Nn in 2 zu. Da je zwei der ersteren Mengen leere Durch- 
schnitte haben und C Fy sind, also C in einer Menge ~ 1, kénnen wir die 
letzteren wiederum durch aquivalente Mengen ersetzen, die auch paarweise 
elementfremd und Cl, sind. So werde aus In, Ing, «+> bzw. Tn, Tnay 0°" 
Also: Int, Tne, +++ sind paarweise elementfremd und CJ, ebenso I nly 
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Tyo, «+» und CLA; Finan Dna+ «+> ist C7, und ihm aquivalent, Zy,-- Ty2+ -- 
ist CT und ihm aquivalent; die 7,» zugeordnete Menge ist I’, aquivalent; 
Ip ist abgeschlossen, vom Mabe > 0, und sein Diameter < }, 

Die mit 2, 2’ und } vorgenommene Konstruktion wiederholen wir an 
Inp, Tip wnd 4. So entstehen Mengen Mnpg, Dipg und Vapor, Vipgr mit den 
folgenden Kigenschaften: Inpi, Unp2,--- sind paarweise elementfremd und 
CTIyp, ebenso es Inpe, +++ und CIinp; Dap + Dnpo t+ +++ ist C Tap und 
ihm aquivalent, np, Uipe, +++ ist CPx» und ihm aquivalent; die Map, zu- 
veordnete Menge ist Ding aquivalent; Inpyg ist abgeschlossen, vom Mabe > 0, 


und sein Diameter < 3. Vinpgi, Tnpg2, +++ Sind paarweise elementfremd und 
CI apg, ebenso Tinga, npg2, +++ und C Ty npg Fnpa + Pape + - - ist C Tinpg 
und ihm aquivalent, Inpgit+ Inpqe+ --- ist C Pnpg und ihm ndiebad: die 


Cinq Zugeordnete Menge ist Inpgr Aquivalent; Piper ist abgeschlossen, vom 
MaBe >0O, und sein Diameter < }. 

Diessiive Konstruktion wiederholen wir an Tnpqr, Thr wad 3, und 
gewinnen dadurch Mengen Inpgrs, a und Frigeniti Fnparst usw. Zusammen- 
fassend entsteht ein System von Mengen Iyp...f9, Unp.-.gg Wd Typ...fyn, 
Tnp...fgh (n, p,+++,f,g sei eine beliebige ungerade Anzahl von Indizes, 
etwa 2»—1, deren jeder iiber 1,2,--- oder ein Anfangsstiick davon 
lauft, n, p,--:, I, g, h entsprechend eine gerade Anzahl 2v). Dabei gilt: 
Pnp...f1) Unp...f2, +++ paarweise elementfremd und C Tnp...f, ebenso Pap...s1, 

np--fay°e* Und CI ap...f; Tnp...fit Vap-.sat +++ ist CP ap...p und ist 
ihm aquivalent, Thy... fit Vap..ga+ -++ ist CTyp...¢ und ist ihm aquivalent; 
die Inp...7 zugeordnete Menge ist Ihp...f aquivalent; Dyp...y ist ab- 


geschlossen, vom Mage >0, und-sein Diameter ist < +. Analoges gilt 
fir T; np--.fohy Unp...fgh, nur ist dort Iyp...jn abgeschlossen, vom Mabe > 

und vom Diameter < ~. Fir » = 1 tritt an Stelle von Mnp...s, Dnp.s 
(das 2v —2 = 0 Indizes hatte) 2, 2’. 


Alle en Fyp.. f—lnp.- cae S2— “+s Tap: "ibe Sip. a Toe ide 
MaB 0, also anch ihre i aiiliiieanaaiin fiber alle v und Ny Py eres, Kig,h 


(der ersten und dritten in 2, der zweiten und vierten in 2’): Mo, My. 
Aus dem bisher 5 Seem folgt, daB jeder Punkt von 2—M, genau einem 
Durchschnitt Py - Tap «npg + Ungar * « *- angehort, und jeder Punkt von 2’—M, 
genau einem Durehschnitt Ty, Thy npg * Ll npgr * °°" Andererseits ist jeder 
Durchschnitt In + Inp-Lnpg*Lnpor + ++ Wegen Ln DT np DP npq>TnpgrD--- gleich 
Pn-Tnpg-+. Da In, npg, ++ eine absteigende Folge nicht leerer ab- 
genial Mengen ist, deren Diameter gegen 0 streben, besteht ihr 
Durchschnitt aus genau einem Punkt (vgl. a. a. 0. Anm.*). Ebenso zeigt 
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man, daf der Durchschnitt ry,-In np * Vipg° -Dipgr + **+ AUS genau einem Punkte 
besteht (hier ist I'np-Tnpqr++++ heranzuziehen). Sei die Menge aller 
Tn Tnp-U npg: U npr +--Durchschnittspunkte Q,, die aller I; ‘Trp: a 
Durchschnittspunkte 2;. Da 2,D2—M), 2—2,CM, ist, ist 2—2 
vom Mage 0, d. h. 2, dem 2 aquivalent, ebenso ist 2; dem 2 aquivalent. 

Auf diese Weise sind sowohl die Punkte von 2,, als auch diejenigen 
von 2, eineindeutig auf die Folgen n, p, g, r, --- abgebildet; dies 
bewirkt auch eine eineindeutige Abbildung von 2; auf 21, welche 2’ = (zx) 
heiBen moége. 

Aus der Definition dieser Abbildung folgt, daB sie Inp...f - 21 in Foeisgy 
iiberfiihrt. Diese Mengen sind I'np...f bzw. Fnp...g Aquivalent, haben also bzw. 
dieselben Mafe wie diese. Iny...fy hat dasselbe Ma8, wie die ihr zugeordnete 
Menge, diese wieder dasselbe MaB, wie das ihr aquivalente Iny...y. Also 
haben Dnp...jg-21 und Tyy...7g-2t, ihr Bild, dasselbe MaB. Wenn A die 
Summe einiger Mengen Iyy...f, ist (alle von gleicher Indizesanzahl 2v—1, 
ry paarweise elementfremd), so ist demnach das x = g(z)-Bild von 
A.®, mefbar und vom selben Maf wie diese Menge. 

Sei M abgeschlossen (in 2). I'™ sei die Summe aller Fny...7 mit 2v—1 
Indizes, die Punkte aus M enthalten. Es ist FM, und da jedes Typ... 


: : 1 , , , 1 
einen Diameter < - hat, hat jeder Punkt von 7™ eine Distanz < | vou M. 
Daher ist M = F®.T®...., ferner FP DFO>D..-; also auch 


M.2, = (TM.Q,).(T®.Q,)..., T%Q,DTO 2D 


Da das Bild vor 7.2, meSbar und vom selben Mafe ist, gilt dasselbe 
vom Bilde von M.2,. a 

Wenn O offen ist, so ist O=> M, le --, wobei M,, Mz, --- ab- 
aggirgooge und M,C M,C.-- sind; also O- 2, = M,-2,+M,-2,4+-::, 
M,- 2,C My. 2,C---, und da das Bild von M,,- 2, meBbar und vom selben 
Mabe ist, gilt pili von 0-2,. Ist N=O,-.0O,----, wobei O,, O02, -- 
offen und 0,50,>... sind, so gilt dasselbe wegen N. 2, =(O,-2,)-(O,-2)- +, 
,O,-2,;50,-2,5..-, auch fiir N.2,. SchlieBlich ist 0, > 0,5... iiberfliissig, 
da wir O,, O,, --- durch O,, O,-O,, --- ersetzen kénnen. 

Wenn 4 das Maf 0 hat, so gibt es ein M = O,.0,----D/4 vom 
Mah 0 (wegen Def. 2, V). Das Bild von 4.2, ist Teil des Bildes von 
M-2,, da dieses das Maf 0 hat, hat jenes auch das Maf 0 und ist meBbar. 

Die Aussage: das Bild von M-2, ist meBbar und hat dasselbe Mab 
wie M, gilt also 1. fir jedes M = O,.0,-.--, O,, O3, --» offen; 2. fiir 
jedes M vom Mafe 0. Da jedes mefbare M gleich einem von der Art 1. 
minus einem von der Art 2. ist ( wegen Def. 2, V, oder durch Anwendung 
des Hilfssatzes auf 2— M), gilt die obige Aussage fir jedes meBbare M. 
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Also wird jedes meBSbare MC2, durch x = g(x) auf ein mefbares 
M'c 2, vom selben Mafe abgebildet. Auf dieselbe Weise beweist man 
die Umkehrung. Nach Def. 1 bildet also 2’ = g(x) 2; auf 2{ maftreu ab. 

Fiir welche M ist das x = (z)-Bild von M-2, der zugeordneten 
Menge (in 2’) aquivalent? Fir M = Typ... ist das jedenfalls der Fall 
(das Bild ist Inp...fg- 21, aquivalent Inp...7, also der Menge, die Mnp.../ 
zugeordnet ist); also auch fiir die weiter oben erwahnten 4; also bei ab- 
geschlossenem M fiir die weiter oben erwaihnten 7, und fiir M=F®.T®.... 
selbst; also, auf Grund derselben Betrachtungen wie weiter oben nacheinander 
1. fiir jedes offene O, 2, fiir jedes M = O,-O,----, O,, Og, --» offen, 
3. fir jedes M vom Mage 0, 4. fir jedes mefbare M. Somit ist die 
durch x = g(x) erzeugte Mengenzuordnung der urspriinglich gegebenen 
iquivalent. 

Ein Mangel besteht noch: namlich daB a’ = g(x) 2, auf 2{ abbildet, 
und nicht 2 auf 2’. Dieser wird, falls 2, 2’ unabzihlbar sind, wie folgt 
behoben. Sei M,C 2 vom Ma&e 0 und von der Miachtigkeit des Konti- 
nuums,’? M;C 2’ ebenso. M;-2{ hat auch das Maf 0, also auch sein 
Urbild M,, ebenso M,- 2, und sein Bild Mz. Somit sind M,+ M,C 2 
und Mi+ MzC 2’ vom Mae 0 und der Machtigkeit des Kontinuums,'® 
und (M,-+ M,)- 2, hat das Bild (Mj+ M:)-2{. Wir setzen 


2, = 2,—(Mi+ M2): 21, 23 = 2,—(Mi+ M3)- 22, 


dann ist 2 das Bild von 22, und da 2;—2,C M+ Mp2 das Mab 0 hat, 
hat auch 2— 2, das MaB 0, und weil es >M,+ M,z ist, die Machtigkeit 
des Kontinuums. Dasselbe gilt fiir 2’— 2). 

Schranken wir nun die Abbildung x’ = g(x) auf 2., 2) ein, verwenden 
wir dagegen in 2—2,, 2’—Jy irgendeine eineindeutige Abbildung «’ = w(x) 
der ersteren Menge auf die letztere (beide haben ja dieselbe Machtigkeit). 
Beide Abbildungen machen zusammen eine eineindeutige Abbildung x’ = x(x) 
von 2 auf 2’ aus. Da sich aber x’ = x(x) von x’ = g(x) (in 2 wie 
in 2’) nur auf einer Menge vom Mage 0 unterscheidet, hat die erstere 


Eine solche Menge konstruiert man z.B. so: Nach Hausdorff, 8. 138, Satz XI und 
8. 137, Satz X, hat das unabzaihlbare 2 ein ,,dyadisches Diskontinuum“ D zur Teilmenge. 
D.h. es ist jeder Folge u;, u2,+++ (0,1) ein Element zu,u,... von 2 zugeordnet, derart 
da6 fiir jede gegebene Umgebung 0 von 2u,u,... ein m existiert, da6 alle x,,,.., mit 
U1 = 01, +++, Un = Un ZuO gehéren; und D die Menge aller 2u,u,... ist. Seien nun %, Us, ++ 
fest gegeben, und Du,u,... die Menge aller au,u,... (We, Ua,*** beliebig). Dabei ist DCA 
fir eine geeignete Kugel A. Die Du,u,... sind alle abgeschlossen, von der Michtigkeit 
des Kontinuums, und CA. Je zwei solche Mengen sind elementfremd, also ist die Mab- 
summe irgendwelcher endlich vielen unter ihnen < “ (A) (endlich!). Daher kénnen héchstens 
abzithlbar viele unter ihnen MaBe >O haben. Aber ihre Anzahl ist Kontinuum, also gibt 
es unter ihnen auch solche vom Mabe 0. 

*6Q,2' haben selbst, als separable Mengen, héchstens die Machtigkeit des Kontinuums. 
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Abbildung mit der letzteren dies gemein: sie ist maftreu, und erzeugt eine 
Mengenzuordnung, welche der urspriinglich gegebenen Aquivalent ist. 

Damit haben wir bewiesen: 

Satz 1. Seien 2, 2' m-Riiume mit den bzw. l-Mafen ae af*. Jede mafp- 
treue Punktabitdung von 2 auf 2’, oder auch nur von 2, auf 2; mit 
QC2, BOR, 2—2, und 2B'— 2, vom Mafe 0, erzeugt eine maftreue 
Mengenabbildung von 2 auf 2’. Umgekehrt ist jede mafPtreue Mengen- 
abbildung von 2 auf 2! einer solchen iiquivalent, die durch eine maftreue 
Punktabbildung eines 2; auf ein 2; (vgl. oben) erzeugt wird. Sind 2, 2! 
unabziihlbar, so kinnen wir sogar 2, = 2, 2; = 2 erreichen. (Vogl. hierzu 
Def. 4,5 in § 1, und das daran anschlieBend Gesagte.) 

3. Seien 2, 2’, u*, u’* wie bisher, x’ = g(x) eine eineindeutige Ab- 
bildung von 2 auf 2’, von der bloB die eine Halfte der in Def. 4 for- 
mulierten Eigenschaften verlangt werde: das Urbild eines jeden mefbaren M’ 
in 2’ soll ein meSbares M in 2 vom selben Ma8e sein. Wir wollen zeigen, 
da dennoch die ganze Def. 4 (d.h. auch die umgekehrte EKigenschaft) gilt, 


d. h. 


daB a = (x) maftreu ist. 


Sei vj, #5,--- eine in 2’ itberall dichte Folge, Ky, (v, 4 = 1, 2,---) die 


Kugel mit dem Mittelpunkt 2, und dem Radius =, Das Urbild von K,, ist 


2 


meBbar, also bis auf eine Menge N,a vom Mage 0 eine Borelsche Menge 
(vgl. den Hilfssatz in § 2), diese heiBe 4,,. Die Summe aller N,, ist 
auch vom Mafe 0, sie ist Pett-einer Borelschen Menge Moo vom Mabe 0 
_(vgl. die analogen Schliisse in § 2), In 2— Moo gilt also: y(x) liegt dann 
und nur dann in K;,, wenn x in 4,, liegt, d. h. soweit es in 4,,— Mo - 42 
liegt. Fiir die auf 2— Moo eingeschrinkte Funktion (x), sie heife ¢; (x), 
gilt also: das Urbild von M’ (in 2’, M’ braucht nicht nur aus 4g, (z)- 
Punkten zu bestehen, sein Urbild sind jene x, deren 9, (x) in M’ liegen, 
— iibrigens soll im Folgenden der Begriff ,,Urbild“ stets so verstanden 
werden) ist eine Borelsche Menge, falls 7’ ein Kj, ist. Da jedes offene M’ 
Summe einer Folge von X;,’s ist, gilt dies auch fiir alle offenen ™/’, und 
dann auch fiir deren Komplementiren, die abgeschlossenen M’. Hieraus 
wieder schlie8t man, da6 es fiir alle Borelschen M’ gilt. 

Sei 2” der in §1 als drittes Beispiel eines m-Raumes erwihnte 
oo-dimensionale Raum aller {&,, &, ---} (vgl. auch Anm. ‘), In dem wir 
jedem a’ von 2’ das w(a’) = {z{, 2’, 23, 2’, ---} von 2” zuordnen, bilden 
wir 2 eineindeutig und mitsamt seiner Umkehrung stetig auf eine Teil- 
menge 2) von 2” ab. In der Tat: Aus w (2) = w(a2') folgt tn, a 
= xp, x’, wenn wir also eine Folge 2), %p,, +++ Wahlen, die gegen 


(1) 
a! 


_— . i /Q) 2) . 
strebt, so ist an,, 2’ >0, ah, 2" —>0, dh. ap, , tn, , +> Strebt 
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auch gegen 2”, 2’) = g/®, Aus 2'™ zx’ folgt xn, x’ > an, x (fiir m > &), 
also w (a'™)—> w(x’) (vgl. Anm.‘*), Aus Y(2’'™)> yw(z’'), deh ah, a 
+2, x fir jedes n folgt: sei d>0, 2, mit x, 2’ <0 gewihlt, dann ist 
fiir ein geniigend groBes m an, 2’ < 20, also a’, 2™ <d+26 = 3d— 
somit gilt 2’™—>a’, 

Als eineindeutiges stetiges Bild des m-Raumes 2’ ist 29 (absolut) Borelsch"’. 
Sei M” Cc 2” (absolut) Borelsch, dann ist es auch M’’. 2(, das w-Urbild 
von M” ist das durch die Inverse von w vermittelte Bild von M” - 2), 
also wieder (absolut) Borelsch’*®. Das w(g,)-Urbild von M’’ ist somit 
das g,-Urbild einer Borelschen Menge in 2’, also, wie wir w. 0. zeigten, 
selbst eine Borelsche Menge in 2. Somit bildet w (gy, (x)) 2— Mw ein- 
eindeutig auf eine gewisse Teilmenge von 2” ab, und jede Borelsche Teil- 
menge von 2” hat als Urbild eine Borelsche Menge in 2. Daher ist 
w (gy, (a)) eine Bairesche Funktion’*®. Infolgedessen hat jedes Borelsche 
MC 2— Mp ein w (9;)-Bild, das ebenfalls Borelsch ist’*, und das w-Urbild 
desselben ist, wie wir weiter oben zeigten, ebenfalls Borelsch. Aber dies 
ist das y,-Bild von M, das mit dessen g-Bild zusammenfillt, diese sind 
mithin als Borelsch erwiesen. 

Insbesondere ist das Bild des ganzen 2— Moo, es heibe 2/— Mw, 
Borelsch, daher ist auch Moo Borelsch und infolgedessen meBbar*’. Sein 
Ma8 ist dasselbe wie dasjenige seines y-Urbildes Moo, also0. Das g-Bild 
M’ eines Borelschen M ist die Summe derer von M—My)-M und von 
My:M. Ersteres ist ein ¢,-Bild, also Borelsch, also mefbar; letzteres 
C Mw, also ebenso wie Moo vom Mae 0, also auch mefbar. Daher ist 
auch M’ meBbar, sein MaB ist gleich demjenigen seines Urbildes M. 

Ist M vom Mafe 0, so ist es CN, wobei N Borelsch und vom Mage 0 
ist (vgl. die entsprechenden Betrachtungen in § 2); das g-Bild M7’ von M 
ist Teil des y-Bildes N’ von N, also wie jenes vom Mage 0, und daher 
meBbar. Ist schlieflich M nur als mefbar vorausgesetzt, so ist es als Summe 
einer Borelschen Menge und einer vom Mafe 0 darstellbar (vgl. den Hilfs- 


’Vgl. Hausdorff, S. 208—209, insbesondere Satz II. 

'§ Vel. Hausdorff (a. a. 0. Anm. ”), 8. 260, Satz V. Allerdings miibte f(x) = v (g:(x)) 
reelle Zahlen als Werte haben, obwohl es in Wahrheit ein { £,, &,---}, dh. { & (w), & (@), +++}, 
ist. Indessen ist der genannte Satz auf jedes £, (x) direkt anwendbar, und iibertrigt sich 
von diesen auf f(x) (vgl. Anm. *). Mit 9, (a) selbst ware dieser Schlu6 nicht méglich 
gewesen, da es Werte aus 2’ annimmt, das in keiner Beziehung zu den reellen Zahlen 
steht. Vgl. hierzu a. a. 0., S. 268 unten, 269 oben. 

*’ Vgl. Hausdorff (a. a. O. Anm. ”), S. 269, Satz XIII. 

* Dies ist die Hauptschwierigkeit des Beweises: denn wohl mufte das Urbild \ eines 
meBbaren N’ meSbar sein, wir konnten aber aus der Mefbarkeit von \ nicht direkt auf 
diejenige des Bildes N’ schlieBen. 
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satz in § 2), sein y-Bild M’ ist die Summe der g-Bilder jener Mengen, 
also auch meBbar. Das MaB von M’ ist jenem seines Urbildes ™ gleich. 

Damit ist die Maftreue der Abbildung x’ = y (x) bewiesen. Waren 
wir von der anderen Halfte von Def. 4 ausgegangen, wonach das Bild jedes 
meBbaren M in 2 ein mefbares M’ in 2’ vom selben MaBe ist, so wire 
dies fiir die Inverse von ¢ unsere friihere Pramisse gewesen. Daher hitte 
sich die MafBtreue dieser Inversen, also auch diejenige von y, ergeben. 
Wir haben also bewiesen: 

Satz 2. Seien 2, 2, u*, u'* wie bisher, x’ = (x) eine eineindeutige 
Abbildung von 2 auf 2’. Von den zwei Bedingungen in Def. 4 (Schlup 
von MC 2 auf M'C 2, Schluf von M’'C 2 auf MC 2) folgt jede aus 
der anderen; d.h. jede von thnen ist auch allein fiir die Maftreue von 9 
notwendig und hinreichend. 

4. Zum Schlu6 soll ein Satz aus einer friiheren Abhandlung des Ver- 
fassers*' verallgemeinert und verschirft werden. Dazu mu eine dortige 
Begriffsbildung (d. i. die Maffunktion, vgl. a. a. O., S. 193 unten) verall- 
gemeinert werden. 

DEFINITION 6. Sei 2 ein m-Raum, p* ein I-Maf in thm, u. zw. derart, 
dap w(2) (also jedes w*(M)) endlich ist. Eine Funktion f(x), die in 2 
definiert ist und reelle Zahlen als Werte hat, heife mefbar, wenn jedes 
Intervall § < a eine mefbare x-Menge zur § = f(x)-Urbildmenge hat**. Die 
ganze Theorie des Lebesqueschen Integrals kann offenbar, unter Zugrunde- 
legung des Mafes w* (bzw. w), auf diese meSbaren Funktionen f iibertragen 


werden. Das so entstehende Integral bezeichnen wir mit a (x) dvzx. 


Ist f(x) mefbar, nie negativ, und beschriinkt, so definieren wir fiir alle a, 
0<a< Maz (f(z), eine Funktion 9 (a) = w (Menge der x mit f(x) <4). 
y(a) ist monoton nichtfallend und nach rechts halbstetig. Ferner ist 


0 < g(a) < Maz (g(a) = (2). 


Da auch 9 (a) meSbar ist, und in seinem Definitionsbereiche, dem m-Raume, 
O<a< Max (f(«)) das gewihnliche Lebesquesche Maf als 1-MaB angesehen 
werden kann, kinnen wir auch seine Maffunktion w(b) bilden. w(b) ast 
(vgl. w. 0.) in O< b < (2) definiert, monoton nichtfallend und nach 
rechts halbstetig, und es ist stets 0 << w(b) < Max (f(a)). Ubrigens ist w(b) 
die obere Grenze aller a mit g(a) <b, also in einem gewissen Sinne die 


*1 Annals of Math., 3212 (1931), S. 194, Satz 1. 
” Offenbar gilt dies dann auch fiir die Summe aller § < b — *. -Intervalle (n = 1,2,--+); 


d. i. §<<b, und fiir die Differenzmenge a<(§<b. Hieraus folgert man es miihelos nach- 
einander fiir alle offenen, abgeschlossenen, und Borelschen §-Mengen. 
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Inverse von (a); dasselbe gilt, wenn (a) und w(b) vertauscht werden 
(gl. a. a. O., S. 193 unten). 

Der zu beweisende Satz aber lautet so: 

Satz 3. Seien 2, u* wie in Def. 6; f, », W ebenfalls wie dort, d. h. f(x) 
in 2 definiert und mit reellen Zahlen als Werten, nicht negativ und beschriinkt, 
(a) seine Maffunktion, w(b) diejenige von (a). 

Sei g(u) fiir reelle Zahlen definiert und mit solchen als Werten, aber sonst 
ganz beliebig®. g(f(x)) ist dann und nur dann mefbar (vgl. Def. 6), wenn 
g(wW(b)) es ist (dieses im gewéhnlichen Lebesgueschen Sinne), und es gilt dann 


Jf 9F@) dre =f" gwoy ao 


(d.h. wenn eine Seite Sinn hat, dann auch die andere, und sie sind ein- 
ander gleich). 

Dieser Satz ist in zwei Beziehungen allgemeiner, als der in Anm. ** an- 
gefiihrte: Erstens braucht 2 nicht, wie dort, eine Zahlenmenge zu sein, 
und «* das gewéhnliche Lebesguesche 4uBere MaBh**; zweitens waren dort 
alle SchluBweisen nur in einer Richtung (von g(w(b)) auf g(f(x))) begriindet, 
wihrend die in der anderen Richtung fehlten®*, Wir gehen nun zu seinem 
Beweise iiber. 

Es geniigt offenbar, zu zeigen: wenn von den zwei Mengen g(/(x))<c 
und g(w(b)) <e (ec fest) die eine meBbar ist, so ist es auch die andere, 
und beide haben dasselbe MaB. Oder wenn = die u-Menge g(u) < c ist: 
wenn vom w= /f(x#)-Urbild und vom w= w(b)-Urbild von = das eine 
meSbar ist, so ist es auch das andere, und beide haben dasselbe Mab. 
Wir beweisen dies fiir alle 3. 

Betrachten wir das Zahlenintervall 0 < u< Max(/(z)). Es ist ein 
m-Raum, 2,. Wir definieren in ihm zwei /-Mafe: erstens »* durch 
(eS (=) = w* des f-Urbildes von 5, zweitens w* durch wx (=) = gewohnliches 
Lebesguesches auBeres Maf des w-Urbildes von F. Die zu beweisende 
Behauptung lautet dann: «* ist mit w* identisch, oder: y,(x) = x ist eine 
maftreue Abbildung des 2, mit w* auf das 2, mit wy (vgl. Def. 4). 
Nach Satz 2 geniigt es hierzu, zu zeigen, daf die zweite Bedingung von 


21 





*8 Es braucht z. B. keineswegs meBbar zu sein! 

*4 Bei den Anwendungen zum Beweise des Ergodensatzes (vgl. den nichstfolgenden 
Artikel des Verfassers sowie den in Proc. Nat. Ac. 18, January 1931) ist gerade diese 
Allgemeinheit wesentlich. Am zweit-a. 0. wurde dies mittels der maftreuen Abbildbarkeit 
der auftretenden Mengen auf reelle Zahlenmengen umgangen. Nun kann zwar das Bestehen 
dieser Abbildbarkeit, nach einer miindlichen Mitteilung von Herrn M. H. Stone an den Ver- 
fasser, allgemein bewiesen werden — es ist aber wohl von Interesse, auch einen allgemeinen 
direkten Beweis zu besitzen, besonders da er ebenso verliuft wie der Beweis des Spezialfalles. 

* Dies reicht zwar fiir die Anwendungen aus, ist aber prinzipiell unbefriedigend. 


38 
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Def. 4 erfiillt ist, welche im vorliegenden Falle dies besagt: wenn = 


_ 


ux-meBbar ist, so ist es auch #/-meBbar, und die beiden Mafe sind ein- 
ander gleich. Fiir welche = trifft dies nun wirklich zu? 

Wenn = das Intervall u<a ist (d. h. der in O<u < Max (f(z) ge- 
legene Teil desselben), so ist das f-Urbild die Menge f(x) < a, also 
mefbar, und vom Mage (a), daher ist 5 wf-meBbar und u*(Z) = g(a). 
Das w-Urbild dagegen ist die Menge w(b) <a, d.h. b < oder < g(a) 
(natiirlich b > 0), also mefbar und vom Make g(a), daher ist = auch 
wx-meBbar, und wx (=) = y(a). Das Intervall «<a ist also ein solches 5. 


Also auch die Summe der Intervalle w< hae (n=1,2,-+), di u<d; 


also auch die Differenzmenge a<u<b (vgl. Anm.**). Und hieraus folgt 
dasselbe nacheinander fiir alle offenen, abgeschlossenen und Borelschen 
u-Mengen (vgl. Anm.**). Ist ux (=) = 0, so ist, wie wir schon oft schlossen, 
=CH, H Borelsch, w:(H) 0. Nach dem soeben Gesagten ist also auch 
(1) = 0, also auch = m,-meBbar und 4,(2)—0. Also: auch die = 
mit wy(=) = 0 haben die obige Kigenschaft. Und da, wie wir schon oft 
schlossen, jedes u;-meBbare = Summe eines Borelschen und eines mit dem 
“ux-MaB 0 ist, haben es auch diese. D.h.: die genannte Eigenschaft liegt 
bei allen =, die fiir sie tiberhaupt in Frage kommen, vor. Damit ist der 
Beweis durchgefihrt. 
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ZUR OPERATORENMETHODE IN DER KLASSISCHEN 
MECHANIK’. 


Von J. v. NEUMANN, PRINCETON. 


Einleitung. 


1. Die von Herrn B. O. Koopman entdeckte Operatorenbehandlung der 
klassischen Mechanik® hat in der kurzen Zeit seit ihrem Bekanntwerden 
eine sehr beachtenswerte Durchschlagskraft an bis dahin unbezwungenen 
Problemen dieser Disziplin bewiesen*. Die Hoffnung, dai sie in der Zukunft 
Wesentliches zum Fortschritt derselben beitragen wird, erscheint daher als 
berechtigt. Ihr weiterer Ausbau, der in erster Linie eine naihere Analyse 
der durch sie eingefiihrten Operatoren erheischt, ist darum héchst erwiinscht. 
Kinen Ansatz zu diesem Programm stellt die vorliegende Abhandlung dar, 
indem sie die hauptsachlichsten Zusammenhinge zwischen mechanischen 
Fragen und operatorentheoretischen Problemen angibt und einige der 
letzteren lést, fiir andere aber die gegenwiartig wahrscheinlichsten Ver- 
mutungen aufstellt. ; 

Wir verwenden die Bezeichnungen von Koopman (vgl. a.a.O. Anm. ’, *): 
® sei der Phasenraum eines mechanischen Systems, P sein allgemeiner 
Punkt, &:: P>P; = 8&:P die durch die den mechanischen Differential- 
gleichungen gemaf in der Zeit ¢ erfolgte Bewegung beschriebene ,,Strémung“ 
in ®, Nach dem Liouvilleschen Satze ist S; maBtreu: d. h. jede (im Lebes- 
gueschen Sinne) meBSbare Teilmenge von ® wird durch & auf eine eben- 
solche gleichen Maes abgebildet* und umgekehrt®. Sei 2 eine gegeniiber 
allen S; invariante Teilmenge von ®, d. h. eine ,,Integralfliche“ der 
mechanischen Bewegung, man fihrt dann auf dieser Flache 2 in bekannter 


‘Received April 10, 1932. 

* Proc. Nat. Ac. 17, Mai 1931, S. 315. 

*Vgl. die Abhandlung des Verfassers Proc. Nat. Ac. 18, Jan. 1932, S. 70 (Beweis des 
Ergodensatzes) sowie B. O. Koopman und der Verfasser, Proc. Nat. Ac. 18, March 1932, 8. 255, 
(Beweis des ,,Verriihrungssatzes“). Vgl. ferner E. Hopf, Proc. Nat. Ac. 18, Jan. 1932, S. 93, 
und Febr. 1932, 8. 204. 

“In der Mechanik wird dies in der Regel nur fiir Parallelepipede bewiesen. Von diesen 
kann man es aber auf die Summen endlich vieler Parallelepipede tibertragen sowie auf die 
Limites aufsteigender Folgen solcher Mengen, d. i. auf alle offenen Mengen. Sind 0,, 02, +++ 
offen, so gilt es auch fiir die Durchschnitte 0,, 0; 02, 0,020s,+++ (diese sind offen), also 
auch fiir ihren Limes 0,0,---. Da jede Menge vom Mabe 0 Teil eines 0,0,--- vom 
Mabe 0 ist, gilt es auch fiir diese. Und da jede meSbare Menge Differenz eines 
0, 0, +++ und einer Menge vom Mage 0 ist, gilt es allgemein. 

*Die Umkehrung folgt aus der entsprechenden Kigenschaft der inversen Abbildung S—., 
oder auch direkt nach Satz 2 der vorhergehenden Abhandlung des Verfassers. 
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Weise ein Volumelement dw und eine Dichte e@ = e(P)>0 ein, so dak 
das Gewicht ed S-invariant ist: d.h. wenn fiir die Teilmengen 4 yon 2 


ein Lebesguesches Ma durch (4) = J, odw definiert wird, so ist S; 


auch in 2 maftreu’. 

Die S; bilden in » (wie in 2) eine einparametrige Gruppe, d.h. es ist 
stets: 8: (Ss P) = Sts P, symbolisch: SS, = Sis. Sie sind, wie wir 
sahen, eineindeutige und maftreue Abbildungen von ® (und von 2) auf 
sich selbst. AuSerdem sind sie in ihrer Abhangigkeit von P, ¢ stetig, ja 
sogar stetig differentiierbar. 

Diese letztere Eigenschaft werden wir im folgenden nie benutzen, sie ist fiir 
die Koopmansche Operatorenmethode unwesentlich. Wir wollen daher das 
allgemeine Problem, das iiber die mechanischen ,,Strémungen“ hinausgeht, 
gleich formulieren. Den Phasenraum g, bzw. die Integralflachen 2, ver- 
allgemeinern wir so: 

D,. Sei 2 ein beliebiger m-Raum, d.h. metrisch separabel, und vollstiindig’, 
fiir dessen Teilmengen A ein I-Maf$ w*(A) (d. h. eines mit den Eigen- 
schaften des Lebesqueschen tiuferen Mafes) definiert ist®. 

Die reellen Zahlen t, mit der gewéhnlichen fiir sie giiltigen Topologie, 
bilden ebenfails einen m-Raum T mit dem gewohnlichen Lebesqueschen 
diuBeren Maf als 1-Maf, p*(A). 

Der ,,Produktraum“ 2X*T aller Paare [P, t|® ist ebenfalls ein 
m-Raum, und ein l-Maf kann in thm so definiert werden: 

«) Seien O in 2 und O in T offene Mengen, OXO die Menge der 

[P, t], P in O, tin O. Dann setzen wir 
- 3(0 x 6) = (0) (6). ' 
8) Sei A eine Menge in 2XT. Betrachten wir alle Folgen 0;, 9%, 
a, H,+-* mat AC O,X0,4+0, x O+.. -, die untere Grenze 
threr $§(O, X O,) + § (Oz x 0s) + +++ heifie p* (4). 

Diese Bildung ist dem mehrdimensionalen Lebesgueschen superen 
Mafe analog, und sein 1-Mafcharakter wird entsprechend bewiesen”. 

Der Sinn von Begriffen wie ,mefbare Funktion“, ,,Integral“ usw. 
in 2,7, 2XT ist nunmehr klar. 

° Die allgemein iibliche Diskussion beschrankt sich auch hier auf Parallelepipede, was 


dann nach Anm. *,° verallgemeinert werden kann. 


7Vgl. Def. 1 der vorhergehenden Abhandlung des Verfassers. 
SVgl. Def. 2 a.a.0. Anm. 7. 


* Vgl. z. B. Hausdorff, ,Mengenlehre“, Berlin 1927, 8.102. Ist P,Q die Distanz in 2, 
so ist die in 2 x T etwa [P, #], [Q, 8] = V (P, Q)?+. (ts)? 

'Vgl. z. B. Carathéodory, ,,Reelle Funktionen“, Berlin 1918, S. 229—237 sowie 274 ff. 
Die weiteren Eigenschaften des mehrdimensionalen Mafes iibertragen sich gleichfalls ohne 
weiteres auf unseren Fall, insbesondere der Satz von Fubini, 8. 621—625. 

















ZUR OPERATORENMETHODE. 589 


Das Analogon der ,,Strémung“ & aber ist dies: 

D,.  Fiir jedes t sei eine eineindeutige maPtreue Abbildung S;: P> P; = SP 
von 2 auf sich selbst gegeben. Die S: migen eine einparametrige Gruppe 
bilden, d. h. es sei stets: S:(Ss P) = St+s P, symbolisch SS; = St+s. 

Als P, t-Funktion sei S;P mefSbar™. 

Es erweist sich u. U. als zweckmaéBig, noch etwas weniger zu ver- 
langen: 

Di. Mengen vom Mafe 0 (wir nennen sie Ni, Ni', Nis) werden in Dz als 
Ausnahmen zugelassen: d.h. St braucht nur 2—Ni auf 2—Ni' ein- 
eindeutig und maftreuabzubilden (in Ni sei Spundefiniert); S:(SsP) = St4sP 
braucht nur auBerhalb von Ni, zu gelten’*®. Letzteres heife symbolisch 
St Ss = Stts- 

Eine Schar S; nach D2 nennen wir eine ,,allgemeine Strémung“. Gilt 
sogar D, und ist &P in P, ¢ stetig oder stetig differentiierbar usw., so 
heife die Schar S; bzw. eine ,stetige Strémung“ eine ,,stetig-differentiierbare 
Strémung“ usw. Entspringt sie schlieflich, wie es eingangs der Fall war, 
einem mechanischen Problem, so heife sie eine ,,mechanische Strémung“. — 
Zwei allgemeine Strémungen gelten als aquivalent, wenn sich ihre S; fiir 
jedes gegebene ¢ nur in einer P-Menge vom Mage 0 unterscheiden. 

Kine weitere wichtige Begriffsbildung ist diese: 

Ds. 2, 2" seien m-Riiwme mit I-Mafen (u't bew. w'?) nach D,, =:P’> P” 
= =P’ sei eine eineindeutige und maftreue Abbildung von 2’ minus eine 
Menge vom Mae 0 auf 2" minus eine Menge vom Mafe 0. Jeder 
allgemeinen Strémung Si in 2’ ordnet dieses = eine allgemeine Strémung 
St’ = TS8{2— in 2” cu und wmgekehrt. 

Zwei allgemeine Strimungen S{, Si! (in 2! bew. 2”) sollen isomorph 
heifen, wenn ein solches = existiert, das sie (bis auf eine Menge vom 
Mafe 0) ineinander iiberfiihrt: S{/ = =S{ 2-1. 

Isomorphe Strémungen kénnen wir als nicht wesentlich verschieden an- 
sehen, da ihr einziger Unterschied darin liegt, daB die Punkte P’ von 2’ 
durch die entsprechenden P” = =P’ yon 2” ersetzt wurden. Bei solchen 
Problemen aber, bei denen es nur auf die Volumina der auftretenden Mengen 
ankommt (wir werden weiter unten auseinandersetzen, welche Probleme 
wir meinen), ist dies wegen der Ma8treue von = unwesentlich. 

Die Stetigkeit, oder gar stetige Differentiierbarkeit einer Stromung kann 
bei Ersetzung durch eine isomorphe verlorengehen — dies sind keine iso- 


"'D.h.: wenn O eine offene Menge in @ ist, so sei die durch S;P in 0 bestimmte 
[P, t]-Menge in 2 x T meBbar. 

"Da Ni, Ni’, Nexe von t, 8 abhingen und diese iiber unabzihlbar viele Werte laufen, 
kiénnen wir die genannten Ausnahmemengen nicht zu einer Gesamtmenge vom Mabe 0 
zusammenfassen. 
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morphieinvarianten Eigenschaften. Vermutlich kann sogar zu jeder all- 
gemeinen Strémung eine isomorphe stetige Strémung gefunden werden", 
vielleicht sogar eine stetig-differentiierbare, oder gar eine mechanische. 
Dies mag es rechtfertigen, da® hier an Stelle der eigentlich interessanten 
mechanischen Strémungen alle allgemeinen untersucht werden. 

2. Die mechanischen Probleme, die mit der Koopmanschen Methode an- 
greifbar sind, sind vom folgenden Typus: Welche geometrische Wahrschein- 
lichkeit im Phasenraume haben gewisse, mit Hilfe der mechanischen 
Bewegung beschriebene Ereignisse — d. h. welches MaB haben gewisse, 
mit Hilfe der S; definierte Teilmengen von 2? Es handelt sich also um 
isomorphieinvariante Eigenschaften der S:. Einige Beispiele**: 

a) Sei 4 gegeben, Z(1, P, t, s) = mw (t-Menge der 8; P in 4, t<1t<s), 

* Z(A, P, t, ) (A) 

Gilt nae > u(2) 
einer Menge vom Mafe 0? 

s Z(A, P, t, 8) (A) 

b) Gilt ee > (2) 

Mittelkonvergenz einer P-Funktion’*? 

c) Seien 4, M gegeben, Z’(4, M, t, s) = [ou G@4-m) dt. Gilt 
Z'(4, M, t, 8) w(4)e(M) 


bei s—t—>-+o fir alle P mit Ausnahme 








bei s— ¢t—>-+o wenigstens im Sinne der 





bei s—t>+o? 


s—t (2) 
d) Gilt sogar w(Sea- m) > MEM) ee 
e) Gilt wenigstens w(S;4-M) > Ee cs bei ¢> +0, wenn eine feste 


t-Menge I von der Dichte 0'* ausgeschlossen wird? 
a), b), ¢) sind verschiedene Fassungen der sog. Quasi-Ergoden-Hypothese™, 
u. zw. von abnehmender Scharfe: aus a) folgt b), aus b), wie wir sehen 





'S Der Verfasser hofft, hierfiir demnachst einen Beweis anzugeben. 

‘Mit A, M werden wir mefbare Teilmengen von 2 mit endlichem Mafe bezeichnen, 
S:A ist das durch S; vermittelte Bild von A, A-M der Durchschnitt von A und M. 

Z(A, P, t, 8) (A) \? 
SD. h. it [ RE ne dup—>0 fiir s—t—>+oo, Mit | ---dup 
in| ot papi ** * a 
bezeichnen wir das auf unser w gegriindete Integral. Natiirlich ist auch dies eine Aussage 
tiber Mabe. 

‘6 Dichte 0 bedeutet: ee oe TF —tSrs9 
Fallen, die uns interessieren, ist J als Vereinigung einer sich im Unendlichen haufenden 
Intervallfolge wihlbar. 

'’ Dieselbe ist in der physikalischen Literatur, trotz ihrer Wichtigkeit, mathematisch 
recht ungenau formuliert. Vgl. dazu die Abhandlungen des Verfassers Proc. Nat. Ac. 18, 
Jan. 1932, S. 70 und 18, March 1932, S. 263. 








—>0 fiir t>-+oco. In den 








| 
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werden, c). Fir die physikalischen Anwendungen der Quasi-Ergoden- 
Hypothese*® ist, wie eine nahere Betrachtung lehrt, b) die notwendige und 
hinreichende Fassung'®. 4), e) sind Verscharfungen von c), also Ver- 
schirfungen der Quasi-Ergoden-Hypothese (fiir die Fassungen a), b) kommt 
offenbar etwas Derartiges nicht in Frage), u. zw. folgt offenbar e) aus d). 
Ihr Sinn ist dieser: jede Teilmenge 4 von 2 wird durch die Strémung & 
derartig verschmiert, da® sie fir groBe ¢ in jedes M eindringt, und 2 


S:4-M M , . : 
homogen erfiillt (AC D = mt ay , d. h. in M eingedrungener relativer 





Anteil von 4—relativer Anteil von M an a); oder: die Wahrscheinlichkeit 


dafir, dab P zur Zeit rt =O in 4 und zur Zeit r= ¢ in M liegt 


(ee P bewegt sich mit der Strémung S; J strebt gegen die Wahr- 


scheinlichkeit dessen, da& zwei unabhingige Punkte P, Q in 4 bzw. M 


liegen (ee) d. h.: das Wahrscheinlichkeitsverhalten von P, S;P 
strebt gegen die statistische Unabhiangigkeit. 


Die notwendigen und hinreichenden Bedingungen fir die Giiltigkeit 
von b), von c) (es sind dieselben), sowie von e), und einiges tiber 4d), 
konnten mit Hilfe der Koopmanschen Methode aufgefunden werden”. 

Kine naheliegende Frage ist, warum wir in a)—e) alle meBbaren 4, M 
zulassen, und nicht nur solche, die bei Beantwortung physikalischer Fragen 
tatsichlich in Frage kommen, d.h. fiir welche die Zugehérigkeit von P 
durch Messungen beschrainkter Genauigkeit mit hoher Wahrscheinlichkeit 
entschieden werden kann. Also etwa abgeschlossene oder offene 4, oder 
gar nur Parallelepipede. Der Grund hierfiir ist ein zweifacher: 

«) Entgegen der allgemeinen Auffassung ist fiir jedes mefbare 4 die 

Zugehérigkeit von P im obigen Sinne ,,physikalisch“ entscheidbar. 
4) Wenn eines der a)—e) fiir alle Parallelepipede gilt, so gilt es fiir 
alle meBbaren .4 von endlichem Ma8. 
Beides wurde a.a.O. Anm.* gezeigt, wir werden es weiter unten erneut 
beweisen. «), 8) sind ein weiterer Beleg dafiir, daB die wichtigsten physi- 
kalischen Eigenschaften isomorphieinvariant sind (ohne Riicksicht auf 
Stetigkeitsfragen!) 





SD. i. die Zurickfiihrung der kinetischen Gastheorie auf die Maxwell-Boltzmannsche 
statistische Mechanik, bzw. die Gibbssche »Mikrokanonische Gesamtheit“. Vgl. a. a. 0. 
Anm, "7, 

'*Siehe a.a.0. Anm.*. Unmittelbar nachher bewies Herr G. D. Birkhoff mit einer 
anderen Methode, dafB unter denselben Bedingungen sogar a) gilt, Proc. Nat. Ac. 17, 
Dec. 1931, 8. 650. Vgl. auch die historische Darstellung von B. 0. Koopman und G. D. Birk- 
hoff, Proc. Nat. Ac. 18, March 1932, S. 279. 
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3. Der Grundgedanke der Koopmanschen Methode ist dieser: Die mef- 
paren (komplexwertigen) Funktionen /(P) in 2 mit endlichem I |S (P) |? dup 
bilden einen Hilbertschen Raum §, falls das innere Produkt (/, g) durch 


J, f(P)9(P) dvp definiert wird (as der Betrag ||,/|| = V(f,/) durch 





Vi, | f(P)|? dup Js Der Funktionaloperator U;:f(P)—>f (SP) = U:f(P) 


ist linear, und wegen D3; (MaBtreue von S) unitar®’. Wegen SS; > S45 
ist U,V; = Ui4s. Und aus der (in D2 iibernommenen) letzten Forderung 


von D, folet (vgl. § II 2): (Uz, 9) =f fs P) 9(P) dup ist eine meb- 


bare Funktion von ¢. Also: 

D,. Die Ut sind unitiire Operatoren, die eine einparametrige Gruppe bilden: 
U, Us = Uiss. Us hiingt mefbar von t ab, d.h. jedes (Uf, g) ist eine 
meSbare Funktion von t.** 

Wenn U; stetig von ¢ abhingt, ist ein Satz von Herrn M. H. Stone an- 
wendbar*’, wonach ein hypermaximaler Operator A mit der Zerlegung der 

Einheit H(A) existiert**, so daB 


(Of. 9 = J aes, 9) 
ist (Stieltjessches Integral!), oder symbolisch: 


U; = ed E(A) = eA, 


Wie der Verfasser a.a.O. Anm. *? bewies, ist die Stetigkeit nicht erforderlich, 
es gentigt vielmehr hierzu die durch D, gewahrleistete mefbare Abhangigkeit 
von ¢: aus dieser folgt die Stetigkeit und die Giiltigkeit des Stoneschen 
Satzes (vgl. Satz 1, 2, a. a.0.). 

Die Aussagen b)—e) kénnen nun alle mit Hilfe der UJ; ausgedriickt 
werden, und ihre weitere Diskussion erfolgt dann auf Grund der Stoneschen 
Darstellung der U%: U; = e#4 (vgl.a.a.O. Anm.*,* sowie im weiteren 
Verlauf dieser Abhandlung). Bei den bisherigen Untersuchungen war es 
dabei so, daB nur die in D, angegebenen Eigenschaften der U;, die der 





*’ Die Abhandlungen des Verfassers Math. Ann. 102/1, 1929, S. 49, und Math. Ann. 102/3, 
1929, S. 370, werden mehrfach zitiert werden, u. zw. als E bzw. A. Zum Obigen vegl. 
etwa E, S. 108—111 (Anhang J), es handelt sich eigentlich um den Fischer-Rieszschen Satz. 


1 Es ist [\f@rae = [lf G.P)P ae, d.h. || f|| = || Of. 


Vegi. die zweit-vorhergehende Abhandlung des Verfassers in diesem Bande. 

3 Proc. Nat. Ac. 16, Febr. 1930, S. 172, sowie die nichstfolgende Abhandlung von Herrn 
M. H. Stone in diesem Bande. 

4Voel. E S. 72, 91, 92. 
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Stoneschen Darstellung gleichwertig sind, eine Rolle spielten, nur bei d) 
kommt es noch auf eine feinere Eigenschaft des E(A)-Spektrums an*. 
Bei tiefergehenden Problemen ist aber zu erwarten, da die spezielle 
Entstehungsweise der U; (d.i. U;f(P) = f(S: P)) eine Rolle spielen wird. 
Dieselbe hat namlich weitere, in D, nicht erwahnte Eigenschaften der U; zur 
Folge, wie sie a.a.O. Anm.* von Koopman angegeben wurden. Eine von 
ihnen ist 


Ds. Unf: Ug = Ui(f- 9), 


falls f, 9g, f-g alle zum Hilbertschen Raume gehéren (der Beweis ist klar). 
Diese Eigenschaften haben nun die Konsequenz, da nicht jede Schar 
E(4) baw. nicht jedes A auftreten kann, was fiir die Probleme von unserem 
Typus von Belang ist. Insbesondere werden die Moéglichkeiten fiir die 
Struktur des #(A)-Spektrums eingeschrankt. 

Ein weiterer Umstand, der Aufmerksamkeit verdient, ist dieser. Sind 
2’, 2" im Sinne von D, vermittels der Abbildung = isomorph und 
S;, Si’ = 2S;2— einander entsprechende allgemeine Strémungen, so gilt fiir 
ihre Operatorenscharen U;', U;' analog U/’ = VU; V-, falls der unitare 
Operator V durch f(P’)>f(2"P”) = Vf(P") definiert wird. Daraus 
folgt (da V unsere Hilbertschen Raume isomorph aufeinander abbildet) 
E' (2) = VE" (4)V—1, A’ = VA" V-1. D. h. alle spektralen Eigenschaften 
stimmen iiberein, wie es wegen ihrer offenbaren Isomorphieinvarianz auch 
nicht anders zu erwarten war. Die spektralen Eigenschaften sind aber 
auch dann invariant, wenn wir blofB die Transformation U;’ = VU; V~, 
mit unitaérem V haben, ohne daf die Existenz eines =, sowie der obige Zu- 
sammenhang zwischen ihm und V, gefordert wiirde. Ja alle EKigenschaften, 
die mit Hilfe der U; formuliert werden kénnen, sind so, wir wollen sie 
daher ,,unitér-invariant“ nennen. So sind b)—e) unitir-invariant, a) da- 
gegen zunaichst nur isomorphieinvariant. Daf die Koopmansche Methode 
wirklich alle Wahrscheinlichkeitsfragen der klassischen Mechanik erfabt, 
wire belegt, wenn wir wiiBten, da8 alle isomorphieinvarianten Eigen- 
Schaften auch unitar-invariant sind. D.h. wenn wir jedesmal, wenn zwei 
2’, 2" mit ihren 8, S/’ (nach D,, Ds) gegeben sind, und fiir ihre 
Ui, Ur’ Uf' = VU; V— mit unitérem V gilt, eine eineindeutige maStreue 
Abbildung = yon 2 auf 2” finden kénnten, fiir die S;’ = >S/ >" 
gilt.?6 





*® Namlich auf den sog. Hellingerschen Typus seines Streckenspektrums. Vgl. die zweite 
in Anm. * genannte Abhandlung. Uber den Hellingerschen Typus vgl. E. Hellinger, Disser- 
tation, Géttingen, 1907, sowie H. Hahn, Monatshefte, 23, 1912, S. 161. 

*D.h. fir W:f(P)>f (39 P"’) = Wf (P”) soll Ur’) = WUiW—' sein. W = V 
wird natiirlich nicht verlangt. 
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4. Die Einteilung dieser Abhandlung ist diese: In § I diskutieren wir, 
wie die Zugehdrigkeit zu irgendeinem meSbaren 4 in 2 physikalisch ent- 
scheidbar ist. In § II werden die Giiltigkeitsbedingungen der Quasi-Ergoden- 
Hypothese diskutiert und gezeigt, wie jede allgemeine Strémung als Vereini- 
gung einer Schar solcher Strémungen dargestellt werden kann, deren jede die 
Q. E.H. erfiillt — oder, wie es abkiirzend heifen soll, ergodisch ist.*" In den 
folgenden Paragraphen betrachten wir demgema8 nur ergodische Strémungen. 
§ III. handelt von den chirakteristischen Eigenschaften der Koopmanschen 
U;-Scharen, insbesondere wird gezeigt, da&8 D,; charakteristisch ist. In 
§ IV. werden fiir den Fall, daB U; ein ,,reines Punktspektrum“ hat, die- 
jenigen Spektra angegeben, die bei Koopmanschen U; auftreten kénnen.** 
Ferner wird gezeigt, daB in diesem Falle das Spektrum allein die U; bis 
auf eine Isomorphie (2, vgl. 3.) festlegt, d.h. daB hier die am Ende von 
3. formulierte Vermutung gilt. § V. ist den Fallen mit Streckenspektrum 
gewidmet. Hier sind analoge Satze zu vermuten, bewiesen kann aber vor- 
laufig nur weniges werden. Trotzdem ist gerade der Fall eines reinen 
Streckenspektrums der eigentlich interessante. Denn einerseits gilt dann 
und nur dann e) (vgl. das dazu in 3. Gesagte, dieser Satz wurde in der 
zweiten der in Anm.* genannten Abhandlungen bewiesen), d. h. solche 
Strémungen haben keine iiber lange Zeitraume giiltigen Eigenschaften (vgl. das 
in § V hieriiber zu Sagende); und andererseits ist zu vermuten, daf Stri- 
mungen, die nicht ein reines Streckenspektrum haben, seltene Ausnahmen 
sind. Diese letztere Vermutung wird in § VI durch Diskussion einer aus- 
gedehnten Klasse zweidimensionaler Fliisse belegt, da diese fast alle solche 
Spektra haben. 

Zum Schlu8 sei noch auf die interessante Analogie zwischen Koopmans 
Operatoren U; = e“4 und den Operatoren der Quantenmechanik hingewiesen. 
Die Schrédingersche Wellenfunktion g (definiert im Zustandsraume des 
mechanischen Systems und nicht wie unsere f im Phasenraume!) gehorcht 
bekanntlich in ihrer Abhangigkeit vom Zeitparameter ¢ der Differential- 
h 0 


=; » = Hg. Hier ist h das Plancksche Wirkungsquantum 


gleichung oni Ot 





270 
7 . it-——- H 
und H der Energieoperator. Hieraus folgt sofort p = eh Pit=0), SO 
-, 27% 


daB hier die unitaren Operatoren UJ; =e " eine fundamentale Rolle 
spielen. Die Analogie, die durch das Nebeneinanderstellen von A und 





“$I und der Hauptteil von § IL wurden bereits in den Proc. Nat. Ac. 18, Jan. 1932, 
S. 70, publiziert. 

** Bei all diesen Bedingungen wurde der notwendige Charakter von Koopman, a. a. 0. 
Anm. ’, bewiesen. Neu ist der wesentlich schwerere Nachweis ihrer Hinreichendheit. 

*® Meistens wird diese Beziehung mit —H statt H geschrieben. 
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aH entsteht, ist auffallend®*, und es ist méglich, sie zum Nachweis 


d 
des stetigen Ubergehens der Quantenmechanik in die klassische (fiir h—0) 


auszubauen. Trotzdem scheinen wesentliche mathematische Unterschiede 
zwischen diesen Operatorenscharen zu bestehen. Denn fiir ein mechanisches 
System, das in ein endliches Volumen eingesperrt ist, scheint in der Quanten- 
mechanik stets ein reines Punktspektrum vorzuliegen*', waihrend im klassisch- 
mechanischen Problem das reine Streckenspektrum der allgemeine Fall zu 
sein scheint (vgl. § VI). 


I. Mefibare Mengen und physikalische Messungen. 


1. 2 sei ein Raum nach D,, sein Gesamtma6 endlich: w(2)>0, <+o. 
Seine Punkte P mégen die Zustande eines mechanischen Systems reprisentieren 
(2 sei etwa ein Phasenraum oder Ahnliches). Jede Eigenschaft dieses 
Systems wird dann durch eine geeignete Teilmenge 4 von 2 reprisentiert, 
die aus den Bildpunkten P aller Zustinde besteht, die diese EKigenschaft 
besitzen. Dem /-MaB w(4) in 2 schreiben wir die Bedeutung zu, dab 


wir fiir die Giiltigkeit einer solchen Eigenschaft, d. h. fiir die Zugehérigkeit 


, ce a ; A 
von P zu 4 die a priori Wahrscheinlichkeit nt 3 ansetzen. Und wenn 


wir wissen, daB P einer gegebenen Menge M angehirt, 4C MC 2, die 
Wahrscheinlichkeit H(A) (Die auftretenden 4, M, N, --- sollen alle 


(M1) ° 
mefbar sein.) 

Kine physikalische Messung entscheidet immer, ob P einem gewissen 4 
angehért oder nicht. Die Tatsache, da$B nur Messungen von beschrankter 
Genauigkeit méglich sind, daB sich aber die Genauigkeit beliebig steigern 
la8t, wird wohl am besten so beschrieben: 

4.  Fiir jedesn = 1, 2, --- ist 2 in eine endliche oder abziihlbar-unendliche 
Anzahl von mefbaren Mengen Ni”, Ns”, --- eingeteilt, von denen je 
zwei einen Durchschnitt vom Ma 0 haben, und deren Vereinigung 2 ist. 
Dabei sei die n+1-te Einteilung eine Unterteilung der n-ten, d. h. 
jedes Ny” sei genau die Vereinigung einiger Ny”, Ny", ---. Ferner 
soll 5, = Maximum der Diameter aller Nf” (v = 1, 2, ---)® fiirn>x 
gegen Null streben. 








*° Kine genauere Uberlegung zeigt, daB sie vollkommener wird, wenn man die Differential- 
gleichung der Wellenfunktion durch diejenige des sog. statistischen Operators ersetzt (vgl. 
z.B. J. v. Neumann, Mathematische Grundlagen der Quantenmechanik, Berlin 1932, S. 186). 
Dieselbe ist aber ebenso gebaut und das weiter unten zu Sagende gilt auch fiir sie. 

*' Dies findet man z. B. bei van der Waerden, Die gruppentheoretische Methode in der 
Quantenmechanik, Berlin 1932, S. 5, recht klar formuliert. 
*’ Der Diameter von A ist das Maximum aller z,y, x, y in A. 
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Unter einer Messung n-ter Genauigkertsstufe verstehen wir eine, welche 
entscheidet, welchem der Ny”, :”. -«- P angehirt*®, 
Es sind Messungen aller Genawgkeitsstufen méglich. 
Nehmen wir nun an, wir wollten entscheiden, ob P zu einer gegebenen 
Menge 4 gehdért, und nehmen zu diesem Zweck eine Messung von der 
Genauigkeitsstufe » vor. Dann erfahren wir, zu welchem N,”, on 


P gehért, und zwar ist die a priori Wahrscheinlichkeit dafiir, dag N{” 





Nn” 
herauskommt, uw ( ”/ Und ist NS” herausgekommen, so bedeutet die 
bw (2) 


Zugehorigkeit zu 4 die zu 4-Ny”, 4-NeY? CNY? C 2. Die Wahr- 
pw (4- Ny”) 
p (Ny? 





scheinlichkeit der Zugehérigkeit zu ./ ist also dann Sei nun 


w (A+ Ny”) 

t pA. EOE EN. 
we (Ny? 

die Frage ,gehért P zu 4?“ antworten ,ja“ bzw. ,nein“, mit einer 
Wahrscheinlichkeit >1—e, da& die Antwort richtig ist. Ist aber der 
obige Bruch <1—e, >«, so ist keine Antwort mit solcher Sicherheit 
méglich. Sei die Menge der v, fiir die unser Bruch >1—e oder <e 
ist, Z(n, €). Dann ist die a priori Wahrscheinlichkeit dafiir, daf{ wir eine 
Antwort auf Grund des Mefresultates geben kénnen, deren Wahrschein- 
lichkeit richtig zu sein >1—ge ist, 


ein ¢ >0 gegeben. Is >1—e oder <e, so kénnen wir auf 


w (Ny) 


vinZ(n,&) 

be (2) 

Ist nun ein d>0 gegeben, und wird fiir jedes lhinreichend grofe n 

w(n, 6) >1—d, so kénnen wir sagen: ist die Messung hinreichend genau, 

so wird die a priori Wahrscheinlichkeit dafiir, da® wir auf Grund der 

Messung die Frage ,,gehért P zu 4?“ mit einer Wahrscheinlichkeit > 1—<« 
beantworten kiénnen werden, ihrerseits >1—d. 

Wenn also zu jedem ¢>0, d>0 ein m = mm (é, 9) existiert, so dah 
Obiges fiir alle n > m gilt, so kénnen wir sagen: die Frage ,,gehért P 
zu 4“ kann mit beliebiger Sicherheit durch Messungen entschieden werden. 
Wir wollen zeigen, daf diese mathematische Forderung in der Tat erfiillt ist. 

2. Nehmen wir an, sie wire es nicht. Dann gibe es zwei « >0, 0>0, 
so daf fiir unendlich viele n w(n, ¢)<1—é ist, etwa fir n=, 


Ma, +++, (Mm<m<-++). Die Menge 2B— > Ny"? heiBe Mp, nach 
vin Z (No, €) 





= w(n, &). 


** Um wohlbekannte Eigenheiten der wirklichen Messung wiederzugeben, kénnten wir 


diese Entscheidungen auch nur mit gewissen Wahrscheinlichkeiten (die gegen 1 bzw. 0 
streben) fallen, u. a. Dies wiirde aber das Schlufresultat nicht andern. 











* ety 
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Annahme ist ~(Mg) > 9-@ (2), dabei sind alle Mp © 2, w(®) endlich. 
Nach dem bekannten Satze von Arzela™ gilt dann fiir die Menge M aller P, 
die unendlich vielen M, angehéren, auch w(M)>46-(2), Fir ein P 
yon M ist fiir unendlich viele g Pin Mo, d.h. P in einem N,"’, aber 
in keinem Ny'?, v aus Z(np, 6). D.h. es ist P in Ny", » nicht in 


Z(np, €). Somit ist fiir unendlich viele » P in Ne”, v nicht in Z(n, €), also 


(n) 
w(A- Ny’) S tune, 


~ ~- ™ 


Wenn wir dasjenige v, fiir welches P zu Ny” gehort, »(n, P) nennen, so 


, A : n@ 
ist demnach limes u( oan 1, P)) 
— lad (Ny, P)) 
Dieser Limes kann also nicht tiberall, bis auf eine Menge vom Mafe 0 


existieren und = 0, 1 sein. 

Aber nach einem Satze von Lebesgue ist er iiberall in 74 bis auf eine 
Menge vom Mafe 0 vorhanden und gleich 1*°, und wenn wir denselben 
Satz auf 2—A anwenden, so sehen wir, da er iiberall in 2— bis auf 
eine Menge vom Mafe 0 vorhanden und gleich 0 ist. Das steht mit dem 
vorhin Bewiesenen im Widerspruch. 

3. Soweit wir beurteilen kénnen, deckt sich unser Standpunkt — Ein- 
fiihrung eines Mafes in 2, und Beurteilung aller Wahrscheinlichkeiten mit 
seiner Hilfe — mit dem, was bei physikalischen Messungen wirklich geschieht. 
Akzeptiert man ihn aber, so ist es unméglich, der in 2 bewiesenen Méglichkeit, 
die Zugehérigkeit zu mefbaren Mengen zu entscheiden, auszuweichen. 
Insbesondere ist es wichtig, daB Mengen vom Mafe 0 unbeachtet bleiben 
miissen, und Eigenschaften, die nur in solchen gelten, als unbeobachtbar 
anzusehen sind. 

Da die Stetigkeit dabei gar keine Rolle spielte, liegt daran, da6 es 
von diesem Standpunkte aus sozusagen keine unstetige Funktionen gibt: 
nach einem Satze von Lusin ist ja fiir jede mefbare Funktion und jedes 





entweder nicht vorhanden, oder +0, 1. 


** Vel. z. B. de la Vallée Poussin, Cours d’Analyse Infinitésimale, Paris 1909, S. 68—69. 
*° Kin Beweis, dem ohne wesentliche Anderungen die hier erforderliche Allgemeinheit 
zukommt, findet sich bei Carathéodory, ,,Reelle Funktionen“, 8S. 492—497, Satz 3. Die 
, ., | =1, fir P in A 

dort auftretende Funktion f(P) ist | at wnt 
beruht auf dem ,,Uberdeckungssatz von Vitali“, 8S. 299—307. Fiir die dortigen o, (P) sind 
die VQ, p) einzusetzen. Da in 2 keine Parallelepipede definiert wurden, brauchen die 
dortigen Primissen bez. des Verhiltnisses der 6, (P) zu Parallelepipeden nicht zu gelten; 
da aber je zwei Nf? p) (n, P variabel!) fremd sind, oder eines das andere umfaft, passen 
sie doch ins Gefiige des Beweises. Sogar etwas besser, als die o,(P), denn die auf 
S. 301 ff. erfolgende Einfihrung der Wiirfel von dreifacher Kantenlinge wird iiberflissig. 


zu setzen. Der Beweis a. a. O. 
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6 >0 eine Menge vom Mafe <0 angebbar, auferhalb welcher die Funktion 
gleichmafig stetig ist**. 


II. Ergodische Str6mungen. 


1. 2 sei ein Raum nach D,, & eine allgemeine Strémung in ihm (D)), 
U; die Koopmansche Operatorenschar, U; = e“4, A hypermaximal, E(2) 
seine Zerlegung der Einheit (Einleitung 3). 

Wegen der Unitaritét von U; und der Schwarzschen Ungleichheit ist 


(OF, | S WO lg = Wil lg, 


also auch 





of et, gar < If Il-llgil- 





Infolgedessen kann ein Operator X;,; durch 


1 
s—t 





(XA 9= [Grae <9 


definiert werden*”. 

=1, fir Pin 4 
=0, sonst 
bilden, und es gehért zum Hilbertschen Raume. Es wird nun einerseits 


Fiir jedes mefbare 4 endlichen Mafes kénnen wir x; (P)| 


(X, , XA? ty) _ Ji Xue XA (P) dup, 
und andererseits 


1 fs 
(XY X49 Xy) = — | (U, X49 %y) ae 


a er Dyes aa (P) dv, dt, 


also nach dem Satz von Fubini (vgl. Anm. ') 


1 fir aos ail 
st #1) ty. (P) dt} dvp me sf, 24: P, t, 8) dup. 





Da dies fir alle M gilt, ist X,, x, (P) = 1, Z(A, P, t, s)®. 





*°C. R. 154, 1912, S. 1688, oder Sierpinski, Fund. Math. 3, 1922, 8.320. Die dort fiir 
das gewohnliche Lebesguesche Maf gefiihrten Beweise sind fiir alle 1-Mabe giiltig. 

Vegi. a.a.O. Anm. 7, 8.72, oder den analogen Beweis in E, 8.112 oben. Die zu 
verwendenden Bezeichnungen sind auch nach E. 

** Kigentlich braucht dies blof bis auf eine P-Menge vom Mabe 0 zu gelten, aber X, t,s% 4 ist 


als Element des Hilbertschen Raumes ohnehin nur bis auf eine solche definiert. 
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Wir berechnen nun || X, ,f ||. Es ist: 





|X, ,f 1? = I%,.5) S| = =; {os X, ,f) dt 
1 8 (°3 
- os oJ, Uafhade de 


Parabens fydrde 


(s—t) (°2s+-|x| dx aay 
—-s —(s—t) J2#t—| x} (Oct, S) 


(s—t) 
a (s—t—|e|) (Uxf,f) de. 


s—t) 





Nun setzen wir nach Einleitung 3 die H(A) fiir die Uz ein und bemerken, 
daB die Integrationsreihenfolgen-Vertauschung wegen der absoluten Kon- 
vergenz aller auftretenden Integrale zulissig ist. So wird fortlaufend: 


+(s—t) +00 
a os fi @—t— la) aed BOSS) 
tong +(s—t) 


—(s—t) 


+00 s— 
-_ en (f a cas (22) a} d(EA)S,S) 








=, 
— +? 1—cos(s—f)a 
= 72 a sO EOS S) 
4-00 sin — 5 om ’ 
_ f ar MEO, 





2 


Der Integrand ist >0O und der Ausdruck hinter dem d-Zeichen monoton 
nichtfallend, also kénnen wir das Integral folgendermafen nach oben ab- 


—eé +00 € 
Schatzen: Es ist gleich f ma + I plus {" . Vergréern wir den Inte- 
granden hierin zu a, bzw. 1, und ersetzen wir den ersten Inte- 
é 
a) 


o 
grationsbereich dann durch f- 





*Wegen US U, = U;' U, = U, 


Ts" 
“Man substituiere s—r = a2, t+o = y. 
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+00 +e 
|X SS Goa J. OLN Sf eos 


= Gap +E 9—E-Ns). 


Somit ist limes sup | Xes S|? < ((E(+2)—E(—)) fA, f ), also wird, wenn 
s—t—> 

fir «>0 (E(+4)—E(—e))f-0, Jam. || X,0 ||? = 0, dh. Xs f->0 

fir s—t—> +o, 

Als Projektionsoperator, der monoton nichtfallend von ¢ abhangt, hat 
E(+«)—E(—e) einen Limes fiir «>0: H,**. Wir sehen also, da8 aus 
EK f=0 Xs f70 fir s—t>+o folgt. Ist hingegen Ly) f= /f, so 
ist wegen E(+e)—E(—H) > R E(t+anf=sf —— 0, dh. 

: o 
E(2) f| - : ne “ie . Also fir alle g (U:f, 9) = f et (E(A) f,9) 
=(f,9, dh Af=/f. 

Sei Mt die zu HE, gehérige abgeschlossene Linearmannigfaltigkeit. In 
ihr gilt stets Ey f =f, also i f=—//f, also X53 f—f. Fir zu M ortho- 
gonale f gilt LE, f= 0, also X%; f-0 (s—t>+o). Somit ist fiir beide 
Arten von f X:sf>E) f (s—t->+o), also auch fiir alle f= /1+f, 
J, aus M, fe orthogonal zu Mt — d.i. aber jedes f. Wir haben also 
im Sinne der starken Operatorenkonvergenz X;,,;—>E, fir s—t>+o™*. 

Da aus Ly f= f/f U:f=/ fir alle ¢ folgt, und aus i f=f Ars f=—S/, 
also Ky f =f, kénnen wir Mt auch so charakterisieren: es ist die Menge 
der gemeinsamen Lésungen aller U; f =f. 

2. b), c) aus Einleitung 2 besagen, wie wir nunmehr wissen, dieses: 
Xi hy hy» %,) ‘= bzw. (X, ,X 4 ty (hy g,) . (y,; Xy) ut + 0), 

; —_ — . a — n 2 
Wobei Go (P) konstant ist, und zwar Va® ” wenn “(2) 
endlich ist, und = 0, wenn dieses unendlich ist (also || || = 1 bzw. go = 9). 
Wir kénnen also auch sagen: Xs f>Pigg f baw. (Xts4,9)> (Poa 4 9); 
falls f,g die Form x , haben. Dann muf aber diese Gleichung auch fiir 


alle Linearaggregate der x, gelten und fiir deren Haufungspunkte**, und 








*' Unter 0 verstehen wir im Hilbertschen Raume die starke Konvergenz, 4. h. || -+-||—>0. 
Vel. A 8. 378. 

“ Vgl. hierfiir, wie firs Folgende, die in E, S. 74—78 entwickelte Theorie der Projektions- 
operatoren. Gegenwirtig ist Satz 19 dortselbst gemeint sowie S. 91. 

“8 Vgl. A, S.381—384. 


“* Wegen | (Xs f,9)| < || \|+{|g|| sind die X,,. gleichmabig beschrankt. Vgl. etwa E, 
S. 73, Satz 12. 

















O° at it I, 
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dies sind samtliche /*°. Somit besagen b) bzw. c), da die obigen Gleichungen 
fiir alle f,g gelten, d. h., da®B X;,; im Sinne der starken bzw. der schwachen 
Operatorenkonvergenz (vgl. Anm.**) gegen Pig strebt. Dies gilt iibrigens 
auch dann, wenn b) bzw. c) nicht fiir alle meBbaren 14, M endlichen Maes 
formuliert werden, sondern nur fiir eine solche Menge von 4, M, durch 
die alle obigen approximiert werden kénnen — etwa alle Summen endlich 
vieler Kugeln oder Parallelepipede (vgl. a.a.O. Anm.*). Ja, wegen der 
Additivitét dieser Eigenschaften geniigen die Parallelepipede selbst. 

Andererseits wissen wir aber, dab X;,,—> Ey (stark). Somit besagen b), c) 
dasselbe: Ey = Pig, oder, da M@ zu Hy gehért: Mt = [yo]. Oder: die 
gemeinsamen Lésungen der U;f = /f sind die cg, d.h. die Konstanten 
und nur diese*®, 

Dab f(P) Loésung aller U; f = / ist, bedeutet: fiir jedes ¢ gilt /(S; P) 
= f(P) bis auf eine P-Menge vom Mage 0. Diese / sind die ,,Integrale“ 
der Strémung. Integrale mit endlichem Absolutwertquadrat-Integral, d. h. im 
Hilbertschen Raume, nennen wir ,,H-Integrale“. Wir haben also gezeigt: 

Satz 1. b), c) aus Einleitung 2 sind einander gleichwertig, ferner ist es 
dasselbe, ob man sie fiir alle meSbaren 4,M endlichen Mafes formuiliert, 
oder nur fiir Parallelepipede, oder Summen endlich vieler Kugeln, o. ai. 
Fiir thre Giiltigkeit, d.h. fiir die Ergodizitiit der Strimung, ist notwendig 
und hinreichend, dap deren einzige H-Integrale die Konstanten seien. 

Damit ist der ,Ergodensatz“ der klassischen Mechanik bewiesen (vgl. 
dazu Anm. , ?%), 

Es ist bei ergodischen 2 noch zweckmabig zu unterscheiden, ob «(2) 
endlich oder unendlich ist, d. h. ob der Limes von Z2(4, P, t, s) nicht 
identisch Null ist, oder es ist. Wir nennen 2 dementsprechend eigentlich- 
ergodisch bzw. Null-ergodisch. 

3. Fiir beliebige, also u. U. nicht ergodische Strémungen kénnen wir die 


Z (A, P, t, 8) 





Schlu8formel von 1 wieder dazu benutzen, um limes 
s—t>to s—t 


direkt zu berechnen, dies geschah a. a. O. Anm. *’, 8S. 75-77. Wir schlagen 
hier lieber einen indirekten Weg ein, der die in Kinleitung 4 angekiindigte 
Zerlegung in ergodische Strémungen mit ergibt. 

Kin meBbares 4 endlichen Maes, welches mit jedem S;/ bis auf 
eine Menge vom Mage 0 (die natiirlich von ¢ abhingt) zusammenfiallt, 
heiBe eine 4-Menge. Sie ist auch dadurch charakterisierbar, dab x, 


ae 4 , , ' Sei 
( A (P) boned." eaneee ein H-Integral ist, d.h. zu M gehdrt. Sei 


45 Vgl. E, S. 109—111. 
*°Damit die Konstante a zum Hilbertschen Raume gehére, muh fo ja|?dv, = |a\?u(S2) 


endlich sein, bei unendlichem (8) also a = 0. 
39 
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umgekehrt f ein belicbiges H-Integral. Es ist starker Haufungspunkt 
solcher g(P) = G(f(P)), deren jede nur endlich vieler verschiedener 
Werte fiahig ist, und diese ihrerseits Linearaggregate endlich vieler solcher 
h(P) = H(f(P)), die nur die Werte 0, 1 annehmen (vgl. a. a.O. Anm. *), 
Diese sind also x, (P)-Funktionen und ihrer Form nach (H)-Integrale, 
also sind ihre 4 4-Mengen. Daher spannen die z, aller 4-Mengen die 
abgeschlossene Linearmannigfaltigkeit 2% auf. Dasselbe gilt, wenn wir uns 
auf ein Teilsystem der 4-Mengen beschrinken, das in diesen iiberall dicht 
liegt, und es gibt eine Folge 4,,-4.,---, die dies leistet (vgl. a. a. 0. 
Anm. *), SchlieBlich kinnen wir diese 4,, durch Anderungen um Mengen 
vom Ma8e 0, alle Borelsch machen. 

Die Mengenoperationen 4+ M, 4-M, 4—M, limes M, = M,-M,.- --- 


n> «© 


(mit M,> M,>.--) fiihren aus dem Kreise der Borelschen 4-Mengen nicht 
hinaus. Infolgedessen kann ein Beweis, den der Verfasser in einem anderen 
Zusammenhange verwendete, wortlich iibertragen werden‘*’, und er ergibt: 
Sei A das Intervall 0 << a<1, A’ = {x®, 2®,.--} eine in thm 
iiberall dichte abziihlbare Menge. Jedem x von A’ ist eine Borelsche A- 
Menge A(x) zugeordnet, derart daB 
a) Jedes Ay entsteht durch die Mengenoperationen 4A+M, 4-M, 
A—M aus einigen A(x). 
B) Aus « < y (in A’) folgt A(x) € A(y)*. 
y) Aus 2, >a.>-+-->a2, >a (fiir n>, alles in A’) folgt 


limes 4 (an) = 4 (a) +A (x2)+ +++ = A(x)®. 
nu—->eo 
Sei ferner K,, Ky, --- ein ,gleichwertiges Umgebungssystem“ (vgl. a. a. O. 


Anm. *°), wir konstruieren ebenso diese Schar: 
Jedem § von A’ ist eine Borelsche Menge K(&) zugeordnet, die «), 8), y) 
ebenfalls erfiillt, jedoch derart, daB durch «) die 2, K,, Kz,--+ erzeugt 
werden. 


Wir wollen die Mengensummen und -durchschnitte mit = bzw. 
bezeichnen. Es sei 


> A(x) = 2, 2-2 =. 


win A’ 


Da jedes 4(x) € Q, ist, gilt dasselbe fiir jedes 4,, also fiir jede 4-Menge 
bis auf eine Menge vom Mafe 0. Jedes 4(x) ist gegeniiber jedem & in- 





“TA, 8. 401—403, an Stelle der dortigen Projektionsoperatoren sind A-Mengen zu setzen, 
fiir die +, +, — ja ebenfal’= definiert sind. Insbesondere sind E,, E,,-++ durch A,, As, +++; 
die G(A) durch die A(x), « = A+1, zu ersetzen. A’ ist irgendeine in 0 < «<1 iberall 
dichte Folge, die die dortigen 9 enthilt, etwa die der rationalen Zahlen. 

‘8Man beachte, daf die Konstruktionen von a. 0. Anm. 7 die Mengenbeziehungen C 
und = genau ergeben, und nicht blof bis auf Mengen vom Mafe 0. 
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variant bis auf eine Menge vom Mafe 0, also sind es auch 2, 24. 
Hitte 2, ein endliches Ma, so wire es -4-Menge, also hitte es, da es zu 2, 
_— ist, das MaB 0. D. h.: w(2,) = 0 oder «©. Im ersten Fall brauchen 
wir 2, nicht zu beachten. Im zweiten ist S; auch in ihm eine allgemeine 
Strémung, und jede seiner 4-Mengen hat (da sie fremd zu 2, ist) das 
MaB 0. Ist f ein H-Integral in 2,, so ist die Menge |f(P)|><« (e>0) 
eine 4-Menge, also vom Mafe 0, ¢ = 1, 4, 4,--- ergibt: /(P) = 0 bis 
auf eine Menge vom Mage 0. Somit ist 2, Null-ergodisch **. 

Wir definieren nun fiir jedes P von 2, einen Punkt [z, §] im Quadrat 
AxA =A, G10 5 2,§<1: x = finisinf (P in 4(y)), § = finis inf 


yinA HinA 
(P in K(y)). 

Wenn P, P’ |x, &] bzw. [a’, &’] entsprechen, so folgt aus § == & P= P’, 
Denn durch 4+ M, 4-M, 4—M entstehen aus den K(y) nur Mengen 
(K(y2) — K(q1)) + +++ +(K (qv) — K(qov—1)) (1 <2 << +++ << aw—a < Yar, 
nach 4), damit P zu einer solchen gehire, ist die Zugehérigkeit von § zu 
einem K (24) — K (424-1) (w = 1, ---, v) charakteristisch, d. h. y271<§ S yy. 
Wegen § = & gehdren also P, P’ zu denselben unter diesen Mengen, also 
zu denselben Ky, fir P+ P’ miiBte es aber ein KX, geben, das P enthialt und P’ 
nicht. Unsere Abbildung P—|[z, §] ist also eineindeutig, selbst ihre Projektion 
auf der §-Achse ist es noch. Diese Abbildung mége 2, auf B abbilden. 

Im Produktraume 2, x A ist die Menge der [P, x, §], fiir die [x, *] gerade 
das Bild von P ist, gleich 

oO | k—1 


=, 
Ak) (k). »(k) (k) 
k > 1 M (ams Xn 1 Tmti oes), 
==3 ’ 


falls 2®,.--, 2 die der GréBe nach geordneten Zahlen 2”, ---, x sind 


(die & ersten Elemente von 4’), und M(y, 4; 2,6) die Menge derjeniger 
[P, x, §] ist, fiir welche entweder y<a2<z, y<&<C gilt und P in 
(4(z)— A(y))-(K (6) — K(y)), oder aber y< a <2, y¥<& <E nicht gilt. Da 
die M(y, 4; z, ¢) offenbar Borelsch sind, ist es auch die obengenannte Menge. 
Ist MC Q, Borelsch, so ist es auch die Menge der [P, x, §] mit P in M, 
und auch der Durchschnitt dieser Menge mit jener: d.h. die Menge der 
[P, x, §], P in M, [x, §] das Bild von P. Ihre Projektion auf den [z, §]- 
Raum Ax A = A ist nach dem w. o. Gesagten eindeutig, also Borelsch”, 
dies ist aber das Bild von M. Wir kénnen insbesondere M = 2, setzen, und 
erhalten: das durch P—[z, &] vermittelte Bild B von 2,, sowie dasjenige 
jeder Borelschen Teilmenge von 2,, ist eine Borelsche Menge. 
Die Zerlegung von 2 in 2,, 2, verdankt der Verfasser einer Mitteilung von Herrn 
M. H. Stone. 

°° Vgl. z. B. Hausdorff, ,Mengenlehre“, 8.212, Satz 4; oder Lusin, Fund. Math. 10, 
1928, 8.1. 

39* 
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Sei A(y, 4; 2, 6) das Quadrat ya<z, y<S<6, sein Urbild (d. hb. 
dasjenige seines in B liegenden Teiles) ist das meBbare 


(4 (2) — A(y)) -(K(C) — K(y)), 
dessen MaB 
# [(4(z) — Aly)) -(K(E) — K(y))] = wy, 93 2, 6). 


Dies hat die Konsequenz, da8 aus 


2 ee _ 
A(y,4;2,6)-BC - A(y, 4; 2, £). B 


u(y, 732,60) < < 2% y™, 9™; 2, CO) 
folgt. Also hat 
Ay, 4; 2,6)-BE Aly’, 752, 0)-B 
die Folge 
e(y,932,$) Saly,73 2,0), 


und aus = statt C folgt durch Vertauschung beider Seiten — statt <. 
Ferner zieht 


— CO — 
A(y, 4; 2,6) S p Aly, (3, ™) 
erst recht 


co 
ius : _—— 
e(y,432,90 < aay”, q™; , O™) 


nach sich. SchlieBlich ist w(y, 4; 2, ¢) in allen vier Variablen nach rechts 
halbstetig, weil es 4(x), K(&) auch sind. 
Wir konnen nunmehr fiir die Teilmengen C von A definieren: 
u*(C) sei die untere Grencze aller 


oO 
2" a (y™, 7; 2, CO) 


mit 


— co — 
cc =" A(y™, 4; 2, £0), 


Aus dem soeben Gezeigten folgt, da® dies ein /-Maf im Quadrat A (in bezug 
auf die gewohnliche Topologie von A) ist. Ferner werden wir sofort 
beweisen: wenn C #-meBbar ist, so haben C und C-B dasselbe Maf. 
Da B Borelsch ist, ist es mefbar, A—B ist es auch, und es ist 
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pe (A— B) = w(A—B)- B) = 


(x, E]>P bildet B eineindeutig auf 2, ab. Wenn C= Aly, n; 2, ¢) ist, 
so ist das Urbild von C- B meBbar, und sein «-Mab ist = w(C- B) = w(C) 
— in der Tat ist das Urbild gleich (4(z) — A(y))-(K(S) — K(y)), 
sein MaB wy, 4; 2, £), und dies ist, wie aus der auf S. 604 oben 
bewiesenen Formel folgt, = w(C-B) = w(C). Dasselbe gilt also, wenn 
C die Summe endlich vieler fremder A(y, 4; z,¢) ist, oder Limes einer auf- 
steigenden Folge solcher, d.h. fiir jedes offene C. Von diesen iibertrigt 
es sich wiederum durch Limesbildung auf- oder absteigender Folgen auf 
alle Borelschen C. Hat C das p-MaB 0, so hat es auch C-B, und es 
ist Teil eines ebensolchen Borelschen C’; das Urbild von C’- B, also auch 
dasjenige von C-B, hat dann auch das w-Ma8 0. Ist schlieBlich C blob 
u-meBbar, so ist es Summe einer Borelschen Menge und einer vom 

u-MaB 0; da die obige Behauptung fiir beide gilt, gilt sie auch fir C. 

Fir die Cc B haben wir insbesondere gewonnen: Ist C u-meBbar, so 
ist sein [x, §]>P-Bild »-meBbar und vom selben Mah. Aus Satz 2 der 
vorhergehenden Abhandlung des Verfassers folgt alsdann, daB [x, §]>P 
sowie P—[x, &] iiberhaupt maftreu sind. 

4. Das w-MaB in A (oder B) laBt eine Integraldarstellung zu, die wir 
angeben wollen. 

Wir definieren fiir alle z, § inO<x2<1, O<§<1 (nicht ow fiir die 
in A!) 

u(x, §) = w(A(O, 0; a, §). 
Wenn zx, § zu A’ gehoren, ist also 


u(x, §) = w(0, 0; x, &) = (A(z) - K(&)). 


Offenbar sind w(x, §) und p(x, §”)—p (za, &) (& < &”) monoton nichtfallend 
und nach rechts halbstetig in 2. Wenn wir also § festhalten, x von 0 
bis 1 variieren lassen, aber u = w(x, 1) als unabhangige Variable ansehen, 
so liegen die Differenzenquotienten von u(x, §) stets im Intervalle 0, 1. 
Insbesondere ist in den ,,Konstanzintervallen* von wu = u(x, 1) w(@, §) 
ebenfalls konstant. Die von ~(0, 1) 0 bis w(1, 1) = w(2,) variierende 
Variable w iiberspringt allerdings die den Unstetigkeitsstellen x von w(x, 1) 
entsprechenden ,,Sprungintervalle“ u(«—0, 1) < u<p(e+0, 1) = w(z, 1), 
aber in jedem dieser Intervalle kénnen wir w(x, &) linear und an den 
Enden stetig in « neu definieren. Nunmehr ist der Satz von Lebesgue 
anwendbar®': die Derivierte 


*! Vgl. z. B. Carathéodory, ,Reelle Funktionen“, 8.551 und 8S. 545. 
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u(x+e, &)—u(x—J, &) 








e(e, = limes “ete, 1)—#(@—, 1) 


g, d—>0 

existiert iiberall, abgesehen von einer solchen x-Menge, deren w-Menge 
das gewéhnliche Lebesguesche Ma 0 hat. Die obengenannten ,,Sprung- 
intervalle“ von w brauchen wir nicht zu beachten, denn in den entsprechenden 
Unstetigkeitsstellen x existiert der obi ze Limes, da sein Nenner nicht 
gegen 0 strebt, und im w-Intervalle hat wegen der Linearitat die Derivierte 
denselben Wert. Wenn wir also fiir Teilmengen X der x-Menge 0 < x < 1 
ein Mai 


jor (x) =f ae@,1) 


einfiihren®?, das offenbar ein /-Ma6 ist, so kénnen wir sagen: @(z, &) 
existiert fiir alle 2, auSer fiir eine Menge vom p-Mafe 0. 
Weiter ist w(x, §) das Integral seiner Derivierten: 


w (0,8) = J" ely, 8) dywly, 1). 


Wir lassen nun § nur in A’ variieren. Alle diese @ (xz, &) existieren 
gleichzeitig, bis auf eine z-Menge Y) vom Mafe 0, deren Komplementir- 
menge in O<a<1 X, heife. Da fiir & <&" o(z, &’)—oe(z, &) die 
Derivierte von w(x, §’)—-w (a, &) ist, also > 0, ist @ (x, §) in § monoton 
nichtfallend. Wir definieren nun fiir alle & 


01 @, é) = limes @ (x, 1); 
yin A’,y>§ 
7 § 


0, (x, §) ist in § monoton nichtfallend und nach rechts halbstetig. Da 
w(x, &) in € nach rechts halbstetig ist, wird aus unserer obigen Integral- 
formel durch denselben GrenzprozeB 


w (7,8) = [ey 8) dywly, 1). 
Wir definieren nun jeden Parameterwert x aus Xp und fiir jede Teil- 
menge = der Menge 0 < § < 1 ein MaB jaz (3) = [as 0; (a, §) (vgl. das am 


Ende von Anm. ” Gesagte), das offenbar ein /-Ma6 ist. Dabei ist die 
gewohnliche Topologie von 0< §<1 zugrunde zu legen. Wenn C eine 
Menge C A ist, so sei (C)z) die Menge aller § mit [x, §] inC. Sei C die 
Menge A (0, 0; x, €), dann ist: 


5272). i. ee: fiuBere Ma der entsprechenden u-Menge, wenn diese unmeBbar ist, stellt 


ty das ,obere Lebesguesche Integral“ dar. 
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_— a a a 
a(C) = wo, 8) = f, 0: (y, §) dy w(y, 1) 
xe g - ir . - 
ar f, Lf, dn aly, »)| dy wy, 1) = J, [is aly, ") dy, wy, 1) 


1 = 
me , By) ((C)\y) dy w(y, 1). 


Wir fragen allgemein: fiir welche CC A gilt die Formel 
— 1 — 
BC) = Jo ti (Chun) dy (y, 1), 


wobei auch verlangt wird, da6 der Integrand iiberall, bis auf eine y-Menge 
vom #-Mabe 0, Sinn hat (nicht bloB als Heys sondern als fy, a. h. (Cy 
soll f@-meBbar sein), und eine ~-mefbare Funktion ist (d. h. das Integral 
Sinn hat)? Dies ist fiir die C— A(0,0;2,&) der Fall, also auch fiir 
ihre Differenzen, die C = A(x, &; y, 9); sodann fir die Summen endlich 
vieler solcher und die Limites aufsteigender Folgen solcher Mengen — 
d.i. fir alle offenen C. Genau wie in der Betrachtung am Ende von 3. 
iibertragt sich unsere Formel von diesen C successiv auf die Borelschen C, auf 
die C vom u-MaBe 0, und schlieblich auf alle «-mebbaren C. 

Zum SchluB stellen wir noch dieses fest. Sei X eine Menge in A, X die 
Menge aller [x, &], 2 in X, 0 < &<1 (in A). Wenn X p-mebbar ist, 
ergibt unsere Formel sofort: X ist #®-meBbar, ~ (X) = p (X). Ist 
umgekehrt X #-meBbar, so gibt es zwei Borelsche X’, X" mit X'C XC X”, 
fb (X" — X') = 0, also sind X’, X” auch Borelsch, also meBbar, und es 
ist w(X"”— X’) = 0. Wegen X’'C XC X” ist auch X meSbar und hat 
dasselbe 7-MaB wie X, X”, d. h. wie X’, X", d. h. wie X. Also: X, X sind 
immer gleichzeitig meBbar und haben dasselbe (@- bzw. #-)Mab. Da A—B 
das MaB 0 hat, gilt dasselbe, wenn wir X auf B einschranken. 


5. Wir iibertragen nun B durch die maBtreue Abbildung [x, §]> P 
zuriick nach 2,. Aus der Menge der [y, 4] mit y< 2, O< 4 <1 wird 
A(x), aus der mit y= x, 0O< 4 <1 also 


M(x) = [] 4m)— > 40). 
yin A’ yinA 
y>a yY<ax 
Wir iibertragen dabei auch die in A und seinen Teilmengen definierten 
l-Mafe: aus w in B wird, wie wir wissen, » in 2,; f@ iibertragen 
wir auf M(x), wo es mm heiBen soll — all dies sind 7-Mafe. Immerhin 
ist bei wi dieses zu beachten: Bei ihm ist jene Topologie zugrunde zu 
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legen, die bei §—> ins zu [z, &] gehorige P aus der gewéhnlichen Topologie 
von 0<£<1 entsteht. Eine andere denkbare Topologie fiir M(z) ist 
die, bei der die in M(x) relativ-offenen Mengen (im Sinne der 2-Topologie, 
also die O- M(x), O offen in 2) als offen gelten. Nun sind die Borelschen 
Mengen der ersteren Topologie aus den Bildern der §-Mengen § < 9, in A’ 
erzeugbar, d. h. aus den Mengen M(x) -K(q), oder, was nach Konstruktion 
der K(y) dasselbe ist, aus den M(x)- Ky. Die Borelschen Mengen der 
letzteren Topologie entstehen aus den M(z)-O, also auch aus den M(z)- Ky. 
Beide Topologien haben also dieselben Borelschen Mengen, da aber fiir den 
l-MaBcharakter nur die Borelschen Mengen maBgebend sind (vgl. Anm. ° 
in der vorhergehenden Abhandlung des Verfassers), ist #@ auch im Sinne 
der letzteren Topologie, d. i. der auf M(x) iibertragenen Topologie von 2, 
ein /-MaBb. 

Ist M[X] = Ps M(zx), so ist M[X] das Bild von X, also sind auch X 


und M{[X] gleichzeitig meBbar, und haben dieselben (#- bzw. u-)MaBe. 
Aus unserer j«(C)-Formel aber wird: fiir jedes mef&bare NC Q, ist 


WN) = f° pa)(M(@) -.N) dw (a). 


Dabei ist w(x) = w(w,1) = »® (Menge aller y mit O0<y<z). Der 
Integrand kann fir einige x sinnlos sein (w*, undefiniert oder M(x)-N 
unmefBbar), aber die Menge dieser x hat das #~-Ma8 0; insbesondere ist 
ws, nur fiir die « von Xp definiert, aber diese Komplementarmenge von Xo 
in O0<a@<1, Yo, hat das #-MaB 0. 

Untersuchen wir nunmehr das Verhaltnis der S; zu den M(x). Sei T 
der m-Raum der ¢, « das gewéhnliche Lebesguesche Maf in ihm, 2x T 
der Produktraum, # das dort nach D, definierte /-MaB (die Verwechslung 
mit dem mw in 4. droht nicht, da dieses nicht mehr vorkommen wird). 

Sei MC 2. Wenn es offen ist, ist sein [P, t] > S; P-Urbild in 2x T 
meBbar (d.h. die Funktion S; P ist meBbar, vgl. Anm. ''), und von den 
offenen M iibertragt sich dies miihelos auf die Borelschen. Hat M aufer- 
dem das Maf 0, so ist fiir jedes feste ¢ die Menge der P mit S;P in M 
vom Make 0 (S ist maftreu), also ergibt der Satz von Fubini (a. a. 0. 
Anm. *°), den wir auf das Urbild wegen seiner MeSbarkeit anwenden 
diirfen: das Urbild selbst hat das MaB 0. Hat M bloB das Maf 0, so 
ist MC M’, M’ Borelsch und vom MaB 0, also Urbild von MC Urbild 
von M’, das vom MaBe 0 ist, also das Urbild von M auch. Das Urbild 
von M ist also meBbar, wenn M Borelsch ist, oder vom Mae 0, also 
auch fiir die Summen zweier solcher M, d. ii. fiir jedes meBbare M. 

Gehére x zu A’, A(x) ist meBbar, also auch die Menge der [P, ¢], 
P in A(x), ferner das S; P-Urbild: die Menge der [P, #], S&P in 4(@). 
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Also ist auch die Summe minus der Durchschnitt dieser zwei Mengen 
mebbar, d.i. die Menge der [P, ¢], fiir die P zu 4(x%) gehért, aber S; P 
nicht, oder umgekehrt. Und auch die Summe dieser Mengen fiir alle x 
von A’ ist meBbar, sie heiGe Y,. Nun sei ¢ fest. Die Menge der P, fiir 
die [P, t] zu Y, gehort, ist 


2, [A+ 8" 4@)—(4@)- 8" 4@)), 


also, wie jeder ihrer Addenden, vom Mafe 0. Der Satz von Fubini ist 
anwendbar: Y, hat das Ma8 0. [P, ¢] nicht in Y, bedeutet: P gehdrt 
zu denselben 4(x) (x in A’), wie SP, also auch zu denselben M(x) 
(0<a<1), oder: P gehért dann und nur dann zu M(z), wenn & P es 
tut, u. zw. fir alle O<a7<l. 

Nun definieren wir S;P um, indem wir es in Y, fiir undefiniert erklaren, 
sonst aber nicht andern. Da Y, das Maf 0 hat, bleibt S;P meBbar; 
da bei festem ¢ die Menge der P mit [P, ¢] in Y, das MaB O hat, sind 
die neuen S den alten aquivalent. Dabei sind alle M(x) den neuen & 
gegeniiber genau invariant. Auf Grund der Ersetzungsméglichkeit durch 
eine aquivalente allgemeine Strémung diirfen wir also annehmen, daB die 
M(x) von vornherein genau invariant waren. 

Da jedes M(x) genau S-invariant ist, ist es auch jedes M[X]. Ist X 
meBbar, #(X) endlich, so ist auch M[X] meBbar, «(M[X]) endlich, 
d. h. M[X] .4-Menge. Umgekehrt ist jedes /() ein M[X] (X ist die 
Menge 0 < §< y) mit meBbarem X; also auch alles, was durch 4+ M, 
4.M,A—M daraus entsteht, d.h. jedes 4,; also auch alles, was durch 
Limesbildung an auf- oder absteigenden Folgen daraus entsteht, d.h. jede 
A-Menge (bis auf eine Menge vom Mafe 0, vgl. 3. und a. O. Anm. *). 
Dabei ist das MaB der 4-Menge, d.h. #(X) = w(M[X)) endlich. Also: 
alle M[X] mit meBbarem X und endlichem ~ (X) = «(M[X)) sind, bis 
auf Mengen vom Mage 0, mit allen 4-Mengen identisch. 

6. Betrachten wir die Abbildung [P, ¢] > [SP, ¢]. Ihr Definitionsbereich 
ist derjenige von SP, also meBbar; fiir jedes feste ¢ bilden die P, deren 
[P, ¢] nicht in ihm liegt, eine Menge vom Mafe 0. Seine Komplementar- 
menge hat also, nach dem Satz von Fubini, auch als [P, ¢]-Menge das 
Ma8 0. Betrachten wir das Urbild einer Menge N (d.i. die Menge der 
[P, t] mit [S;P, t] in N, N braucht keineswegs aus lauter [S; P, t]-s zu 
bestehen!), Ist N= 0x0, O, O Borelsch, so ist dieses Urbild der Durch- 
schnitt des [P, t]>[S; P]-Urbildes von O, das wegen der MeBbarkeit von 
S:P mefbar ist, mit der offenbar mefbaren Menge der [P, ¢] mit ¢ in O — 
also meBbar. Bei gegebenem ¢ ist die Menge der P mit [P, ¢] im Urbild 
leer, wenn ¢ nicht zu O gehort, und S:*O, wenn ¢ zu O gehért. Nach 
dem Satz von Fubini ist also das MaB des Urbildes 
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legen, die bei §—> ins zu [x, §] gehdrige P aus der gewohnlichen Topologie 
von 0<£<1 entsteht. Eine andere denkbare Topologie fiir M(zx) ist 
die, bei der die in M(x) relativ-offenen Mengen (im Sinne der ‘ 2-Topologie, 
also die O- M(x), O offen in 2) als offen gelten. Nun sind die Borelschen 
Mengen der ersteren Topologie aus dex Bildern der §-Mengen § < y, y in 4’ 
erzeugbar, d. h. aus den Mengen M(x) - K(y), oder, was nach Konstruktion 
der K(y) dasselbe ist, aus den M(x)-Kn. Die Borelschen Mengen der 
letzteren Topologie entstehen aus den M(x)-O, also auch aus den M(z)-K,,. 
Beide Topologien haben also dieselben Borelschen Mengen, da aber fiir den 
/-MaBcharakter nur die Borelschen Mengen mafgebend sind (vgl. Anm. ° 
in der vorhergehenden Abhandlung des Verfassers), ist m@ auch im Sinne 
der letzteren Topologie, d. i. der auf M(x) iibertragenen Topologie von 2, 
ein /-Maf. 

Ist M[X] = M(x), so ist M[X] das Bild von X, also sind auch X 


und M[X] gleichzeitig mefbar, und haben dieselben (#- bzw. w-)Mabe. 
Aus unserer jo(C)-Formel aber wird: fiir jedes mefbare NC 2, ist 


WN) = J )(M(@) -N) dw (a). 


Dabei ist w(x) = w(x, 1) = »© (Menge aller y mit O<y<az). Der 
Integrand kann fiir einige x sinnlos sein (w*, undefiniert oder M(x) -N 
unmeBbar), aber die Menge dieser x hat das #-Ma8B 0; insbesondere ist 
ws, nur fiir die « von Xp definiert, aber diese Komplementarmenge von Xp 
in O<2<1, Yo, hat das #-MaB 0. 

Untersuchen wir nunmehr das Verhaltnis der S; zu den M(x). Sei T 
der m-Raum der ¢, « das gewoéhnliche Lebesguesche Maf in ihm, 2 x T 
der Produktraum, # das dort nach D, definierte /-MaB (die Verwechslung 
mit dem y in 4. droht nicht, da dieses nicht mehr vorkommen wird). 

Sei MC 2, Wenn es offen ist, ist sein [P, t] > S&P-Urbild in 2x T 
meBbar (d.h. die Funktion S;P ist meBbar, vgl. Anm. "), und von den 
offenen M iibertragt sich dies miihelos auf die Borelschen. Hat M auBer- 
dem das MaB 0, so ist fiir jedes feste ¢ die Menge der P mit S;P in M 
vom Mae 0 (S; ist maBtreu), also ergibt der Satz von Fubini (a. a. 0. 
Anm. '*), den wir auf das Urbild wegen seiner MeSbarkeit anwenden 
diirfen: das Urbild selbst hat das MaB 0. Hat M bloB das MaB 0, so 
ist MC M’, M’ Borelsch und vom MaB 0, also Urbild von MC Urbild 
von M’, das vom Mafe 0 ist, also das Urbild von M auch. Das Urbild 
von M ist also mefbar, wenn M Borelsch ist, oder vom Mage 0, also 
auch fiir die Summen zweier solcher M, d.h. fiir jedes meBbare M. 

Gehére x zu A’. A(x) ist mefbar, also auch die Menge der [P, ¢], 
P in A(x), ferner das 8; P-Urbild: die Menge der [P, t], S&P in 4(z). 
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Also ist auch die Summe minus der Durchschnitt dieser zwei Mengen 
mefbar, d.i. die Menge der [P, ¢], fiir die P zu 4(x) gehirt, aber & P 
nicht, oder umgekehrt. Und auch die Summe dieser Mengen fiir alle x 
von A’ ist meBbar, sie heie Y,. Nun sei ¢ fest. Die Menge der P, fiir 
die [P, t] zu Y, gehort, ist 

LAW + 8" 4@)—(4@)- Sr" A), 


also, wie jeder ihrer Addenden, vom Mae 0. Der Satz von Fubini ist 
anwendbar: Y, hat das Ma 0. [P, ¢] nicht in Y, bedeutet: P gehort 
zu denselben 4(x) (x in A’), wie SP, also auch zu denselben M(x) 
(0<a<1), oder: P gehért dann und nur dann zu M(x), wenn & P es 
tut, u. zw. fir alle O< xa<1. 

Nun definieren wir 5; P um, indem wir es in Y, fiir undefiniert erkliren, 
sonst aber nicht andern. Da Y;, das Maf 0 hat, bleibt S;P meBbar; 
da bei festem ¢ die Menge der P mit [P, ¢] in Y, das Mab 0 hat, sind 
die neuen & den alten aquivalent. Dabei sind alle M(x) den neuen & 
gegeniiber genau invariant. Auf Grund der Ersetzungsméglichkeit durch 
eine aquivalente allgemeine Strémung diirfen wir also annehmen, da die 
M(z) von vornherein genau invariant waren. 

Da jedes M(x) genau S-invariant ist, ist es auch jedes M[X]. Ist X 
meBbar, #(X) endlich, so ist auch M[X] meBbar, «(M[X)]) endlich, 
d.h. M[X] 4-Menge. Umgekehrt ist jedes /(7) ein M[X] (X ist die 
Menge 0 < §&<y) mit meBbarem X; also auch alles, was durch 4+ M, 
4-M,A—M daraus entsteht, d.h. jedes 4,; also auch alles, was durch 
Limesbildung an auf- oder absteigenden Folgen daraus entsteht, d. h. jede 
A-Menge (bis auf eine Menge vom Mage 0, vgl. 3. und a. O. Anm. *°). 
Dabei ist das MaB der 4-Menge, d. h. # (X) = «(M[X)) endlich. Also: 
alle M[X] mit meBbarem X und endlichem p(X) = w(M[X)) sind, bis 
auf Mengen vom Mafe 0, mit allen -4-Mengen identisch. 

6. Betrachten wir die Abbildung [P, t] > [SP, ¢]. Ihr Definitionsbereich 
ist derjenige von SP, also mefbar; fiir jedes feste ¢ bilden die P, deren 
[P, ¢] nicht in ihm liegt, eine Menge vom Mafe 0. Seine Komplementar- 
menge hat also, nach dem Satz von Fubini, auch als [P, ¢]-Menge das 
MaB 0. Betrachten wir das Urbild einer Menge N (d.i. die Menge der 
[P, ¢] mit [S P, t] in N, N braucht keineswegs aus lauter [S; P, ¢]-s zu 
bestehen!). Ist N = 0x0, O, O Borelsch, so ist dieses Urbild der Durch- 
schnitt des [P, t] > [S: P]- Urbildes von O, das wegen der MeBbarkeit von 
S:P meBbar ist, mit der offenbar malteren Menge der [P, ¢] mit ¢ in 0— 
also meBbar. Bei gegebenem ¢ ist die —— der P mit [P, ¢] im Urbild 
leer, wenn ¢ nicht zu O gehort, und S:’ O, wenn ¢ zu O gehért. Nach 
dem Satz von Fubini ist also das Ma des Urbildes 
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[. y(S; O) dt =|. w(O) dt = (0) - (0) 
“0 “0 
= p(Ox 0) = p(N) (vel. D,). 


Die Aussage: das Urbild von N ist meBbar und hat dasselbe MaB wie N, 
gilt also fay N — Ox0,0,0 Borelsch. Somit gilt sie auch fir alle 
endlichen O x O-Summen (da die Addenden fremd wahlbar sind), fiir Limites 
aufsteigender Folgen derselben, d.i. insbesondere fiir alle offenen Mengen. Und 
weiter iibertragt sie sich durch Limesbildung an auf- oder absteigenden Folgen 
auf alle Borelschen N. Da jedes N vom MaBe 0 Teilmenge eines Borel- 
schen N’ vom Mae 0 ist, gilt sie auch fiir diese, also auch fir die 
Summen Borelscher Mengen und solcher vom Mae O—d. h. fiir alle 
mefbaren N, 

[P, tl >[S:, P] bildet also 2x T minus eine Menge vom Mafe 0 einein- 
deutig auf eine gewisse Teilmenge N® yon 2x T ab, und das Urbild jedes 
mefbaren N ist meSbar und vom selben Mafe wie N (wobei N keineswegs 
C N® zu sein braucht). Betrachtet man den Beweis von Satz 2 in der 
vorhergehenden Abhandlung des Verfassers, so erkennt man, daf er auf 
diesen Fall anwendbar ist, und N© — 2x T minus eine Menge vom 
Mage 0 ergibt. Ist dies gesichert, so kann man den genannten Satz 2 
selbst anwenden, aus ihm folgt dann die MaBtreue von [P, t]—[&S; P, #¢]. 
Die inverse Abbildung [P, 4] >[S; P, ¢] ist also auch maftreu. 

Sei N mefbar. Ist N die Menge aller [P, 4], P in N, so ist es auch 
meBbar. Somit ist sein [S;P, #- und sein [S;° P, ¢]-Urbild meBbar, d. h. 
das [P, t] >; P- und das [P, } > S;* P-Urbild von N (aus der bloBen 
MeBbarkeit von S; P wiirde nur das erstere, und nur fiir offene oder héchstens 
fiir Borelsche N folgen). Also ist S;° P mefbar als [P, t]-Funktion. 

Wir kénnen also S; P umdefinieren: fiir ¢>0O sei es das alte, fiir t= 0 
die Identitat, fir t<0 SP. Das neue SP ist also mefbar (in [P, #)), 
und nach D; dem alten Aquivalent, es ist aber jetzt genau (nicht blof bis 
auf Mengen vom Mafe 0) & S_1 = S_;S; = Sp = Identitat. Wir diirfen 
also annehmen, da dies von vornherein so war (die Invarianz der M(x) 
wird dadurch nicht beriihrt). 

Betrachten wir ferner das S;S, P-Urbild eines meBbaren N. Zunachst 
bei festem ¢: dies ist das S, P-Urbild von S;N, welches meBbar ist, also 
meBbar. Also ist S;S; P als [P, s]-Funktion enter. Zweitens sei alles 
variabel. Dann bilden wir zuerst das [P, |S; P-Urbild von N, N’, 
welches mefbar ist, und sodann das [P, t, s] > [S, P, #]-Urbild von N’, nN" 
das auch meSbar ist. Letzteres kann genau so bewiesen werden, wie 
weiter oben das Entsprechende fiir das [P, {]>[S;P]-Urbild, nur ist an 
Stelle der maftreuen Abbildung P— S, P (¢ fest) die ebenfalls maftreue 
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Abbildung [P, t] > [Ss P, ¢] (s fest) als Ausgangspunkt zu nehmen. Das 
meBbare N” ist das [P, t, s] > S85 P-Urbild von N. Also ist SS, P auch 
als [P, ¢, s]-Funktion meBbar. 
1 

SchlieBlich wollen wir die Formel w(N) = f Hey (M (x) - N) dw(x) 
(NC 2) auf 2,x T und 2, x Tx T iibertragen. Wenn ein N C 2,x T 
oder ein NC 2, x Tx T gegeben ist, verstehen wir unter (N)» baw. (N)«,») 
die Menge aller P mit [P, ¢] in N bzw. [P, t, s] in N (also C 2). Die 
neuen Formeln lauten: 


ON) = Jf men (M (a) (MY) dwo(a) at, 
(N) =| f f. tx) (M (x) - (N)at,)) dw(x) dids 


(NC 2,xT, NC 2,xTxT, der Integrand soll bis auf eine [x, ¢]- bzw. 
(x, t, s]-Menge vom Mafe O sinnvoll sein, und meSbare Funktion von 
x, t] baw. [x, t, s]). Fir N= Ox0 baw. N= 0x0xO’ (vgl. D,) folgt 
dies unmittelbar aus der urspriinglichen Formel, und von diesen iibertragt 
man es, wie beim MaStreuebeweise w. 0., sukzessiv auf alle offenen, 
Borelschen, vom Mafe 0, und alle meBbaren Mengen N bzw. N. 

7. Die Menge N, der [P, t, s] mit SS, P+ St:sP ist meBbar, weil auf 
beiden Seiten meBbare Funktionen stehen. Bei festem ¢, s ist die P-Menge 
mit zu ihr gehérigem |P, t, s] vom Mae 0 (D3), also ist sie es selbst auch. 


Somit ist 
. = 
SS. i a Ma) (M (x) ' (Nz)¢,s) dw (x) ditds=0, 
dh. pe) (M (a) - (N2)et,9) = 0, 


$|| 


abgesehen von einer [z, ¢, s]-Menge, Y2, vom Mahe 0. Die  »-Bedingung 
besagt: S;S;P = S.i+P fir alle P von M(x), bis auf eine Menge vom 
(4@-) MaB 0, oder: SS, 2 St+s in M(x) (Ds). Hatten wir ¢ von vornherein 
festgehalten, und waren wir von der Mefbarkeit der [P, s]-Menge mit 
S:S;P+StisP ausgegangen, so hatten wir ebenso erhalten: abgesehen 
von einer [x, s]-Menge vom Make 0, gilt S;S, ~ St+s in M(zx), d. h. [z, #, s] 
gehért nicht zu Yo. _ 

Wenden wir nun den Satz von Fubini auf Y, an: Abgesehen von einer 
[x, t]-Menge vom Mae 0, Y2, gehéren alle [z, ¢, s], bis auf eine s-Menge 
vom Mafe 0, nicht zu Y,. Dasselbe gilt wegen des zuletzt Gesagten auch bei 
festem ¢, fiir alle x bis auf eine Menge vom Mafe 0. D.h.: Y: hat das 
MaB 0, und bei festem ¢ hat die z-Menge mit [z, ¢] in Y, auch das Mab 0. 
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Sei N meBbar, N sein [P, t]>S; P-Urbild, also auch meBbar. 
tec) (M (2) -(N)o) = be (M (a) - Se" N) 


ist dann eine mefbare [x, ¢]-Funktion, ebenso a(M(x)-N). Die [x, ¢]- 
Menge Y3(N) der pa (M(a)- Sp*N)+ wa(M(a)-N) ist also meBbar. 
Wir wenden nun unsere p-, /(a)-Formel auf M[X]- S *N und M[X].N an, 
es ist: 


w(MIX]- SN) = fe (M(@)- MIX] S7*N) dw(e) 
di J ico (M(x) SN) dw(a), 


w(MEXI-N) = fc M (2) -MEX]-N) dvo(a) 


= Jc (M(@)-N) dw(a). 


Wegen der Maftreue von & und der Invarianz der M(x), M[X] sind die 
linken Seiten gleich, also auch die rechten. Dies gilt fiir alle X, daher 
ist bis auf eine x-Menge vom Mafe 0 


Hua) (M (x) «Sp *N) = ja (M(a)-N). 


D. h.: fiir jedes feste ¢ ist die 2-Menge mit [x, ¢] in Y,;(N) vom Make 0. 
Nach dem Satz von Fubini ist daher auch Y,(N) vom MaBe 0. 
Sei nun Y, “ 2», Ys(K (€)). Auch fiir Y, gilt: es hat das MaB 0, und 


bei festem ¢ hat die x-Menge mit [z, ¢] in Y; auch das Maf 0. Liegt 
[y, ¢] nicht in Y;, so gilt 


ty (St M) = py (M) (M, S;* M meBbar!) 


fir alle M = M(y).K(y), d.h. fir diejenigen Urbilder MC M(y), die 
nach der Abbildung P-[x, &] aus 3 den Strecken [x, &] mit « = y, 
0<§<y entsprechen. Hieraus folgt, da® es auch fiir die Urbilder von 
Differenzen solcher Strecken gilt, sowie fiir die von Summen endlich vieler | 
solcher Differenzen und fiir die Limites aufsteigender Folgen solcher 
Summen. D.i. fiir die Urbilder von offenen Mengen, von welchen man 
auf die gewohnte Weise zu den Urbildern Borelscher, vom Mafe 0 
(4y-MaB!, diese Mengen haben wegen der mafStreuen Ubertragung 
selbst das /y-Ma8B 0), und mefbarer Mengen gelangt. Diese letzteren 
Urbilder sind aber einfach alle (s-) mefSbaren MC M(y), unsere Formel 
gilt mithin auch fiir diese. Fir M — M(y) insbesondere wird demnach 
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My (Se *M(y)) = Pw (M (y)), 


und da S’ M(y)< M(y) und wy (M(y)) endlich ist (es ist <1, denn 
M(y) ist der Limes der Urbilder der << €< 7, §>0, C1 (vgl. 3), und 
diese haben die Make e(y, y)—e(y, §) <1), ist M(y)—S;*M(y) vom 
Mabe 0. D.h. S_4== S;° ist iiberall in M(y) definiert bis auf eine Menge 
vom (jz-) Make 0. 7 

Wenn also [zx, t], [x, —#] beide nicht in Ys liegen, so bildet S, M(x) 
minus eine Menge vom ()-) Make 0 auf M(x) minus eine Menge vom 
(14)-) Mae 0 ab und ist (w@-) maBtreu. _ 

8. Die Menge der [x, ¢], die in Y. oder Y; liegen oder fiir die [2, —¢| 
in Ys liegt, heiBe Y,. Y, hat wieder das Mai 0, und bei festem ¢ hat 
die Menge der x mit [x, ¢] in Y,, d.i. (Y)w, das MaB 0. Gehdrt [x, ¢] 
nicht zu Y,, so bildet S; M(x) bis auf Mengen vom Mage 0 (vgl. am 
Ende von 7) eineindeutig und maftreu auf sich selbst ab, und fiir alle s, 
bis auf eine Menge vom Mage 0, gilt 9; 8,2 Siis5 in M(a). 

Wenn XC Ax T ist, so sei M[X] die Menge aller [P, ¢], fir die P zu 
einem M(x) mit [a, ¢] in X gehért. So wie wir am Ende von 4 zeigten: 
mit X ist auch M[|X] meBbar und vom selben Mab (a bzw. ), gilt auch: 
mit X ist auch M[X] mefbar und vom selben Mab (a bzw. w). Denn 
fiir ¥ = XxO (vel. D,) folgt dies, aus der Behauptung iiber die X, M[X}, 
und von diesen iibertrigt es sich auf die gewohnte Weise sukzessiv auf 
die offenen, Borelschen, vom MaBe 0, und die mefbaren X. 

Also hat M[Y,] das (w-) MaB 0, und bei festem ¢ hat M[(Y,)w], welches 
offenbar mit der Menge der P mit [P, ¢] in M[Y,] zusammenfiallt, ebenfalls 
das (uw-)MaB 0. Wenn wir also die Definition von S;P innerhalb von 
M[Y,] beliebig andern, wird das neue S; P allenfalls eine meBbare [P, ¢)- 
Funktion, und es bleibt dem alten Aquivalent (vgl. D:), wir erhalten also 
eine aquivalente allgemeine Strémung. Der zulassige Anderungsbereich 
laBt sich auch so kennzeichnen: S; wird innerhalb von M(x) geandert, 
falls [a, ¢] zu Y, gehort. 

Wenn N mefbar und C 2, xT ist, so gilt 


(N) = f° fee) (M(@)* T)-N) dvo(r) 


(m2) das nach D, von M(x) auf M(z)xT erweiterte #2, der Integrand 
ist, bis auf eine x-Menge vom Mafe 0 sinnvoll, d. h. (M(x) T)-N 
“a)-meBbar). Dies folgt fiir N= Ox O (vgl. D,) aus unserer urspriinglichen 
/¢-, 4()-Formel und wird auf die iibrigen N so ausgedehnt, wie es fiir die 
analogen Formeln am Ende von 6 geschah. 
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Sei nun N mefbar, C 2,, und N sein [P, t] > S;P-Urbild. Bis auf eine 
x-Menge vom Make 0, Y;(N), ist (M(x) x T)-N (u@-) meBbar, d. i. das 
[P, t}] >[S;P]-Urbild von M(z)-N. Sei Y, =, 2, Ys(X@), auch dieses 


hat das MaB 0. Liegt y nicht in Y;, so sind die [P, ¢] > &;P-Urbilder 
aller M(y)-K(y) (#q-) meBbar, d. h. die Urbilder jener MC M(y), die 
vermige der P— [x, &]-Abbildung von 3. den Intervallenz = y,0<&<y 
entsprechen. Dasselbe gilt dann auch fiir diejenigen M, die Differenzen 
solcher Intervalle entsprechen, oder Summen endlich vieler solcher Differenzen, 
oder Limites aufsteigender Folgen solcher Summen — d. h. allen offenen 
Mengen auf x = y. Somit ist &P als [P, ¢]-Funktion in M(z)xT 
(4~)-) meBbar. 

Fiir jedes x mége die Menge der ¢ mit [z, ¢] in Y, T(x) heiBen. Nach 
dem Satz von Fubini ist T(x) stets eine ¢-Menge vom Mafe 0, abgesehen 
von einer z-Menge vom Mafe0O, Yj. 

Die Summe von Yo, Y4, Y; heiBe Y,, dies ist auch eine Menge vom 
Mage 0, ihre Komplementirmenge (in 0<2< 1) heife X,. Fir die x 
von X, gilt folgendes: mw) ist definiert, und ein 7-Ma8 in M(x). T(z) 
hat das Maf 0; liegt ¢ nicht in T(x), so bildet S; M(x) minus eine Menge 
vom Mae 0 eineindeutig und maftreu auf M(x) minus eine Menge vom 
Mafe 0 ab, fiir alle s bis auf eine Menge vom MaBe 0 gilt &;S,2% 

M (x) (wir kénnen, ohne hieran zu andern, auch s, ¢+s als nicht in 1'(a) 
liegend annehmen), S;P ist eine mefbare [P, ¢]-Funktion (in M(x) baw. 
M(x) x T, gemeint sind hier stets die MaBe wa bzw. @a). Im nachsten 
Paragraphen werden wir zeigen, da® unter diesen Umstinden die & der ¢ 
in T(x) so umdefiniert bzw. neudefiniert werden kénnen, daB diese & 
zusammen D3 in M(z) (mit “qa») erfiillen, d. h. dort eine allgemeine Strémung 
bilden. Da fiir ¢ von T(x) [x, t] zu Y, gehdrt, bleibt nach dem friher 
Gesagten die neue S;-Strémung der alten aquivalent. Wir diirfen also 
annehmen, daB das soeben Erreichte von vornherein der Fall war: dab 


fiir jedes x von X, die S; eine allgemeine Strémung in M(z) (mit wa) 
bilden. 


9. In 3. definierten wir: ~(X) = | ane, 1) = [ dw), und in 4. 
zeigten wir: «(X) = w(M[X)]), was nach der w-, w@-Formel gleich 
1 
Jp MG) MIXD dol) = f° me (M(@)) do(e) 
ist. Somit gilt allgemein 
J,a@) =f mn (M (a) dw(e), 


es muS also, bis auf eine Menge Y; vom Mae 0, sa (M (a)) = 1 sein. 
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Wir bilden zu jedem M(x) den Hilbertschen Raum § der in ihm 
definierten Funktionen fi(P) mit endlichem Sure | fa) (P) |? due, p) (das 


Integral ist auf Grund des /-Ma8es wa zu bilden, vu, p) ist das entsprechende 
Volumelement). Da P> &; Pin M(x) maBtreu ist, kénnen wir die unitaren 
Koopmanschen Operatoren Ui, bilden, und das dazugehérige Ej, (vgl. 1.). 
= 1 in M(a)- K(&) 

= 0 sonst in M(z)|" 

Ist f(P) zu allen ya,p(P) (€ in A’) orthogonal, so wenden wir die 
Abbildung P>[y, 4] aus 3. an. Dabei wird y=2,0<y7<1. Aus fia(P) 
= 1 fir 0O<7<& | 
= 0 sonst [" 


Ferner sei xc, »(P) 


wird also ein fén(q), aus x,9(P) aber zi2,5(0){ 


t 
Sie); Xia, Sind wieder orthogonal, d. h. f Si (4) diay = 0 (diaz) deute an, 


da8 das Integral auf Grund des fa-Maéfes zu bilden ist) fiir alle §. Also 
ist fo (y) = 0, bis auf eine 7-Menge vom (f@-) Mabe 0, d. h. fia (P) = 0, 
bis auf eine P-Menge vom (ua-) Mabe 0. Da somit nur 0 zu allen yz,8 
(§in A’) orthogonal ist, spannen diese die abgeschlossene Linearmannig- 
faltigkeit Ha) auf. 

Wir setzen & = 1, &,, &, --- irgendeine Abzaihlung von A’, und ortho- 
gonalisieren die ya,¢), % = 0, 1, 2,---, in dieser Reihenfolge™*. So entstehen 
Funktionen 9 ,m) = } 4 Cx, m,n) Xw,§,), m = 0,1,2,---, die nach der 

n= 
obigen Bemerkung ein vollstiindiges normiertes Orthogonalsystem bilden. 
Da Xe, = 1 (fiir alle x in M(a)) normiert ist, und der Prozef mit ihm 
beginnt, ist 9a, = xa,§) = 1. Die cw,m,» entstehen durch elementare 
Rechenoperationen aus den 


(Xear,E,.)» Xow, €,)) = Mew) (M (x) - 4 (Em) - 4 (En), 


da diese meBbare x-Funktionen sind, sind es auch die cx, m,n). 
Sei ¢ fest. 


(St x0, 8)» Kr,E)) = bay (M (ee) - Se A (Em) 4 (En) 
ist eine meBbare x-Funktion, da es die ci,m,n) auch sind, sind es die 


%c,m)-Matrizenelemente der SS}, s¢,x,m,n) = (St Yw,m), Yx,w) gleichfalls. 
Da nach 1 


1 3 1 + iq 
Ey = limes J S;dt = limes (mes s S ; 
t>o s—t t pw qo 2pq v=—pq ry 


(?,¢= 1,2, +--+, » = 0, +1,+2,---) 














*’ Nach dem bekannten Verfahren von E. Schmidt, vgl. auch E S. 69. 
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ist‘, sind auch die 9x, m)-Matrizenelemente der Ep, €0, x, m,n) = (Eo Px, m); Px, n)) 
meBbare «-Funktionen. 
Da ¢zx,0) konstant ist, ist Ho ya,o) = Pa,o, also da Hy Projektionsoperator 

= 1, firm=n=0 

ist, e0,2,m,n), = 0, fir m=0,n+0/. Dab & in M(z) ergodisch ist, 
= 0, fir m+0,n=—0 

besagt, daB Ey fiz) = fia) keine Liésungen aufer f(z) = c yw,o hat, d.h. 

€0,2,m,n) = 0, fiir m,n+0. Die Menge der z, fiir die das nicht gilt, 

Ys, ist somit meBbar. Sei ein m gegeben, die x-Menge fir die es bei 

diesem m und mindestens einem n nicht gilt, Ys,m ist ebenfalls mefbar, 


und es ist Y, = Ps Ys,m. Wir werden zeigen, daf alle Ys m das Mab 0 


haben, also auch Ys. Nehmen wir also an, ein Ys,m hatte nicht das Maf 0. 
e2) 
Gehére x zu Yg,m. Da EZ, Projektionsoperator ist, ist fia) = 2” €(0,2,m,n) Plan) 


Lésung von Ey fia) = fiw, also von S:fa) =f, und nach dem was wir 
schon wissen, orthogonal zu 9,0) = Konstans und +0 (auch nicht bis 
auf Mengen vom Mafe 0!). f(a) (P) ist aus den e0,a,m,n), Cla, m,n)s Xia, §,) (P) 
aufgebaut. Lassen wir P iiber 2, variieren, und x durch die Bedingung P 
in M (x) bestimmen, so ist xa,¢,) (P) ia : wi in K Gm) 
bar in P. e0,x,m,n); Ca,m,n) Sind (#-) meBbar in 2, also auch (u-) meBbar 
in P (denn jede mefbare x-Menge X hat als P-Urbild M[X], das auch 
mefbar ist). Also ist fi2)(P) auch als P-Funktion (w-) meBbar. Sei C die 
Menge der komplexen Zahlen u-+zv mit u>0O oder u =—0, v>0O, D die 
mit «<0 oder u=0, v<0. Dann sind auch die P-Mengen f(a (P) in 
C und fi (P) in D (u-) meBbar, also die «-Funktionen 
fw) (P-Menge in M(x), — fa) (P) in C), 
fa) (P-Menge in M(x), fia (P) in D) 

beide («-) meBbar. Bei festem x ist fia) (P) (P in M(z)) nicht bis auf 
eine Menge vom Maf8e 0 gleich 0, und zur Konstanten orthogonal, also 
muf es in einer Menge vom Make >0 in C liegen und in einer ebensolchen 
Menge in D liegen. D.h. die obigen Funktionen sind stets >0. Wir 
kénnen also ein ¢ >0 finden, so da beide in einer Teilmenge Y’ von Ys, 
die ein Ma8 >0 hat, stets > sind. Wir kénnen dabei Y’ auch mit end- 
lichem Mafe annehmen. Wir nennen nun die Menge der P aus M[Y¥’) 
mit f2)(P) in C bzw. D, J baw. K. 

Nach Entstehen sind J, K fremd, beide (u-) meBbar. Die P-Menge, auf 
der sich fia (P), fa (S:P) unterscheiden, ist (w-) meBbar, fiir jedes x ist 
ihr in M(x) liegender Teil (wegen U; fia) = fia) in M (az)) vom (M~-) Mabe 0, 

4 Die Limites gelten im Sinne der starken Operatoren-Konvergenz, und wir brauchen 
nur die Konvergenz der Matrizenelemente, d. h. die schwache. Vgl. a. a. 0. Anm. +, 


, also (w-) meb- 
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also hat sie (nach unserer mw-, f~- Formel) selbst das MaB 0. Also sind 
J, K bis auf Mengen vom (w-) Mabe 0, S-invariant. Sie sind ferner 
CM[Y’], u(M[Y’)) = 2 (Y’) ist endlich, also sind J, K 4-Mengen. 
Nach dem am Ende von 5. Gesagten sind sie also, bis auf Mengen vom 
(u-) Mabe 0, gleich M[Z], M[W]. 

Da aber in Y’ stets wa (M(x). J) > « ist, gilt fiir jedes (¢- meBbare) 
‘oz: 

2 ta) (M(V)-J) 2 e- 4 (V)  (u-, wa@- Formel!), 


w(M(V)-K) > e-p(V). 
Setzen wir in der ersten Formel V = W, so wird 
6-6 (W) < w(M(W)-J) = w(K-J) = 0, 
bO(W) = 0, w(K) = uo (MW) = 0, 
und setzen wir nun in der zweiten Formel V = Y’, so wird 
e-f(Y’) < w(M[Y']-K) = w(K) = 0, aO(Y’) = 0. 


Aber dies widerspricht der urspriinglichen Annahme iiber Y’. 

Somit mu& Y, das Maf Null haben. 

10. Sei Y, die Summe von Y,, Y;, Ys, also auch vom Mafe 0, Xy seine 
Komplementirmenge (in 0O<a2< 1). Fiir die x von Xy ist also ma) ein 
l-MaB in M(x), & ein allgemeiner Flu6 in M(x), pa (M(x)) = 1, & er- 
godisch in M(a). 

Es ist #(M[Y,]) = 2 (Y,) = 0, wenn wir es also zu 2 schlagen, 
behalt dieses seine Eigenschaften aus 3., und es wird «(M[Xj}) = 2. 
Hat dieses 2, das MaB 0, so kénnen wir es zu einem M(x) schlagen, 
fix) (23) = 0 definierend, dann bleibt M[X,] = 2, erhalten, und es wird 
2, = 0. Wir kénnen also annehmen, daf diese Forderungen erfiillt sind, 
ferner wollen wir X, lieber X® nennen. Dann kénnen wir zusammenfassend 
aussagen: 

SaTz2. 2kann folgendermafen zerlegt werden: 2=2,+2:,2,= DY M(a), 


vinx” 


ebenso 


wobei X eine Menge von Zahlen in 0< a <1 ist, und die M(x) sowie 2, 2 

paarweise elementfremde Mengen. X und die M(x) sind m-Riiuwme (indem 

die gewihnliche Topologie von 0 < x < 1 bew. von 2 auf sie tibertragen 

wird, vgl. Anfang von 5.), in ihnen sind I-Mafe fp bzw. tua definiert, 

Diese Zerlegung hat, nachdem evtl. S; durch eine tiquivalente allgemeine 

Strémung ersetzt wurde, die folgenden Eigenschaften: 

1. 2, ist entweder leer, oder w(2.) = «© und 2, null-ergodisch. 

2. In jedem M(x) ist S: (unter Zugrundelegung des l-Mafes tux, und der 
auf M (x) tibertragenen relativen Topologie aus 2) eine eigentlich-ergodische 


allgemeine Strémung. 
40 
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3. Es ist fiir alle (@-) meBbaren XE X® pO (X) = w( ou (x)). Es 
ist stets yx) (M(x)) = 1. 
Es ist fiir alle (u-) mefbaren NCE Q, w(N) =|. Hay (M (x) - N) dw (x). 


(D.h.: der Integrand ist, bis auf eine x-Menge vom (u-) Mafe 0, sinn- 
voll, also M(a)-N (u@-) meBbar; tua (M(x)-N) ist als x-Funktion (j-) 
mebbar; dw (a) ist das Differentialelement der «-Integration, also 


wy) = © (Menge 0 <2 < y) = TA) M («)); 
Srey 


und auferdem wird die Gleichheit beider Seiten behauptet.) 

Damit haben wir bewiesen, was in Einleitung 4. angekiindigt wurde: 
daB jede allgemeine Strémung in ergodische Strémungen zerlegt werden 
kann. Es lieBe sich noch zeigen, daB die Zerlegung von Satz 2 ,,im 
Wesentlichen“ nur auf .eine Weise méglich ist, wir gehen aber darauf 
nicht mehr ein. 


III. Charakteristische Eigenschaften der Koopmanschen 
U,-Scharen. 


1. Betrachten wir zunachst eine einzige eineindeutige maBtreue Abbildung S: 
P->SP von 2 auf 2", oder auch nur von 2’ minus einer Menge vom 
Mafe 0 auf 2” minus eine Menge vom MaBe 0. Daf der durch U/f(P) 
= f(SP) definierte Operator U unitar ist, ist klar, ebenso daB (Ds ent- 
sprechend) Uf-Ug = U(f-g) ist, falls f£, 9, f-g zum Hilbertschen 
Raume § gehéren. Letzteres ist z. B. bestimmt der Fall, wenn /, g zum 
Hilbertschen Raume gehéren und beschrankt sind®*. Hat nun umgekehrt 
ein unitiérer Operator U in $ diese Eigenschaft: Uf-Ug = U(f-g) fir 
beschrankte /, g, so kénnen wir ein eineindeutiges und maftreues S finden, 
das U nach Uf(P) = f(SP) erzeugt. 

Sei rong A - 2 meBbar und von endlichem Mage, dann ist fiir 
x4' (P) a : pion - gi X4' = Ky", also auch Uy 41-0 x4: = U(xg-Xy’) 
= Ux,'. Somit ist, bis auf eine Menge vom Mafe 0, Ux, (P) = 0 
oder 1, und da wir es auf dieser etwa zu O umdefinieren kénnen, ohne 
es als $-Element zu andern, diirfen wir annehmen, dak U XA" (P) = 0 
oder 1 stets gilt. Die Menge, wo letzteres gilt, heiBe 7”, sie ist meBbar 
(weil Uy, es ist) und von endlichem Mage (wie Ux Ai zu D gehért). Es 
ist somit Ox4' = x4" 





55 Denn es ist 


J. SP) 9 P)lPdve = (Max | f(P)\y J. |g (P) 2dvp, 
2 Pin 2 


also endlich. 








etme, 
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Wir haben durch diese Zuordnung jedem mefbaren 4’ C 2' yon end- 
lichem Mafe ein ebensolches 4” C 2” zugeordnet; da U- ebenso ist, 
gilt auch die Umkehrung, d.h. jedes solche 4” tritt bei einem gewissen .7’ 
wirklich auf. Ferner legt .4’ offenbar 4” bis auf eine Menge vom MaBe 0 
fest, ebenso 4” das 1’. 

Da U unitar ist und ||z,°|/? = # (7), ||x4"| 
Ks ist 

Oxy —— U(x," , X4') on Ux," ' Ux, —= al * hay = 1A" ae 


*—= w(A"), ist w(4’) = w(A"). 





und 
Vigo * O(x4' + ie te.) = Cag + Cg — Oxy" «4, 


= tae t hae — Bar. ae = Marta 


D.h.: wenn 41, 43 bzw. 41’, 4% entsprechen, entspricht 4,- 4, 4)'- 4; 
und 4+ 42 4;/+ 42. Durch Induktion folgt: wenn 4, ---, 4, bzw. 
A\', +++, 4y entsprechen, so entspricht 4, -+ --- +4, bzw. 4'+---+ 4, 
Und da U ein stetiger Operator ist, ergibt ein Grenziibergang: wenn 
A;, 43, +++ baw. Ay, 49, ---"entsprechen (und 4+ 43+ --- ein endliches 
Mag hat), so entspricht 4,+ 43+ .---, #/+4/+.---. 

Wir haben somit in ’<> 4”, im Sinne von Satz 1 der vorhergehenden 
Abhandlung des Verfassers, eine maftreue Mengenabbildung von 2’ auf 2” 
vor uns, und ebenso ist 4”<> 4’. Dann existiert aber auf Grund des 
genannten Satzes eine eineindeutige mafStreue Punktabbildung P—> SP 
von 2’ minus einer Menge vom Mafe 0 auf 2” minus eine Menge vom 
Make 0, die diese Mengenabbildung 4” <> 1’ erzeugt. Wenn 2’, 2” unab- 
zihibar sind, kénnen wir 8 sogar 2’ eineindeutig auf 2” abbildend wahlen. 

Vf(P) = f(SP) ist also unitar. Es ist Ux: = x4", aber 4” ist das 
P+ SP-Urbild von 4’, also auch Vx, = x4". Somit gilt Uf = Vf 
fiir alle f = x a's Da aber diese die abgeschlossene Linearmannigfaltig- 
keit $ aufspannen (vgl. a. a. O. Anm. *°), gilt es fiir alle f. Also ist 
U = V, womit alles bewiesen ist. 

2. Sei nun S; eine allgemeine Strémung, U; die Koopmanschen Operatoren: 
U:f(P) =f(&%:P). Unitaritat, (U0; = Uiss, sowie Ur f-Uig = Ui - gf, 9 
beschrankt) sind klar, es fehlt nur noch eins aus D,, D;, namlich dab 
(Uf, g) eine meBbare Funktion von ¢ist. Dies geniigt es aber, fiir die /, g aus 
einer solehen Menge & zu beweisen, die die abgeschlossene Linearmannig- 
faltigkeit  aufspannt, denn wenn (U;/, g) fir die f, g von & mefbar ist, 
ist es es auch fiir deren Linearaggregate und die Limites dieser Linear- 
aggregate, d. h. fiir alle f, g. Eine solche Menge & ist nun die Menge 
aller x, (4 mefBbar, von endlichem Maf, ygl. a. a. O. Anm. “°), wir haben 
also nur zu zeigen: (U,x%4,%y) = s-14 %y) = #(St ‘4-M) ist eine 

40* 
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meBbare Funktion von ¢. In II. 6. zeigten wir, dab das [P, t]>&;P-Urbild 
von 4 (in 2x7) mefbar ist, und die Menge der [P, ¢], P in M, ist offenbar 
auch mefbar. Folglich ist der Durchschnitt dieser zwei Mengen, N, mefbar. 
Nach dem Satz von Fubini ist also «(N@) (Nw ist die P-Menge mit [P, ¢| 
in N) eine meBbare Funktion von t. Da aber Ny = S¢ *A-M ist, sind 
wir damit am Ziel. 

Schlagen wir nun den umgekehrten Weg ein: sei U; eine D,, Ds er- 
fiillende Operatorenschar. Zunachst kénnen wir nach 1. jedem U; ein P>&; P 
zuordnen, das 2 minus eine Menge vom Mafe C eineindeutig und maftreu 
auf 2 minus eine Menge vom Mafe 0 abbildet. Aus U;Us = Ui+s folgt 
Ss 2 St+s. Es bleibt noch zu priifen, ob S;P mefbar von [P, ¢] abhangt. 

Aus Satz 1 der vorhergehenden Abhandlung des Verfassers folgt, dah 
U; stark stetig in ¢ ist, also insbesondere U;f—/ fir t>0. Ist f= xz,, 


so besagt dies x,14 >, , und da || x,14—24 |? = ((4+8; *A)—(4-S; *A)) 


ist, w((4 +S; '4)—(4-8;'4))>0. Wenn von P, S&P beide oder keins 
in 4 liegen, sagen wir, sie liegen in bezug auf 4 gleich; wie wir sehen, 
strebt das Mai der Menge der mit ihrem S;-Bilde in bezug auf 7 nicht 
gleich liegenden P mit ¢>0 gegen Null. Sei nun &,, Kg, --- ein ,,gleich- 
wertiges Umgebungssystem“ in 2, Sei ¢«>0O und ein n = 1, 2, --- gegeben. 
Das Maf der Menge der mit ihrem S;-Bilde in bezug auf K» nicht gleich 
liegenden P strebt mit tO gegen Null, also auch das Mai der Summe 
dieser Mengen fiir alle m—1,---, n. Es gibt also ein d = d(n, «)>0, 
so da dieses MaB < « ist, wenn |¢| <0 ist. Sei nun |?’—?¢|< 06. Dann 
hat die Menge der P, die mit ihrem Sy'_;-Bilde nicht in bezug auf alle 
K,, ---, Kn gleich liegen, ein MaB <«, also auch ihr S;-Urbild, d. i. die 
Menge A(?’, ¢’, m) aller P, fiir welche das Sy- und das S;,’-Bild nicht in 
bezug auf alle A,, ---, K, miteinander gleich liegen. 


. 1 , ae . 
Sei 0, = 6 (n, # und eine Folge ¢,, f, --- sowie ein ¢ gegeben mit 


\t—tn| < 6,. Die Menge A, = > hems t, m) hat ein Mab < S oe = as 
Liegt P nicht in ihr, so liegt "St, "P mit SP in bezug auf alle Ay, ---, An 
gleich. Da dann P erst recht in keinem A,, p > n liegt, liegen die 5 P 
mit S;P in bezug auf alle K,,---, K, gleich, also erst recht in bezug aut 
alle Ky,---, Ky. D.h.: alle SP, p=n sowie SP liegen miteinander in 
bezug auf alle Ky, ---, K, gleich. 

Liege nun P nicht in A,, sei K eine Umgebung von S;P. Dann gibt es 
ein S;P enthaltendes Ky € K. Sei p= Max(m, n), dann liegen nach Obigem 
alle SP, gq=>p, mit SP in bezug auf alle K,,---, Kp gleich (denn P 
gehért erst recht nicht zu 4,), also auch in bezug auf Km. Da S&P in 
Ky, liegt, liegen somit auch die S;,P dort, also erst recht in KX. D. h.: alle 











te 
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S;, P mit q = p liegen in K. Da dies fiir jedes K gilt, haben wir S;, P>S_P 
fir q>«. Die Menge der P, fiir die nicht S;, P>S&;P fiir q> ist, ist 
also jedenfalls C A,. Ihr (auBeres) Maf ist somit < yt Und da dies 
fiir jedes gilt, hat sie das MaB 0. 

Wir haben gezeigt: wenn |¢— ¢,| < 0, ist, so gilt, bis auf eine P-Menge 
vom MaBe 0, S;, P> SP fiir noo. Nun definieren wir fiir jedes n = 1,2,---: 
x” P= 8,4, P, wobei v = v(n, t) aus vd, < t<(v-+1) 46, zu bestimmen 
ist. In einem Intervalle 1) 0, < t< (x) +1) dy ist 3/? P von ¢ unabhingig, 
und in seiner P-Abhangigkeit ein S;, P(t = 9), also sowohl P- als auch 
[P, t]-meBbar. Da aber eine Folge solcher Intervalle den ganzen [P, ¢]- 
Raum (2 x T) ausmacht, ist es iiberhaupt [P, ¢]-meSbar. Wir kénnen nun 


ein S;P so definieren: wenn limes >{” P existiert, sei S;P dieser Limes, 
ne 


sonst sei es undefiniert. Dieses S;P ist offenbar auch meBbar. Da nun 
lti—v6,,| <0, ist, folgt aus dem weiter oben Bewiesenen (mit tp = v(n, tf) 6,), 
daB bei festem ¢ S/P bis auf eine P-Menge vom Mafe 0 definiert und 
gleich SP ist. Somit bilden auch die S; 2 minus eine Nullmenge ein- 
eindeutig und maftreu auf 2 minus eine Nullmenge ab, auch sie erzeugen 
die unitaren Operatoren U;, auch fiir sie gilt S;.S; = Sj,s;. Damit Ds: er- 
fiillt sei, ist nur noch eines notwendig: S;P in jenen P-Mengen vom Mafe 0 
undefiniert machen, die bei der eineindeutigen Abbildung P> S&P zu 
streichen sind — und dies unter Wahrung seiner [P, ¢]-Mefbarkeit. 

Daf das [P, 4] >[S;P, t]-Urbild jeder mefbaren Menge N mefbar ist, 
zeigt man wie in 6., also ist es auch das [P, #]> Sj P-Urbild jeder meb- 
baren Menge N (man setze N = NxT). Daher ist bei festems S,S;P 
eine mefbare [P, é]-Funktion. Da >“; P aus abzihlbar vielen solchen 
zusammengesetzt ist, ist es ebenfalls [P, ¢|-meBbar, und sein Limes fiir 
n>, 8,8 P ist es auch. Die [P, ¢]-Menge M mit S_,S;P + P ist also 
meBbar, und fiir jedes ¢ hat die Menge der P mit [P, ¢] in M das Mab 0. 
Nach dem Satze von Fubini hat also auch M das Maf 0. Erklaren wir 
daher SP in M fir undefiniert, so sind wir am Ziele. 

Wir haben bewiesen: 

Satz 3. Damit eine Operatorenschar nach Einleitung 3. zu einer all- 
gemeinen Strimung S; gehire, d. h. damit sie eine Koopmansche Schar sei, ist 
notwendig und hinreichend, dafi sie Dy, Ds (Kinleitung 3.) erfiillt. (Ds 
braucht blop fiir beschriinkte f, g gefordert zu werden.) 

3. Wir holen jetzt noch den Beweis der in II., 8. verwendeten Aussage 
nach. Es sei eine Schar eineindeutiger und maftreuer Abbildungen S; von 
2 minus einer Menge vom Mafe 0 auf 2 minus eine Menge vom Mafe 0 
gegeben, jedoch sei S; nur fir die ¢ auferhalb einer gewissen ¢-Menge 7” 
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vom (gewohnlichen Lebesgueschen) Mafe 0 definiert, und S&S, ~ S,, 
braucht auch bei festem ¢ nur bis auf eine s-Menge vom Mafe 0 zu gelten, 
schlieBlich sei S;P als [P, ¢|-Funktion meBbar. Behauptet wird: es ist 
méglich, die S; fiir die ¢ von T’ so hinzu zu definieren, da eine allgemeine 
Strémung entsteht (d. h. D2 erfiillt ist). 

Zu den gegebenen & (¢ nicht in T’) kénnen wir jedenfalls die U; bilden, 
sie sind unitar, und fiir jedes gegebene ¢ (nicht in 7”) gilt fiir alle s, bis 
auf eine s-Menge vom Mafe 0, U;U; = Uiis. Ferner ist (U:f, 9) meBbar 
in ¢, was genau so bewiesen wird, wie am Anfang von 2. Kdénnten wir 
nun fiir die ¢ von T’ die U; so hinzudefinieren, da8 ausnahmslos U; U; = Ui; 
gilt, so erfiillen die neuen U; D,, D;, denn auch die ¢-MefSbarkeit von 
(U:f, g) bleibt erhalten, da die Neudefinition in einer ¢-Menge vom Mage 0 
erfolgte. Nach Satz 3 gibt es dann eine allgemeine Strémung S;, die diese 
U; erzeugt. Fiir die ¢ auBerhalb von 7” erzeugen &, S; dasselbe U;, es 
ist also S;~S;. Wenn wir also S; auBerhalb von 7” in S; umdefinieren, 
entsteht eine aquivalente allgemeine Strémung, S;’, und diese ist die gesuchte 
Erweiterung von S. 

Die Aufgabe ist also: T’ hat das MaB 0; fiir jedes ¢ auferhalb 7” ist 
ein unitares U; gegeben, und es ist fiir alle s, bis auf eine (von ¢ abhangige) 
s-Menge vom Mafe 0, U;U; = Uis+s; (Uf, g) ist eine meBbare ¢-Funktion 
— fiir die ¢ von 7” soll U%; so hinzudefiniert werden, da8 ausnahmslos 
U; Us = Ui+s gilt. 

Da stets 1-U; = Uo+s ist, ist Up, falls 0 nicht zu T’ gehért, gleich 1; 
und wenn 0 zu 7” gehirt, kénnen wir es aus 7’ herausnehmen und U, = 1 
definieren. O nicht in 7’, Uy = 1, darf also jedenfalls vorausgesetzt 
werden. 

Bei gegebenem ¢ bilden die r von 7’, sowie die r mit ¢+~,r in T” je 
eine Menge vom Mafe 0, wir kénnen also yr so wahlen, daf weder 7, 
noch s=t+r zu T’ gehért. D.h.: s,r nicht in 7’, ¢==s—r, kam 
erreicht werden. Wir setzen nun U; = U,U,, wobei freilich noch zu 
zeigen ist, daf U; von der Wahl von s, r (innerhalb der obigen Bedingungen) 
nicht abhingt. Ist aber dies gezeigt, so schlieBen wir so weiter: Fir ¢ 
nicht in 7’ kénnen wir r, t-+7 auferhalb von 7” wahlen, so dab 
U;U, = Ur4r gilt, dann ist U; = Ui4,U;'’ = Ui. Fir beliebige ¢, s 
kénnen wir r,s-++r, ¢-+s-+,r auBerhalb von 7’ wahlen, dann ist 


Ut Us = Uttetr Usir+ Ustr Ur = Uttetr Ur? = Uirs. 
D.h. Uj ist die gesuchte Definitionserweiterung fir U;. Es ist also nur 


noch zu zeigen: aus s, r, s, r’ nicht in 7’, s—r = s’—r’ folgt 
= 
U; U; oe Us ? 
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Es geniigt zu zeigen: aus s,r,s',r’ nicht in 7’, s+r= s'+?’ folgt 
U, Uy = Us Uy. Denn mit r’ = s, s' =r ergibt das U,U, = U, U,, 
d.h. die U; kommutieren miteinander. Und damit wird U; U, = Uy U. 
U, U;' = Uy U,;” gleichbedeutend. s+r = s’+r’ ist s—r’ = s'—r 
gleichbedeutend, wir haben also die urspringliche Behauptung wieder, blob 
mit s, 7’, 8,7 an Stelle von s, r,s’, 7’. 

Um die obige Behauptung zu beweisen, betrachten wir den Beweis von 
Satz 1 in der zweitvorhergehenden Abhandlung des Verfassers. Der Beweis 
dafiir, daB fiir alle ¢ auferhalb einer Menge 7” (> 7") vom Mage 0 
U; approximativ stark-stetig ist (vgl. a.a.0O.), gilt unverindert. Gehdrt ¢ 
nicht zu T’, so ist fiir alle s, bis auf eine Menge vom Make 0, U;Us = Uiss, 
also 





|| Ct+sf— Ur F || = ||UtUs f— Ut Uo Sf || = ||Ui(Us S— Uo S || 
— || Us f — Uy f ||. 


Wenden wir dies auf ein ¢ auferhalb von T” an, so ergibt es, dab U; 
insbesondere fiir ¢—0O approximativ stark-stetig ist; wenden wir es auf 
die ¢ von T’ an, so zeigt sich, daB aus der approximativen starken Stetig- 
keit von U; fiir ¢ =O dieselbe fiir alle ¢ von 7’ folgt — d.h. T’=T”. 

Seien nun s, 7, s’,7’ gegeben, nicht in 7’, s+r—s'+7’. Sei f aus 9, 
e>0. Dann gibt es (da U% fir ¢—r und t=—~?’ approximativ stark- 
stetig ist) ein 6,>0, so daB fir jedes dD<0,, >0 in |f—r| < 0 


| | A f— Uf || < ¥ gilt, bis auf eine Menge vom Mafe <4, ebenso ein 


| d,>0, so daB fiir jedes 6 << 6,, >0 in |t’/—7r'| <4 || Ur f—U, S || < + 


gilt, bis auf eine Menge vom Mabe <0. Ferner gilt bis auf Mengen 
vom Make 0 U, U; = Usit, sowie Us Ur = Us it. Sei d = Min (d;, 03). 
Binden wir also ¢, ¢ durch die Bedingung s+¢ = s’+¢' aneinander, so 
gelten, bis auf eine Menge vom Mafe <20 alle vier Bedingungen. In 
|t—r|<6, das |t(—?r’|<6 gleichbedeutend ist, und das Maf 20 hat, 
gibt es also ein ¢, das sie alle erfiillt. Also ist 










Us; Ut = Usit = Us4r = Us Ur, 
— 
|| Us U; f—Us U, f || _ ||Us (Ur f— U, S)|| —_ | Ur f—U; f || > 9? 


é 


| || Us Ur f— Us Ur f\| = ||\Ue (Ur f — Ur f)\| = || Oe S—Urf || < >: 


~ 


also ||UsU;f—Us Ur f || <e. Da dies fiir jedes «> 0 gilt, ist U;U, f = Us Uf, 
und da dies fiir jedes f gilt, U; U, = Uy U,, wie behauptet wurde. 
Damit ist der notwendige Beweis nachgeholt. 
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IV. Die U;-Scharen mit Punktspektrum. 


1. In Einleitung 3 haben wir den auf dem Satz von Stone beruhenden 
Zusammenhang zwischen der U;-Schar, der Zerlegung der Einheit F(A), 
und dem hypermaximalen Operator A angegeben. Es ist bekannt, was unter 
dem Spektrum von A zu verstehen ist, und wie dieses eingeteilt wird®’, 
wir wollen es auch Spektrum der L(A) oder Spektrum der U; nennen, da 
es diese auch festlegen. Im Folgenden sollen die Eigenschaften dieses 
Spektrums untersucht werden. 

Auf Grund von Satz 2 in § II brauchen wir nur solche U;-Scharen zu 
untersuchen, die zu ergodischen Strémungen gehéren. D.h. fiir die bei 
limes (E(-++ «e)— E(—«)) = limes (E(0)— E(—«)) (E(4) ist nach rechts 


e>0 
e—>0 cas 


halbstetig!) = E, nur fiir konstantes f Ay) f= / gilt. Bei Null-ergodischer 
Strémung (w(2) = o) gehért aufer 0 kein konstantes / zu §, also ist 
E, = 0; bei eigentlich-ergodischer Strémung (#(2) endlich) gehéren die 


Konstanten f zu $, sie sind die cy), WO 9 das normierte Van ist, 
(2 
also ist Ey = Pig)°*. Im ersten Falle gehért also 0 nicht zum Punkt- 
spektrum; im zweiten gehért es dazu, u. zw. als einfacher Eigenwert mit 
. , 1 
der Eigenfunktion gg = ————. 
Der Null-ergodische Fall wurde von Koopman diskutiert (a. a.O. Anm. *). 
Gabe es dort ein Punktspektrum, so wire fiir ein f+0 Af=4 Sf; d. h. 
Uf = é f. Hieraus folgt 


Or|f(P) |? = |S (P)| = |e - F(P)| = |S). 


Also ist |f(P)| Eigenfunktion vom Eigenwerte 0, da aber 0 kein Eigen- 
wert ist, |f(P)|=0, f(P)=0. Es gibt also kein Punktspektrum, 
sondern nur ein reines Streckenspektrum. 

Im eigentlich-ergodischen Falle kénnen wir ~(2) = 1 annehmen (vgl. 
Satz 2). Wieder folgt nach Koopman fiir jede Eigenfunktion / des Eigen- 
wertes 2, daB |f| Eigenfunktion des Eigenwertes 0 ist. Hier bedeutet 
dies aber nur, das |/| konstant ist, also |f|—=c>0, f(P) = ce. 
Und U; f(P) = f(S P) = e f(P) bedeutet 0(S; P) = 0(P)+At---mod2z. 
6(P) ist offenbar iiberhaupt nur mod 27 definiert, reell, und (wenn man es z. B. 
auf Werte > 0, <2z reduziert) meBbar. Hat umgekehrt ein 9(P) diese 








*' Hilbert, Gott. Nachr. 1906, S. 157; Hellinger, Dissertation, Gottingen, 1907. 

*SVgl. die Theorie der Projektionsoperatoren in E, 8. 74—78. 

Pin ist offenbar allgemein U: F(f(P)) = F(U: f (P)). Mit f(P) gehort auch | f(P )| 
zu 
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drei Eigenschaften, so gehdrt jedes f(P) = ce®™ gu , und erfiillt 
Uf (P) =F (& P) = &* f (P), d.h. es ist Eigenfunktion vom Eigenwerte 2. 
Es gilt also: 

Satz 4. (Koopman, a.a.O. Anm. *) Sei 2 eigentlich-ergodisch. f(P) ist 
dann und nur dann Eigenfunktion vom Eigenwert 4, wenn es die Form 
ce?) hat. Hier ist 0(P) eine mod 27 definierte, reelle, meSbare Funktion, 
fiir die 0(S: P) = 0(P)+At gilt. 

Zwei Eigenfunktionen / gelten als nicht wesentlich verschieden, wenn 
sie sich nur um einen konstanten Faktor unterscheiden; also zwei @, 
wenn sie sich nur um einen konstanten Addenden unterscheiden. Fiir 
2=0 muh, wegen des ergodischen Charakters, f= Konstans sein, also 
auch 6 = Konstans, d.h. im wesentlichen @ = 0. 

Wir wollen die 6(P) von Satz 4, mit Hinblick auf die entsprechende 
Begriffsbildung der klassischen Mechanik, Winkelvariable nennen, u. zw. 
zum Eigenwert 4 gehdrige. 

Einige ihrer Eigenschaften liegen auf der Hand: Sind 0@,, 6, Winkel- 
variable vom Eigenwert 2, so ist 6,—6, eine vom Eigenwert 0, d. h. 
konstant, also 6; = 6,-+Konstans, d.h.: zu einem gegebenen 4 gehiért 
keine oder (im wesentlichen) genau eine Winkelvariable. Sind 6,, 4. 
Winkelvariable der bzw. Eigenwerte 2,, 242, so ist 6,-+ 6, Winkelvariable 
des Eigenwertes 4,-+4,. Die Winkelvariablen und ihre Eigenwerte 
bilden also einen ,,Additiv-Modul“, die letzteren sind aber das Punkt- 
spektrum der U;: dieses enthalt somit mit 2,, 4, stets auch 2,+-4.. Und 
nach dem vorher Gesagten hat die U:-Schar nur einfache Punkteigen- 
werte. 

Sind 6,, 62 (wesentlich) verschiedene Winkelvariable (also mit verschiedenen 
Kigenwerten), so sind die Eigenfunktionen e:, e: orthogonal, also 


i,(P) (0, (P)—0,(P 
J. OP) OP) a, — f i uP)-OP” gy, — , 


2. Gehen wir nun umgekehrt vor. Sei ein abzihlbar unendliches Zahlen- 
system Z gegeben, das mit 4,, 24, auch 4,+4, enthalt. Gibt es eine 
eigentlich-ergodische U;-Schar mit reinem Punktspektrum (das, wie oben 
gezeigt wurde, einfach sein mu), so daf dieses Punktspektrum gleich 
Z ist? 

Um eine solche U;-Schar anzugeben, geniigt es, ein vollstandiges nor- 
miertes Orthogonalsystem beschrankter y, (2 durchlauft Z) zu finden, das die 


Kigenschaft 9, - pp, = Y,+u besitzt. Denn da jedes / als > a, 9, geschrieben 
AinZ 


werden kann, und dann ||/ ||? = >| a,|* ist (vollstandiges normiertes 
AinZ 


















626 J. v. NEUMANN. 


Orthogonalsystem!), kénnen wir Operatoren U; durch U; (2, a, ¥)) 
= oo a, 9, definieren, dieselben sind unitar. U; Us; = Urs ist klar. 
Ebenso U:f-Uig = Ur f-g fir f= 9), 9 = Yu, daher gilt es auch fiir 
alle f, die Linearaggregate von g,-s sind, und deren Limites (die Beschrankt- 
heit von g = 9, erlaubt den StetigkeitsschluB!), d.h. alle /. Ist fbeschrankt, 
so iibertragt es sich ebenso auf die Linearaggregate der y,, und deren 
Limites (Stetigkeitsschlu6!, vgl. vorhin). Somit gelten D,, D;, und nach 
Satz 3 entsteht die Schar U; wirklich aus einer allgemeinen Strémung &;. 
Ferner sieht man, daB U; 9, = eg, ist, also ist g, Eigenfunktion vom 
Eigenwert 2. Da die g, ein vollstandiges normiertes Orthogonalsystem 
bilden, gibt es keine weiteren Eigenfunktionen. Somit hat die U;-Schar 
ein reines Punktspektrum, das mit Z zusammenfallt und einfach ist. Da 
0 =A—A bestimmt zu Z gehdért, ist 0 einfacher Eigenwert. Die Eigen- 
funktion von 0, go, ist wegen Yo - @u = 9%, gleich 1, d. h. konstant. Somit 
ist S; eigentlich-ergodisch, und wir sind am Ziele. 

DaB aber das vollstindige normierte Orthogonalsystem y,, 4 in Z, mit 
den geforderten Eigenschaften existiert, ist die Aussage eines schénen 
Satzes von A. Haar®. 

3. Seien nun zwei m-Raume 2’, 2” mit bzw. /-MaGen p'*, w’’* gegeben, 
und den bzw. allgemeinen Strémungen S;, S;'. Diese Strémungen seien 
eigentlich-ergodisch, w (.2’) = w (2’") = 1. Die entsprechenden Operatoren- 
scharen U;, U;' mégen reine Punktspektra besitzen, und zwar beide 
dasselbe: Z. 

Da beide Spektra einfach sein miissen, gehért zu jedem 4 von Z genau 
je eine normierte Eigenfunktion dieses Eigenwertes bei U; bzw. U;': 
y, bzw. y} (diese sind nur bis auf konstante Faktoren vom Absolutwert 1 
festgelegt, seien aber jetzt fest gewahlt). Sowohl die y, als auch die 
yj bilden je ein vollstandiges normiertes Orthogonalsystem. 

gy, hat einen konstanten Absolutwert c;,, also ist ||} ||? = c,?- (2), und 
da die linke Seite, sowie ~(2) gleich 1 ist, ist cj) —1, d.h. |g,|=1. 
Also ist auch |yj,-9),|=1. Da aber 7}, ° 9), Eigenfunktion vom Kigen- 
wert A+ 4, ist, muB 9), +92, = ¢),,2,°Pi,+ dd, konstant, gelten; und 
da auch |y),+4,,| = 1 ist, muB |c),,| = 1 sein. Ebenso zeigt man 
¥), : Pr, _ Chive P Phtdys Chis dy konstant, | CR, ay | =1. 

Wir wollen nun die y) durch Multiplikation mit geeigneten Konstanten 
vom Absolutwerte 1 in ein neues vollstandiges normiertes Orthogonal- 





°° Math. Zeitschr. 33, 1931, 8.132, Satz II, und zwar ist Z der dortigen kommutativen 
Gruppe A, B,C, --- gleichzusetzen, + ist das Kompositionsgesetz der Gruppe, unsere 
gi (P),4 in Z, entsprechen den dortigen X,(s), Xn(s), +++. 
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system von U;-Eigenfunktionen yw, = d} ¢} iiberfiihren, so dab k, 4, +--- 
-+> thn dn = 0 (A,, tek An aus Z, ky, ea kin, = 0, +1, +2, +++) 
(wi, )* ion (wi, = 1 nach sich zieht. Zu diesem Zweck ordnen wir 
die Elemente von Z in einer Folge an: 4, 2@, ..... Nehmen wir an, die 
dyay, +++, Aym, A. h. die Ww, ++, Wm seien schon wunschgemaé festgelegt, 
d.h. so, daB aus ky AM +--+ hm AM = 0 (ky, +++, im = 0, +1, +2, ---) 
(Wh)... -(Whm)™ = 1 folgt; wir wollen nun Aym4i), A. Wnti, 80 
hinzudefinieren, daB auch aus k, 4+ --- + hy A™ + Img A = O 
(hy, sty km, kms = 0,+1, +2, +++) 


(Wy) o ose * (Wm) ° (Wem4n) +! == | 


folgt. Da die obige Forderung fiir m = 0 leer lauft, also erfiillt ist, 
kénnen wir so induktiv alle dw, dy, --- und Wy, Wy»,---, dh. alle 
d}, Wj, 4 von Z, unserer Bedingung entsprechend erzeugen. Betrachten 
wir also den Induktionsschritt von m zu m+1. 

Betrachten wir die Gesamtheit der giiltigen Gleichungen 


Hey AD ee bey AO A Teg AMD = O (I, «++, Kim, ema = 0, £1, £2,-+). 


Wenn kmsi1 = 0 ist, so ist 
ky AD + oe thm dM = OO, 
also nach Annahme 


(Wn) - 26. + (Wyn) = 1, 
deh. (Why) 00. = (Wem) ™ (When) t+! = 1, 


hier ist also, unabhangig von der Wahl von djm+», alles in Ordnung. 
Kommt also kmi1+0 gar nicht vor, so sind wir fertig. Kommt es vor, 
so sei Z, die Menge der km4i, die auftreten. Z ist eine Menge ganzer 
Zahlen, es enthalt offenbar mit k,7 auch k+/, und es besteht nicht nur 
aus 0; somit ist Z, die Menge aller Vielfachen einer gewissen positiven 
ganzen Zahl k, Es gibt daher eine Gleichung 


KO AM 4. 44 2 4, ert — 9, 
Es geniigt 


, (0) ‘ (0) : (0) 
(Wan) ‘eae * (Wom) '™ (Wiomtn)” = |] 

zu sichern, denn fiir 
hey AD A Aki A A Keg AD = 0 


ist erstens kim: = hk (h ganz), also 


(ky hI?) 2 $ «+ +n — him) 2” = 0, 
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also nach Annahme 
_ pp) k 
(Wn). = (When) ™ 


mr) 
ne 4, 


und somit 
‘ Kim Kn ite 
(Wy) t+... - (Wem) (Wynn) "tH! = 1, 
Nun ist wegen 
/ . ; — é UY | ¢' ; | — 1 
Pay" Phy = Dyke Ptdyy | Risds , 


mit Beachtung von w, = d) 9}, |d,| = 1, jedenfalls 


(0) TO) ; 
(Whey + vee (Phe! ™ = Bf Fo ,4...440, = i G'ont) 
(gins) = B39 _yogmen, [bi] = |ba| = 1, 
also 
(0) -— 0) by 
(Wyn) » en (Whon)™ (yjuns) - iy 
, , _ bs , , 
Wir brauchen also bloB dim+y mit (dnt) = i zu wahlen, und sind 
am Ziele (|djm+| ist von selbst gleich 1). 
Aus dem Bewiesenen folgt insbesondere 
Wie Wr, _ Whitdy (A; = Ay + de, k =k =1, k= —1). 


Da wir an Stelle der y, wieder y) schreiben kénnen, diirfen wir annehmen, 
da8 von vornherein 9}, - 9), = }4,, war. Ebenso zeigt man, da8 wir 
annehmen diirfen, da8 von vornherein 9} - 9), = yj4, War. 
Da die 9), 4 in Z, und die y{, 4 in Z, zwei vollstandige normierte 
Orthogonalsysteme sind, wird durch 
i ! ’ 
vid a 9) = D ag} 
AinZ AinZ 
ein unitérer Operator V definiert. Es ist Vf-Vg = V(/-g) fir f= 9, 
9 = 9p, und hieraus schlieft man, wie am Ende von 2., daB diese Gleichung 
fir alle f,g gilt, wenn f beschrankt ist. D.h. V erfillt D,. Auf Grund 
des in § II, 1. Bewiesenen muf daher eine eineindeutige und maftreue 
Abbildung = von 2’ minus einer Menge vom Mafe 0 auf 2” minus eine 


Menge vom Mafe 0 existieren, die V nach Vf(P) =f (=P) erzeugt. 
Ferner ist 


Ut py — eit gy, VU Vv yy = VU; P) = Veta = eith py, 
d.h. es ist U;/'f = VU/V4F 
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fir alle f = 9). Daher gilt dies auch fiir die Linearaggregate der y) und 
deren Haufungspunkte, d. h. fiir alle f, also ist U/’ = VU/V-. Mit 
Hilfe der S;, S¢’, = ausgedriickt, besagt dies: 


St (St' P’) —_— S (28 =- Pp”) (P” in 2"), 


und da dies fiir alle f gilt, muB S/’ ~ SS/>— sein. D.h. die zwei all- 
gemeinen Strémungen S; und S;/’ sind isomorph. 

4. Das bisher Bewiesene zusammenfassend, kénnen wir also aussagen: 

Satz 5. Wenn w(2) = 1 und die allgemeine Strimung St in 2 (eigent- 
lich-)ergodisch ist, und wenn die Schar U; ein reines Punktspektrum hat, 
so ist dieses eine abziihlbar-unendliche Menge Z von reellen Zahlen, die mit 
2, auch A+ enthiilt. 

Umgekehrt werden auf diese Weise alle abziihlbar-unendlichen Mengen Z 
von reellen Zahlen, die mit 4, w auch 4+ enthalten, erzeugt, und zwar 
bestimmt Z 2, S; im wesentlichen (d. h. bis auf isomorphe Abbildungen =, 
vgl. Ds) eindeutig. 

Jede Zahlenmenge Z der beschriebenen Art, d.h. jeder ,,Zahlenmodul“, 
bestimmt somit im wesentlichen eindeutig eine eigentlich-ergodische Stré- 
mung. Damit ist die Existenz unendlich vieler Typen ergodischer Stré- 
mungen bewiesen. 

Indessen ist es lehrreich, fiir die einfachsten ,,Zahlenmoduln“ Z Bei- 
spiele dazugehériger Strémungen (die ja im wesentlichen die einzigen sind) 
effektiv anzugeben. 

Wenn z. B. Z eine endliche Basis hat — d.h. wenn ein Zahlensystem 
,, +++, @, existiert, so daB erstens keine Relation k, o, +---+kron = 0 
(ki, +++, kn =0,+1,+2, ---), auBer mit k, = --- = ky = 0, besteht, und 
zweitens Z die Menge aller k, w, +---+knon (ky, «++, kn = 0, +1, +2, ---) 
ist — so werden wir zu einer wohlbekannten, von Weyl entdeckten Stré- 
mung gefihrt *, 

Sei namlich 2 der n-dimensionale Wiirfel, P = [m, ---, wal, 
0lu<1,---, 0 < m< 1, w* das gewodhnliche Lebesguesche dufere 
Mag. Es sei 


Sy oad = [fut $4, > ft fd] 
({u} ist der Rest von u mod 1:0 < ju} <1, u—{w} ganz). Die Funktionen 
EE Ut +h ty) (Ky, +++, ky = O0,+1,+2, ---) bilden bekanntlich ein 
volistandiges normiertes Orthogeaalsystem; und wegen 


Sz 2K, + Thy Uy) = eik,w,+---+k,w,)t erik, ut. +k, Uy) 





°1H. Weyl, Math. Ann. 77, 1916, 8.313. Als Beispiel einer ergodischen Strémung auch 
bei E. Hopf, a.a. 0. Anm. °. 
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sind es Eigenfunktionen mit den bzw. Eigenwerten k,o, + ---+knon. 
Also gibt es keine weiteren Eigenfunktionen. Somit liegt ein reines Punkt- 
spektrum vor, das gleich Z ist; und 0 ist einfacher EKigenwert mit der 
Eigenfunktion 1, d. h. die Strémung ist eigentlich-ergodisch. Dieses 2 
und S; ist also das gesuchte Beispiel. 

Es sei noch erwaihnt, daB wir hier fir » — 1 die Menge der kw 
(k= 0,+1,+2,---) als Z erhalten, und & die einfach periodische 


Bewegung mit der Periode 2m wird. Dieses Z ist bekanntlich der einzige 


nicht iiberall dichte ,,Zahlmodul“ ®, in allen anderen Fallen mit reinem Punkt- 
spektrum ist also dieses iiberall dicht. 

Ein etwas komplizierterer Fall ist dieser: Z ist die Menge aller dyadisch 
rationalen Zahlen (se n=0,+1,+2,---, p=1, 2, .. , denn hier 
existiert keine Basis. 2 sei das Quadrat P= [u, v], OS u<1,0<v<1, 
“* sei das gewéhnliche Lebesguesche aufere Mab. SS; werde so definiert: 
y(v) ist die folgende eineindeutige und maftreue Abbildung von O0<v<1 
auf sich selbst: }<v<1 wird um —} nach 0<g(v)<} verschoben, 
4<v<} um +} nach $<g(v)< 3, §<cv<} um 4 8 nach §<v<f,-., 
die tibrigbleibenden Punkte v = 3, 4, 34,--- werden in dieser Reihenfolge 
den iibrigbleibenden y(v) = 3, 3, %,--- zugeordnet®. [u,v] entsteht, 
indem man wu um — wachsen lift (d. h. fiir ¢>0 nach rechts, fiir <0 
nach links verschiebt), aber so oft man hierbei den rechten oder linken 
Rand von 2 (d.i. w=1 bzw. w= 0) passiert, « auf den linken bzw. 
rechten Rand zuriickversetzt und v durch g(v) bzw. g—'(v) (Inverse!) 
ersetzt™. Das Spektrum der U;-Schar bestimmt man am ne 


so: Man versuche eine in jedem der 2? Intervalle 








—1 
=" 





° Z hat Elemente 2+0, also auch Elemente >0:|4| = +2. Gibt es unter seinen 
Elementen >0 ein kleinstes, 4%, so schlieBen wir so: fiir jedes 2 von Z gibt es ein 
k= 0,+1,+2, --- mit A—kd& = 0,<A, also kann nicht A—k 4 >0 sein, also ist 
A—kA =0,A4=kdA. Dh. Z ist die im Text genannte Menge. Andernfalls wird die 
untere Grenze der 4>0 von Z, 4, nicht angenommen. Zu ¢>O gibt es ein 4 in Z 
mit 4<A<A+e, und ein & in Z mit AA <A. Also ist das 4 = 4,—A, von Z 
>0,<e. Bei beliebigem wu kénnen wir daher u< kA<um-+e erreichen, da wu, ¢>0 
beliebig sind, ist Z iiberall dicht. 


63 Tn Formeln: g(v) = v+1— 
(mn = 1, 2, +++). 
In Formeln: g"(v) sei die |m|-fache Iterierte von p(v) bzw. g~'(v) (fiir n>bzw.<0), 
t t 
dann ist S;[u,v] = [{¥+se}, gt alah @)| (u+ so —{u+ oa} ist ganz) 


3 1 
oo fiir aoc spi , und g(v) = 1—v fiir v= > 
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(m= 1, 2,---, 2”) konstante Funktion o,,,(v) so zu bestimmen, daB 
-n 
271i —_ 
° ° ° ° ° i 
Gn, p(t, V) = Gn, plv)e 2” eine normierte Eigenfunktion vom Eigenwert = 
wird. Es zeigt sich, dafB dies fir jedes n — 0, +1, +2, --., 
p=1,2,---, auf genau eine Weise gelingt (bis auf einen unwesentlichen 


konstanten Faktor). Da gn,» den an on,p41 gestellten Anforderungen 


geniigt, ist Yn,» = Pon,pti; also gn,» nur vom Werte von 4 = 7 ab- 


hingig, also auch mit y, bezeichenbar. Da sie Kigenfunktionen sind, bilden 
die y, ein normiertes Orthogonalsystem, es zeigt sich, da® es ein voll- 
stindiges ist. Also gibt es keine weiteren Eigenfunktionen. Somit liegt 
ein reines Punktspektrum vor, das gleich Z ist; und 0 ist einfacher Eigen- 
wert, natiirlich mit der Kigenfunktion 1, d. h. die Strémung ist eigentlich- 
ergodisch. 2, & sind also das gesuchte Beispiel. Die einfache Durch- 
fihrung der zwei weiter oben ausgelassenen Details iibergehen wir. 

Nach ahnlichen Schemata, wie diese zwei, lieBen sich noch viele andere 
»Zahlmoduln“® Z behandeln, worauf wir nicht mehr eingehen. 


V. Bemerkungen tiber U;-Scharen mit Streckenspektrum. 


1. Die U;-Scharen mit reinem Streckenspektrum (d. h. vom eventuellen 
einfachen EKigenwert 0 abgesehen, ohne Punktspektrum) sind, wie schon 
in Einleitung 4 betont wurde, aus zwei Griinden von besonderer Wichtigkeit. 
Erstens gilt die Verallgemeinerung des Ergodensatzes (e) in Einleitung 2, 
vgl. a. a. O. Anm.*) fiir sie und nur fiir sie, d.h. sie sind, wie a. a. O. 
des naheren erliutert wurde, die Strémungen ohne ,,i la longue“ giiltige 
Kigenschaften. Zweitens ist zu vermuten, daf die U;-Scharen im allgemeinen 
ein reines Streckenspektrum haben, d.h. daB das Auftreten eines Punkt- 
spektrums eine seltene Ausnahmeerscheinung ist. Dies letztere werden 
wir im § VI plausibel zu machen suchen. Auf Grund dieser Umstiande 
wire es erwiinscht, sie mindestens so gut zu iibersehen, wie dies in § IV 
fir die Punktspektra gelang. 

Zunichst wire zu ermitteln, ob nicht das Streckenspektrum, wie das Punkt- 
spektrum, stets einfach ist (ergodische Strémung vorausgesetzt!). Weiter ist es 
wahrscheinlich, da8 ein Isomorphiesatz gilt, wie er in Kinleitung 3. formuliert 
und in der zweiten Halfte von Satz 5 fiir das reine Punktspektrum bewiesen 
wurde. D.h. daB zwei allgemeine Strémungen 2, S; mit unitar ineinander trans- 
formierbaren U; einander im wesentlichen (d. h. bis auf eine eineindeutige 
und maStreue Abbildung) gleich sind. Dann wiifiten wir, was alle fiir uns 
bedeutungsvollen Eigenschaften einer Strémung (d. s. die Isomorphie- 
Invarianten, vgl. Einleitung 3.) festlegt: so wie dies im Falle des Punkt- 
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spektrums nach Satz 5 das Punktspektrum Z war, ware es im Falle des 
Streckenspektrums dieses und sein Hellingerscher Typus (vg. Anm. *'), 
Hinzu tritt noch, da& wir, wenigstens fir differentiierbare Strémungen, 
zeigen werden (und es ist fiir alle zu vermuten): wenn ein Streckenspektrum 
iiberhaupt existiert, so umfabt es die ganze Zahlengerade —0c <A<+m, 
Also kiime es nur auf den Hellingerschen Typus an. 

SchlieBlich wissen wir aus Satz 5, da& das Punktspektrum Z nicht jede 
beliebige (abzihlbar-unendliche) Zahlenmenge sein kann: vielmehr ist die 
Beschrinkung da, daB Z ein ,,Zahlmodul“ sein muf, aber keine weitere. 
Es wire also wichtig, zu erfahren, welchen Beschrankungen der Hellingersche 
Typus unterliegt. Wenn er z. B. immer der einfachste Typus (,,4“) wire, 
so wiirde dies eine bemerkenswerte Verschirfung von e) (Einleitung 2., 
vgl. die zweite in Anm. * genannte Abhandlung, ferner Anm. *°) nach sich 
ziehen. Ferner hitte es die iiberraschende Folge, dai alle Strémungen 
mit reinem Streckenspektrum (d. h. gerade der vermutlich allgemeine Fall) 
einander im wesentlichen gleich (d. h. isomorph) waren. Indessen ist dies 
nicht sehr wahrscheinlich. 

Von alledem kénnen wir leider einstweilen nichts beweisen. Blof die 
Ausdehnung des Streckenspektrums bei differentiierbaren Strémungen soll 
im Folgenden bestimmt werden. 

2. 2 sei ein m-Raum, der ,,im kleinen“ auf n-dimensionale Koordinaten 
bezogen werden kann (d. h. in einer geeigneten Umgebung eines jeden Py 
P= [um, +++, U]), und & eine ergodische und differentiierbare Strémung in 2. 

Wenn P ein Punkt von 2 ist, so sei S(P) die Bahnkurve S&P, 
—*nH<t<+a, Wenn SP Doppelpunkte hat, d.h. &, P= &%,P, <b, 
vorkommt, so ergibt das Anwenden yon Siz: SP = Stitt) P, d. h. es 
gibt eine positive Periode ¢,—#,, die kleinste solche Periode sei ct. Tritt 
dies fiir jedes P ein, so ist s = +(P)>0, wie man leicht einsieht, eine 
meSbare Funktion von P. Es gibt also ein P), wo sie approximativ stetig 
ist (dies ist sogar fiir alle P, bis auf eine Menge vom Mafe 0 der Fall®). 
Sei K eine Umgebung von Py, K, die Menge der S;P, Pin K, O<t<c(Py)+1. 
Das MaB dieser Menge ist offenbar endlich, und da sie bei sich auf Py 
zusammenziehendem K auf den Bahnkurvenbogen SP), 0 << ¢<t(Po) +1, 
d.h. S(Po), zusammenzieht (weil S;P stetig ist!), strebt das Mai gegen 
das Maf von S(P)). Ist dieses <w(2), so kénnen wir K mit #(Ki)< “ (2) 
wahlen. Da t(P) bei P= P, approximativ stetig ist, ist in einer Menge 
AC K, w(A)>0, t(P) <1t(Py)+1 (es lieBe sich noch mehr behaupten). 
Sei 4, die Menge der S;P, Pin 4,0<t<1(Py)+1, wegent(P) <t(Po)+1 
ist 4, die Summe der S(P), P in 4, also S-invariant. Dabei ist 





° Vgl. z. B. Sierpinski, Fund. Math. 3, 1922, S. 320. 
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(4) > e(4)>0, S w(K)<H (2). 


Somit ware S; nicht ergodisch. 

Also muB w(S(Po)) = w(2) sein. Da wir eine Menge vom Mage 0 
fortlassen kénnen, kénnen wir S(P)) = 2 annehmen. S(P,) ist eineindeutig 
auf die s > 0, <c(= t(Po)) bezogen (durch s>S;P)). Wir kiénnen 2 
somit durch die Menge 0 < ¢<cv ersetzen unter Ubertragung des Mafes. Da 


St Ss = St+s —_ St+s—er (e= 0, +1, +2, +++) 


ist, ist nunmehr S; durch S;s = t-+-s---modt definiert. Daraus, dab 
das MaB dieser Operation gegeniiber invariant sein mu, folgert man un- 
schwer, daB es das Lebesguesche ist, eventl. mit einer Konstanten a> 0 


ont), 


multipliziert. Und nunmehr sieht man, daf die Funktionen ———et™ , 


Vat 
k = 0,+1, +2,---, Eigenfunktionen der U; sind, mit den bzw. Kigen- 





werten 27 i; da sie ein vollstindiges normiertes Orthogonalsystem bilden, 
gibt es keine anderen Eigenfunktionen. Es liegt also ein reines Punkt- 
spektrum vor, Z: 27 x, k = 0,+1,+2,---. Das ist gerade der in 


§ IV, 4. diskutierte allereinfachste Fall: einfach periodische Bewegung. Ins- 
besondere ist nm = 1. 

Wenn dieser nicht vorliegt, so mu$ es demnach ein Py mit einfach durch- 
laufener Bahnkurve S(P,) geben: alle S;.P) voneinander verschieden. Wir 
wahlen nun ein 4, das wir vorlaufig festhalten. Ein quer zu S(P,) liegendes, 
n —1-dimensionales Flachenelement durch Py) in 2, F, kénnen wir so 
wahlen, daB alle S&F, 0 < ¢ < & zueinander fremd sind (Differentiier- 
barkeit!, / mu6 nur klein genug sein). Sei F(t, t)(4<4) die Menge 
der & P, Pin F, tt <t<t. Da F(t, &) ein n-dimensionaler Bereich 


ist, ist w(F(t,, t)) stets >O. Aus der MaBtreue von S folgt 


(F(t, t)) = w(S Flt, t)) = o(FG+8, +9), 
d. h. 
“u(F(a, ts)) = f(tz— t). 


Liegen t,, 4, t in 0 < ¢t < &, so ist 
e(F(4, &))+u(F(e, ts)) = u(F(t, ts)), 


d. h. es ist 
I(s’) + f(s”) — F(s’ +8"), 


41 
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wenn s’,s”>0, s’ +s" < t ist. Da ferner f(s) stets >O ist (es ist ja 
nur fiir s>0, <¢y definiert), erkennt man, daf f(s) = cs, c = Konstans 
>0, sein muB. Also w(F(t, &)) = c(h—&). 

= ‘4 wenn P in S,F liegt, O<s<t, 


J 
Wir definieren nun: 9 (P) \= 0, sonst (d.h. P nicht in F(O, t)) 


Ks ist 
Ile |)? = Srory@® = w(F(O, t)) = ch, 
| Tego — 2 Go|? = F004 FPlytyto = (FO, ) +H (F, b+ )) = 2ct, 


fir 0 < ¢< t. Nun ist (Z(4) — E(—4))9 > fiir 14>, also fir ein 
geeignetes 4 


(EQ) — E(—A)g|| = Fe. 


Andererseits ist H(A) — E(—A) ein Projektionsoperator, und mit U; ver- 
tauschbar, also 
|| T(E) — E(— 4) 9 — 4 (EA) — E(— 4) | 
= |(E@— E(—+) (ig — e 9)|| < ||Urg — ee g|| = 2et. 


(E(2) — E(— 4))@ haben wir also: 


Fur ¥ = T(e@)—E(—d)¢I 





wll = 1, tey—et yl < =. 


Ferner ist A auf (Z(4) — E(—4))@ anwendbar®, also auch auf yw. Unsere 
Ungleichheit kann auch so geschrieben werden: 


| Ut—1 _ &—1 


at 








4 


und hieraus folgt durch t> 0: 


Ay —ayll < =. 


t) war beliebig, wir kénnen es also, wenn ein beliebiges «>0 gegeben 
. 4 ; 
ist, mit <8 wahlen. Dann wird || Aw—Aw||<e||w/||. Da fir jedes 


¢€>O0O ein "solches w gefunden werden kann, gehért 2 zum Gesamtspektrum. 
D.h.: das Gesamtspektrum ist die ganze Zahlengerade —0 <A< +. 

3. Wenn kein Punktspektrum da ist, oder das Punktspektrum Z die 
Menge der kw, k=0,+1,+2,---, fiir ein festes w >0 ist, so enthalt 
das Streckenspektrum alle Punkte des Gesamtspektrums, bis auf héchstens 





Vg. z. B. A, S. 415, Anm. ®, 
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die kw. Wenn also nicht der in 2. erwihnte Spezialfall (reines Punkt- 
spektrum, Z = Menge der kw, k= 0,+1,+2,---) vorliegt, so enthilt 
das Gesamtspektrum alle 4, so daB das Streckenspektrum iiberall dicht ist. 
Da es eine abgeschlossene Menge ist, enthalt es alle 4. 

Andernfalls ist das Punktspektrum Z iiberall dicht (vgl. Anm. ®*), Gehére 
A zu Z, 9, sei eine EKigenfunktion vom Eigenwert 24. Nach Satz 4 ist 
|y,| = Konstans >0, wir kénnen also |y,| = 1 annehmen. Der Operator 
Vf = 9,-f ist also unitar. Aus U;g, = etd g, folgt 


V3UV = #au, 


Nun hat V-'UV dasselbe Spektrum wie U, et4U dagegen offenbar ein um 
4 nach rechts verschobenes. Insbesondere das Streckenspektrum von U 
geht also durch eine Verschiebung nach rechts um 4 in sich selbst iiber. 
Wenn also w dazu gehdért, gehéren alle w+, 4 in Z, auch dazu, es ist 
also iiberall dicht. Da es eine abgeschlossene Menge ist, enthilt es dann 
alle w. D.h.: es ist leer, oder die ganze Zahlengerade —0o<i4<+o, 

Zusammenfassend kénnen wir also sagen: 

Satz 5. Fiir eine ergodische differentiierbare Strémung S; ist das Gesamt- 
spektrum immer die ganze Zahlengerade —w<A4<-+, mit einer Aus- 


nahme: bei der einfach periodischen Strémung mit der Periode =. o>Q0, 


und dem reinen Punktspektrum Z: kw, k =0,+1,+2,---. 
Das Streckenspektrum fehlt, oder es ist die ganze Zahlengerade —2<A< +c, 
Die genaue Betrachtung des Beweises lehrt, daB die Differentiierbarkeits- 
Annahme abgeschwacht werden kann: z. B. schaden endlich viele Ausnahme- 
stellen in 2 nichts. Wahrscheinlich gilt der Satz aber auch unabhangig 
von jeder Annahme iiber die Regularitat der Strémung. 


VI. Beispiele fiir ein reines Streckenspektrum. 


1. Aus §IV,1. wissen wir, daB jede Null-ergodische Strémung ein reines 
Streckenspektrum hat. Solche Strémungen sind leicht anzugeben: z. B. 
2 die Menge aller reellen wu, «* das gewéhnliche Lebesguesche aufere 
Mab, S:u—u+z#. Denn wenn 4 mefbar und von endlichem Mabe ist, 
so kinnen wir f>0 so wahlen, daB der in —4<u<% liegende Teil 
von 4 ein MaB >4 (41) hat. Der in —34<u<— t liegende hat daher 
ein MaB <3u(4), also auch der in —&<u< t liegende Teil von Sy, 4, 
80 da8 sich 4, Sx, 4 nicht nur um eine Menge vom Ma8e 0 unterscheiden kénnen. 
Jede 4-Menge muB daher das Maf 0 haben, d.h. & ist Null-ergodisch. 

Uns interessieren aber in erster Linie die eigentlich-ergodischen Stré- 
mungen, und daher wollen wir fiir solche Beispiele mit reinem Strecken- 


spektrum angeben. 
41* 
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Die zu diskutierenden Beispiele werden alle von dieser Art sein: /(u) 
sei eine in 0< u<1 definierte Funktion, die stets > A,<B bleibt, fiir 
zwei feste positive A, B; y eine Zahl, OS y<1. 2 sei der ebene Bereich 
P=l[u, vj], OS u<1, O<v<f(u), w* das gewohnliche Lebesguesche 
iuBere Mab. S[u, v] entsteht, indem man v um ¢ wachsen 1a8t (fiir ¢>0, 
fir ¢<0 ist das eine Abnahme), aber jedesmal, wenn man die obere oder 
die untere Grenze von 2 (v = f(u) bzw. v = 0) passiert, v auf die 
untere bzw. obere Grenze von 2 zuriickversetzt, und u durch {u-+y} bzw. 
{u—y} ersetzt (d. h. durch diejenige der Zahlen u+y, ut+y—1 baw. 
u—y,u—ry+tl1, die 20, <1 ist). & ist offenbar maBtreu. 

Wir werden nun untersuchen, fiir welche f(u), y diese Strémung (eigentlich-) 
ergodisch ist, und ein reines Streckenspektrum hat. 

2. Gehére 2 zum Punktspektrum der zu den & gehdérigen Operatoren- 
schar U;, » + 0 sei eine dazugehérige Kigenfunktion. D.h. es soll fiir 
jedes feste ¢, bis auf eine [w, v]-Menge vom Mage 0, » (S;[w, v]) = e* g (u, v) 
sein. Wir werden nun mit Hilfe des Umstandes, daB & nicht nur D:, 
sondern auch Dz, erfiillt, die obigen Ausnahmemengen eliminieren. 

Da » (u, v) in [w, v] meBbar ist, und das &;[u, v]-Urbild jeder meBbaren 
Menge eine mefbare [w, v, t]-Menge ist (vgl. § II, 6), ist y (S:[w, v]) in 
[u, v, t] meBbar. Die [w, v, t]-Menge N, die durch » (S%[w, v]) + e* y (u, v) 
definiert ist, ist also meSbar. Fir jedes feste ¢ ist die Menge Nw der 
[u, v] mit [w, v, ¢] in N eine Menge vom Mahe 0. Nach dem Satz von 
Fubini ist also auch N vom Mafe 0. Nach demselben Satz (in umgekehrter 
Richtung angewandt), ist fiir alle [w, v], abgesehen von einer [w, v]-Menge N 
vom Mafe 0, die Menge der ¢ mit [w, v, {] in N vom Mafe 0. D.h.: wenn 
[u,v] nicht zu N gehort, gilt » (S;[u, v]) = e g (wu, v) fiir alle ¢, bis auf 
eine Menge vom Mafe 0. 

Nun sollen [w’, v’], [u”, v”] nicht zu N gehéren, ferner sei 


Sy [u’, v'] = See [w”, v”]. 
Ks gilt 
gy (Ss [w’, v']) = &5’ p(u’, v'), (Se [w”, v”]) = 8” p(w", v”), 
ferner 
(St Sy [w’, v']) = et p (Sy [w’, oD), — p (S Ser [w", v"]) = et @ (Se [w", v"), 


bis auf je eine Menge vom Mafe 0, bzw. in s’, 8”, t, ¢. Binden wir 
8’, s", ¢ durch s’ =¢+t#’, s” =t++#" aneinander, so gelten alle vier 
Gleichungen bis auf eine ¢-Menge vom Mafe 0, Wahlen wir also ¢ so, 





* Oder, fiir ein festes positives c, das c-fache davon. Dies wiirde am folgenden nichts 
andern, und wir kénnten es beniitzen, um “(2) = cf, f(u) du gleich 1 zu machen. 
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daB sie gelten, und beachten S;S; = S,°, S;S¢° = Sy sowie Sy [u’, v'] 
= Sy [w", v”], so wird 
es’ (ul, v') = a8" p(u", vv"), egw’, v') = "eu", v”). 

Wenn wir also fir alle [w, v] = &[u, v], [u,v] nicht in N, ein neues 
y (uw, v) durch et » (u,v) definieren, so ist diese Definition nicht selbst- 
widersprechend. Fir die iibrigen [w, v] sei etwa g(u, v) —0. Gehirt 
[u, v] nicht zu N, so kénnen wir u =u, v = v, t = 0 setzen, und es 
wird 9 (u, v) = gu, v). Also tritt g (uw, v) + (u,v) nur in N, also in 
eine Menge vom Mage 0 ein, d.h. g gehért, wie y, zu 9, ja es ist als 
§-Element gleich gy. Ferner gilt nach Konstruktion ausnahmslos 


9 (Si [u, v]) = e** p(w, v). 


Anstatt » durch g zu ersetzen, kénnen wir auch annehmen, daBb ¢g von 


vornherein so war. 
3. Wenn [u,v], [u,v”’] beide in 2 liegen, so ist fiir ¢ = v’—v’ 
S;[u, v’] = [u, v"], also 


gp (u, v”) = HO" g(u, v'), ep (u, v') = e-**" p(u, v”). 


e— 4” » (uw, v) ist also von v unabhangig, es ist somit eine meBbare u-Funktion: 


w(u). Sei nun 0<t< 24, ne Shinde. dann ist 


sifu, so—4| = [utr fy]. 


also 
oF w(tutry) = ett ca) ya), w((utr}) = 2 wl. 
Umgekehrt erkennt man: wenn w(u) meBbar ist und 
w({uty}) = eM w(u) 
g(u, v) = eww) 


gp (Selu, v]) = eM p(u, v). 


gilt, so ist 
eine Lésung von 
Da ferner 
Jf.ovoiranae = LL" worn ane 
PALACE v) Pdudv = odo | w(w) |? du dv 
1 
> 4- [lym tan 


= [vase au : 
< B.{ | p(u)|?du | 
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ist, ist die Erfillbarkeit der obigen Bedingungen fiir w(w), zusammen mit 
1 
der Endlichkeit von J, |w(u)|?du, fiir den Eigenwert-Charakter yon 2 


charakteristisch. 
Fir 2 = 0 besagt dies w({u+y}) = ww). Nun bilden die ¢*, 
k = 0, +1, +2,---, ein vollstandiges normiertes Orthogonalsystem, 


und sind Eigenfunktionen des unitéren Operators I'y(u) = x({u++7}), 
und zwar mit den bzw. Eigenwerten er, Also gibt es keine weiteren 
Eigenfunktionen. Ist y rational, so sind viele ¢”*7 — 1, also viele 
Wu) = &ku moéglich, d. h. unsere Strémung nicht ergodisch. Ist es da- 
gegen irrational, was im folgenden vorausgesetzt werde, so folgt aus 
eniky —= 1 k = 0, also muB w(u) ein konstantes Vielfaches der einzigen 
Eigenfunktion, 1, sein — also w(u) = c, y(u, v) = c, d. h. unsere Stré- 
mung ist ergodisch. 

Sei nun 24 0. Es ist |w({u+y})| = |W(a)|, also die obigen Schliisse 
auf |w(w)| anwendbar: es ist | w(u)| = c, wegeny +0, w+ 0 ist c>0. 


1 
f, x({u + e})—x(u) |? du 0 fiir «> 0 ist eine wohlbekannte Tatsache®, — 


Nach dem Satze von Kronecker® kénnen wir, da y irrational ist, eine 
Folge ganzer Zahlen k, < ky <--- mit {kny}—0 fiir noo finden. Also 
ist dann 


Joly ut har — weal? du = fy (ut ar— wed |tauso. 


Nun ist andererseits 


wW({u -f ky}) = e&A(fwW+futy p+ -+sutk—vy}), w(u), 
also 


fo ivdutier)—weol an 


1 
a AC SW+S CQ uty ++ +F4 utk—Dy })) 2 
Sie r +407) —1) w(u) Pde 
1 
= é | | SMT uty D+ +£ut Oe Dy) _ 1 [2d y 
0 


= 4c fi sin? (SPC +F (utr) +40 (ut Dr) du 


Wenn wir also 


limes inf rl sin® (5; (FO +S (utr) +--+F (ub &—Dr)))) an| >0 





k—> 0 

®SEs ist evident fir alle y(u) = e"*™ § — 0,4+1,+2, -.-, also gilt es auch fir 
deren Linearaggregate und fir die Hiaufungspunkte der Linearaggregate — also fiir 
alle y(u). 


°° Vgl. z. B. bei Weyl, a.a.0. Anm. *4, 
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beweisen kénnen, so ist die Unerfillbarkeit der y(w)-Bedingung, d. h. die 
Nichtexistenz des Punktspektrums (abgesehen von 2 = 0, » = Konstans) 


erwiesen. 
4. Wir nehmen nun von /(u), das wir periodisch mit der Periode 1 


iiber alle uw fortsetzen (so daB wir statt f({u}) (u) schreiben kénnen), 
folgendes an: Abgesehen von endlich vielen Punkten 2, ---, 2” (sowie 
den ihnen mod der Periode 1 kongruenten Punkten 2+k, ---, 2#&-+k, 
k=0, +1, +2,---; 2®,---,a™ seien >0, <1) sei f(u) iiberall stetig 
und stetig differentiierbar. In 2,-.--,2” midge es die bzw. Spriinge 
«D,..-,a@™ machen. Die Summe dieser Spriinge, « = e+... +a, 
sei + 0. 

Wir teilen das Intervall 0<u<1 in (v+1)k Teile ein: 7 sei das 


I—1 l : . 
@4Dk Ww+Dk’ {j= 1, 2, +O Vi. (y+1)k. Die 
{a) —jy},..+, {a—jy}, 7 =0,1,---,k—1 sind vk Zahlen, mindestens 
k unter den (vy-+1)k Intervallen J; sind also von ihnen frei, etwa: 
Iw, +++, Tm. In diesen sind also wu, {u+y},---, {u+(k—1)7} alle 
$+ @%,.--,a, dh. f(w+futy+ ---+f(u+(k—1)y) stetig. Also 
ist in Tm, h=1,---,k, 

S(w)+futyt+-->+fut+k—1)7) 
a Oot ["¢@+fet+n+ oe $f'(e+(k—1)7)) du. 

Nun gilt fiir alle beschrankten, nach Riemann integrierbaren Funktionen g(w) 
(mit der Periode 1) 


gu) +gutyt+ = +g(ut+tk—1)7) > | o@)az, 


und zwar gleichmafig in w.7° Setzen wir fiir g(x) f(x) ein und beachten 
1 1 
[ra dute®+...ta” —0, [iro du = —a%—... -—ae& = —a, 


so sehen wir, dab 


fUM+Sf utyt+---+£U+h—DN) og tie Roe 
k 


gleichmaBig in w gilt. Wegen « +0 hat also 


Swtfuty+t---+f(u+tk—Dy) 
k 


Intervall << 














7 Weyl, a. a. 0. Anm.*!, Der dort gefiihrte Beweis der Konvergenz ergibt auch die 
gleichmaBige Konvergenz. 
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ist, ist die Erfillbarkeit der obigen Bedingungen fiir y(w), zusammen mit 
‘1 
der Endlichkeit von : |w(u)|?dw, fiir den Eigenwert-Charakter von / 


charakteristisch. 

Fir 2 = 0 besagt dies w({u+y7}) = wu). Nun bilden die ¢™, 
k = 0, +1, +2,.---, ein vollstandiges normiertes Orthogonalsystem, 
und sind Eigenfunktionen des unitaren Operators 'y(u) = x({w+7}), 
und zwar mit den bzw. Eigenwerten 7, Also gibt es keine weiteren 
Eigenfunktionen. Ist y rational, so sind viele eriky — 1, also viele 
w(u) = & méglich, d.h. unsere Strémung nicht ergodisch. Ist es da- 
gegen irrational, was im folgenden vorausgesetzt werde, so folgt aus 
eiky — 1 k = 0, also muf w(u) ein konstantes Vielfaches der einzigen 
Eigenfunktion, 1, sein — also w(u) = c, y(u, v) = c, d. h. unsere Stro- 
mung ist ergodisch. 

Sei nun 240. Es ist |w({w+y7})| = |W], also die obigen Schliisse 
auf |w(u)| anwendbar: es ist |w(u)| = c, wegeny +0, w +0 ist c>0. 


1 
f, |x ({u + e})—x(u)|? du0 fiir «0 ist eine wohlbekannte Tatsache®*, — 


Nach dem Satze von Kronecker® kénnen wir, da y irrational ist, eine 
Folge ganzer Zahlen k, < ky <--- mit {kny}—0 fiir n> finden. Also 
ist dann 


Jove t kar —v en? du = Ply dut Gar — vd |tdu0. 
Nun ist andererseits 


W({utky}) = BSmtsuty pt +/4uth—Dy). wu), 
also 


file duter)y—we Pan 


1 
— A SwW+S uty +--+ FG uHk—Dy })) — 2 
[ie r wt) —1) y(n) Pde 
1 
— e[, | SMT Sut D+ +S ut &- Dy) J Fd y 
0 


= act fi sin? (SW +F utr) +--+ ut Dr) de 


Wenn wir also 


limes inf | f sin® (+ (Ft fut r)t--+4u+&@—Dr)) an| >0 


k—> © 





86 Es ist evident fir alle y(u) = e"*™, % = 0,41,4+2,-.-, also gilt es auch fir 
deren Linearaggregate und fiir die Haufungspunkte der Linearaggregate — also fir 
alle y (uw). 

89 Vgl. z. B. bei Weyl, a.a.0. Anm. *4, 
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beweisen kénnen, so ist die Unerfillbarkeit der y(u)-Bedingung, d. h. die 
Nichtexistenz des Punktspektrums (abgesehen von 4 = 0, » = Konstans) 


erwiesen. 
4. Wir nehmen nun von /(u), das wir periodisch mit der Periode 1 


iiber alle w fortsetzen (so da wir statt f({u}) (u) schreiben kénnen), 
folgendes an: Abgesehen von endlich vielen Punkten 2, ---, 2 (sowie 
den ihnen mod der Periode 1 kongruenten Punkten 2-+-k, ---, 2™-+k, 
k=0, +1, +2,---; x®,---,a™ seien > 0, <1) sei f(u) iiberall stetig 
und stetig differentiierbar. In 2,---,2™ midge es die bzw. Spriinge 
«),..-,a@™ machen. Die Summe dieser Spriinge, a = e+ ..- +a, 
sei + 0. 

Wir teilen das Intervall 0<u<1 in (v+1)k Teile ein: J sei das 


I—1 oat ak. a aad Ag . 
Intervall @Hik <u< @+i)k? j = i, 3, , w+ 1k. Die 


{aD —jy},---, {e&—jy}, 7 = 0, 1,---, k—1 sind vk Zahlen, mindestens 
k unter den (vy-+1)k Intervallen 7 sind also von ihnen frei, etwa: 
Iw, +++, Iw. In diesen sind also u, {u+y},---, {u+(k—1)y7} alle 
$+ a%,---,a, dh. f(u)+f(uty)+ --- +f(ut+(k—1)7) stetig. Also 
ist in Im, h = 1,---,k, 


S(wW+futyt+ --- +fut+k—Dy) 
ns Chi f(¢@tretn+ ee $f(e+(k—1)7)) du. 
Nun gilt fiir alle beschrankten, nach Riemann integrierbaren Funktionen g(w) 
(mit der Periode 1) 


gu)+gutyt+ a + g(ut+(k—1)y) > ['9ae, | 


und zwar gleichmafig in w.7 Setzen wir fiir g(x) f(x) ein und beachten f 


1 1 
fre duta®M+...t+a” = 0, [roan = —@W—... —¢ = —a, 
so sehen wir, daB 


fMtASuty+::-+/U+&—D) _g tr re 
k 


gleichmaBig in w gilt. Wegen « +0 hat also 


fwtfutyt---+fu+k—)y7) 
k 

















7 Weyl, a.a. 0. Anm.*4, Der dort gefiihrte Beweis der Konvergenz ergibt auch die 
gleichmaBige Konvergenz. 






















































































640 J. v. NEUMANN. 


bei hinreichend grofem k fiir alle « dasselbe Vorzeichen und einen Absolut- 


wert > 3|a|, < $a]. 
- le f on(x) dz, 
2 0 


Also ist in Lm 
SwW+fuUtny+ +++ +futke—-Dy) = 
wobei stets 1 < o,(x) <3 ist. Die Gesamtvariation dieses Ausdrucks in Iw, 
1 1 la|lk 3| «| a 

@+Dk SCiik 3 ea ls 
wenn » groB genug ist. Dies darf aber vorausgesetzt werden, denn wir 
kénnen v durch Hinzufiigen fiktiver Unstetigkeitspunkte (mit Spriingen — 0) 
beliebig erhéhen. Die Gesamtvariation ist also < als die halbe Distanz, 


‘ 2 
von zwei benachbarten bain n=0,+1,+2,--- 


A 
obige Ausdruck in ganz J, monoton. Mindestens in einer Halfte von J)» 





dessen Lange ist, ist < 








Ferner variiert der 





oo . 7 2mNn ! 
variiert er also (bei wachsendem w) vom nachsten 7 Weg. Da er ferner 


1 la | k | a | 


im Viertel von J um = }- @+Dk 2 ~ 8041) wachst, ist er 





un 
d 


2 1 
entfernt. Sein —-faches, das Argument im sin*(---) des limes inf [f, sin?(-- au 
2 ko 0 





mindestens in einem Viertel von J) um > 8 aay “| 57 = nachsten 


am Ende von 3., ist also dort um > el tal 7 Ay vom nachsten 7 n entfernt. 


j 2 
2. Distanz des nachsten 7” von | ist, ist der 





Da aber sin’ y stets > ( 





7 
sin*(---) selbst > ~ , 
= 64n*(y +1)? 
Im Integral f sin? (---) du am Ende von 3. sind also, falls k gro6 genug 
ist, k Intervalle (die —- Viertel der Tm, h = 1, ---, k) vorhanden, jedes 


a? }? 
von der Lange WDE in deren jedem der Integrand = 64n® (+1)? 


ist. Da der Integrand stets > 0 ist, ist das ganze Integral jedenfalls 


ks 1 ac? }? 3 oc® 2? 
=" 4(v+1)k 64n?(v+1)? 256 2? (vy + 1)8 








= d>0, 
also 


1 
limes int| [ sin? (- - ) du] = d>0. 


k—> © 


Damit ist das am Ende von 3. Gesagte bewiesen. 
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5. Wir haben also gezeigt: 

Satz 6. Sei S; die in 1. mit Hilfe der Funktion f(u) (die periodisch mit 
der Periode 1 fortgesetzt zu denken ist) und der Zahl y definierte Stréimung. 
JI (u) sei iiberall stetig und stetig differentiierbar, abgesehen von endlich vielen 
Stellen in 0 < u<.1 (sowie den diesen mod der Periode 1 kongruenten Stellen), 
wo Unstetighkeiten in Form von Spriingen (d. i. f(u+0), f(u—O0) existieren, 
aber f(u+0)—f(u—0) + 0) zuliissig sind. Die Derivierte sei beschriinkt 
und nach Riemann integrierbar. Ferner sei 0 < y<l. 

Dann ist fiir den (eigentlich-) ergodischen Charakter die Irrationalitit 
von y notwendig und hinreichend; fiir die Nichtexistenz eines Punktspektrums 
(aufer 4 = 0, » = Konstans) das Nichtverschwinden der Summe der Spriinge 
von f(u) (in O < u<1) hinreichend. 

Das reine Streckenspektrum ist also hier der allgemeine Fall. 

Wie weit unsere Bedingung notwendig ist, ist schwerer zu entscheiden. 
Wenn /(u) iiberall stetig ist, oder die Summe seiner Spriinge Null ist, 
kann ein Punktspektrum auftreten. Z. B.: 

Sei f(u) ein trigonometrisches Polynom: 


n 
fw = ao +>™ (am cos 2mmu+ bm sin 2amu). 
1 


(Wegen A <f(u) << Bist AX a) <-B). Damit w({ut+y}) = e#/@ w(w) 


lésbar sei, geniigt die Lésbarkeit von x({u-++7})—xz(u) = f (wu) --- mod =s ; 


da wir w(u) = e**@ getzen kénnen. Da aber 


mum (uty)—uw = > (an cos 2amu+t bm sin 2amu) 


losbar ist”, geniigt es x({u-++-v})—x(w) = a --- mod am zu lésen. Setzen 
wir x(u) = eu an, so ist 


x({u+ry})—x(u) = ay bzw. = a(y—}), 
also mu dann 


ay—ay = Se ay—a—ay = =" (k, 2 = 0, +1, +2,---) 


sein, also 





"Es geniigt z,({u+y})—x,(u) — cos2amu und = sin2amu zu lésen, d. h. 
= Reem ond = FP, Dies leistet 
2nimu 


u) = KR bzw. § ———_.. 
ni @™ S evtimy __4 
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2n(k—l) 2Q2Quk 2ay(k—l)—2nk 
akeame cane und a = a Si 7 ‘ 





Quy 





an i oh ee 
Ao 
Wenn wir also statt k—1,—k k,l schreiben, sehen wir: die 


Quy 
Ao 


A x 





kta) (k,l = 0, +1, +2,.---) 


gehéren alle zum Punktspektrum. 

Oder es sei f (2) i. bis a ‘ 
are: z bei w 4, ihre Summe ist 0.) Wenn 4—2ak (k=0, 
+1, --) ist, ist e4/@ = 1, also (uw) = Konstans Lésung. 

pda, gibt es stetige f (u), fiir die ein reines: ‘Ser eckenspektrum 
vorliegt, z. B. 


(Die Spriinge sind: —1 bei 





@ 
Sia -ulida Ss ween (« a> || al. 


falls in der dyadischen Entwicklung von y fiir unendlich viele m die 
22"-te Ziffer eine 1 ist, und alle weiteren Ziffern, bis zur 2°°""’-ten (ausschl.), 
Nullen. Man beweist dies durch explizite Ausrechnung von f(u)+/(u+ 7) 


+---+futk— 1)y) fiir k = 22"), und Abschatzung des Einflusses der 
einzelnen Glieder von >”, wobei dasjenige mit » = m dominiert — dann 
1 


1 
zeigt sich, daB der limes inf [ , sin? (- - )au| vom Ende von 3. >0 ist, 


mM > 


obwohl {2° y} nach Annahme beliebig kleine Werte annimmt. Wir iiber- 
gehen die Einzelheiten dieser Rechnung. Vermutlich liegt bei den meisten 
stetigen f(u) ein reines Streckenspektrum vor. 

Unsere Strémung S; 1a8t sich noch auf anschaulichere Formen bringen 
(durch isomorphe Abbildungen), doch soll dies bei einer anderen Gelegen- 
heit erértert werden. 








ON ONE-PARAMETER UNITARY GROUPS 
IN HILBERT SPACE.' 


By M. H. Stoner. 


In this note, I give the detailed proof of a result (Theorem B below) 
which I announced in the Proceedings of the National Academy of Sciences, 
16 (1930), pp. 173-4 and which I originally intended to publish in my 
forthcoming book, “Linear Transformations in Hilbert Space and Their 
Applications to Analysis” (Colloquium Publications of the American Mathe- 
matical Society). The chapter on group theory was completed in May, 
1930, but was later excluded from the book. Recent applications of this 
theorem make further delay in publication highly undesirable. J. v. Neu- 
mann, for example, has found it necessary to generalize the statement of 
the theorem and has given a new proof, which appears in this number of 
the Annals.» My own method seems to me to be a “correct” one from 
the point of view of the theory of groups and their linear representations; 
and in any case, as I had observed in my original manuscript, it yields 
without any modification the generalized form of the theorem required by 
v. Neumann (Theorem C below). The numbered definitions, theorems, and 
lemmas to which I refer in these pages, will be found in my book. 

THEOREM A. Jf H is a self-adjoint transformation in abstract Hilbert 
space , then U(t) = e&#, —w<r<+4+o, is a family of unitary trans- 
formations with the group property 


(a) U(o+r) = U(e) UC) 
and the continuity property 
(8) U(s)—> U(t) when ot (Def. 2.3). 


The existence of U(r) = e*# is established in Th. 6.1, its unitary character 
follows from Th. 6.6. The group property («) is a consequence of Th. 6.1, 
(6), (7). The continuity property (4) follows from the relation 


KW) —ve@y se = [> jee — om EWS, 


where F(A) is the resolution of the identity corresponding to H, as we 
have pointed out in Th. 6.1 (5) and Th. 6.2. 





‘Received March 19, 1932. 
?Vide supra, pp. 567-573. 
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TueorEM B. If U(r), —w<tr< +o, is a family of unitary trans- 
formations with the group property («) and the continuity property (8), then 
there exists a unique self-adjoint transformation H such that U(c) = &#, 

It is evident that the continuity property (4) implies the continuity of 
(U(c)f, 9) as a function of c for arbitrary f and g in 9, by virtue of 
Def. 2.3 and Th. 1.3. Hence we may generalize Theorem B as follows: 

TueorEM C. Jf U(r), ~-wn<tr<-+o, ts a family of unitary trans- 
formations with the group property («) and the measurability property 

(vy) (U(t)f, 9) is a measurable function of « for arbitrary f and g in 9, 
then there exists a unique self-adjoint transformation H such that U(x) = e*#. 
Theorem A shows, therefore, that the group property (a) and the measurability 
property (y) together imply the continuity property (A). 

We now prove Theorem C. First, by the Fourier-Plancherel Theorem 
(Th. 3.10), the reciprocal formulas 





SF ek Mee 
. > eng —tt 
(1a) (ec; l) on Len i_F* di, 
1 sterd 
(1b) ~~; = wr; 1) de 
A—lI —oo 


are valid when J(/) +0, and lead to the relation 


+00 
Q) C= m J ve DV m) de = YOD— YW; m) 


when the unitary character of the Fourier-Plancherel transformation is 
coupled with equation (1a) and the equation obtained from (1a) by the 
substitution of o—zr for t. We find 


(3) w(r; 1) = 0, t>0, JD>0; We; ) = ie, r<0, JD>0, 
w(c; l) = —ie™*, r>0, ID<0; We; )—0, t<0, JD<0; 


since (1b) is obviously valid with this choice of w. We find also that 


(4) wr; 1) = w(—7; 1). 


A more complete discussion of some of these relations is given in the 
proof of Th. 10.9. Secondly, we define a bounded linear transformation X7 
with domain by the equation 


++-00 
LD =f vO DOL dar, I(l) +0. 


The integral is to be interpreted as a Lebesgue integral in accordance 
with the measurability property (y). By the unitary character of U(z) 
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we have |(U()4,9)| S<IU@/SIIgl = WI lgl. By combining this in- 
equality with (3), we find that the integral is absolutely convergent and 
does not exceed Jf] fgl/|I()| in absolute value. We can therefore apply 
a theorem of Fréchet (Ths. 2.27-2.28) to establish the existence of the 
desired transformation X;. Thirdly, we obtain essential properties of X; 
corresponding to (2), (3), and (4). The first is 


(2 bis) (L—m) Xi Xm = Xi— Xn, AJ(D+0, FT(m) +0. 
From the definition of X; and the group property («), we have 


* head oa 
(Xi Xm, 9) = (Xn f, Xi 9) ={- We; m) (Ue) f, Xi g) de 
| —{* Wo; m) (Xi: U(o) f, g)de 
%+00 (+00 : 
= FS ven vem UO UOS, 9 ae de 
-({- {- wW(c; 1) W(o;m) (Ule+a fs, g)drde. 


This integral is an absolutely convergent Lebesgue integral by virtue of 
the measurability property (y),*° the relations (3), and the inequality 
\(U(eo+t)f,9)|<L/Ig]. Hence we can introduce new variables «= @+¢ 
and + =v and can integrate in any convenient order. If we perform the 
integration with respect to the new variable t first, we obtain with the 
aid of (2) the result 


(I—m)(XiXmfM= If. (Yo: 0—YWosm)) Wo) fds = (Xi—-Xw) f,9) 
which evidently implies (2 bis). The second property is 

(3 bis) Xnf =O implies f= 0. 

From (2 bis) we see that Xn f= 0 implies X:/=0 for all not-real / 


and hence implies that {- w(r; 1) (U(x) f, g) de vanishes for all not-real / 


and all g in §. By making use of the explicit form of y given in (3), 
we conclude* that (U(z)f, g) = 0 for almost all c and allg in. Hence 





°It is to be noted that if f(r) is a measurable function of tr, —0<t<-+ 00, then 
F(e,t) = f(¢ +7) is a measurable function of (¢, 7). 


‘We have to show that the equation £ ® itt F(t) dr = 0, holding for all? such that 


J ()}>0, implies F(r) = 0 almost everywhere, t>0, whenever F(t) is bounded and 
measurable. If we put 1 = u+iv, »>0, and hold » fast, we can obtain this result by 
a simple application of the Fourier-Plancherel Theorem. 
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we see that U(r) f= 0 for almost all + and that f= 0 by virtue of the 
unitary character of U(r). The third property is 


(4 bis) xX* =X, =<d()+t+0. 


The group property («) implies that U(0) = J, U(—1) = U («) = 0* (0). 
Hence we obtain from (4) the relation 





Ui, = Gah =f. ve) COa, Aa 
= [vn DW Os, par 


= [veDwos, g) dt 
= ZS, 9; 


which holds for all f and g in § and therefore implies (4 bis). In the 
fourth place, we observe that, in accordance with Th. 4.19, the three 
properties of X; which we have just proved enable us to assert the existence 
of a unique self-adjoint transformation H such that X; =(H—J)™ for 
all not-real 7. Finally we must show that the transformation V(r) = et 
coincides with U(r). According to Theorem A, the family V(r) satisfies 
the hypotheses of Theorems B and C. Hence we can introduce the trans- 
formation Y; defined by the relation 


OAD =f VGDTOLS par. 
By Th. 6.1, we have 


Co = tim [ven [ & ae@s, o)ae 


a—-+oo 


ee ( ("ee Wr; 1) ar) aH), 9) 





a>+ovu—% 
i +0 4 __ ptia—l 4 : 
2 ime wh —oo A—j d(E( VS; 9) ] 


+90 1 —etiaa—t 


= { im MEMS. 9) 


2% a>+o 





= 
mae '* {aj CEOS OD; 





where H(A) is the resolution of the identity associated with H, and the 
+ sign or the —sign is taken according as J(J)<0 or J()>0. Now 
Ths. 5.7 and 6.1 show that Y; = (H—J)— = X;. Hence we have 
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fe v0 WOL,9—-CWOS, par = 0 


and can conclude that U(r) = V(r) for almost all c. If ¢ is fixed and e 
varies in the set specified by the identity U(e) = V(e), then the difference 
o = t—g varies over the entire range —0 <o<-+o with the possible 
exception of a null set. Hence o assumes at least one value such that 
U(c) = V(e). We see therefore that 


U(r) = Uet+e) = U@)U(s) = Ve@)Vs) = Ve+e) = Vo) 


for arbitrary t and suitably chosen @ and o, by virtue of the group 
property (a). This completes the proof. 
THEOREM D. Jf H is a self-adjoint transformation and U(t) = ét#, 


then the relation < we S—f* is valid in § if and only if f is in 
the domain of H and f* = iHf. 

If f is in the domain of H, the integral f  yd\EQ) f\? exists by 
Th. 5.9. From Th. 6.1 (5) and Lemma 6.1 (6) we see therefore that 


. etH_—}] P ° von 2 
lim | | H — ————_]| /] = lim A 
tT>0 aT T—>0 J —0o 





eitA oni 2 


1——. aque) s/F 
ita 























+00 eitA_] 2 
=f lim 42/1 | ajz(a) sf = 0. 
—3o r—->0 ita 
This result means that 2 7S S—>f* =iHf whenever / is in the 


domain of H. On the other hand, we can define a transformation 7' by 
the relation i7f = /*, valid whenever sh Eos u®@ J converges in 


to an element /*. Then 7' is an extension of H with the property that 
‘ U(r) — U(O 
(Ff, 9) = tim (ZO—F », 9) 
T—>0 ae 


— (, A bs 1 UO) 1) = 4,70 


tT—>0 io at 











whenever f and g are elements in its domain. Hence 7 is a symmetric 
extension of H. Since H is self-adjoint, we must have 7’ = H in accord- 
ance with Th. 2.13. For a modification of this theorem, we refer to 
v. Neumann’s paper in this number of the Annals. 

THEOREM E. A bounded linear transformation T is permutable (Def. 8.1) 
uith the self-adjoint transformation H if and only if it is permutable with 
every transformation of the family e™#?, —w<t<+o. 





l 








ns eee. ee ae 
fa GN AE 
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From the integral relation connecting (H — 1) with e*”, it is evident 
that 7 is permutable with every transformation e*” if and only if it is 
permutable with (H —/)— for all not-real 7. As we proved in Th. 8.1, 
T is permutable with (H —/)™ for all not-real 7 (or, for a single such /) 
if and only if it is permutable with H. 

Because of lack of space, I do not go into certain other generalizations 
of the theorems proved here. I point out that the results obtained lead 
easily to a characterization of all mn-parameter abelian unitary groups 
U(y,-++,t) = ’ a SOT etn where H,,---, Hn are permutable self- 
adjoint transformations (cf. Def. 8.2). A less obvious generalization deals 
with the family of isometric transformations U(r), 0 < r< +o, where 
U(o+r) = U(e) V(t) for o > 0, tr => 0. I hope to state this problem 
in precise form and to study its solution on some other occasion. 


YALE UNIVERSITY. 





PAIRS OF CURVES IN AN S,.* 


By G. A. PARKINSON. 


Introduction. In 1845 Saint Venant’ proposed the question whether 
upon the surface generated by the principal normal of a curve, a second 
curve can exist which has for its principal normal the principal normal of 
the given curve. 

This question was answered by Bertrand,’ in 1850 in a paper in which 
he showed that a necessary and sufficient condition for the existence of 
such a second curve is that a linear relationship with constant coefficients 
shall exist between the first and second curvatures of the given original 
curve. 

Since the time of Bertrand’s paper, pairs of curves of this kind have 
been called Conjugate Bertrand Cw ves, or more commonly, Bertrand Curves. 

The purpose of the present paper is to investigate in a general flat 
space S,, of m dimensions, the properties of pairs of curves which have 
a common pth normal, where p may have any value from 1 to n—1; 
pairs of curves for which the principal normal of one lies in the osculating 
plane of the other and pairs of curves for which the principal normal of 
one lies in the plane of the principal normal and binormal of the other. 

1. The Frenet formulas for curves in an S,.° Let 


(1.1) x = x(s) 


be the equations of a curve C in an S,, where s is the are length of C 
measured from an arbitrary point and where the x are n single valued 
analytic functions of s. 

A set of n linearly independent vectors §* are defined along C’ subject 
to the conditions that &, shall be the unit tangent to the curve and such 
that So41 = d&/ds. 





* Received March 26, and July 14, 1931. — This paper was prepared at the suggestion 
of Professor James H. Taylor, whose kind assistance has been appreciated by the author. 

‘Saint Venant, Mémoire sur les lignes courbes non planes. Journal de 1’Ecole polyt., 
cah. 30, 1845, pp. 1-76. 

2 Bertrand, Mémoire sur la théorie des courbes & double courbure. Comptes Rendus, 
vol. 36, 1850, and Journal de Mathématiques, series I, vol. 15, pp. 332-350. 

5 Cf. Eisenhart, Riemannian Geometry, pp. 103 et. seq. 

‘In this paper a Greek letter represents a set of m vectors. The pth vector of the set 
is indicated by attaching the subscript p to the letter representing the set. 
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We denote by b, the determinant |bg| for «, 8 = 1,---, p where, 
(1.2) bp — Eq : Es. 


A set of unitary orthogonal vectors w are now defined along C by the 
equations, 


(1.3) Lp = Ee Eq» Bp (@ is summed from 1 to p). 
p—1 





In this equation e» = 1 or —1 and is chosen so that the expression 
under the radical is positive. BS is the cofactor of b> in by divided by by. 
We take b) equal to 1 so that m, = &,. Hence m, is the unit tangent 
to C and we call mw, the principal normal, ms the binormal, and in general 
p41 the pth normal of C. This set of vectors is taken as the base of 
the codrdinate system along C. 

From the definition of the vectors w it follows that, 








d e; e 
(1.4) Mp _ _—s«-« &-1 be p+i 


ds i i ’ Mp—1 Op 


Mp1. 
Op— p+ 


These are the Frenet Formulas for C. The curvatures of C are defined 
by the equations, 





1 a 3 

Op = cc V & Cp+1 Dp-1 bp (p —_ 1, gs, n—1). 
(1.5) , 1 

—=—=09, 

Qo On 


2. Curves in a sub-space S, of S, (r<n). If a curve C lies in 
an S,, there exist constants aj and }; such that, 


(2.1) ay 23 = 0; eo aeecape f 
By differentiation we obtain, 





a? a; ; 
(2.2) wp = 0 (j= 1,---,n), 
‘ d? x; || . 
where the matrix 1# is at most of rank r. 








The order of the x’s may be chosen so that their derivatives may be 
expressed linearly in terms of the derivatives, 


da d?x d’ x 
2.3 one. ‘Sema 9 SS eee 
e*) ds’ ds’ > dar* 
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Conversely if A’s exist (not necessarily constant) such that, 


é ax , #2 ¢=1,....¢ 
(2.4) d sP 7 dst Leib, a 


the curve C lies in an S,. For, 


(2.5) af = ai(@)+ (St) @—a) +5 (Ht) @—alt+ -, 








ds* 
Hence, 
(2.6) —ai(a) = By Se) (j =1,---,9), 


where the B’s are a power series in (s—s). From this we see that 
a line joining a variable point of C to a fixed point “ always lies in 


Jax 
the S, determined by the , fixed directions (55 s) , (j =1,---,7r) at the 


point so. 
We now take, 
d* x 


(2.7) fe = (a =1,---,7), 


and define wp (p=—1,---,7) by equations analogous to (1.3). Let mu, 
(p=r+l1,---,m) be any set of directions which form with ,, ---, 4, 
an orthogonal m-nuple. The curvatures 1/0,,---,1/0, are defined by 
equations analogous to (1.5), and 1/0,41,--+,1/0n are defined as zero. 

In this case equations (1.4) hold since here we have only restricted 
the choice of the &.. 

It follows from (1.4) that if 1/o, = 0, the derivatives d*x/ds* 
(k = 1,---, p+1) are linearly dependent and we have: If the p’th curvature 


of a curve is zero the curve lies in at most an Sp. 
3. Pairs of curves which have a common pth normal. In this 


portion of the paper it is assumed that a+0 and is positive in the direction 
of the center of pth curvature of C, and that neither 1/g, nor ds/ds is 


either zero or infinite. 
If C and C have a common pth normal, the equations of C are, 


(3.1) | x(s) = x(s)+ appt. 


In these equations, a is a scalar function of s, and s and $ are the are 
lengths of C and C respectively. 7 
Differentiating both sides of this equation with respect to s, 


ds 
=a =|. ita Theta! Hrs] 22 de’ 





42* 
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Making use of the Frenet Formulas, this reduces to, 





— _ Op Cp+2 ’ ds 
(3.2) a = [ +a ( - p+ ad Hp] +a Hyss| i 


But #4 is orthogonal to #p41 and Mp1 = pti, hence a’ = 0 and we have, 


(3.3) a = constant. 


If two curves C and C have a common pth normal, they cut off on this 
normal a segment of constant length. 
By (3.3), equation (3.2) reduces to, 
vo Cp a 
3.4 1 = E — = tip + 
sind ‘ : Op fil Op+1 
Taking the scalar product of each side of this equation by itself and 
solving for ds/ds we have, 


2 24) —1/2 
a ae {é Jat oes See I} = 2-12>0, 
ds ep Cp+1 





Cp+2a ds 
Mpt2t ae 





If we take the scalar product of each side of (3.4) by m and call ¥ 
the angle between j and m,, then, 


2 2 —1/2 
(3.6) cos ¥ = oy fa Jet - + 2st I 


2 
P Cp 





From this equation it follows that: The angle between the tangents to C 
and C is constant if and only if, 


(3.7) =. + eit = constant. 
ep Ooi 


Taking the scalar product of each side of (3.4) by mp+2 and calling O 
the angle between ~ and p+2 we have, 


: 27)—1/2 
(3.8) cos O = SHE, E ae M re eS | j 
Cn+1 ep Ont 





Since it is assumed that a is different from zero it follows that 1/ep41 
must equal zero if this expression is to vanish, hence: A necessary and 
sufficient condition that the tangent to C shall be orthogonal to the p+ 1st 
normal of C is that C shall lie in at most an Sp41. 

By the Frenet Formulas, 


(3.9) hd = dus . | 








@1 ds 
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Replacing #1 by the right hand side of (3.4) and performing the differ- 
entiation we obtain, 


2 — 1 [ea’? Cp+2 0 
— fo = Ma 2 Pp Op 4+ p+2 ait) 
0; @, Or 


1 ne 5 | eats | 
72 mole ~~ ath ere 


1 al- ne a ep pina Opti ep AOp 
ro “ala (— } * pista ‘| 
1 

















(3.10) ‘ Cn @> O44 ep 
Cp Cp+1 _ Spi1ep+24 
+f Zt 3 
a | @» eri 
171 /ep42a\ {epa? Cpt+2a Cp4+2A0, 
+ fips a ra p+2 } Pp ep + p+2 geese) piss a 
Cr+ @, O41 Cri 
-1f Cp+s a 
+ Mp8 Seta cet 6) 
+ Opt1Op+2 


Since fw, is orthogonal to wpi1 and p41 = p41, the coefficient of wp. 
in (3.10) must equal zero. That is 


(3.11) a( f. a sh 

@ Cpt 
Hence: Having given a curve C, if there exists a curve C which has for 
its pth normal the pth normal of C, the pth and p+Ast curvatures of C 
must be equal in absolute value and ep and ep+2 must differ in sign. 

It is seen from equation (3.11) that if the space under consideration is 
Euclidean, @ must equal zero and the curves are coincident. 

From equations (3.6) and (3.11) we have: A necessary and sufficient 
condition that the angle between the tangents to C and C shall be constant 
is that the pth curvature of C shall be constant. 

If 1/@p is constant, 1/ep41 is constant and the coefficients of #1, Mp, 
Hp+1, and #y+2 in equation (3.10) are all zero. Hence: Lf the pth curvature 
of C is constant, the principal normal of C is normal to the S, determined 
by the tangent, p—Ast, pth, and p+I1st normals of C. 

Since it was assumed that the pth curvature of C was different from 
zero, we have from equation (3.11) and the theorem immediately following 
equation (3.8): The tangent to C cannot be parallel to the p+ 1st normal of C. 

If the space under consideration is Euclidean, we have in equation (3.11), 


(3.12) Cp = Cpe = +1. 


In this case we have: If two distinct curves have a common pth normal 
they lie in at most an Sp. 
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Making use of the Frenet Formulas, this reduces to, 





de e Cp+ ds 
(3.2) a= +a (— op tet 8; ; tps) +a’ vrs] 2. 


But #4 is orthogonal to Mp4: and Mp1 = Mp4i, hence a’ = O and we have, 


(3.3) a = constant. 


If two curves C and C have a common pth normal, they cut off on this 
normal a segment of constant length. 
By (3.3), equation (3.2) reduces to, 


iy Cp Cpt+2 a ds 
A — | st OE yy, AOE, | .. 
(3 ) M M ru Up Opti Mp+2 Pe 
Taking the scalar product of each side of this equation by itself and 


solving for ds/ds we have, 


ds = ey a? Cn+e a |) —1? 
3.5 —— «-— —~—< ei £6 2 P I} => Qa-12>0, 
( ) ds 1 1 + @ + = Fe 





If we take the scalar product of each side of (3.4) by ™ and call ¥ 
the angle between « and “,, then, 


bk 2 2 —1/2 
(3.6) cos #¥ = ey {a E ale 2 aa “ts : |} . 
Cp Cnti 





From this equation it follows that: The angle between the tangents to C 
and C is constant if and only if, 


(3.7) 2 + eit = constant. 
° p+ 


Taking the scalar product of each side of (3.4) by mp+2 and calling O 
the angle between m1 and fp42 we have, 


2 2 —1/2 
(3.8) cos = 2t24 {a [a+ “2 + eit : | ‘ 
Cn+41 en On+1 








Since it is assumed that a is different from zero it follows that 1/ep+i 
must equal zero if this expression is to vanish, hence: A necessary and 
sufficient condition that the tangent to C shall be orthogonal to the p+ 1st 
normal of C is that C shall lie in at most an Sp41. 

By the Frenet Formulas, 


(3.9) 
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Replacing #1 by the right hand side of (3.4) and performing the differ- 
entiation we aes 














Se aie | 28 Op bp 2s vig 
— = oF 
¢ Cp+1 
1 Cp—1 Cp A 
+h alt |+e = J, | 2-388 e | 
°2 ot ert @r 
+9 a(- as a @ 4 Spied Pebesl 5 S00) 
(3.10) 2 : . Cy @> Oni @> 
Cp Cp+1 Cp+1 Cp+e2 a 
+ tpi [— Seer 
* : @» ers 
171 /e a ep a* Cn-+2 A" On f 
+ni2-o 1a ( p+2 } Pp @p 4. p+2 saets} ages 
pr Opts ep C41 Ont 
- 1  Cp+2 ept+s a 
+ « » See eee © 
— 2 Opt+1 Op+2 





Since #, is orthogonal to p41 and fpi1 = Mpti, the coefficient of pps. 
in (3.10) must equal zero. That is 


(3.11) a(t 4 = = 0, 

@ Cp+1 
Hence: Having given a curve C, if there exists a curve C which has for 
its pth normal the pth normal of C, the pth and p+Ast curvatures of C 
must be equal in absolute value and ep and ep+2 must differ in sign. 

It is seen from equation (3.11) that if the space under consideration is 
Euclidean, a must equal zero and the curves are coincident. 

From equations (3.6) and (3.11) we have: A necessary and sufficient 
condition that the angle between the tangents to C and C shall be constant 
is that the pth curvature of C shall be constant. 

If 1/@p is constant, 1/ep41 is constant and the coefficients of #1, Mp, 
Hp41, and #p+2 in equation (3.10) are all zero. Hence: Lf the pth curvature 
of C is constant, the principal normal of C is normal to the S, determined 
by the tangent, p—Ast, pth, and p+I1st normals of C. 

Since it was assumed that the pth curvature of C was different from 
zero, we have from equation (3.11) and the theorem immediately following 
equation (3.8): The tangent to C cannot be parallel to the p+ 1st normal of C. 

If the space under consideration is Euclidean, we have in equation (3.11), 


(3.12) Cp = Ope. = +1. 


In this case we have: If two distinct curves have a common pth normal 
they lie in at most an Sp. 
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4, Pairs of curves for which the principal normal of one lies 
in the osculating plane of the other. If the principal normal of C 
lies in the osculating plane of C, the equations of C are, 


(4.1) a(s) = «(s)+bm + ape. 


It is assumed that s and s are the are lengths of C and C respectively, 
that a and b are scalar functions of s and are not both zero and that 
ds/ds>0. It is further assumed that, 


(4.2) Hg = am+ Bye, 
where, 
(4.3) @, &* + eB = es. 
Differentiating (4.1) with respect to s and simplifying by the Frenet 
Formulas, 








(4.4) m4 = ( (1+3— 24) mt(e +a) tat (8) mg &. 


Taking the scalar product of each side of (4.4) by itself and solving for 


ds/ds, 
2 7)—1/2 
ofan 3efun (2h acfuaag] amore 


If we differentiate (4.4) with respect to s and simplify, we have 














=n{4 —— set 4 ae — Aah _ aa) 
e; e; 01 
/ 
a | 
1 : ! 
snl 2 (1-49 — 28) 4 (ae)? we eabei 4 a’) —(#%4)| 


(4.6) @1 0; Q; 
E ee 
Oe or? 


$f a (a ) €3 02a ase) _ =| 22} 
tutr <se F 2 @? or? 
1 


€3 6g a 
+h 02 C3 i 
In this equation the coefficients of ws and ~, must each equal zero. Hence, 


(A) 














_ ae 8 
G2 2 








a= 0, 
(4.7) 
(B) 
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Since 1/es = 0 we have: Jf there exists a curve C whose principal normal 
lies in the osculating plane of a curve C, the curve C lies in at most an Ss. 

A necessary and sufficient condition that C and C shall have a common 
osculating plane is that @ and m2 shall each be expressible as linear 
combinations of #, and w,. From equation (4.4) we see that for this to 
be the case it is necessary that 1/p, = 0 or thata = 0. But if 1/e. = 0, 
we see that the coefficients of ws and m, in (4.6) are zero and the condition 
is sufficient. From this it follows that: Given a curve C, a necessary and 
sufficient condition that a curve C exists whose osculating plane is the 
osculating plane of C, is that C shall be a plane curve. 

If we take the scalar product of each side of (4.4) by ~ and call A the 
angle between the tangents to C and C, 








(4.8) cos A = (1+ — ae 
cos A is zero, if and only if, ' 

(4.9) 1+y'—“* — 9, 

That is, if, = re 

(4.10) b= f {a —1) d s+ constant. 


Hence: A necessary and sufficient condition that the tangents to C and C shall 
be orthogonal is that b shall be expressible in terms of a and @, by an 
integral of the form, 
b= J (a —1) ds-+ constant, 
1 

From this theorem and from equation (4.4) we have as a corollary: 
If the tangent to C is orthogonal to the tangent to C at corresponding points, 
the tangent to C is parallel to the plane of the principal normal and 


binormal of C. _ 
From equation (4.4) we have still further: The tangents to C and C are 


parallel if and only if C is a plane curve whose curvature 1/9, = —a'/es b. 

5. Pairs of curves for which the principal normal of one 
lies in the plane of the principal normal and binormal of the 
other. If the principal normal of C lies in the plane of the principal 
normal and binormal of C, the equations of C are, 


(5.1) x(s) = x(s)+aue+cHs, 


where s and s are again the arc lengths of C and C and where a andc 
are scalar functions of s, are not both zero and are positive in the 
directions of the centers of first and second curvatures of C respectively. 
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Differentiating (5.1) with respect to s we obtain, 


“a = [1 $a(— m+ ms) tal as 





a r up| 28. 
+e( Os ms) +e a. 


This reduces to, 


(5.3) in = ( 











8) (eS) et (tc) (eft 


If we take the scalar product of each side of (5.3) by itself and solve for 
ds/ds we have, 


2 2 
ae = fa (1-2) at (a’—**) e2 
ds 01 02 


a ,\" egc* a = j—i2 
+ “eee ats = . 








(5.4) 





It is assumed that ds/ds >0. t 

The condition for the orthogonality of the tangents to C and C at 
corresponding points is that the coefficient of m, in (5.3) shall be zero. 
That is, that e/e, = 1/a. But @, is the radius of first curvature of C 
and a is the projection upon mw, of the distance between corresponding 
points on C and C. Hence we have: A necessary and sufficient condition 
that the tangents to C and C at a pair of corresponding points shall be 
orthogonal is that the projection of the distance between the curves at the 
points, wpon the principal normal of C at the point, shall equal the radius 
of first curvature of C at that point. 

Differentiating both sides of (5.3) with respect to s and simplifying by 
means of the Frenet Formulas, 

















LPs = OS ei €1 2 € _ aa BAG Sane 
@1 i e; 0102 om 
1 ae €20'02— 2002 C2030 GC 
+ yu 2 aS +a oe ee. 2 2 ah ee... «ae 
* |i @1 @2 @ @2 
flee 
2 
1fesa’  e2es3c , €30'0s2— e304 €3 €4.C 
(5.5) + ps | Tse SO of a I, cal aes =| 
IT | @ @3 @; @; 


mls 
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Ll fesega , ec , esc’es— eco MW [ec 
tela —— + — + 2 aera |] 





| @2@s Qs 03 


maf t [eee], 


| O34 


03 





Since m, lies in the plane of the principal normal and binormal of C, 
the coefficients of w,, #4, and ms in (5.5) must be zero. Since 1/7 + 0 
we have the three equations: 




















! ' 
&; A01 ey, a €; C2 € e, a’ 77’ ( aa) 
A _ = ee _ 
“ oF 01 01 02 01 Oo 
4 7’ 
(5.6) (B) a Pies SEW. aces 1% Mee] _— 

es| @ Qs 2 

(C) c= 9, 
03 04 


From equation (5.6) (C) we see that either 1/o, = 0 or c = 0. Let it 
be assumed that 1/9, + 0 and c = 0. In this case 1/e, + 0. Applying 
these conditions to (5.6)(B) we find that a = 0. But a and c cannot 
both be zero as this is contrary to our hypotheses. Therefore 1/g, must 
be zero. Hence: Jf a curve C exists whose principal normal lies in the 
plane of the principal normal and binormal of a curve C, C lies in at most 
an 84. 
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THE AREA AND BOUNDARY OF MINIMAL SURFACES.! 


By E. F. BeckENnBACH.? 


Let the real analytic functions 
(1) xj = alu, v), j =1, 2, 3, 
map the interior of the circle Q with radius R and center (w%, vo) upon 


a surface D. In order that the map be conformal, it is necessary and 
sufficient that the parameters be isothermic; that is, that 


(2) E= GQ, F= 0, 
where 7 , , 2 
= 22) Geltse)” = AGH 
B= 2 , F= 2 dv }’ G= 2 dv)" 


Let this choice of parameters be made; then by a well-known theorem 
of Weierstrass, a necessary and sufficient condition that the surface D be 
minimal is that the functions (1) be harmonic. This being so, these func- 
tions are the real parts of analytic functions, 


an xy = KRYj(2), 2= ut+iv. 


Because of (2), the elements of area and length on the surface reduce 
respectively to 













Edudv and E*?|dz\, 
We have 





Ei 

ix Ox =. On;j\ [ Oa; a 
ar 9 ae — +s ~ 
i 
2 j 


THEOREM 1. Jf the interior of the circle Q is mapped conformally on 
a minimal surface of area A, then 


(3) A> nF, 


where Ey is the area magnification ratio of the mapping at (uo, vo). In 
particular, A may be infinite. The equality holds if and only if the map 
as a circle whose center is the image of (uo, vo). 


‘Received January 22, 1932. 
? National Research Fellow. | 
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This is a generalization of a theorem on complex variables;* the present 
proof follows the same method. 

Let the map be given by the isothermic harmonic functions (1). We 
can suppose, without restricting the generality, that 


(uo, Uo) _ (0, 0). 


Let Q’ be the circle 
lei <R<R. 


Q’ is mapped on a surface of finite area A’, given by 


> 8 
A’ = +f f > lf \?dudv. 
2 ¢ f= 


Fi (2) —_ Dane 


We have 


the series converging when |z|< 2. Now 
oo Co a ie 
lA? = (2 t a2) (> t aj,t ~). 
=1 =1 
Putting the double integral into polar codrdinates, we have 
1 R' 24 8 o 
, gen +f r arf Zz (> tajtrt gt-vio) 
2 Jo 0 fai \f=1 
(> t aj, e-t-nio) dé. 
t=1 


We now multiply the two series and integrate term by term. When the 
integer ¢ is different from zero, we have 


(4) 


270 * 
[eae =o, 
whence 
eS tue pat 
i= an = =! | ajt|? 9 dr = ze = tla? Rk”. 
0 J=1 t=1 = §=1 


When R’ approaches R, the sum of this series of positive terms either 
becomes infinite or approaches the sum 


8 oo 
7 
tla? BY, 
J=1 t=1 


3 See L. Bieberbach, Palermo Rend., vol. 38, pp. 98-112 (1914); L. R. Ford, Automorphic 
Functions, p. 167 (1929). 
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provided the latter series converges. In either case, 
8 

AZZ D lanl kh = +R Ey. 
f=1 


The equality holds if and only if 


(5) aj: = 0, J =1, 2,3; t>1, 
in which case 
(6) Si = wotaj,r2. 


That this map is a circle whose center is the image of (uo, vo) becomes 
apparent when we make the 2- and 2-axes tangent, with preservation 
of positive directions, to the parametric curves, on the surface, given by 
v=vp and u= wu respectively. We can make such a choice without 
changing the form of (6) because a transformation of the rectangular co- 
érdinates does not alter the conformal character of the map. Setting 








aj1 = bj—itcj, 
we have 
“AL hy = aa, aL = 4 = 0, 
“28 = b = 0, ve = C, = 102,1, 
at = b = 0, “mt oy = 0. 


Since the parameters are isothermic, and since }, and c. are positive, 


by = ¢ = E!? _ x. 
so that 


_ mis 1/2 
ay = bk 4u, He = Ey v, % = 0. 


Consequently, the circle 
w+to< R 


atat < ER, 


is mapped on the circle 





the center of the first being mapped on the center of the second. 

We note the following four corollaries, and remark once for all that 
the equalities in all but the second hold if and only if the map is a circle 
whose center is the image of (u%, v). 

1) If the area at the center (uo, vo) of Q is unaltered in magnitude in 
the above mapping, so that Ey = 1, then the area of the map equals or 


exceeds that of Q, 
A> wR’. 
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2) If R = 1, and ¢f there exists a t such that 


3 
> |aj,t\? 2 ms 
j=1 


then the area of the map equals or exceeds that of Q. 
For we have proved incidentally that 


8 
A> Zz Dit lays? BR. 
Jj=1 


3)* In the above mapping, the area I of the map of a ring, concentric 
with the given circle, of radii R, and Rz, where0O< Ri < Ry < R, satis- 
Jies the inequality 
i¢ m (tz — Ri) Ep. 

The proof of this corollary consists of changing the limits of integration 
with respect to ry in (4) from (0, R’) to (R,, R,), or, if R, = R, to (R,, FR’). 

As in the first corollary, if Hy) = 1, then the area of the map of the 
ring equals or exceeds that of the ring. 

4)° If we denote by C, and Cy the areas of circles concentric with the 
given circle, of radii R, and Rs, respectively, where 0< Ri < Ry, < R, and 
denote by A; and Ag respectively the areas of the maps of these circles, then 

A, . Gs 
A =O," 

Since the functions are analytic in the larger circle, A, is finite. If A, 

is infinite, the inequality holds at once. Otherwise, 


zxade 

Ak => t\aj,¢|* Ri, 
2 fait=1 

Ck = Wik, k = Ba 2. 

Then 
8 © 
RB D> Dd t\aj,e\*(R — Rr”) 
A G, see) j=1t=2 > 0 





Fee : ee 


J 


The equality holds if and only if equations (5) hold. 
THEOREM 2. If a minimal surface S of area A is bounded by a curve B 
of length L, then 


(7) A< 


iM= 


< t 
> t\aj,2|* Ri 
1 


t 


S 
4n 
If L is finite, the equality holds if and only if B is a circle. 


‘This corollary was suggested by Professor L. R. Ford. 
5 Of. G. Pélya und G. Szegd, Aufgaben und Lehrsiitze, vol. II, p. 14, § 81 (1925). 
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If B is a plane curve, the minimal surface lies on the plane and (7) 
expresses the known isoperimetric property of the circle. 

This theorem has been proved by Carleman®, who showed first that for 
any function f(z) analytic in Q, 


(8) If fa e)| Rao] >[- rarf \P@las, 


the equality holding if and only if /(¢) is a linear or linear fractional 
function whose pole lies outside @. By means of this inequality, which 
proves the theorem if B is a plane curve, Carleman then by devious means 
established the theorem in 3-space. 

The present proof establishes the theorem as an immediate consequence 
of (8) by means of Minkowski’s inequality, and has the additional advantage 
of yielding an obvious generalization to the case of a minimal surface in 
euclidean »-space. 

Let the isothermic harmonic functions (1) map Q on S. Then Q’ is 
mapped on a subregion S’ of S, where the area A’ and boundary L’ of 9’ 
are finite. We have 


£ = oe 4 rdr ae (2)? de, 


(9) L? = ii (2 D> A(R ey) wad. 


Applying Minkowski’s inequal‘ty’ to (9), we have 


3 2271 2 
(10) L” > sol. fi (R’ &®)| R do| 
j= 
the equality holding if and only if 
i (Be) | = 4j| 9’ (Re) | 


where the 4; are constants. 
From (8) and (10) we get 


(11) Pe eee) 
= és 


Rad6é has shown® that L’ is a monotonically increasing function of R’. 
Consequently, as R’ approaches R, L’ approaches L if ZL is finite, or 
diverges to infinity if DZ is infinite. If Z is finite, A is finite and A’ 





°T. Carleman, Mathematische Zeitschrift, vol. 9, pp. 154-160 (1921). 
7 See, for instance, Pélya und Szegi, loc. cit., p. 56, § 91. 
°T. Radé, Annals of Mathematics, vol. 31, p. 461 (1930). 
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approaches A. If Z is infinite, A’ either approaches A, if A is finite, or 
diverges to infinity if A is infinite. In any case, unless both Z and A 
are infinite so that (7) becomes meaningless, (7) results as the limiting 
case of (11). 

If the equality in (7) holds, then the equalities in (8) and (10) must 
hold. (We do not consider the case where JZ is infinite.) If the equality 
in (8) holds for all 7, 

ajz+); 


cjetd;’ 


Si) _ (neta)? (adj —bjai) 
Si (2) (gz+d)* (ande—bdxcx) ° 


For the equality in (10) to hold, we must have 





ii) = 
so that 





Si (BR &®) | _ 
If both equalities hold, 
Chet dx we 








an equality which necessitates that /; is a linear function of /,. That is, 
Si) = we @+t, 


where w; and ¢; are complex constants and »(z) is a linear or linear fractional 
function whose pole lies outside Q. Let 


gy (ze) = Alu, v)+7Blu, v), wj = ;— im, ts = prtig; 
then 
aj = Au, vy) + mBu, v) +p. 


Let the 2,- and 2 -axes be tangent, with preservation of positive directions, 
to the parametric curves, on the surface, given by v = vp and u = % 
respectively. Then 


(alm oftt)em(2),— (ala(ed tm), o 
(elmaftelentizl—« (al=a(é 
(a= aftslemtS) <0, (laf t8) tml. 


where ( )) means that we take the derivative designated at (wo, v). 
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’ A,B\. ; 
The function ¢ (z) is such that the Jacobian J ( s - is finite and not 


ty 















zero at (uo, Yo). Consequently, 
ls = M = 0, 


so that the map lies in the (2, 2,)-plane. The map is given by 
m+ir, = fi (2), 


where /; (2) is a linear or linear fractional function with pole outside Q. 
Such a function maps the interior of Qin a directly conformal manner on 
the interior of another circle and is the most general function giving such 
a map. Consequently, if Z is finite, the equality in (7) holds if and only 
if B is a circle. 

THEOREM 3. If the interior of the circle Q is mapped conformally on 
a minimal surface the length of whose boundary is L, then 


(12) L>2nREQ”, 


aie where Ey” is the length magnification ratio of the mapping at (uo, vo). In 
particular, L may be infinite. The equality holds if and only if the map 
is a circle whose center is the image of (uo, vo). 
a4 We obtain (12) from (3) and (7): 
1 
40 


As a special case, we note that if lengths are unaltered at (uo, vo) in the 
mapping, so that Ey)” = 1, then the length of the boundary of the map 
equals or exceeds that of Q. 

For analytic functions of a complex variable, we have Theorem 3 in 
the following form. 

The function f(z), analytic within a circle of radius R and center 2, 
maps the interior of the circle upon a region the length L of whose boun- 
dary satisfies the inequality 

L>=2nk\f'(@)|. 


LP>A>nRh. 









In particular, L may be infinite. The equality holds if and only if 
FS (2) = + M2. 


Finally, we remark that every result given in this paper yields an 


immediate and trivial generalization to the case of a minimal surface in 
euclidean n-space. 
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EQUIVALENT CONTINUOUS GROUPS.! 


By LutHer PFAHLER EISENHART, 


Two continuous groups of order 7 in the same number » of variables are 
said to be similar, when there exists a non-singular transformation of the 
variables by means of which the equations of either group are transformable 
into the other; we prefer the term equivalent and shall use it throughout 
this paper. Lie® has given the conditions under which two groups are 
equivalent. It is the purpose of this paper to establish these results in 
another and briefer manner. 

1. In the sense of Lie a continuous group of order r, say G,, expressed 


in terms of n codrdinates x',---, x2", is characterized by the symbols 
aia sd of spelt * 
(1.1) Xaf = §a (x) 8 a vinaip plae ’ 


here, and in what follows, a repeated index in a term (in this case «) 
indicates that the term is the sum of terms as the index takes on all its 
values (in this case 1 to rv). The fundamental theorem of continuous groups 
is that a necessary and sufficient condition that X./f are the symbols of 
a group is that 

(1.2) (Xa, Xr») f= Xa (Xo f)— Xo(Xa Sf) = car® Xf (a,b,e=1,-:-,7), 


where the c’s are constants satisfying the conditions 


(1.3) a =—— Coa®, 
(1.4) Cav? Ceat + Cra? Coat + caa® cot = 0. 


Substituting from (1.1) in (1.2), we obtain 





a 8 ah 
(1.5) a 7 —& 5 xt aad cat’ Be. 
We denote by g the generic rank of the matrix 
(1.6) M = |l&a\|, 


that is, the rank for general values of the ~’s. Evidentlyg<r. If q=n, 
the group is transitive; if g<n, intransitive. If q<r, we may without 





‘Received May 25, 1932. 
2Theorie der Transformationsgruppen, Teubner, Leipzig, 1888, vol. 1, pp. 327-354. 
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loss of generality assume that the matrix ||&||, for h = 1,---,q, is of 
rank g, and put . 
=—,... 

1.7 ee om ha ) rq 
( ) “ vets p=qtl1,-+-,2)’ 
where the quantities gh are functions of the 2’s. Then (1.5) may be 
written F . 

a OF 0 
(1.8) Sao gS 9 at 
If we take } = p in (1.8) and replace 4 by its expression (1.7), the result 
is equivalent, in consequence of equations of the form (1.8) in a and h, to 


= (car” + cas” 9) eR 





(1.9) Xa Yp _ Dip, 
where 
a=1,:--,7; 
(1.10) Oh = y+ Cap? 3 — Po (Cai + Cai Pt) | et = 1, +255 95 | 
p,s=aqtl,---,7 


When q<n, that is when G, is intransitive, the equations X,/ = 0 
form a completely integrable system, and because of (1.7) there are q 
independent equations in the set, and consequently there are n—q 
independent solutions y°(x). Without loss of generality, we may assume 





6 
that the determinant | if | for ¢=—q-+1,---,n is not zero. If we 
effect the transformation 
A= 145 Q3 
1.11 = om alll ’ » ] 
(1.11) aa, =o) (ood al 


and note that the functions §¢ transform as the components of a contra- 
variant vector, that is, 
a! 
(1.12) 5 = Sree 
then in the new codrdinate system, which we now call x” (dropping primes), 
we have 
= 1 ee Tr 

1.13 — a pry ). 
( ) Sa ‘ ee 

Since in the new codrdinate system the matrix ||¢)|| for h=1,---,@ 
is of rank qg, a set of functions §, are uniquely defined by 


(1.14) Sake = ot, Bast — dn (2, m,i,h = 1,-++, 9); 
where 

6f = 1 or 0, asp =A or pF, 

On = 1or0, asi =h orith. 
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In this coérdinate system equations (1.8), when a and b take values 1 to q 


reduce to 
1 a4 2 0&4, fr »M,h, Aged "> Q; 
(1.15) & ay fe? = (af bon? yp) 84 = g+1,- , 


and equations (1.9) for a = 1, ---, g may be written in the on 





h 
0 
(1.16) 5 = Of, Eu, 


in consequence of (1.14). 
We define functions Lg, by 


4,p=1 
ag ae »- ’ »q; 
(1.17) Lju = =o = —Iy 3B, rhe = 0 B=1,--+,n; , 
,n 


(The reason for this definition will appear in § 2). From (1.17) we have 
in consequence of (1.14) 


A 
(1.18) : 5 Fn oe + Eh Lp = 0, 
; ~ 
(1.19) oF — Fu La = 0. 


From (1.17) and (1.15) we have 
(1.20) Diy — Lh = (oni! + ene? 99) Env Bip 8. 


2. If the coérdinates x‘ undergo a non-singular transformation, say 


(2.1) af = y* (x', +++, 2"), 

the functions £7 are related to the &’s by (2.1) and 
re (a) aa? 

(2.2) Ee (a!) = Boe 


Consequently a necessary and sufficient condition that two groups G, and G,, 
in the same number of variables x“ and x and with the symbols faa a 





and &%" oF be equivalent is that there exist a non-singular transforma- 
x 


tion such that (2.2) hold. Evidently a necessary condition is that the 
generic rank of the matrices ||£z|| and ||&2'|| be equal. 

We consider first the case when the generic rank g is equal to r. If 
r<m, the coordinates x* and x can be chosen so that in accordance 
with (1.13) we have 
(2.3) = t = 0 (a =1,---,r; 9 = qtl,---,n). 
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From (2.2) for « = r+1,---,m we have 
aa’? 
(2.4) “we Reales (h = 1,---,qg; © = q+l1,---,n) 


and consequently a’° = g%(a*+1,.--, 2"). Since the g’s are independent, 
we may take them as new codrdinates grtt,..-, a", and not change 


x',.--, a". In this new codrdinate system equations (2.3) hold and in all 
generality we have 
(2.5) a! == 2 (o = g+l1,---, m). 


When « in (2.2) takes the values 1 to g(— 7), these equations may be 
written, in consequence of (1.14), in the form 


9 a! 


A 
(2.6) a Eu (a’) Sau (x) (A,w = 1,---,7). 
If in the functions £/ (x’) we replace x” by x® in accordance with (2.5), 
we have a system of differential equations in the independent variables 
xi,+++,a% and with 2?t1,.--, 2” entering as parameters. By means of 


(1.18) and (1.19), and similar equations in the &’’s we obtain from (2.6) 


A 
024’ 


rt 
Oa" ax” —— mt &h Enu gE” +e Enn Lou (A, w,, 2,t,h=1,---,q). 


(2.7) 
For the case g = r equations (1.20) are 
Luv — Lop = chi? Eny Ei. 8} (h, a,j = 1, +, Q)s 


Because of these relations it follows from (2.7) that the conditions of 
integrability of equations (2.6) are satisfied identically. Hence a solution 
is determined by taking for initial values of x’, ---, «’” arbitrary functions 
of x*1,..., a". If these are chosen so that the jacobian of the solutions 
with respect to z',---, 2” is different from zero, these solutions and (2.5) 
define a non-singular transformation of G, into G;. Hence we have: 

Two intransitive groups G, and G; in the same number of variables, 
with the same constants of structure and whose matrices M are of rank r, 
are equivalent; the equations of transformation involve r arbitrary functions. 

If r =n, that is, if the group is simply transitive, we have in place 
of (2.3), (2.5) and (2.6) only equations (2.6) in which 4, w, a= 1,---,”. 
As before these equations are completely integrable, and their solution 
involves nm arbitrary constants, the initial values of the x’’s. Hence we have: 

Two simply transitive groups in the same number of variables and with 
the same constants of structure are equivalent, and the equations of trans- 
Sormation of one into the other involves n arbitrary constants. 
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We consider next the case when g<r. For the group G, we choose 
the &’s so that ||&%|| for h = 1,---,q is of rank g, then the matrix || §;*| 
for h =1,---,q is of rank qg, and analogously to (1.7), we put 


(2.8) eS = gp Ei (p = q+, se, 1), 
From these equations and (2.2) we have 

h=1,-- 
2.9 Mo!) = gh (x ( / q ). 
( ) Pp (x) Pp (x) p=aqtl,---,7 


There are g(r—q) of these equations. Evidently in order that the two 
groups be equivalent, it is necessary that these equations be consistent, 
and that it be impossible to eliminate the x’s and get a relation between 
the x’s, and vice-versa. We shall show that this condition is also sufficient. 
If q<n, we assume that the codrdinates x’ and x are chosen so that 
(2.3) and (2.5) hold. As in the case when g = vr, we get the system of 
equations (2.6) in which now 4,,a=1,---,g. When in the &’s in 
these equations and in (2.9) we replace 2° for o—q+1,---,n by 2”, 
we have a mixed system of differential equations in 2”,---, x’ in the 
independent variables z',---, 2%, which system involves zt, .--, 2” as 
parameters. As in the preceding case we have (2.7), and because of (1.20) 
the conditions of integrability of (2.6) are satisfied because of (2.9). 
From (1.16) we have 








2 yp h agp ih 
2.10 = Oi, En = O, Ei. 
( ) 9 a ip ’ @ yl4 P 


If equations (2.9) are differentiated with respect to x“, for uw=—1,---,@q, 
the resulting equations are reducible in consequence of (2.5), (2.6) and 


(2.10) to 
(oP = Oly) Siu = 0, 


which are satisfied because of (2.9), as is evident from (1.10). 

Thus in applying the general theory of mixed systems’ to the present case, 
we see that equations (2.9) are the system Fy, but all the systems F;, ---, 
are consequences of Fy. Hence there exists a solution, if equations (2.9) 
are consistent, and do not lead to relations between the x’s alone or 
the x’’s alone. if they are consistent, s of the functions 9, are independent, 
Ppa -,y” and s must be equal to or less than q, because (2.5) also 


must hold. Consequently the jacobian of these y’’s and 2’ * must be of 





3 Of. Eisenhart, Non-Riemannian Geometry, American Mathematical Society Colloquium 
Publications, vol. 8, 1927, p.17. The notation Fo, ---, above is defined there, and references 
hereafter to equations in this treatment are of the form E (8.5). 
















ee eke iter. 
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F) 10 
rank n—q-+s, and therefore the rank of ar r , for a=—1,---,s and 
x 
14 =1,---,q, is s.. Hence the equations gy’ =" can be solved for s of 
a’, -++, a” as functions of 2’“**,.-., a”, x',---, 2"; there is no loss in 
generality in assuming that these are x”, ---, x’*. When in these we replace 
a’® for o=q+1,---,” by x, we have 
(2.11) af” _— ye (aft? ..., aft; aot, +, at) (a =1,---,8). 


These are the analogue of E(8.5)* in which x?*1,.--, a” enter as para- 
meters. Then we have to solve the complete system (analogue of E(8.7)) 


i. = dhe 
(2.12) ae = fe(g'ttt,..., x: xz ,-++, 2") (¢ s+1, - 


A=1,-++,¢q 
obtained from (2.6) on replacing x’, ---, 2° by the expressions from (2.11) 
and x’ by 2° for o—q+1,---,m. The solution of (2.12) involves q—s 
arbitrary functions of the parameters 22t!,.--, 2”. 


If gn, we do not have (2.3) and (2.5), and hence (2.6) and (2.9) 
involve all the z’s as independent variables, but the above process applies 
just the same. 

Hence we have the following theorem established by Lie in a different 
manner: 

Two r-parameter groups in the same number of variables, with the same 
constants of structure and for which the generic ranks of the matrices || § || 
and ||&’|| are less than r are equivalent, when, and only when, these respective 
ranks are equal, and the corresponding set of equations (2.9) are consistent 
and do not lead to a relation between the variables of either set. 





4See previous footnote. 











ON THE CELLULAR SUBDIVISION OF 
n-DIMENSIONAL REGIONS.! 


By Stewart S. Carrns. 


1. Introduction. The region(R+B). The problem of dividing an 
n-dimensional region into the cells of a complex has been treated in the 
literature only for the case where the boundary is defined by analytic 
functions.” The treatment referred to is inductive with respect to the dimen- 
sionality, and, because of the complicated character of the subdivision, is 
of value rhiefly as a demonstration that the region in question is a topo- 
logical complex.® In the present paper, the problem is treated for a region 
whose boundary is of class C’, by a method which leads to a subdivision 
into very simple cells. The method is a generalization of one employed 
by W. F. Osgood‘ in the plane, as a basis for a number of fundamental 
theorems of analysis. 0. D. Kellogg’ makes use of such a subdivision in 
3-space in order to establish rigorously Green’s and Stokes’ Theorems. 

Let (y:, ---+, yn) be rectangular cartesian codrdinates in euclidean n-space. 
A closed (~—1)-dimensional point-set will be called a regular topological 
(n—1)-manifold if the points thereof in the neighborhood of any given 
point can be represented by giving one of the y’s as a single-valued function 
of class C’ of the remaining y’s. 

This paper deals with an arbitrary limited region, R, of euclidean n-space, 
whose boundary, B, consists of a finite number of distinct regular (n —1)- 


spreads. 
2. The rectangles of the subdivision. A set (XK) of distinct 7-rect- 


angles (¢ = 0,---,p <n)® will be called a set of related rectangles if 





‘Received February 25, 1932.—The subdivision theorem of this paper forms part of the 
writer’s thesis, The cellular subdivision and approximation of regular spreads (Harvard, 
1931), written under Professor Marston Morse. The theorem appears also in two ab- 
stracts with the same title (Bull. Amer. Math. Soc., vol. 36, 1930, p. 481; Proc. Nat. Acad. Sci., 
vol. 16, 1930, pp. 488-491). 

?B. L. van der Waerden, Topologische Begriindung des Kalkiils der abzihlenden Geometrie, 
Math. Ann. 102 (1929), pp. 360-362. Solomon Lefschetz, Topology (1930), Chapter VIII. 
Koopman and Brown, On the covering of analytic loci by complexes, Trans. Amer. Math. 
Soc., 34 (1932), pp. 231-251. : 

’These remarks apply also to the problem of subdividing n-manifolds in (n+1)-space. 
The writer plans to publish later the details of his work on the latter problem. For the 
results, see the abstracts referred to above. 

‘Lehrbuch der Funktionentheorie I (1928), pp. 190-196. 

’ Foundations of potential theory (1929), Ch. IV, § 11. 

°A O-rectangle means a point. A 1-rectangle means a segment. 
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(I) Every i-rectangle (i = 0,---, p) of (K) which contains a point of R 
contains just an é-cell in R. 

(II) Every i-rectangle (¢ = 1,---, p) of (K) which meets B contains just 
an (¢ —1)-cell on B. 

(II) The boundary of every g-rectangle (1 <q <p) of the set (XK) is the 
sum of i-rectangles (i = 0,---,q—1) of the same set, and every 
i-rectangle of (K) is on the boundary of some q-rectangle of (K).’ 

The primary object of this paper is the construction of a set of related 
rectangles containing (R +B). 

An i-rectangle K;(¢ = 0,---, ) will be called of Oth type if, with its 
boundary, it fails to meet B. An i-rectangle K; (¢ = 1,---,) will be 
called of first type if (1) some pair of opposite faces, Kj: and Kj-1, are 
both of Oth type, (2) Ki plus its boundary contains just an (2 —1)-cell, 
6;-1, and its boundary on B, (3) oj-1, with its boundary, projects in one- 
to-one fashion into Kj: plus boundary. Then oj; obviously divides K; 
into two 7-cells. Now let 7 have one of the values (2, ---, m) and suppose 
that the general 7-rectangle K; (¢ —=j7—1,---,m) of (yj —1)th type has 
been so defined that it cuts from B just an (¢—1)-cell and is thereby 
divided into two i-cells. Then Ki (i =J,---, ) will be called of jth type if 
(1) It has at least one pair of opposite faces (Ki-1, Ki-1), where Ki-1 is of 

(j —1)th type and Kj-1 is of Oth type. 

(2) Kj plus its boundary contains just an (i —1)-cell, 64-1, and its boundary 
on B. 

(3) The projection of o:-1, plus boundary, onto Ki-1 coincides with one of 
the two (¢ —1)-cells, plus boundary, into which Kj-1 is divided by B, and 
the projective correspondence thus established is one-to-one, 

It is easily seen that o;-1 divides K; into two i-cells. This completes a de- 
Jinition of i-rectangles of jth type (j =0,---,n;i=J,---,n). We shall 
call Ki-1 a base of K;. When K; is of first type, either of its two faces of 
Oth type may be taken as base. 

The rectangles we employ will have their edges parallel to codrdinate 
axes. If, in the above definition, the yj-axis is parallel to the edges of Ki 
joining K;-1 to Ki_1, then K; will be said to extend in the yj-direction. 

3. The radius s, Lemma. A positive radius s exists, so small that an 
(n —1)-sphere of radius not greater than s with its center on B contains in 
its interior just an (n —1)-cell on B. 

By our definition of regular (n—1)-manifold (§ 1), the direction of the 
outer normal to B varies continuously on B. Therefore a positive radius, s’, 





"In other words, the rectangles (K), regarded as cells, constitute a complex [0. Veblen, 


Analysis Situs (1931), pp. 76, 77]. This implies that the cells mentioned under (I) and (IJ) 
also constitute a complex. 
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may be chosen so small that any two outer normals to B at points within 
distance s’ of one another form an angle less than 45°. Now let Sy: be 
any (n —1)-sphere. of radius s’ with center, P, on B, and let E,-; be the 
set of all points which can be connected with P on B inside S,,;. Then 
any 2-plane, 7,, containing the normal to B at P meets Ey; in a set of 
arcs of curves with continuously turning tangents. One of these ares, y, 
passes through P. By the above restriction on s’, the tangent to ;y at 
any point makes an angle less than 45° with the tangent at P.* Therefore 
y projects in one-to-one fashion onto a segment, 7’, of the line in which J, 
meets the tangent (n — 1)-plane to B at P. As 7, turns through all positions 
containing the normal at P, 7’ sweeps out an (m—1)-cell, Ey-1, on the 
tangent (x — 1)-plane, while y has H,-,; for its locus. But then Hy, cor- 
responds to En-1 by a one-to-one projection and is accordingly an (n —1)- 
cell. The distance from P to the point-set (B — En-:) is a positive and 
continuous function of Pon B. Its minimum value, s, satisfies the lemma, 
for an (n —1)-sphere about P of radius not greater than s contains no 
points on (B — Ey-1) and cuts from Ey; a single (n —1)-cell.° 
COROLLARY. Let (a,-++, Qn) be the numerical values of the direction 
cosines of the normal to B at any point, and let s be chosen so small that 


a on the (n—1)-cell, En-1, of the lemma. 
4Vn 
Then, if a; = ron HE at the center of the sphere, En—1 projects in one-to-one 


2Vn 
Sashion onto the (n — 1)-plane yj; = 0. Furthermore, if | is a segment with 


endpoints on En—1, and I’ is the projection of | onto y; = 0, then 1< 4 Vn. 
In view of the restrictions on s, al thie all En,+. To prove 
n 





none of the a’s varies by 


that the projection of Z,-1 on yj = 0 is single-valued, let the normal to B 
at P be replaced, in the proof of the lemma, by a line through P parallel 
to the y;-axis, and let the tangent (n — 1)-plane at P be replaced by yj; = 0. 
In the modified proof, y is nowhere parallel to the y-axis, since aj>0 all 
over E,1. For the rest of the corollary, we need only consider that if 


aj equalled rT all over En—-1, we should have 7 < 4 Vn. But, by our 
n 


restrictions, a; > 





all over Ey-1. 





4Vn 

® For, the line, N, normal to B at P is also the normal tv y in the plane //,. The 
normal to B at any other point, P’, on y, is in the (n—1)-plane normal to the tangent, 
T, toy at P’. Hence some line in the latter (n —1)-plane makes an angle less than 45° 
with N. Hence the acute angle between 7 and N exceeds 45°, and the angle between 7’ 
and the tangent to y at P is less than 45°. 

® For it cuts a single are from each of the curves y which constitute | 
44 
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4, Rectangles of norm d. Any k-rectangle (k = 0, ---, ) of the form 


ax ipl ya (4 =%4, +++, %), 


Yj = pjd (j + a, -++, iy, 


where the p’s and q’s are integers and d is an arbitrary positive constant 
will be cailed a k-rectangle of norm d. 





8 ‘ : 1 
. < ——— . > — 4 
Lemma. Ifd< i6n’ then any point, P, at which a = Va is an 
interior or boundary point of some n-rectangle 
pid<yi<(pitl)d ; 
oe}, on eee eee, 
ooo ae 6 oat alte 


ee where Ky is of norm d, of first type 


(§ 2) and extends in the yi-direction (§ 2). 
8 
2 
En-1, Whose projection on ys = 0 is an (n—1)-cell, Hy-1, containing all 


points within distance + of the projection, P’, of P. But, since 
n 


of maximum diameter less than 


By § 3, a sphere of radius about P cuts from B an (n—1)-cell, 





d< —— the distance —"— is over twice the diameter of an (n—1)- 
n 


cube, Kn-1, 


id<y<i(pitil)d 
(4.2) ¥ yi< (pit) 


riaielee G@=1,--- a1, 24-1, -+<, ») 


of norm and edge-length d with P’ in its interior or on its boundary. 
Hence Kyn-1 is the projection of an (n—1)-cell, o,-1, on E,—1 of maximum 


diameter = or less, But then the projection of o,-:, plus boundary, onto 
the yj-axis is contained in an interval 





(4.3) pid<y<(ptq)d 


where (q,d)< (+ +24) and (pi, qi) are integers. If the equation in 


(4.2) is replaced by the inequality (4.3), the resulting set of inequalities 
defines an n-rectangle, K,, which is easily seen to satisfy the lemma. 

The n-rectangle Ky, will be called an admissible n-rectangle of first type 
if the interval (4.3) is the shortest segment of norm d on the y-axis 
containing the projection of o,-1 plus boundary. Similarly, in the above 
proof, consider a bounding i-cube K; (i = 0,---,—2), of Kn-1, and 
let o; denote the i-cell on the boundary of o,—; which projects into Ki. 
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Let inequality (4.3) now define an interval on the y-axis containing the 
projection of o; plus boundary. If we let inequality (4.3) replace the 
equation y, = 0 in the defining equations and inequalities of Ki, we obtain 
the definition of an (2-+ 1)-rectangle, Ki+:, of first type and norm d on 
the boundary of K,. If the interval (4.3) is here chosen as small as 
possible, Ki+1 will be called an admissible (i+ 1)-rectangle of first type. 
CoroLLaRY 1. Let K*(d) denote the set consisting of 
(1) all the admissible n-rectangles (Kn) satisfying the lemma, 
(2) the various admissible i-rectangles (i =1,-+--,;n—1) of norm d and 
Jirst type on the boundaries of the rectangles (Kn), and 
(3) the various 1-rectangles (t = 0,---, m—1) of Oth type, norm and edge- 
length d, on the boundaries of the rectangles (Kn). 
Then K* (d) is a set of related rectangles containing all points on B where 
1 
2Vn~ 
There is no difficulty in verifying for K4(d) the various properties 
required by the definition of sets of related rectangles (§ 2). The remainder 
of the corollary is obvious. 


CoROLLARY’® 2. Given any positive value 6 < 





a= 


8 F 
ny consider an i-rectangle, 


Ki =1,---,n—1), of some norm, d, and of diameter less than =: 
If (1) Ki, or its boundary, meets B, and (2) within distance = of K; there 


is a point at which a= =) A being a value such that no edge of 
n 


Ki is parallel to the yj-axis, then there exists an (i+ 1)-rectangle, Kis1, of 
norm d and first type which extends in the y-direction and has K; for 
a cross-section. The maximum diameter of Ki+1 can be made less than 0. 

CoROLLaRY 3. If, in Corollary 2, Ki is an i-rectangle of jth type, then 
Kj; divides Ki+41 into two (i+1)-rectangles, both of (7+ 1)th type, both ex- 
tending in the y-direction and both having K; for base (§ 2). 

This result is easy to establish, using the definitions in § 2. 

If, in Corollary 2, the edge-length of Kji+: parallel to the yj-axis is as 
small a multiple of d as possible, Ki+1 will be called an admissible (i + 1)- 
rectangle of cross-section K; and norm d. If Kj+: satisfies this same con- 
dition in Corollary 3, then the two rectangles into which it is divided by 
Ki will be called admissible (i+ 1)-rectangles of base K* and norm d. 

The following easily verified statements are collected here for purposes 
of reference. 

‘© This corollary differs but slightly from the lemma. Both are convenient for future 
reference. 























| 
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(I) A rectangle of norm d is also of norm d’ provided d/d' is a positive 
integer. 
(Il) Let K; be any rectangle of norm d and first type which extends in the 
1 
2V n° 
Then, if d/d' is a positive integer, K; is the sum of the rectangles of 
the set K*(d') which it contains plus a set of rectangles of Oth type, 
norm ad’ and edge-length ad’. [See Corollary 1.] 

(III) Let Ki+1 be an admissible (i + 1)-rectangle of any base, Ki, and norm d, 
where Ki+1 extends in the y;-direction and cuts from B a cell at every 





y,-direction and cuts from B a cell at every point of which a, => 


1 
point of which a, = Vn: Suppose K; plus its boundary consists of 


a set (K) of distinct rectangles of norm d and of various types. Then 

Kini" may be subdivided into (1) the rectangles (K); (2) those admissible 

rectangles of norm d with bases in the set (K) which extend in the y,- 

direction and contain points on Ki+41; (3) the rectangles of the set K' (d) 

which contain points on Kiss but not on the rectangles mentioned under 

(1) and (2); and (4) the rectangles of Oth type, norm d and edge-length d 

on Kiss but not on the rectangles mentioned under (1), (2), and (3). 

If (K) is a set of related rectangles, so is the subdivision of Kiss just defined. 

5. The rectangles (R*). An inductive hypothesis. The following 
hypothesis underlies the remainder of our work. 

Hypotuesis. For some value k<n, there exists a set (R*) of related 

rectangles (§ 2) af some norm, dx, containing all points on B where one 


or more of the inequalities 


1 
(5.1) y 27 (j=1,---,h 


holds. Furthermore, any rectangle of the set (R*) is of diameter less than 
s/2 and is of ith type (i < k) [§ 2]. If it meets B, it extends in the yi- 
direction (§ 2) for some 4 < k and lies within distance s/2 of some point 


at which a, = oak 


2V n° 

By § 4, Corollary 1, this hypothesis is satisfied, for k = 1, if we let 
d, = s/16n and let (R') = K'(d,). 

6. Subdivisions of the rectangles (R*). In the next section we 
shall construct a set (R*t1) of rectangles to satisfy the hypothesis in § 5, 
read with (k-+-1) in place of k. As a preliminary, we establish the following 
lemma and its corollary. 





“If K is a rectangle, K is used to denote K plus its boundary. 








ON CELLULAR SUBDIVISION. 677 


Lemma. Let Kp denote any rectangle of norm dy plus its boundary. If, 
> 1 
for some 4 < k, Ky meets B only in points at which a, > eV ni then, 


for any positive 6, it is possible to subdivide Ky into a set (Ky) of rectangles 

of some norm, dxi1, in such a way that 

(A) Each of the rectangles (Kp) is of diameter less than 6. 

(B) A subset, (Kp'), of (Kp) subdivides all rectangles of the set (R*) on Ky 
in such a way that the Hypothesis in § 5 is satisfied by (R*) after the 
subdivision, provided dy11 replaces dx. 

(C) The rectangles (Kp), regarded as cells, constitute a complex [cf. § 2 (IID)]. 

If p = 1, the lemma is obvious. If p>1, let the lemma be assumed 
for the value p—1. It may then be applied to the two faces of Kp 
perpendicular to the y-axis and also to every cross-section of K, by one 
of the planes ys = md x, where m is an integer. 

(1) Let subdivisions be accordingly made in each of these cases, and 
let (Ky-1) be the set of all rectangles of these subdivisions. Let every 
rectangle of (Kp-1) be of diameter less than both ot and a We 
shall denote by (Ky-1) the subset of (Kyp-1) which subdivides rectangles 
of the set (R*) in accordance with Part B of the lemma. 

Since the rectangles (R*) are of norm dx, (Kp_1) is a subdivision of just 
those rectangles of the set (R*) on Kp which have no edges parallel to 
the yj-axis. Let K; be any rectangle of the set (Kp-1) which meets B. 
If K; is in either face of Kp perpendicular to the y-axis, then it is base 
of just one admissible (7+ 1)-rectangle, Ki+: (§ 4, under Corollary 3), on 
Ky, where Ki: extends in the y,-direction. In any other case, K; is the 
base of two such (i-+-1)-rectangles. 

(2) Let every such (2+ 1)-rectangle’™ be constructed. 

Again consider K;. If K; is on the boundary of any rectangle, K;, 
which belongs to the set (Ky-1) but not to the subset (Kp/1), let Kj+: 
denote the admissible rectangle’? of cross-section K; [§ 4, under Corollary 3], 
of norm dx41, and of first type, extending in the yi-direction. Then Kj+: 
has on its boundary the (¢+1)-rectangles constructed, under (2), on K; 
as base. 

(3) Let all such rectangles as Kj4: be constructed.” 





12 These rectangles are all of diameter less than both & and J, since K; (or Kj) is of 


diameter less than both - ds and ame, [§ 4, especially Corollaries 2 and 3}. 





32 n 8n be 
'SIn case some of these rectangles of first type are partly outside K,, we shall retain 
only the parts which are inside. This case does not arise when K, coincides with a subset 
of the rectangles (R*). 























678 S. S. CAIRNS. 


(4) The portion of K, outside the rectangles constructed under (1), (2), 
and (3) is made up of rectangles of the set K*(dx41)'* and rectangles of 
Oth type, norm dx+1 and edge-length dy41 [see § 4]. 

Steps (1)-(4) complete a subdivision which satisfies the lemma. This 
may be verified directly with the aid of § 4, especially Results (I)-(Il)). 

CoROLLARY. Suppose, in the above lemma, that Kp meets B only in points where 


. a . Then the lemma holds, even if (B) ts replaced by the following: 
n 
(B’) A subset (K;’) of (Kp) subdivides the rectangles of the set (R*) on Ky 

in such a way that: 

(1) The rectangles (Ky’) plus the rectangles of (R*) which are not sub- 
divided constitute a set of related rectangles of norm dx+1, each of 
type not greater than the (k+1)th and each extending in the 
yi-direction for some 4 < k+1. 

(2) Every rectangle of (Ky') which meets B and has an edge parallel 
to the yx41-axis extends in the yx+1-direction. 

(3) In the set (K,'), any two (¢+1)-rectangles of type higher than the 
Jirst, both of which extend in the yx41-direction, are either constructed 
on the same base or else on two bases having no common point. 

To establish this corollary, one need only go through the proof of the 
lemma, replacing 4 by k+1. 

7. The rectangles (R*+1). The subdivision theorem. The following 
three steps lead from the set (R") of §5 to the desired set, (R**): 

(I) An n-rectangle of the set (R*) will be called an outer rectangle if 
its boundary contains any boundary point of the portion of B outside the 
rectangles (R*). Let (K*) denote the subset of (R*) consisting of (1) the 
outer n-rectangles which meet B only in points where agi: = 9 7 

n 
and (2) the 7-rectangles (¢ = 0, ---,~—1) of (R*) on the boundaries of 
these outer n-rectangles. 

By successive applications of the corollary in § 6, let (K*) be subdivided 
into rectangles of a new norm, dx4:, of types from the Oth through the 
(k+1)th so that 
(A) The rectangles of the subdivision plus the rectangles of the set (R*) which 

are not subdivided form a set, (R), of related rectangles of norm dx+1. 

(B) Every rectangle of the subdivision which meets B and has an edge 
parallel to the y,4:-axis extends in the y,+1-direction. 

(C) Every rectangle of the subdivision is of diameter less than d;/32n. 

(D) If two rectangles of type higher than the first in the subdivision 
extend in the y,4:-direction and have any point common to their 
bases, then they have exactly the same base. 
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(11) The portion of B outside the rectangles (R') is bounded by a com- 
plex,'* Cn—2, whose cells are cut from B by a subset of (2). Let Ch» 
denote the subcomplex of C,—2 cut out by the rectangles of the subdivision 
in Step I. Consider the subset (K") of (R consisting of (1) those (n—1)- 
rectangles normal to the y,+:-axis which cut out cells of Cj» at distance d, 
or more from (C,-2— Cn—2), and (2) the rectangles of the set (R*) on the 
boundaries of these (x —1)-rectangles. Every 7-rectangle (¢ = 1, ---,»—1) 
of the set (K") which meets B is base of at most one admissible (¢+1)- 
rectangle [§ 4, under Corollary 3], of norm d,41, lying outside the rect- 
angles (A!) and extending in the yx+1:-direction. Let each such rectangle 
be added to (R), along with the rectangles of the set K"+! (dy4,) [§ 4, 
Corollary 1] on its boundary and the rectangles of Oth type (§ 2), norm dx4., 
and edge-length dy: on the remainder of its boundary [§ 4 (III)]. 

The resulting set, (R"™), is a set of related rectangles.'® 

(Ii) The part of B outside the rectangles (R") is bounded on B by 
a complex,’* I,-2, whose cells are cut from B by a subset of (R"). Let 
T;-2 be the subcomplex of Z,-2 cut out by the rectangles of the sub- 
division under Step I and the rectangles added under Step II. Consider 
any rectangle, K,, which has no edge parallel to the yx+:-direction 
and cuts out a cell of Ty-2 at distance d, or more from the cells 
(Ino —In-2). By Steps I and II, K, is the base of two rectangles 
(Kp41, Kp+1) of the set (R") which extend in the y41:-direction and 
which cut from B cells of the complex I,-2. The sum (Kp4:+ Kp+ Kp41) 
is a rectangle, Kp+1, of first type with cross-section Kp (§ 4, Corollaries 2, 3). 
Let Kyi: replace the rectangles of which it is composed. Then Kp+: may 
contain points on the boundaries of two distinct rectangles, (Kj41, Kj), 
q>p, of the set (R"), where Kp+i and Kou both extend in the yx41- 
direction and have the same base, K,. If so, let Kj41, Ky, and K74: be 
amalgamated to form a rectangle, K,+.:, of first type and norm d;+1 with 
cross-section K,. Then K,4: has the whole of Kp4: on its boundary. 
Let such amalgamations be carried out until K,+: is entirely on the 
boundary of every rectangle of higher dimensionality with which it is 
incident. Then let K,+: be subdivided [see § 4 (II)] into rectangles of the 
set K*t1 (d,11) plus a set of rectangles of Oth type, norm dy+1, and edge- 
length dy41. 

When the above process is complete, we have a set (R") of related 





4A consequence of the definition of related rectangles (§ 2). 

'* These statements are direct consequences of the construction and definitions. The 
results of §4 are useful in verifying them. In Step II, the added rectangles are all of 
diameter less than d;/4 and hence have no incidence relations with the rectangles of the 
set (R*) which were not subdivided in Step I. 














a re = ~ 


y 
A 
4] 
uM 
W 





680 S. S. CAIRNS. 


rectangles, containing the same points as (R"). If, now, we add to (R™) 
the subset of K*+1(dy+:) [§ 4, Corollary 1] consisting of the n-rectangles, 
with their boundaries, outside (R™) and at distance not les’ than d, from 
the cells (T,-2—T;-2), then the newly added rectangles will be incident 
only with other rectangles of the set K*™ (dy41). 

The set, (R*+1), which results from this last step, satisfies the Hypothesis 
(§ 5), read with (k-+1) in place of k.” 

The above inductive process, carried out for k = 1,---,n—1, leads 
to a set (R”) of related rectangles of norm d, and types from the Oth 
through the mth containing all points on B where one or more of the 
following inequalities holds: 


1 
%2 7 (j= 1,---,n). 


But since, by definition of the a’s (§ 3), 


n 


> @ = 1, 


*=1 


(R") contains the whole of B. Let the rectangles of Oth type in the 
set (R”), and also the part of the region R outside the rectangles (R”) be 
divided into cubes of norm d, and edge-length d,. We then have a set 
of related rectangles (§ 2) containing (R+ B). This establishes the following 
theorem: 

SUBDIVISION THEOREM. Jf a region of euclidean n-space is bounded by 
a finite number of distinct regular (n —1)-topological (n—1)-manifolds (§ 1), 
then the region plus its boundary coincides with an n-complex. Each cell of 
the complex is the portion of the region or its boundary inside one of a finite 
set of distinct i-rectangles (i =0,---,m). In the terminology of this paper, 
the i-rectangles are all of the same norm (§ 4) and are of the Oth through 
the nth types. 


LenieH UNIVERSITY, BETHLEHEM, Pa. 








LOCALLY HOMOGENEOUS SPACES IN DIFFERENTIAL 
GEOMETRY .! 


By J. H. C. WaireHEab. 


1. Introductory. This note is about spaces which are locally equivalent 
to a space of some Lie group, in the sense of Klein’s Erlanger Programm. 
They have been called Clifford forms*® of the space of the Lie group by 
analogy with the spaces considered in the Clifford-Klein® problem. The 
Clifford-Klein problem is to characterize topologically all the Riemannian 
spaces (as originally stated by Klein, all the closed, or compact spaces) 
with constant curvature—that is, all the spaces which are locally hyper- 
bolic, Euclidean, or elliptic. What may be called the fundamental lemma 
is due to H. Hopf*, and states that, subject to a completeness condition, 
the general covering manifold of any locally Euclidean (hyperbolic, elliptic) 
space is an ordinary Euclidean (hyperbolic, spherical) space. In other 
words, if two spaces in the class considered are locally equivalent, and if 
they are both simply connected®, then they are equivalent. We propose 
to prove this last assertion for the larger class of spaces defined below. 

The spaces in question are n-dimensional manifolds of class*® 2 with 
additional structure defined by a locally transitive infinitesimal group of Lie. 
That is to say, a locally transitive group of infinitesimal transformations 
is defined near each point, the infinitesimal groups at any two points being 
similar. This means that they are not only simply isomorphic, but that 
there is a point transformation of some n-cell containing one of the points 
into an n-cell containing the other, and the infinitesimal transformations 
at the former into linear combinations of the infinitesimal transformations 
at the latter. 

In the terminology of the Cambridge tract referred to above, such a space 





‘ Received March 23, 1932. 

* E. Cartan, Annales de la Soc. Polonaise de Math., 8 (1929), p. 208. 

3See F. Klein, Zur Nicht-Euclidischex Geometrie, Gesammelte Abhandlungen, vol. 1, 
pp. 353-383. 

4 Math. Annalen, 95 (1926), pp. 313-339. See also E. Cartan, Legons sur la géométrie des 
espaces de Riemann, Paris, 1928, Chap. III. 

* We shall use the term “simply connected” to mean that any closed curve can be 
deformed into a point. Nothing is implied about cycles of higher dimensionality. 

® See Chap. VI of a recent Cambridge tract by 0. Veblen and the present author called 
“The foundations of differential geometry”, or an article in the Proc. Nat. Academy of 
Sciences, 17 (1931), pp. 551-561. 
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may be defined as an n-dimensional manifold of class 2, whose pseudo-group' 
of automorphisms is transitive and is an r-parameter pseudo-group of Lie. 

These may be called locally homogeneous spaces with a Ine pseudo-group, 
and contain as a sub-class the homogeneous spaces with a Lie group*. 

Two locally homogeneous spaces are locally equivalent if, and only if, 
their infinitesimal groups are similar. Thus there are the “locally flat” 
affine, projective, and conformal spaces. In other cases the pseudo-group 
may be given indirectly, e. g. as the set of motions of a Riemannian space, 
or the collineations of a space of paths. Particularly interesting are the 
symmetric Riemannian spaces*—so called because the reflexion about any 
point preserves the Riemannian metric. These spaces are fundamental 
in Cartan’s investigations of homogeneous spaces with simple groups’. 
Symmetric affine spaces of paths have been similarly defined", and their 
importance will doubtless increase with our knowledge about homogeneous 
spaces in general. 

By an §, we shall mean a locally homogeneous space of n dimensions 
which is connected and which satisfies the following completeness condition.” 

If Un is a region in Hn, any particular Dn, and if the general covering 
manifold of Un is an Qn, then Un = Hn. 

Our theorem is: 

If two n’s are locally equivalent, and if both are simply connected, then 
they are equivalent. 


It appears that the group of a simply connected $, is a Lie group 





7A pseudo-group is a set of transformations operating on sub-sets of a space, any one 
of which may or may not include the whole space. In general the resultant of two trans- 
formations does not exist. If it does, it is in the set, and so is the inverse of each trans- 
formation. By a pseudo-group of Lie we mean one whose transformations are generated 
by an infinitesimal transformation group of Lie. 

8 Homogeneous spaces with a Lie group have been systematically studied by Cartan in 
a number of recent articles, a summary of which may be found in his Mémorial, La théorie 
des groupes finis et continus et l’analysis situs (Paris, 1930). This Mémorial will be 
referred to as G. C. 

* Cartan, Bull. Soc. Math., 54 (1926), pp. 214-264, and 55 (1927), pp. 114-134. 

See, for instance, Cartan, Journal de Math., (9) 8 (1929), pp. 1-33. 

'' Cartan, Journal de Math., (9) 6 (1927), pp. 1-119, in particular pp. 80-90. An introductory 
account of symmetric affine spaces, starting with a somewhat different point of view, has 
been given by the present author (Math. Zeit. 35 (1932), pp. 644-659). 

Cf. H. Hopf and W. Rinow, Commentarii Math. Helvetici, 3 (1931), pp. 209-225. The 
condition “an §, is not equivalent to a proper sub-set of any $n”, which defines a class 
of spaces analogous to their %, is too weak for our purposes. It is satisfied, for example, 
by the covering surface of a Euclidean plane with a point removed. Topologically this 
surface is a 2-cell, but it is characterized by its metrical structure near the branch point, 


which is the only “missing” point at a finite distance from a given point. Cf. Cartan, 
Géométrie des espaces de Riemann, loc. cit., pp. 78-80. 
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which is locally isomorphic with its pseudo-group,’’ and also that any Sp, 
is analytic. 

2. Elementary deformations. Let H;, be any , and let g, be its 
pseudo-group. Let Py be any point in H, and x a codrdinate system in 
which points near Py are represented by the box 


|a*|<1, 


the point Py corresponding to the origin. Transformations of g, which 
operate on points near Py are given by equations of the form 


(2.1) a — Si(z, t, iad t”), 


where the functions f are of class 2 in some region in the ¢ space, and 


in some box 
(2.2) jat}<d<1. 


Moreover 6 may be so chosen that some n-cell containing one of two 
given points in (2.2) is deformable into a cell containing the other by 
a continuous variation of the parameters ¢ in (2.1). Such a transformation 
will be called an elementary deformation of the first point into the second. 
A cell such as (2.2), in which one of two given points can be deformed 
into the other by continuous variation of the ¢’s in equations of the form (2.1), 
will be called an elementary n-cell. 

Intuitively it is fairly obvious what is meant by deforming a point P) 
into a point P along a curve PP. We divide the curve into a number 
of segments Py, P,, Ps, ---, Pn, P, each of which is contained in an 
elementary n-cell. A deformation of Py into P along Py P is the resultant 
of successive elementary deformations of P) into P,, P, into P:,---, Pr 
into P. 

We shall now prove the lemma. A homogeneous space, Sn, with a Lie 
group, Gy, satisfies our completeness condition for an Qn. 

Let S, cover a region U, in a locally homogeneous space, i», and if 
possible let Un + hn. Let p* bea point on the boundary of Up. Since hy 
is locally homogeneous, and since U; is locally equivalent to S,, hn is 
locally equivalent to S,. Therefore the pseudo-group of h» is locally 
similar to G,, and there is an elementary n-cell, C, containing p*, such 


that to each elementary deformation in C corresponds a unique transformation — 


of G,. Since p* is on the boundary of U, there is a point, po, in C 
which is also in U,. Let c be a curve joining pp to p* without leaving C. 





‘8The example of a locally Euclidean Mébius band, whose group of automorphisms 
has only one parameter, shows that this is not generally true. 
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There is no loss of generality in assuming p* to be the only point on c 
which is not in U,. For otherwise we could replace p* by the first point 
on the boundary of U, which a particle would meet in travelling along c 
from po to p*. Let Py be any point in S, which covers yo. Let ¢ be 
a parameter for c which increases continuously from 0 to ¢* as the corres- 
ponding point, p(¢), moves from pp to p*. To the curve c and the point p(é), 
0 <t< ?#*, corresponds a unique point, P(¢), in S,, such that P(0) = P, 
and P = P(t) is a continuous curve. To get our contradiction it will be 
sufficient to prove that P(¢) converges to a point, P*, as t>¢*. 

Let p(t) be continuously deformed along c into the point p*, and let 
a(t) be the elementary deformation of po into p(t). By our choice of 
the elementary n-cell C, there is a unique transformation, A (f), of G,, 
which corresponds to a(é), and A(t)>A(t*) as t>?t*. Moreover 
P(t) = A@P, for 0<t<ié*. Therefore P({)>P* = A(t*) Py as 
t-t*, and we have a contradiction in supposing S, not to be complete.’ 

Any locally homogeneous space with a Ine pseudo-group is an analytic 
manifold. For among the allowable codrdinate systems in which a given 
elementary n-cell is represented there is a uniquely determined set of 
analytically related codérdinate systems, namely those for which the 
functions f in (2.1) are analytic’® in 2. These codrdinate systems for 
any particular elementary m-cell, and for all the elementary -cells con- 
tained in it, obviously satisfy the first group, A, of the axioms upon 
which our definition of an analytic manifold is based.’® But the axioms C 
are satisfied by the set of all elementary n-cells, and it follows that the 
space is analytic. 

From now on we confine our attention to analytic parameterizations, 
both for H, and for g,. 

3. Let Hy, be a simply connected $, with a pseudo-group gy. The 
elementary deformations in a given elementary n-cell are generated by 

‘A similar argument can be used to show that our completeness axiom is equivalent 
to various other completeness conditions. For example an affine space of paths is com 
lete if, and only if, each path P = P(s) is defined for —0o <s<w, where s is an affine 
parameter (Hopf, loc. cit.). A Riemannian space is complete, or normal (Cartan), if it is 
locally compact with respect to the Riemannian metric. If the spaces in question are 
locally homogeneous both conditions are equivalent to ours. Cf. Hopf and Rinow, loc. cit. 

’* F. Schur, Math. Annalen, 41 (1893), p.535. There is also a set of analytically related 


parameterizations, ¢, referred to which f are analytic in ¢. I take this opportunity of 
remarking that § 1 of Schur’s paper contains a proof of the theorem given in § 10 of the 
paper by 0. Veblen and myself (loc. cit.). 

‘6 Veblen and Whitehead, loc. cit. The axioms referred to are in three groups, A, B 
and C. We recall that A and C are sufficient to characterize the space, while B deter- 


mines which codrdinate systems, obtained according to certain rules from a fundamental 
set, are to be admitted as “allowable”. 
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r vectors &1, ---, §& (r=), which are arbitrary to the extent of linear 
transformations with constant coefficients. The vectors § may be taken 
to define a local “parallelism”, and our first step is to extend this 
parallelism into the large, thus defining a basis for the elementary defor- 
mations all over H,. The parallelism in question is given in codrdinates x 
by the completely integrable set of differential equations obtained from 


the equations 
(3.1) § (x) _ c® & (a) («= 1, vee), 


by repeated differentiation and elimination of the constants’ c. Writing 
6 0% E” ; 
Z', +++, 2* for &,..-,, mare ty oa" these equations may be 


replaced by a first order set*® 
0 ZA 
(a) Fat Ti@ =0 (4,B=1,---,m), 


(3.2) 
(b) Vi(z)Z4 =0 (oe = 1,---,;m—r). 


The system of functions’® (7, V) is another set of components for the 
fundamental invariant of H,, namely the infinitesimal transformations of g,. 

The differential equations (3.2) define a linear displacement®? which is 
locally holonomic because (3.2) are completely integrable. Since H,,is simply 
connected this displacement is holonomic. There are, therefore, linearly 
independent solutions of (3.2), Z,(P),---,Z(P), which are defined all 
over Hy, and which are uniquely determined by given initial values, 
Za (Po) = Ag, chosen so as to satisfy (3.2b). The first m components of 
these solutions will be the components of the required vectorfields 
§,(P), uaa. E, (P). 

All the elementary deformations may now be referred toa single set of 
canonical parameters. 


Obviously - 
[Su, &3] = Cup §o, 


with the same constants, C, near each point of Hn. 


" See L. Bianchi, Lezioni sulla teoria dei gruppi continui finiti dei trazformazioni, 


Bologna, 1928, chap. IV, § 47. 
8 In case + =m, gr then being simply transitive, these equations are 


lat. = 
Gar té fn = 0, 


I’ being an affine connection. (Cf. L. P. Eisenhart, Proc. Nat. Academy of Sciences, 


11 (1925), pp. 246-250.) 
‘? Individually the sets of equations (3.2a) and (3.2b) will, in general, have no invariant 
significance. They will each depend on the equations chosen to solve for the constants c. 
*0The argument necessary for the passage from the small to the large is given in Veblen 


and Whitehead (Cambridge Tract, loc, cit., Chap. VII § 6). 
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4, By the third fundamental theorem*’ of Lie there is a group G,, 
having Csy for its constants of structure. Let a basis having these con- 
stants be chosen for G,. Then to each elementary deformation in H, 
corresponds a unique element of G,. Let O be a given point of Hn, and 
let Gn be the sub-group generated by elements corresponding to elementary 
deformations which leave O unaltered. 

Let Hy be the projection of the group-manifold G, by means of the 
co-sets®® ¢G>—n. Then Hy, is a homogeneous space which is locally equi- 
valent to Hy. Moreover Hy is an $n by the lemma of § 2. I say that 
Hy is equivalent to the general covering manifold of H,. This follows 
by an argument similar to the one used by O. Schreier®* in proving the 
similar theorem for continuous groups. To a deformation of O along 
a curve OP toa variable point P corresponds a unique element, 7’, of G,, 
namely the product of the elements corresponding to the elementary de- 
formations composing the deformation O— P. To P, therefore, corresponds 
a co-set, 7’G;y—n, and a point, P, of H,. The point P is independent of 
the particular deformation O> P. For let O>P be the resultant of 
elementary deformations ¢,,---, tm, so that 


P= tn---t,0. 
The general deformation O— P along OP is of the form 
P = tm 1m—1 tm—1 'm—2 +++ 1.790, 
where 7« is a deformation of the point Px = ta--- 4,0 into itself. But 
Te == tetas te 


where ra—1 leaves Po—1 unaltered, and it follows that 





bon VYm—1 | Ym—2°*°* ty Yo O = ban | Tm—2 eee t; Yo O == a bn —1 eee t; Ro 0. 





The transformation Ry is the resultant of a finite number of elementary 
deformations which correspond to elements of G,—». Therefore Ry corres- 
ponds to an element of G,-n, and any deformation, O—>P, along OP 





*1This theorem was first proved in its complete form by Cartan, G. C., pp. 17-19, and 
Comptes Rendus, 190 (1930), pp. 914-916 and 1005-1007. Previous arguments had proved 
the existence of an element of a group (Gruppenkeim) having given constants of structure. 

* Cf. Cartan, G.C., p. 25. The points of Hn are the co-sets of Gp—n, and an allowable 
codrdinate-system for H, is defined by projection on an analytic n-cell which meets no 
co-set in more than one point. From the special nature of G,-n it is easy to see that 
such n-cells exist. 


3 Abhandlungen math. Seminar, Hamburg, 5 (1927), pp. 15-32. 
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corresponds to an element in the co-set 7'G,_,. Therefore the point P, 
associated with a curve OP, corresponds to a unique point Pin Hy. The 
transformation PF is obviously unaltered by deformations of the curve 0 P, 
and is locally isomorphic. That is, it carries corresponding points under 
elementary deformations into corresponding points under G,. Since Hy, is 
simply connected it is independent of the curve OP, and H, is equivalent 
to the general covering manifold of some region, Vn, in Hy. By the 
completeness condition V, = Hn, and therefore H, is equivalent to the 
general covering manifold of Hy. 

Let Hn be any simply connected $, which is locally equivalent to Hy, 
and let O* be any point in Hp. Then there is an isomorphic point trans- 
formation of O into O*, and points near the former into points near the 
latter. This transformation carries £,,---, § into a set of vectors &1,---, &*, 
which determine a basis for the elementary deformations in Hn. The 
basis §* has the same constants of structure as &, and the deformations 
of O and O* into themselves are generated by the same linear combinations 
of &,,---,& and &,---,&, respectively. It follows by the argument 
used above that Hn is equivalent to the general covering manifold of Hn, 
and is therefore equivalent to Hn. 

We have thus proved our theorem, which may also be stated as follows: 

If two Qn’s are locally equivalent their general covering manifolds are 
equivalent. 




















THE COLORING OF GRAPHS.' 


By HAssLeER WHITNEY.” 


Introduction. In anothér paper, L,® the author has given a proof of 
a formula for M(A), the number of ways of coloring a graph in 4 colors, 
due to Birkhoff. The numbers mj, in terms of which M/(A) is expressed, 
are here studied in detail; a method of calculating them is given. 

In Part I elementary properties of the mj and the m; and of M(A) are 
given. The expression for the my in terms of the broken circuits of the 
graph gives rise to sets of numbers @; and 4;, in terms of which M(A) 
may also be expressed. In Part II it is shown that my may be expressed 
as a polynomial in numbers N,, Ne, ---, numbers of non-separable sub- 
graphs, which are easier to count in a given graph than are the mij. 
Part III is devoted to the theory of an algebraic transformation. This 
is made use of in Part IV to show that if we know the linear terms /j 
of the above polynomial, the whole polynomial may be calculated. Finally, 
the polynomials for the fj, my and m; are calculated for a few values of 
the subscripts. 





1 Received February 16, 1932.—Presented to the American Mathematical Society, Oct. 25, 
1930. This is, in revised form, the author’s Harvard thesis. The section on recursion 
formulas has been left out; Part V has been added. An outline of the paper will be found 
in the Proceedings of the National Academy of Sciences, 17 (1931), pp. 122-125. 

? National Research Fellow. 

3 References will be made to the following papers by the author. 

I. A logical expansion in mathematics (L); Bulletin of the American Mathematical Society, 
38 (1932), pp. 572-579. 
II. Non-separable and planar graphs (N); Transactions of the American Mathematical 
Society, 34 (1932), pp. 339-362. 
III. Characteristic functions and the algebra of logic (C. F.); to appear in the Ann. of Math. 
IV. Congruent graphs and the connectivity of graphs (C. G.), American Journal of Mathe- 
matics, 54 (1932), pp. 150-168. 

The notations in N will be made use of. We recall the following. The rank R and 
nullity N of a graph G containing V vertices and EF arcs which is in P connected pieces 
are given by the equations R=V—P, N= E—R=E—V+P. A subgraph H of G 
is determined by naming a subset of the arcs of G. A graph is non-separable if it is 
connected and cannot be broken at a single vertex into two pieces. The components of 
a graph are the non-separable parts of the graph. The sum of two graphs G, and G; is 
the graph G,+ G, containing the arcs and vertices of both graphs, provided they had no 
vertices in common. If they have common vertices, we consider these vertices as distinct 
in G, +" G.. 

A graph is colored by assigning to each vertex a color in such a way that no two 
vertices which are joined by an arc are of the same color. 
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With reference to the four color map problem, we mention the following 
theorem. If G is a planar graph and G' is a dual of G, and my and 
mi; are their numbers, then 

my = mr—j,n—i.' 


This follows immediately from the definition of dual graphs in N. Con- 
sider the class of graphs G with numbers mj; for which the above num- 
bers my are also the numbers for a graph G’; this class then includes all 
planar graphs (see N, Theorem 29). Hence a proposition which implies 
the four color map theorem is the following: For any graph G of the 
above class, 3) (—1)*¥ mj 4%*>0. (We must, however, exclude graphs 


i,J 
for which mo, +0; see § 3.) This proposition is stronger than the four 
color map theorem; for there are graphs in the above class which are not 


planar.® 
I. THE PoLYNoMIAL M(A); THE NUMBERS @ AND §;. 


1. Some properties of the mj. We showed in L that if there were 
mi; subgraphs of G of rank 7, nullity 7, then the number M(A) of ways 
of coloring G is® 
(1.1) MA) = D1) my AV-* = Dm ld, 

i) i 
(1.2) m4 = > (vi mij. 
J 
If G, and G, are the two graphs mentioned at the end of L (7; and 742 
in Fig. 2), whose ares are a(ab), Blac), y(bc) and eae(ab), Blac), y(bo), 


d(bd), (cd) respectively, we find for their numbers mj those given in the 
following tables. 





























nullity 0 1 2 
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From these tables we immediately find their numbers m; as given at the end 
of L. For instance, in G;, mez, the coefficient of 2, is mzo— me = 3—1= 2. 
‘The formula of Theorem 8 of the Proceedings paper should be corrected. 
>An example was recently found (May 13) by R. M. Foster: @ contains the arcs ab, 
ac, be, ad, de, ec, bf, fg, 9c, eg, dg, fe. The corresponding graph G’ is this same 
graph. 
® Throughout this paper, sums are carried out over all non-zero terms unless otherwise 


stated. We put always (?) = 0 if q<0 or g>p. 
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moo is always 1, for there is always exactly one subgraph of any graph 
(even of the null graph, containing no ares or vertices), of rank 0, nullity 0, 
namely, that containing no ares. If the graph contains no 1-circuits, each 
are is of rank 1, nullity 0, and each subgraph of rank 1, nullity 0 contains 
just one arc. Thus m, = EL. We shall always assume in the future 
that there are no 1-circuits in the graph, unless expressly mentioned. 
Then also of course mp, == 0. In any case, mo-+m = EL. There is just 
one subgraph of G of rank R, nullity NV, namely G itself, and mew = 1. Thus 


(1.3) Mo = Men = |, Mo = E (or mo+mi = E£). 
Of course 
(1.4) m = 0 if <0, 7<0, i> or g>N. 


There is a fundamental set of relations between the mj: 


(1.5) nal mi-1,1 + press + moi = (7); 


a 


for the sum on the left is the total number of subgraphs of G of 2 arcs. 
We shall see in Part IV that there is no other linear, or even polynomial, 
equality connecting the mj. 

2. Some properties of the m;. We can derive immediately a number 
of properties of the coefficients m; of M(A) from the interpretation of 
(—1)' m; in terms of the broken circuits of G given in L. Let us show 
that (—1)® mp>0. We drop out all the arcs of G we can without dis- 
connecting any vertices that were formerly connected. The resulting graph H 
is a forest’ of rank R. Order the arcs of G in a definite manner, choosing 
the arcs not in H first. Every circuit in G contains an are not in H, 
and therefore every broken circuit contains an are not in H. Thus H is 
a subgraph of G of # ares not containing all the arcs of any broken 
circuit, and hence (—1)"mp>0. Taking any subgraph of H, we see that 


(2.1) (—1)'m>0, a= 0,1,---,R. 
Also 
(2.2) m = 0, ix<0 or i>R 


from eq. (1.4). Hence M(A) has no constant term, as it would be my; 
but V>R always. If G is connected, R = V—1, and the coefficient of 4 
in M(A) is mp $0. 

3. Some properties of M(A). As M(A) has no constant term, M(0)=0. 
This is obvious, as no graph can be colored in no colors. 


Let us find M(1). 
M(1) = 2 2 (—1)4 my, 





7A graph of nullity 0. 
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or, if we sum diagonally, 
t u 


by eq. (1.5). Hence 


d 


M(1) = (1—1)2# = 0 


if E>0. If EH = 0, M(L) = mo = 1. Thus a graph containing an 
are cannot be colored in one color; if it contains no arc, there is one 
way of coloring it in one color. 

Let us find (A) for a circuit of HZ arcs. Every subgraph of the circuit is 
of nullity 0 except the whole graph, which is of nullity 1. Hence 


mo = rh 0<i< E£E-1, Mepis = 1. 


Therefore 

_— . Z E vi E),V-E E ,V-(E—1) 
ei) HO =2ow (7 )a—C eaten 

= @—1)F+(—1)" (4-2), 


remembering that V = EH. We can also prove this by noting that there 
is just one broken circuit, which contains H—1 arcs. In particular, 
M(2) = 1+(—1)4, which is 2 if H is even and 0 if Z is odd. 

Suppose the graph G contained a 1-circuit aa. Then in any coloring 
of the graph, a must be colored in a different color from itself, which is 
not possible. Consequently “(0) = M(1) =--- = 0, and thus M(A4) = 0. 
We can prove this from L, eq. (11), by pairing off terms, so that the two 
terms of a pair are the same except that one contains the factor Aga while 
the other does not. The two terms of each pair cancel. 

4, The numbers a; and £;. We shall illustrate these numbers by 
means of an example, using the graph G, of § 1. Its circuits are «fy, 
y0e, aBde; its broken circuits are «8, yd, a8. (—1)'m; is the number 
of subgraphs of G, of 7 arcs not containing both @ and 8 and not containing 
both y and 6. For under these conditions, it does not contain a, # and 
6 either. Let R; be the set of subgraphs of Gz of i arcs, let mj(@) be 
the number which contain the are a, etc. Then 


(—1)'m = ni(a@-B-7-9). 
Expanding this as in OC. F. into the second normal form, we have 


(4.1) (—1)i'm = u(1—a8—yd+aBy9) 
, = nj(1)—nji(a8)—ni(y 6) + ni(@ By). 
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Consider a typical term, such as n;j(«@8). This is the number of subgraphs 
of 7 ares which contain both «& and 8. To form such a subgraph, we 
must pick out the two arcs « and 8; we have left then 7—2 ares _— 

seat 
a 
ways. This then is the value of the term. The sign of the term is (—1), 
where 7 is the number of broken circuits combined in forming the term; 
in the above case, 1. In general, if the term is formed from 7 broken 


circuits, and if it contains & distinct arcs, then the value of the term is 
E—k 
a ran 
Definition. Let eq be the number of sets of 7 broken circuits which 
together contain & ares. Put 


(4.2) “yn = pa (— 1) AK . 


Then 
(— 1m = S(—1¥ (7) a = ZF ) ae 


k,l 


we can pick out from the remaining 5—2 = 3 arcs of G, in 


We note that «;, is just the sum of all the coefficients in eq. (4.1) which 
contain k arcs, and thus a is the a, defined in C. F. at the end of § 10. 
If we expand eq. (4.1) into the third normal form, we find 


(— 1m = niley+ad+87+86—(ay6+ahy+ah d+ B79) 
+aBy 4]. 

We define 4; as being the sum of the coefficients of all terms in this 

equation containing k arcs, again as in C. F. 


With the help of C.F., eq.’s (22) and (23), we can express any of the 
sets mi, a;, 8; in terms of any other of the sets. The relations are® 


(4.3) 





8 The formulas not already proved may be proved from the others by use of the relation 
oF lt) = Crt), eee 
= ( 1) m 8 a cae m— q ’ if p = q ’ 


see Netto, Lehrbuch der Combinatorik, Leipzig, 1927, § 158, (27). For instance, to prove 
the formula for @; in terms of m, put 


oa =Z (Fp) m= SFO) wd (Foy « 
= 2am (FF) (Fy). 
Replacing k by k+1, we find 
(—IYYa =D (-'u Dy (¥ EIT (FY 


Thus a; = a@;, as required. 
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wal 


Fa 


a 


(tan eg me 
(4.4) (Ifa = 2 ak be mk 


(— A= (IF 2 (5 ,)m 


The numbers for Gs are 


~~ 
= 
+ 


=. & 


a = 1, a, = —2, a =—1; 
Ay = 4, A, = —4, A, = 1; 
mM = | mM = — 5, Mm = 8, mM, = — 4, nm = 0. 


The first non-zero §; is Be-r = fy. Remembering that m = 0, 
k>R, we find from the last equation above 


(4.5) By = (—1)¥ mg, 


which is the last non-zero coefficient in M(A); the coefficient of 4, if the 


graph is connected. 
In terms of the @;, we have 


(4.6) MQ) = av-¥ DB) (— 1) aj (4 — 1), 


For, calling this expression ¢(A), 
g(a) = AV-® D)(—1)F a (L— Ae 


aie a 1)£ a 2 (— 1)k ei ‘) Ak 
by the binomial formula, 
aa = Dar ae 12 r. ‘) ai, 
or, replacing k by E—k, 
9 = Sard (PON a 
— am Av-k — M(A). 


We shall see by examples in Part V that the a are given by simpler 
formulas in terms of the numbers of non-separable subgraphs of G than 
are the m;. 

II. my IN TERMS OF NON-SEPARABLE SUBGRAPHS. 

5, The numbers N,, Nz, ---. To find my, we count all the sub- 

graphs of G of rank 7, nullity 7. In this part we shall show that it is 
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not necessary to count all the subgraphs; we need count only the non- 
separable subgraphs. We say a subgraph is non-separable if it becomes 
so when any isolated vertices there may be are dropped out. This operation 
alters neither the rank nor the nullity of the subgraph. 

We note that Theorem 7A holds even if we allow the graphs to contain 
1-circuits. If G’ is G except for its m , 1-circuits, then obviously 


(5.1) my = > if mi j—k- 


Let us say two graphs are of the same type if they are congruent. 
Make a list of all types of non-separable graphs; call these types 71, 7.2, 
T,, +--+. There are of course but a finite number of types of graphs with 
a given number of arcs. Let N; be the number of subgraphs of G of 
type 7T;, 7 = 1, 2, ---. The fundamental theorem of this part is that 
my for any graph @ is given by a unique polynomial in the numbers 
N,, Ne, --- for G. When we speak of a polynomial, we mean always 
a polynomial in a finite number of variables. Thus we do not allow ex- 
pressions such as NV, + N.+N3-+---, even if, for any given graph, there 
are but a finite number of non-vanishing terms. 

THEOREM 5A. Any polynomial in the numbers Ni, Nez, ---, which equals 
0 for all graphs is identically 0. 

Suppose the theorem false. Then there is a polynomial which is 0 for 
all graphs but not = 0. Let P be such a polynomial containing the 
least possible number, say g, of variables. Let us call these variables 
M, Nz, +--+, Ng, where 7,, corresponding to N,, is one of the types of 
graphs concerned containing the least number of arcs. 

Arrange the polynomial according to descending powers of Ni, and say 
it is of degree @ in this variable: 


P(N, Ne, +++, Ng) = Po(Ne, «++, Ng) Mr +P, (Ne, «++, NN 
+--»+ Pa(Nae, nine No); Po $= 0. 


Take now any graph G, and form from it graphs G,, Gz,---, Ga, each 
being formed from the last by adding a graph of type 7,, letting it have 
no vertices in common with the preceding graphs. As a graph of type 
T, contains no subgraph of any of the types 72, ---, 7,, we have in 
this manner added no subgraphs of any of these types. Hence the number 
N, for each graph G; is one greater than that for the preceding graph, 
Gi, while the numbers Nz, ---, Ny, are the same. P vanishes for these 
distinct values of N, and the coefficients P, , Pi, «++, Po are constant 
for these graphs, and hence these coefficients must vanish for these graphs. 
They vanish, in particular, for the graph G. But G@ was any graph, so 
they vanish for all graphs. But this is a contradiction. For, if g was > 1, 
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P, is a polynomial in a smaller number of variables, vanishing for all graphs 
without being identically 0, and if g was 1, Py is a constant = 0, and P was 
not of degree @ in Nj. 

THEOREM 5B. Theorem 5A holds if the words “for all graphs” are re- 
placed by the words “for all non-separable graphs’’. 

Using the same notation as before, let G be any non-separable graph. 
The only change necessary is to make Gj, ---, Ge non-separable also. 
Suppose first that the numbers N,,---, Nz do not include Z, the number 
of ares in G. Let s be the greatest number of arcs in a graph of any 
of the types 7;, ---, T,. We add a graph of type 7, to G, and then 
join two of its vertices to two vertices of G by distinct chains, each 
containing at least s/2 arcs. The resulting graph G, is non-separable. 
Moreover, in adding the two chains we have added no subgraphs of any 
of the types 73,---, Ty. Gs,---, Ge are formed similarly. If, however, 
the polynomial contains the variable H, we merely add a suspended chain 
of s ares each time, increasing H by s, and leaving the other N; unchanged. 

6. my in terms of N,, N2, ---. Given a graph G, consider the set S 
of all its subgraphs of rank 7, nullity 7. Drop out any isolated vertices 
there may be from each subgraph. Let us list all possible graphs of 
rank 7, nullity 7 which contain no isolated vertices (many may be separable), 
and divide them into types U,, Us, ---, Up. We say here two gr2phs 
are of the same type if they are equivalent.** Each subgraph of 8 is of 
one of these types; say S;, containing s; members, is the set of subgraphs 
of type Ux (any or all of the s; may be 0). Then 


(6.1) Mj = + 8+ ++++Sp. 


We shall show how to evaluate each s,. 

Let H be a graph of type Ux, let Ai, He, ---, Hq be its components, 
named in a definite order, (there will be but one component if H is non- 
separable), and say H; is of type 7i, i = 1, ---, q. (Some of these 
types may be the same.) We now define a set 2; as follows: Any member 
of Ry consists of an ordered set of non-separable subgraphs of G. We 
name first in G a subgraph Ay of type 7,, next a subgraph Hy of type 
T; (which may have parts in common with Hj), ---, and finally a subgraph 
Hy of type 7, (which may have parts in common with any of the preceding 
graphs). Let , be the number of sets of graphs in Ry. If, for instance, 
H consists of two arcs, its components H, and H, each being an are, 
Ry, is the set of ordered pairs of arcs in G, the two arcs being distinct 
or not, and m, = E£°. 





“Two graphs are equivalent if they have the same components. 
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Consider any member of Ry. It may happen that some of the subgraphs 
picked out of G to form this member, say the first three, form a circuit 
of graphs in G. If so, we shall say that this member of Ay has the 
property 

H,° Hz° Hyg. 


We are interested in those members of Ry, in which no subset of the 
subgraphs form a circuit of graphs in G. These are 








Ry (Hy ° He: Hy ° Hg +++ Ho—-1° Hy: Hi ° He ° Hs :+* Hy ° He°-**° «) 
= Rx (Are Ais +++ Ag—1,9° Aies +++ Avz...g) = Rx (A). 
Remembering that the types 7,, ---, TZ, may not be distinct, let us pick 


out the distinct types 71, Tz, ---, 7; from these. Say the first 7 types 
T,, -:+, Tr, are the same type as Ti, etc. Of course 





(6.2) ™T+t2+---+t = q. 
We shall now show that 

1 
(6.3) jie T,! T:! +++ Ty! mn (A). 


To this end we establish a correspondence between the members of S, 
and of R,(A). Consider first any member of R,(A); say Hi, ---, Hg are 
the subgraphs of G named, where Hi is of type 7;. Let H’ be the 
subgraph of G containing the vertices and arcs of all these graphs. No 
subset of these graphs form a circuit of graphs, and hence these graphs 
are the components of H’, by N, Theorem 17. Therefore H’ is of the 
type Ux, and is a member of &. Thus to each member of 2, (A) 
corresponds just one member of S,. 

Consider now any member H’ of S; in G, whose components are 
Hi, +++, Hy, Hj being of type 7;. There are exactly 7,! 2! --- 7t,! corres- 
ponding members of R,(A), obtained as follows. Hi, ---, Hr, all being 
of the same type Ji, and these being distinct in G, we name first any 
one of these, then any other, etc., which we can do in 7,! ways, forming 
the first part of an ordered set of graphs of R,(A). The next zt. sub- 
graphs we can name in t;! ways, etc. The equation now follows. This 
is true in particular if all the types 7,,---, 7, are different or all the 
same; also if H’ is non-separable, in which case, there is but one type 
T, = T;, and t, = 1. 

Summing over k, we have 





(6.4) my = >, : ~ mx (A). 


k T!T!---t 
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This expression is evaluated by expanding A by the logical expansion: 


1 
an ee p> alata) Ml — (ist Ais + ++» +Ag—1¢ 
+ Ajog + +++ + Ajo...g) + (Arg Aig + ++ -)— ++]. 





7. Evaluation of eq. (6.5). We shall show that a typical term of 
the above expression is a polynomial in the numbers N,, N.,---. This 
will prove that mj is a polynomial in these numbers. 

Consider the term 


(7.1) me(Ai,i,-.-é, Aj, ig: ip see Aj,t,..-ty) = n(B, B. --- By) = ny (B), 


each B; stating that a certain subset of the graphs Ai, ---, Hj, form 
a circuit of graphs in G. This term is the number of ways of naming 
in @ first a subgraph Hz of type 7;, ---, finally a subgraph H; of type 7,, 
so that the relations B,,---, By, all hold. 

Divide the relations B,,---, By, into sets as follows. Suppose two of 
these included the same graph; e.g. if 


B, — Hi, ° Hg, B, = Hy o Hy Hz, 


then B, and B, both include the graph Hz. Say then that B, and B, 
are connected. If B; and B;, also B; and Bx, are connected, say that 
B; and By, are connected. We put two relations into the same set if 
they are connected, otherwise, into different sets. Let C, stand for all 
the relations in the first set, C., for all those in the second set, ---, 
Cy for all those in the last set. Then 


(7.2) B= C, Cy adie Cy. 


Divide now the graphs H,, H2,---, H, into sets as follows: All the 
graphs appearing in any relation B; of C, we put in the first set Q,, all 
appearing in a relation of C, we put in the second set Q.,---, all appearing 
in the last set Cy we put in the set Qy. There may be some graphs 
left over (if we are considering the first term of eq. (6.5), there are no B’s, 
and none of the graphs H,,---, H, have been placed in sets); if so, put 
each of these in a set by itself, calling these sets Qv4i,---,Q. If we 
define the characteristic functions 


(7.3) G = 1, i=v+l1,---,», 


then we may write also 
(7.4) B = C; Cy stad CO, 


46 
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where v= if there were no graphs left over. Now each graph H; 
falls into exactly one of the sets Q,,---, Qu. 

In determining ,(B), we picked out the graphs Hi, ---, Hj from G 
in a definite order. Let us fix this order so that the first graphs fall 
into Q,, the next fall into Q,, etc. We can now say that nm, (B) equals 
the number of ways of picking out from G first the graphs of Q, in 
a definite order so that C, holds, next the graphs of Q. in a definite order 
so that C, holds, ---, finally the graphs of Q) in a definite order so that 
C, holds. (For values of i>v’, the words “so that C; holds” may of 
course be left out.) Hence if »;(C;) is the number of ways of picking 
out from G graphs of the set Q; in a definite order so that C; holds, then 


(7.5) me (B) = me(Cy) me(Ce) «++ mk (Cr). 


We shall show that each term of this product, such as n;(C;), is a homo- 
geneous linear polynomial in the numbers N,, Ne, ---, showing that nz (B) 
is a homogeneous polynomial of degree v in these numbers. 

Let us say H,, Hz, ---, Hz are the graphs in Q;. Name graphs of 
these types in @ so that C; holds. These subgraphs of G together form 
a subgraph J of G. J is non-separable. For if first C; contains no B’s, 
i.e. C; = 1, then there is but a single graph Hy in Q;, and J is Mi, 
a non-separable graph. Otherwise, J consists of a number of these graphs, 
various ones of which form circuits of graphs. Suppose 

Ci = Bi, Bi, --- Bi,. 
Consider that part of J, 4, formed of the graphs forming the circuit of 
graphs corresponding to B;. By N, Theorem 16, J, is non-separable. 
Similarly, J,, ---, J; are non-separable. Now the relations B;,, ---, Bj, are 
connected. Hence there is a graph Hy (containing at least two vertices) 
in both B;, and some other relation, say B,,, i.e. in both Z and J,. Thus 
these two graphs form a circuit of graphs, and the two together form 
a non-separable graph. Continuing in this manner, we see finally that J 
is non-separable. 

Fit the graphs H,, ---, H, of Q; together in all possible ways so that 
the relation C; holds. We get various non-separable graphs, of types 
Ti’, Tz’, ---, Tw say. Suppose J is of type Tj’. Let 4; equal the number 
of ways of fitting first H,, next Hz, ---, finally H, into I so that C; holds 
and J is completely filled out. Then if there are N; subgraphs in @ of 
type aS i= 1, «+, Ww, 


(7.6) mk (Cj) = N+ 42 Ne+-+-+4w Now. 
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To prove this, consider the correspondence between the sets of graphs 
counted in (Cj) and the subgraphs of G of types 7y’,---, 7. Corres- 
sponding to each way of picking out a set of graphs from @ in counting 
ni. (Cj) is a non-separable subgraph J of G of one of these types. Consider 
any such subgraph J of type 7/’ of G. There are exactly 4; ways of 
naming subgraphs in G properly so that these graphs together form J in G. 
Hence each subgraph of this type contributes an amount 4; to nz (Cj); as 
there are N; such subgraphs in G, they all contribute an amount 7; Ni, 
and the result is established. 

As the numbers 1,, t:, ---, Tr, and 1, 2, --*, %o depend only on the 
types of graphs considered and on 7 and 7, not on the graph G, we have 
proved all but the statement of uniqueness in the 

THEOREM 7A. my for any graph G is given by a unique polynomial in 
the numbers N,, Nz, ---, containing no constant term, the coefficients being 
independent of the graph G. 

To prove the uniqueness of the polynomial, suppose there were two such 
polynomials. Then their difference is a polynomial which is 0 for all 
graphs, and hence is identically 0, by Theorem 5A; the two polynomials 
are therefore identically equal. 

Examples. We consider here only graphs containing no 1- or 2-circuits. 

mo: Each subgraph H of G of rank 2, nullity 0, consists of two distinct 
ares, H, and H, As H, and Hz are of the same type, t, = 2. Hence, 
by eq. (6.5), 


1 on 1 
Mey = oy % (ie Hs) — go n(l— Hie A). 


n(1) is the number of ways of picking out first any arc, then again any 
are from G. This is E*. n(H,°H,) is the number of ways of picking 
out first an arc H,, then an are Ay, such that the two form a circuit of 
graphs in G. As there are no 2-circuits in G, these arcs must be identical. 
This number is thus Z. This gives the obvious result 


oi 5 (E*—E) - fs} 


ms;: A subgraph H of @ of rank 3, nullity 1 consists either of 
a quadrilateral, or of a triangle H, and an are H,. The number of sub- 
graphs of the first type is Ns, say. The number in the second set is, 
as Tt = tT = 1, n(1—HA,eH). Now n(1) = EN if there are Na 
triangles in G. If H, and Hy are to form a circuit of graphs, the are Hz 
must be one of the ares of the triangle H,. Together they form a triangle J. 
H, can be fitted into J in one way; the are can be fitted in in three 
ways. Hence 7, = 3, and n(H,°H,) = 3 Nz. Adding, 


46* 
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ms, = Ne, +(L—3) Na, 
a result which can be easily verified. 

8. The types of non-separable subgraphs contributing to 
a given mj. Given two numbers 7, 7, we wish to know what numbers 
N,, Ne, -+-, appear in the polynomial for mj. We are interested especially 
in the linear terms of the polynomial; c.f. Part IV. If the number JN, 
corresponding to the type 7; of graph appears in some term of the 
expansion (6.5) for my, we shall say a graph of this type contributes 
to my. However, it might possibly happen that the terms cancel out so 
that N; does not actually appear in the polynomial for mj. 

As we saw in §7, a term such as (B) in eq. (6.5) is linear if all the 
graphs H,, Hz,---, Hq fall into a single set Q,, ie. if v=1. This 
happens when the relations B,,---, By, are connected and each graph H; falls 
into one of these relations, or if H is non-separable. 

From the considerations of § 6 and §7 we have the 

THEOREM 8A. The necessary and sufficient condition that a non-separable 
graph I contribute to the linear terms of mi is that there exists a graph H 
of rank i, nullity j, with the components H,, Hz, ---, Hg(q 2 1), such 
that if these graphs are allowed to coalesce in the proper manner, I is 
Sormed. 

As an immediate application, an arc contributes to mio only. It is seen 
that a non-separable graph can only contribute to mi if it contributes to 
the linear terms of some mi, kK <i, 1<¥j. (This follows also directly from 
the facts in Part IV.) 

Lemma A. A non-separable graph of rank i, nullity 7, contributes to 
my with the coefficient 1. 

These are the only non-separable graphs that are counted directly in 
eq. (6.5). 

Lemma B, A non-separable graph of rank i—k, nullity j7-+k, contributes 
to the linear terms of my if k>0. 

Let J be such a graph. As it is of nullity >0, it contains at least 
two arcs. Pull out one of its arcs, and let 7’ be the new graph, composed 
of this arc, Jj, and the remaining part of J, Z. J’ is of rank i—k-+1, 
nullity 7-+-k—1. Separate J2 into its components if it is separable, which 
does not alter its rank or nullity. If JZ’ is still of nullity >j, we take 
one of its components of nullity >0, and pull out an arc as before. Con- 
tinuing, we obtain finally a set of non-separable graphs, the whole being 
of rank 2, nullity 7, which, if pieced together properly, form J. The lemma 
now follows from Theorem 8A. 

Lemma C. A non-separable graph of rank i—k—l, nullity j-+k, con- 
tributes to the linear terms of my if k > 0, 1>0. 
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Let J be such a graph. Add to it / arcs, forming the graph J’ in 7+1 
connected pieces. J’ is of rank i—k, nullity 7+. Pull out arcs from 
this graph as in Lemma B until we obtain a graph of rank 7, nullity /. 
I is formed from this graph by reconstructing J’, then letting the ares 
coalesce with arcs of the resulting piece. 

Various graphs of rank 7—k, nullity 7—J, may also contribute. If so, 
similar graphs of rank «—k—s, nullity 7—/, contribute. 

Lemma D. No non-separable graph containing more thani +) arcs contributes. 

Obviously, from Theorem 8A. 

LemMA E. No non-separable graph of rank i+1, nullity j—k, contributes 
to my if 120, k>0. 

For suppose J were such a graph which contributes to my. Then, by 
Theorem 8A, J is formed by letting the components H,, H;,,---, H,, of 
which there are at least two, of a graph H of rank 2, nullity 7, coalesce. 
But then, by N, Theorem 14, J is of rank <7, a contradiction. 

LemMA F. If mj, 7 >0, is >0O for some graph G, then there exists 
a non-separable graph I of rank i, nullity 7 (which contributes). 

G contains a subgraph H of rank 7, nullity 7. If j 
it is separable, let H,,---, Hy, be its components. 
Let an are of A, psec with an are of H,; this 
reduces the rank of the whole by one, but leaves the 
nullity unchanged. Continue in this manner until we 
have a non-separable graph H’ of rank i—q-+1, 
nullity 7. Let ab be an are of H’; replace it by # 
two ares, ac and cb, c being a new vertex. This 
: , Fig. 1. 
mereases the rank by one but leaves the nullity un- Shautnd thee tapes of 
changed. Continuing, we have finally the non-separable non-separable graphs 
graph JI as required. contributing to the linear 

These results are collected in Fig. 1. terms of a given my 











Ill. THE TRANSFORMATION 7’. 


9. Definition’ and elementary properties of 7. Let there be 
a set of elements a, b, c,---, such that for any two elements a, b, there 
is a “sum element” a+b —b-+<a also in the set. (We shall later interpret 
these elements as graphs.) Let /j(a), i= 1,2,---, be a set of numbers 
defined for each element a, with the property that 


(9.1) Silat b) = fila + fi) 


for any two elements a, b. We wish to find a transformation 7’ from 
these sets of numbers to sets of numbers m(a), 7=0,1,2,---, with 
the properties that m) = 1 and 
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mila +b) = mo (a) mj (b)-+ m1 (a) mis (0) + + +» + mi (a) mo (0) 


(9.2) — mi (a) mix (b).° 


The following symbol will be found convenient: Ri(f) is the sum of 
all terms formed by multiplying together k numbers jj, /j,, ---,/j,, Whose 
subscripts (which need not be distinct) add up to 7: 


(9.3) Jitjet «++ tye = 7, 


and two terms are called different if their factors are arranged in different 
orders. Put also 


(9.4) Rif)=1, B(i=0, i>o, BY) =—0, i<k. 

Thus for example 
Ri(f) = fas 

~— Rif) = hhthhthh = 2hhth 
Rif) =ApAhhthhAathhh = 3fhe, 
Rif) = Ahhh = fi. 


Now for any element a, let fi(a), A(a@), ---, be the coefficients of 
a power series in zx: 


Fa(x) = Ai(@atfe(a)a?+---. 


We shall define m;(a) as being the coefficient of z* in the power series 
expansion of es; 


= 14+R@+> Ot 


= mo(a) + m (a)x+ me(a)a?+--- = Ma (x). 


Equating coefficients determines the m;. The first few are 
m =1, m= fi, ms =fhtsh, 
0.6) m= hts ht hit oft = ht thtan, 
m = fithh+shitshhtoh, 
and the general term is found to be 


m = D5 BU. 








® See footnote ® in § 1, Part. I. 
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m is a polynomial in f,, fe, ---, fi, for i >0. If we collect terms, we 
find the following expression for the transformation 7’: 


1 1 ven 
on m= FRM = ZS argh cal 


dke, =i a! a! 





where in the second sum all terms with a,-+2a,+----+ia;— i appear. 
To find the inverse of 7’, we compare coefficients of x’ in the equation 


Fa (x) = log Ma(z). 





We find 

—_—" es i ‘ ree (—1) s! —  * «, 
(9.8) fi = a k Ri (m) ~ wt onl «+> al m,' m,* +++ m,‘, 
where 


s = a+a,+---+a;—l. 
The first few f; are 
3 


1 1 
(9.9) f, = m, It, = m,— > mM; j= m,— MyM, +a M 
If we write 7’ in the form 
1 
(9.10) m = fitd = Ris), 
f= i! 


each term of the sum contains k > 2 factors. Similarly for 7’~*. We 
have therefore the 
THEOREM 9A. mi[ fi], <>0, equals filmi] plus a polynomial in f,, fo, °*:; 
Film, me, +++, m1], containing no constant or linear terms. 
We come now to the fundamental theorem. 
THEOREM 9B. Jf 
Silat+b) = fi(gt+Ad), 


mi(a+b) = pa mx (a) mix (b), 


then 


and conversely. 

Define the power series F(x), Fi(x), Fa+o(x), Ma(x), Mo(x), Ma+0(@) 
as we formerly defined Fu(x), Ma(x). If now fi(a+b) = fila+fid), 
then 





Faso(z) = Fala) + Poa). 
Hence 
Mass ( 2) — ofa) -— erat Fm = ofa eh™ -_ Ma (x) M, (x). 


Equating coefficients gives the first half of the theorem. The second half 
is proved similarly. 

10. Uniqueness of 7 and 7-1, We shall show that 7’ and 7’ are 
the only transformations obeying Theorems 9A and 9B. Consider first 7’. 
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THEOREM 10A. Let U be a transformation from numbers f,, fo, --- 
to numbers mo, ™m, Me, «++, with the following properties. 

(1) m = 1. 

(2) Each m, i>0, equals f; plus a polynomial in fi, fe, «++, fi-1, con- 
taining no constant or linear terms. 

(3) If fila) and fi(b) are arbitrary sets of numbers, and fi(a+-b) is defined 
by the equation (9.1), then the corresponding sets mi(a), mi(b), mi(a-+ b) 
are related by the equation (9.2). 

Then U is exactly T. 

If we take 7 = 1, we find m, must equal /,. Assuming the expressions 
for m, me, ---, mi-1 are uniquely determined by the above conditions, 
we shall show that that for m; is also. 

By hypothesis, we can write 


(10.1) m= fit> Alar, Oo, ***, ;—1) S'S? eee Man 


i—1? 


? 


the sum containing no constant or linear terms; that is, in each term of 2, 
(10.2) a + a +--+ oj_4 = 2. 


Let now /fi(a), fi(b) be arbitrary sets of numbers, and define fi(a+)) as 
in condition (3). If we put 
(10.3) M = m(a+b)—mi(a)—m(b), 


then by conditions (1) and (3), 


(10.4) M = m,(a) m—-1(b) + mz (a) m-2(b) + - -- + mis(a) m, (0), 
which contains neither m;(a) nor m;(b). But also 


M = fat+d+D, 40) °° 4) STAD -- STS (a+b) 


—1 


—f(a\—D>), A(a,, +++, @ JS) f(a) 


i—1 


—fW—-D, AB, +++, 8 SEO «+ FPO) 


1 
= DAG LAM +AOF +++ ia@+ far 
—))-D» 
008) = BAG rd Z (2) Moro). 


x | Ba 4 fiir ar 0] —2 im, 2 


Qj-1 
= Pd A(n, i Yi-1) Pg (7) 23 a? 
Vice Yi-1 Oy 000 Oy_y \%1 Oj-1 


>< “1(a) re Sa) SP) cs Siew (b), 
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where in >” all terms in which 
a, = @y = --- = a1 = 0 or @ =), Os = Yo,°**, G1 = Yi-1, 


i.e. in which } alone or a alone appears, are left out, as these are can- 
celled out by terms of >), and ».. 

If in eq. (10.4) we express each m, in terms of the /;, which we can 
do in a unique manner, by hypothesis, the resulting expression must be 
identically equal to the right hand side of eq. (10.5) for all values of f;(a) 
and fi(b), as these values are arbitrary. 

This fact is sufficient to determine A(y,,---,7i-1) for all sets of y’s 
obeying eq. (10.2) (with a; replaced by y;). For choose any such set. 
This is a factor of the coefficient of at least one term in (10.5). For 
instance, if yp + 0, it is a factor of the coefficient of 

F(a) FED) = FEO SEAWD LEED fT). 
For, if y,>1, f,(a) and BAA »—1(b) are both present, and if Y, = 1, some 
7,79, and f,(a) and If *(b) are both present. The whole coefficient of 
this term is 


Se ee. ee. ee ee 


As this must equal the corresponding coefficient in (10.4), A(7,---, vi-1) 
is determined. There is thus at most a single transformation with the 
given properties. But 7’ is such a transformation; hence U is 7’. 

To prove that 7 is unique, we state a theorem corresponding to the 
above theorem, with the m; and jf; interchanged. We assume of course 
that m) = 1. Now the transformation U’ given in this theorem obviously 
has an inverse. Moreover, this inverse is seen to obey the conditions of 
Theorem 10A, and it is thus 7. Hence U’ is T7. 

11. Extension of 7 to the case of two subscripts. We now 
consider sets of numbers fy, (i, 7)+(0, 0), and my, where moo = 1. Let 
Rif ) be defined just as we defined Ri, with the condition that the first 
subscripts add up to i, and the second ones add up to j. Thus for 
example 


(11.1) Rn(f) —= Sas; Rn(f) oni 2 (fio fiat Soo fat Ju fa) + ha, . 
Ref) = 363 fat 6fofufut3fu fo, Ralf) = 6fi0fa- 


Letting fj(a) be the coefficient of z*y/ in a power series Fa(x, y), we 
define m(a) as being the coefficient of x*y/ in e 
we arrive at the transformations 7’ and 7'7?: 


FY ete. Just as before, 


aon > 
een ae 
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Il; pq? 
a2 =i Test Dd 


See, =j Pd 
qg 


1 (—1¥s! [7 « 
(13) fy = DR = _Z ! [[ ms, 


SPMyy == Len! Pp, 


1 
(11.2) my = a 7 Bil) = 


Sat =j 


oo > %pq—1 
D4 


where 


Thus, for example, 


vag S: 22 + fifi 12 + froofi 02 + fof: 21 + sf 1 


+S fifat 5 fifotfofafat = fafa, 
(11.4) 


Fog = Mgg— Myy My — Mop Moy — Mg, Mqy — — 


2 
FF Mi y Moy + MG, Moy + 2 MyM, M,, — 1} mi mM, - 


As before, we prove the theorems 

THEOREM 11A. myg[fil, (,7)+(, 0), equals fij[my] plus a polynomial 
in the numbers Spqlmpal, ~p < t, q SJ; (p, q) 4 (2, Ds; (p, q) + (0, 0), which 
contains no constant or linear terms. 

THEOREM 11B. Jf 


(11.5) fylatd) = fu@t+fu), 
then 
(11.6) my(a-+b) = 2 Mpq (a) Mi—p,j—q(b), 


and conversely. 
THEOREM 11C. The transformations T and T- in two subscripts are 
unique in the same sense that the transformations in one subscript were. 
The transformation in one subscript can be obtained from that in two 
by making the second subscript always zero. The theory of the trans- 
formation holds of course with any number of subscripts. It is the case 
of two subscripts we shall use. 


IV. THE NumBErs /j. 


12, Definition of the /;. In this part we let the elements a, b, c, ---, 


of Part III be graphs G;, G,, Gs,---. If G; and G, are any two graphs, 
let G,+G_ be their sum. 
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THEOREM 12A. Given any two graphs G, and G:, 
(12.1) miy(Gi + Gs) = > mpg (Gi) mi-p,j—q(Gs). 
Pq 


For let H, be any subgraph of G,; of rank p, nullity q, and let H, be 
any subgraph of G, of rank i—vp, nullity j7--qg. Then H,+ A, is a sub- 
graph of G,+G, of rank p+(¢—p) = i, nullity g+(j—q = jj. Con- 
versely, any subgraph of G,-+ G, of rank 7, nullity 7 is made up of a sub- 
graph H, of G, and a subgraph H, of G, (either of which may be the 
null graph), whose ranks and nullities add up to z and 7 respectively. 
From this the theorem follows. 

Definition. Given any graph G, we define the numbers f;(@), (7,7) + (0, 0) 
by the transformation 7: 


(12.2) fo = FP rien. 


AS mo = 1 always, Theorem 11B, Part Ili gives the 
THEOREM 12B. Given any two graphs G; and Gs, 


(12.3) Si (GatG) = fi (Gd+Sfi(G). 


THEOREM 12C. fij(@) for any graph G is given by a unique polynomial 
in the numbers N,, Nz, ---, containing no constant term. 

This follows immediately from Theorem 7A, Part II, as /jj is a poly- 
nomial in the mj containing no constant term. 

13. Generalized graphs. With any graph, or real graph, is associated 
a finite set of integers, positive or zero, Ni, Nz, ---,.N. Consider now 
any finite set of integers, positive, negative or zero, N,, Ne, ---, No, 
each N; corresponding to a definite type 7; of non-separable graph. This 
collection of numbers we call a generalized graph G; we shall say that G 
contains N; subgraphs of type 7;, i= 1, 2,---, g. We may of course 
add to or remove from a generalized graph any number of numbers which 
are zero without altering it. We may consider a real graph as a special 
case of a generalized graph. 

Consider now two generalized graphs G and G’, whose numbers are 
Ni and Ni. We let G+G’, the sum of these graphs, be the set of 
numbers 
(13.1) M+M, Neti, «++, Note, 


where qg is large enough so that all the numbers of both G and G’ are 
included. This holds of course if G and @’ are real graphs. Similarly 
for the difference of two generalized graphs, or any other linear combination. 
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Various generalized graphs may be expressible in terms of real graphs. 
This is, in fact, true for all generalized graphs, as the following theorems 
show. 

THEOREM 13A. Given any type of non-separable graph T;, the generalized 
graph G containing one subgraph of this type, and none of any other type, 
(Ni; = 1, Nj = 0, 7+2), can be expressed as a linear combination of real 


graphs. 
Let 7,, Tz, ---, Tx be all types other than 7; of non-separable graphs 


which are subgraphs of a graph of type 7;. We arrange them in order, 
choosing first those with a single arc, next those with two arcs, etc. 
Types with the same number of arcs we arrange in any order. Then no 
graph G’ of type 7» contains any graph G@” of type T, as a subgraph, 
q> p- 

Let G, be a graph of type 7;. Suppose G, contains c, subgraphs of 
type 7;. We then subtract from G;c, graphs of type 7;, forming the 
generalized graph G,. In doing this, we have not altered the number 
of subgraphs of type 7;. Gz, contains therefore one subgraph of type 7%, 
and zero subgraphs of type 7;. Suppose G, contains cs subgraphs of 
type 7Ty-1. Subtract then c,; graphs of type T,-1, etc. This process gives 
us the required graph. 

Example. Let Gs: be the graph whose ares are ab, ac, bc, bd, cd, 
and say Gze is of type 732. Gsq contains a quadrilateral. Let Gs, be 
a quadrilateral; then Gs,—Gs, is a generalized graph containing no 
quadrilateral. This graph contains two triangles. Let G2; be a triangle; 
then Gs2:— Gs, — 2 Gz, contains no triangles. As Gs. contains five arcs, 
Gs, contains four, and Gs, contains three, Gs,—Gs,—2 G2, contains 
5—4—2-3 = —Darcs. Let Gi be an arc. Then 


G = Gs2 — Gg: —2 Ge1 +5 Gio 


is a generalized graph containing one subgraph of type 732, but none of 
any other type. 

THEOREM 13B. Any generalized graph, whose numbers are N,, Nz, +--+; Na; 
may be expressed as a linear combination of real graphs. 

Let Gj be a generalized graph containing one subgraph of type 7; and 
none of any other type. We need merely express each G; in terms of real 
graphs, and put 
(13.2) G = NG +N2G2+---+ Ny Gq. 


14, The numbers /,; for generalized graphs. Given the generalized 
graph G = (N,, Ne, ---, Na), we define f;(@) by the polynomial of Theorem 12C. 
miy(G) may of course be defined by the polynomial of Theorem 7A. It is 
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to be noted that, for generalized graphs, there will be in general an in- 
finite number of non-zero fj and my. 

THEOREM 14A. Jf G is a generalized graph, made up of the real graphs 
G;, Ge, ++, Gi: 
(14.1) G = Gyt---+Gr—Gru—:--—&, 
then 


(14.2) fii (G) = fx (G)+---+filGd—Sy(Ge) —---— fi (Gd. 


By Theorem 12B, this is true if there are no minus signs present, for 
then G is a real graph. Assume it is true if there are fewer than /—k 
minus signs present; we shall prove it for the case of /—k minus signs. 

Put 

GQ’ = G44, = G4 4+---+Ge— Ge — Gi. 


As @’ contains but /—k—1 minus signs, 
Qf (@) = fxlG)+---+Fu(Gn —Si(Ge)—--- Si (Gi). 
Let us add to G@’ s graphs congruent with G): 

G® = @+Git+--+G = @+s8Gh. 


As only /—k—1 minus signs are used in expressing this graph in terms of 
real graphs, we find for s > 0 
Sy(G +sG) = ful@)+sfy@. 


Let WM, Nz, ---, be the numbers for G’, and let Ny’, Nz’, ---, be those 
for Gj. Then the numbers for G’+sG; are 


NMi+sM’, Ni+s Ne’, 
whether s is positive or negative. Considering Ni, Nz, ---, Ni’, Ne’, ---, 
as constants, fi;(G’-+sG) is a polynomial in s alone: 


Sy (GF +sQ@) _— P(s), 
with the property that 


P(s) = fx (@)+sfy(Q) = At+Bs 
if s is any positive integer or zero. Therefore 


P(s) = A+Bs. 
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Now fi(@'+sG) = P(s) whether s is positive or negative. Hence, putting 
s = —1, we have 
fi(@ = A—B = fi (@)— fiil(@ 


which, with eq. (a), gives the desired result. 
THEOREM 14B. Let G and G’ be any two generalized graphs. Then 


SilG+@) = ful@+fu@). 


Express G@ and @’ in terms of real graphs as in Theorem 14A. G+ @’ 
in terms of real graphs is the sum of these expressions. /ij(@) is as 
given in Theorem 14A, and similarly for fi(@’), fy(@+G’). Comparing 
these three expressions gives the above equation. 

The theorem obviously holds for any linear combination of generalized 
graphs. 

THEOREM 14C. fi (@), a polynomial in the numbers Ni, +--+, Ng, ts linear 
and homogeneous. 


Let us put 
Sy (@) = P(M, Ne, +++, No). 


Let G, be a generalized graph containing one subgraph of type 7; and 
none of any other types, k —1, 2, ---, q. Put 


(14.4) . <= Sij (Gu) = P(O, rosy . rey 0), 
the 1 appearing in the X’th place. Define the graph @ by the equation 
G ama N,; G,+N, G+ --- t+ NG, 


the numbers N,, ---, N, being any set of integers, positive, negative or 
zero. Then 


Si (A = M Si (G)+ Ne fy (Ge) + --- + Na fii (GQ) 
by the last theorem, and thus 


P(M,, Ne, -+>, N)) ma a, N, + a2 Ne+--++ aq No. 


AS the polynomials on the two sides of this equation are equal for all 
integral values of the variables N,, ---, N,, they are identically equal: 


(14.5) Si (@) = a Nita: Ne+---+ aq Ng, 
and the theorem is proved. 
We can, if we wish, express the polynomial /;;(G) in the form 


(14.6) Si (GQ) = a Nita, Ne+-- *y 
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writing down a term corresponding to every type of non-separable graph. 
All but a finite number of the coefficients will be zero. We can find any 
coefficient by the 

THEOREM 14D. The coefficient ax of Nx in fij(G@) is given by eg. (14.4). 

This is true if G in terms of real graphs contains the term G,, as we 
have just seen. If it does not, we must show that a—0O. Take the 
expression for G and add the term 0-G;. The proof of Theorem 14C 
still holds, and the right hand side of eq. (14.5) now has the added term 
a, Nx. This can only be true if a, = 0. 

15. Relation between the mj, and the /;. 

THEOREM 15A. Consider the expression for miy(G@) for any graph @ as 
a polynomial in the numbers Ni, --+-, Ng. Sy (@ ts exactly the linear 
terms of this polynomial. 

By definition, 


(15.1) fu(@) = my (+ — Ri lm (@)]. 


If we express the right hand side in terms of the numbers N,, No, ---, 
we obtain the polynomial for /;(@), as this expression in unique, by 
Theorem 12C. Hence, by Theorem 14C, all terms vanish but the linear 
terms. The sum on the right hand side is a polynomial in mpq(@) con- 
taining no constant or linear terms, and each mpq(G) is a polynomial 
in V,, Ne, ---, containing no constant terms. Hence the sum contains no 
linear terms in N,, Nz, ---, and thus the only linear terms are those in 
mij(G), which proves the theorem. 

This fact is important for the following reason. 

If we know the linear terms fq of Mpq for all numbers p<7t, VS); 
then we can calculate my, using the transformation T. 

We shall make use of this fact in the next part. 

Example. Let us find fg) for graphs containing no 1- or 2-circuits by 
eq. (14.5). Let G be a graph containing a single arc, let @’ be a triangle, 
and let @” be a generalized graph containing one triangle and no other 


subgraphs. Then 
G" = @’— 34. 


As a single arc and a triangle are the only types of graphs that can 
contribute to fo (cf. Part ID, 


So — Ss0(Q) E + fro (Q") Nex 
aad Sso(QE+ [fs0 (@’) — 3 foo (@)] Nai; 


if Nz, is the number of triangles in G, by eq. (14.5). Now 
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1 
S59, = Mgq— Myy Moy 3 io 
and 
mo(G) = 1, May(G) = 0, Mg (GQ) = 0, 
m(G’) = 3, mM (G’) = 3, M3o(G") = 0. 
Hence 
1 ’ 
Sl) = 3, Soo(G) = —9+9 = 0, 
and thus 
1 
Sso = 3 E—Nn. 
Thence, as fio = E and fo = — Zz, 


1 E . 
Mey = S9 +S 19 S09 + % i0 _ (3)—%a- 


Let us find a relation between the fj; analogous to eq. (1.5), Part I. 
To do this, we replace each term in this equation by its expression in 
the numbers N,, N2,--- (the right hand side is already in that form). 
By Theorem 5A, Part II, this equation, being true for any graph, is an 
identity. Therefore in particular, the linear terms on the left hand side 
equal the linear terms on the right hand side; that is, 


(—1 
a 


(15.2) Sot hiaat + tf, = E. 

16. Independence of the m; and f;;. We give here some theorems 
on the my and fj similar to Theorems 5A and 5B, Part II, on the Ni. 

THEOREM 16A. If we except the numbers mo, 1+1, there is no poly- 
nomial in the remaining my which equals 0 for all graphs and yet is not 
identically 0. 

If we consider only graphs with no 1- or 2-circuits, we consider only my 
which are not 0 for such graphs. (Thus for instance, we do not consider m1.) 

Suppose there were such a polynomial. Consider then such a poly- 
nomial P in the least number of variables. Of all the numbers mm ap- 
pearing, let my be that variable, chosen from the set for which the first 
subscript is as great as possible, for which the second subscript is the 
greatest. Let us write the polynomial in the form 


P= Qy mi + Q, me + ores + Qo My + Qs 


where the Q’s are polynomials in the remaining mw, and Q) is not zero 
for all graphs. 
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Express now each of the m, in terms of the numbers JN,, Na, --- 
By Lemma F of § 8, Part II, there is a non-separable graph of rank i, 
nullity 7, which contributes to my with the coefficient 1; it contributes 
to none of the other my. Let us say there are Ny subgraphs of this 
type in a given graph G. Then if Np is the set of numbers excepting Ny, 


my = Ny+ Rp). 


Qs (mu) = Q3(Np), 
where Qs does not contain Nj. Now 
P = QING + RE + QIN + RIO+ + Q 
= QNi+(@QR+Q) Ni *+-:-, 


and Ny appears only where shown. By Theorem 5A, Part II, this poly- 
nomial, being 0 for all graphs, must vanish identically. Hence the coefficients 
of the powers of Nj, in particular, Qo, must vanish identically. Hence 
Qo = Qo equals zero for all graphs. We have here a contradiction, and 
the theorem is proved. 

THEOREM 16B. Theorem 16A holds if the words “for all graphs” are 
replaced by the words “for all non-separable graphs’’. 

We merely use Theorem 5B instead of Theorem 5A. 

THEOREM 16C. Theorems 164A and 16B hold if “mi” is replaced by “fi”. 

We replace “my’ by “f, throughout the proofs. 

We of course cannot include mw or fw, 7+1, in these theorems, as 
they are determined from the other mg or fia by eq. (1.5) of Part I or 
eq. (15.2) of this part. 

17. On inequalities. The theorems of the last article tell us nothing 
about the existence or non-existence of inequalities on the my or fj. There 
are many such inequalities, as we now show. 

A fundamental inequality is the obvious one: 


(17.1) my > 0. 


Another set of inequalities is given by eq. (2.1), Part I. Again, the number 
of ways of coloring any graph is > 0: 


(17.2) Dav Di (—itimy = 0 


a J 

if 4 is an integer > 0. . 
Inequalities on the m: may be deduced from the interpretation of the 
number (—1)'m; in terms of the broken circuits of the graph. We give 


one example: 


Let us put 


i 
(17.3) |m—| 2 =— 7] | mi | 
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To prove this, take each of the |m;| subgraphs of G of 7 arcs containing 
no broken circuit, and drop out any arc. We form thus subgraphs of 
i—1 ares containing no broken circuit in i|m;| ways. Consider any such 
subgraph. It was formed by dropping out one of the H—(z—1) arcs in 
the rest of G, and was thus formed at most H—7-+1 times. From 
this the inequality follows. 

Further, some polynomials in the fj (or mij) equal a number Nw, which 
is of course > 0. For instance, for graphs containing no 1- or 2-circuits, 


Ju = — 3 Ne: + Nai, Js: = Nai. 
Therefore 


(17.4) Ns = fa t+3fa = 0. 


Of course any inequality on the fj; gives rise to an inequality on the mj;, 
and conversely. 

A fundamental problem, and one of extreme difficulty, is that of dis- 
covering all the inequalities. 


V. CALCULATION OF THE fij AND mij. 

18. Graphs containing no I- or 2-circuits. In such graphs, 
mi = my = 0, or, fr = fir = 0. If there is but a single type of 
non-separable graph of rank 7, nullity 7, we shall call this type 7%; if 
there are several, we shall call them *7jj, *7jj, ---, %7jj. Define Ny, or 
‘Ni, --+, “Ny correspondingly. If there is more than one Ty, put 
Ny = 2 Nj. Thus Ny is the number of non-separable subgraphs of 


rank 2, nullity 7. The non-separable graphs of ranks one to four are 
given in the figure. 


ANCA OS 









































Tio T 1 T3y T 4 ‘ Tg 
'Ty3 "Tas "Ty Tyg "Ta T 45 T46 
Fig. 2. 


We shall calculate the fy in terms cf the *N,, in the following order: 
Sio Seo, far, Soo, Soi, +++, fo, +++» To find an fy, having found the 












THE COLORING OF GRAPHS. 715 





previous fx, we first write down my in terms of the fi by eq. (11.2), 
Part IJ. We know all the fy occurring in this expression except jj. 
Now, by eq. (14.5), Part IV, } 


jj = ai, Ni, + ai, Ni, +---+ ai, Ni,, 







where the corresponding types 7;,, ---, T;, are restricted as seen in § 8, 
Part II. Let Gi,,---, Gi, be non-separable graphs of these types, 
arranged in such an order that no one contains any one following as 
a subgraph. Consider first G;,, and let its numbers be N, (Gi,), Ns (Gi), 
--+, Nj (Gi,). Substitute these values in the expression for my. mi (Gi,) will 
be O if Gi, is not of rank, nullityy, and Nj,,---, Ni, are all 0 for G;,. 
Hence in the resulting expression a;, is the only unknown, and we can 
solve for it. We can now find a;,, using &,, etc. 

Several facts will aid us. If G;, is of rank 2, nullity 7, then a;,= 1. 
If j>0, then ao, the coefficient of E = Ni, is 0 (see Theorem 8A, 
Part ID. fio, ~>1, is always most simply determined by eq. (15.2), 
Part lV. We turn now to the calculations. 


Ji = E. 
















[1,0] mo = E, 







2,0] fut hatha = fo = — ZF. 

[2,1] My = Na; Su _ Nai. 

[3,0] Ss0 + for —_ =£, “So = = E—Nn. 
[3,1] mx = Sifu tifa = E Na + (c Nei + Noi). 






For a graph G,, of type 72, 
Mm, = 0, E = 3, Na = a Nai ams (), 

0 = 3-1+ce-l, c= —3. 
. Sa = —3 Nn +n. 











[3,2], [3,3] Ss oem Ns Sss = Ns. 






1 , 
[4,0] Soo + Sar —— —+E, . Sao —_ — 7 E+ 3 Nu — Na. 





ma = (5-fiofatfiofu+ Sua) +a 


[4,1] —— (5 E* Nu— 8-5 





ENn +ENs!| 
+ (c Ne + d Ns: +e Nes + Nu). 


47* 


2 2 
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Gey: — 3, No wn hl. 
+ aw a ee es i. 
0 = 7 -3-1—35-3-1+¢, ye 9 
Gs,:: H = 4, Noi ==}, 
“0 = 4+d, d = —4, 
G3s: E = 5, Na = 2, Nau = 1, Ne = 1. 
“0 = 25—35+5+4+12—4-+e, e= —3. 
“Sar = 6 Nei — 4.Ngi — 3.No2 + Na - 
Similarly, 
1 vd 
Ss2 = — a Na — 6.Nos — 6 Nas + Nes, 
Sis = —E6Ngs+Ms, fay = Nai; j = 4, 5, 6; 
1 
Jo aa BE — 6 Na + 4Noi + 2 Nox — Nar, 
Sou — — 9 No +10 Ng; + 17 Nee + 11 Ness — 5 Nar — 3*Mes 


— 3°Ng2 + Noi, 
(18.1) Soe = 3Na + 19 Nyse + 36 N33 — 7 Nas ia 6 * Nas ox 51 Nas 
— 6?Mss — T° Mis + Nos, 


Sss = — 2 Noe +9 Nos — 9'Nag — 7 “Was — 10° Mag — 8* Nae 
— 8? Nu t+ Mss, 
Su = — 4 Nes — 8*-Nag — 9?.Nss — 9 Nas + Nos, 
Jos = —9Nis +s, 
Sse = —10 Mie t+ Noe, fry = Noy, j = 7, 8, 9, 10. 


From these formulas we can write down the my. Thence we find the 
mi, the coefficients of M(A). The first few are 


mM = t, m= — EK, Mm = (5) —Mn 
(18.2) E 
ms, = — (3) + @—2) Na+ No — Noe + Nes 


We can now find the a; from eq. (4.4), Part I, The first six are 


em = 1, a = 0, a = —Ny, a = —Ns + Ns2— ss, 
Ny. : 
“= ( “+ — 8.Nes + 2 (—1) Nay, 
J= 
as = Nas (No — Noe + Nos) + 6 Nos + *Nus — 3*Nas — "Nes 


10 


+ 4°*Nus + 3° Nag — 4 Mas + 4 Nig — > (—1y¥ N5j. 


ji 


(18.3) 
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From these formulas and eq. (4.4) we can calculate the expressions for 

m, and ms, which are rather lengthy. 

19, Regular maps. It is well known that in studying the four color 
map problem, it is sufficient to restrict oneself to certain special maps; in par- 
ticular, maps which we shall call regular, obeying the following conditions:'° 
(1) All the vertices are triple. 

(2) There are no rings of one, two, three or four regions; that is, no set 
of four or fewer regions, together with all boundary lines separating 
them, form a multiply connected region. 

(3) There are no rings of five regions except about a single region. 

The numbers my have been defined in terms of the dual graph @ of 
the map. G’, the graph consisting of the boundary lines and vertices of 
the map, is the dual of G in the sense defined in N. We can state the 
above conditions in terms of G and @’ as follows: 

(1')Each vertex of @’ is on exactly three arcs. 

(2')@ is quintuply connected." It follows that G contains no 2-circuit. 
For otherwise, dropping out the two corresponding arcs of G’ would 
separate it into the pieces Hi and Hz, each of which is seen to be 
of nullity >0. But from this it could be shown that dropping out 
the two vertices of the 2-circuit in G disconnects G.™* Consequently 
G and G@’ determine each other uniquely. 

(3’) If dropping out five vertices from @ disconnects G, one of the resulting 
pieces contains just one vertex. 

The numbers N,, N2,---, involved in m,,---, ms, can be expressed in 
terms of the following quantities for all regular maps: 


V = no. of regions in the map (no. of vertices in the dual graph). 
E = 3(V—2) = no. of boundary lines (no. of arcs). 

T = 2(V—2) = no. of vertices (= No). 

Qs = no. of 5-sided regions (no. of vertices on five arcs). 


R,= no. of rings of six regions, no two having a common bound- 
ary unless they are adjacent in the ring (no. of 6-circuits in 
which only vertices adjacent in the circuit are joined by arcs 
in the graph). 


We derive the following formulas. 





See G. D. Birkhoff, The reducibility of maps, American Journal of Mathematics, 35 (1912), 
pp. 115-128. 

See C.G., §2 (p. 158). 

Loe. cit., Theorem 9. 

8 Loc. cit., Theorems 10 and 11. 
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1 2 
Ji = #, So = — oH, ju = 3 4, 
Js = —<E, Jn = —E, Ja = E, 
1 
(91) fo =2E, fa =—EtQ, fa =—2GE, fa = 2E, 
2 
fu =E—Q, fa =85E+R, fa = —3E+18Q, 


fos = —GE+10Q, fu = 4 E+5Qs, Sos = Q. 


ee ee 
my = —(3) +@—97, 
iid m= (t)—-(P2°) 2+ (2) -@ 
bia. “ie —(s)+ ("5") T—(E—4)(5) + (E—8)Qs+ Re; 
‘ %m==-1, a=-0, a=—--T, «eo =2, 
: (19.3) — (5)—@ as = 4Q— Re. 


The regular map of the fewest number of regions is the dodecahedron, 
containing twelve regions, each touching five others. For this map 


V=12, H=30, T=20, Q=12, BR = 40. 


We can thus calculate the first six coefficients. The whole polynomial, 
which was calculated by direct means, is 


M(A) = A(A—1)(A— 2) (A — 8) [A®8— 2447 + 2602® — 16704° 
+ 6999 A*— 19698 2° +- 36408 2? — 40240 4 + 20170). 


NoTE ADDED IN PROOF. R.M.Forster has calculated the my for a large number of graphs, . 
using the following formula. If G contains the are ab, G’ = G—ab, and G" is formed 
from G’ by letting a and b coalesce, then 


(19.4) my (G) = my (G') + mi-1,; (4"), 
as is easily proved. 


PRINCETON UNIVERSITY. 

















GEODESICS ON A TWO-DIMENSIONAL RIEMANNIAN 
MANIFOLD WITH PERIODIC COEFFICIENTS.' 


By Gustav A. HEDLUND. 


1. Introduction. Investigation of the properties of geodesics on closed 
orientable surfaces of genus one has been made in certain special cases. 
The geodesics on a torus have been completely classified by Bliss.* 
A study of the geodesics on a more general type of closed surface of 
revolution of genus one, including the torus as a special case, has been 
made by Kimball.’ 

The question arises as to what part the genus alone plays in determining 
the geodesics and whether the types of geodesics found in these special 
cases will be found on any surface homeomorphie with a torus. Assuming 
suitable conditions concerning the class of the functions defining the 
homeomorphism with the torus, the problem of studying the geodesics on 
the given surface becomes that of determining the geodesics on a two- 
dimensional Riemannian manifold with periodic coefficients, and can be 
conveniently considered in a plane. The plane is divided into congruent 
rectangles such that the correspondence with the original surface is one- 
to-one in the small, but infinity-to-one in the large. The geometry is then 
Euclidean in the sense that the region under consideration is a plane, not 
closed at infinity. This contrasts with the case of a closed orientable 
surface of genus greater than one where one is lead to a hyperbolic 
geometry in the interior of a circle.* In the special cases of genus one 
mentioned it is found that given a straight line in the plane, there is an 
unending geodesic of the type of this straight line, that is, a geodesic 
which does not wander a distance exceeding a fixed constant from the 
straight line. Moreover these geodesics can be so chosen that the corres- 
ponding constants are uniformly bounded. It will be shown in this paper 
that the same results hold in the general case. The existence of the 
geodesics of periodic type is known, so that what is essentially new here 





‘Received January 26, 1932.—Part of a doctoral thesis submitted at Harvard University 


in June, 1930. 
? Bliss, The geodesic lines on an anchor ring, Annals of Mathematics, Second Series, 


1902-1903, pp. 1-20. 
3 Kimball, Geodesics on a toroid, American Journal of Mathematics, vol. 52, 1930, 


pp. 29-52. 
‘Morse, A fundamental class of geodesics on any closed surface of genus greater than 
one, Transactions of the American Mathematical Society, vol. 26, 1924, pp. 25-60. 
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is the existence of those of non-periodic type. In proving the existence 
of these, an important property of those geodesic segments which are of 
Class A is derived, namely, that in the plane any such geodesic segment 
cannot wander a distance exceeding a fixed constant from the straight 
line segment joining its end points. This property makes possible the proof 
of a number of theorems concerning the geodesics. 

In proving these theorems no use, except for positive definiteness, is 
made of the fact that the Riemannian manifold considered corresponds to 
a given surface, hence the properties derived are the properties of the 
geodesics on any two-dimensional Riemannian manifold with periodic 
coefficients provided the differential form defining the metric is positive 
definite. 

In the attempt to extend these results to the case of more than two 
dimensions, the author was led to an interesting negative result showing 
that this case is essentially different from the case of two dimensions as 
far as Class A geodesics are concerned. ‘This result, which will be proved 
in § 9, can perhaps be most simply stated in terms of the curves on 
a surface. If on a two-dimensional surface of the type considered here, 
a closed curve has the property that its surface length is as small as 
that of any closed curve into which it can be continuously deformed, the 
same is true of this curve taken any number of times, with respect to the 
closed curves into which it can be continuously deformed. The corresponding 
result in the case of more than two dimensions does not necessarily hold. 

2. The differential form and the geodesics. A torus is defined 
as the set of points given by 


c= (a+0-cos ae) cos =”, y = (a+b - cos 
2 











amt) sj Q2uv 
sin 


b 
1 


@, 2 


(2.1) gos bee 


On 


—DHDKU<K Ww, —D<y¥<wH, I0<d<a. 





’ 


A surface homeomorphic with a torus will then be given by 
(2.2) a=xu,v), y=yu,r”, 2=e(u,»), 


where these functions are continuous and have the period », in w and the 
period », inv. It will be assumed that the functions (2.2) are of class C* 
and that at any point of the (w,v) plane at least one of the Jacobians 
of two of these functions with respect to w and v does not vanish. 

The differential of are length on the surface is given by 


(2.3) ds* = da®+dy+dz 
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and from (2.2) this becomes 
(2.4) ds* = Edw+2Fdudv+Gdu® 


where £, F’, and G are functions of wu and v of class C* in the (w, v) plane 
and have the period », in uw and the period , in v. Due to the con- 
dition on the Jacobians, the form (2.4) in du and dv is non-singular and 
positive definite for (w, v) any point. 

It will no longer be assumed that the differential form (2.4) is derived 
from a set of equations such as (2.2), but simply that (2.4) is given and 
satisfies the conditions on (2.4) concerning the class and periodicity of the 
coefficients and the non-singularity and positive definiteness of the form. 
The geodesics will be the curves in the (wu, v) plane which are the solutions 
of the Euler equations corresponding to 





(2.5) J= | Vie PoFist Gear. 


A geodesic or a geodesic segment is a curve of class C’, that is, it is 
given parametrically by 


(2.6) u = u(t), v = v(), u?+v*% +0 


where these functions are of class C’ on some ¢-interval which may be 
infinite. A curve made up of an ordered set of oriented geodesic segments 
such that the final point of any one, except possibly the last, is the initial 
point of the following segment will be called a broken geodesic A broken 
geodesic is a geodesic if the two tangents at each of the points of juncture 
have the same direction. 

Given an ordinary® curve in the (u, v) plane, its Riemannian length, or 
simply, R-length, will mean the value of the integral (2.5) evaluated over 
the given curve. Given two points, P and Q, in the (wu, v) plane, it can 
be proved® that there is a curve of class C’ joining P and Q, which has 
as small an R-length as that of any other ordinary curve joining P and Q. 
Moreover this curve is a geodesic segment. The F-length of such a geodesic 
segment will be called the R-distance between P and Q. The term distance 
between two points of the (u, v) plane will mean Euclidean distance. 

A geodesic segment is of class A if it affords a minimum of #-length 
with respect to all ordinary curves having the same end points. From 
the preceding, there is at least one class A geodesic segment joining any 
two points of the (w,v) plane. A class A geodesic segment is a simple 





* Bolza, Vorlesungen iiber Variationsrechnung, p. 192. 
6 Birkhoff, Dynamical systems with two degrees of freedom, Transactions of the American 
Mathematical Society, vol. 18, 1917, p. 219. 
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curve, for if it had a multiple point, an ordinary curve with the same 
end points and of less R-length could be obtained by elimination of a loop. 
An unending geodesic is of class A if every finite segment of it is of - 
class A. Two class A unending geodesics cannot intersect in more than 
one point. For a simple proof of this statement, the reader is referred 
to Morse.’ 

Two unending curves will be said to be of the same type if there exists 
a constant such that, P being any point of either one of these curves, 
there is a point Q of the other curve such that the distance from P to Q 
does not exceed this constant. ; 

3. Relation of the Riemannian distance to the Euclidean distance. 
Since it will be convenient to state certain theorems in terms of Euclidean 
distance, it is desirable to established a definite relationship between the 
R-distance and the distance between two points, thus making possible the 
statement of all such theorems in terms of R-distance. 

LEMMA 3.1. The constant A can be so chosen that 


(3.1) Ew +2 Fui+ Go?< A? (u?+ v*) 


Jor (u, v) any point of the plane, u and 0 arbitrary except that both shall 
not vanish. 

Since the quadratic form on the left is positive definite for all (wu, v), 
we have 
(3.2) EG—F’>0, E>0, G>0 


for all values of uw and v. The relationship (3.1) will hold if 
(3.3) (H—A®)(@—A*)—F?>0, E—A*<0, G—A’?<0, 


for all (u,v). Let Mz be the maximum of E and Mg the maximum of G. 
Let A be so chosen that 
(3.4) A? >Mr+ Me. 


It follows with the aid of (3.2) that (3.3) holds for all (w, v) and Lemma 3.1 
is proved. : 

By a similar method the following lemma can be proved. 

LEMMA 3.2. The constant B can be so determined that 
(3.5) Ew? + 2Fuv + Go? > B*(u? + 6%) 


Jor (u,v) arbitrary, « and 0 subject only to the condition that they must 
not both vanish. 





7 Morse, loc. cit., p. 46. 
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THEOREM I. The Riemannian distance between two points lies between 
two constant multiples of the distance, and conversely, the distance lies 
between two constant multiples of the Riemannian distance, the constants i 
being independent of what pair of points is chosen. 
Let Dr and D denote the R-distance and distance, respectively, between 
two points P and Q. Then Dz is given by the integral (2.5) evaluated 
over a curve, a, of class C’ joining P and Q. The distance D is not 
greater than the integral 


(3.6) Js =| VietHat 














evaluated over the same curve. It follows from the inequality (3.5) that 







(3.7) BD< Dr. 









The distance between P and Q is given by the integral (3.6) evaluated 
over a straight line joining P and Q. The R-distance between these 
same points is not greater than the integral (2.5) evaluated over the same 
line segment. Hence from (3.1) 


(3.8) 
The inequalities (3.7) and (3.8) combined give 
| BD< Dr< AD 








Dr< AD. 






(3.9) 1 1 
pf Dr< D< pve 
and the statement of the theorem is proved. 
4. The fundamental group. The periodicity of the coefficients 
E, F, and @ leads to consideration of the discontinuous group of 


transformations 


(4.1) 







, 
u =—ut+may,, 
m,n = 0,+1,+2,-:-:-. 


v = vt+na,, 

The transformation of the group determined by the integers m and m will 
be denoted by 7'(m, n). These transformations, considering the w’ and v 
axes as identical with the wu and v axes, respectively, translate a geodesic 
into a geodesic. The set of points 

0< u<a,, 0 < v< @,, 











will be called the fundamental region. The region into which the 
fundamental region is transformed by 7'(m, n) will be denoted by &(m, n), 
the fundamental region itself then being denoted by (0, 0). Two regions 
or two curves or two points which correspond under T(m, n) will be said 
to be congruent (m, n). 
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A curve is periodic with period (m,n) if it is transformed into itself 
by T(m,n). The period (m,n), m +0, is a primitive period if m and n 
are relatively prime and m>0O. The period (0, n) is a primitive period 
if m1. Given a period (m,n), there exists a primitive period (wu, ») 
such-that m = ku, n=kyv, where |k| is the greatest common integral factor 
of mand n. ‘he period (w, v) is the primitive period corresponding to (m,n). 

5. Periodic geodesics. It will now be proved that given an arbitrary 
period (m,n), m and m not both zero, there is a class A periodic geodesic 
having this period. Any point P can be joined to the point P’, congruent 
(m,n) to P, by a class A geodesic segment. If there are two or more 
such geodesic segments they will necessarily have the same A-length. 
The R-length of such a geodesic segment is then a single-valued function 
of P. This function is continuous, everywhere positive, has the period 
, in wu, @, in v, hence has a minimum greater than zero, and takes on 
its minimum at some point Q. Consider a class A geodesic segment b, 
of R-length 7, joining Q and the point Q’, congruent (m,n) to Q. This 
geodesic segment together with the geodesic segments congruent (km, kn), 
k any integer, form a periodic curve, g, which will be a geodesic provided 
there are no corners present. Corners can occur only at Q or at points 
congruent (km,kn), and if there is a corner, there is one at Q. But 
then a point 7 on g near Q can be joined to the point 7”, congruent 
(m,n) to T, by a segment of g of R-length r and possessing a corner. 
A geodesic segment joining 7 and 7” exists which is of R-length less 
than r, thus contradicting the hypothesis concerning r. Thus the existence 
of the periodic geodesic is proved. It remains to prove the less obvious 
fact that the geodesic thus determined is of class A. In arriving at this 
result it will be necessary to prove several preliminary theorems. 

A geodesic segment determined in the manner in which } was determined 
will be called a basic segment. If points which are congruent (m, m) are 
used in its determination, it will be called a basic (m,n) segment. The 
geodesic determined by a basic (m, ) segment and the geodesic segments 
congruent (km, kn), k any integer, will be called the geodesic determined 
by the basic segment. 

As has already been noted, any class A geodesic segment, and hence 
in particular the basic segment b, is a simple curve. Let 7' be any point 
of b with end points Q and Q’ such that Q’ is congruent (m,n) to Q. 
Consider the geodesic segment consisting of the segment 7'Q’ of b and 
the segment congruent (m,n) to the segment Q7' of b. This geodesic 
segment joins 7' and 7", congruent (m,n) to 7, has the same R-length 
as b and hence is a simple curve. Let the positive sense of b be that 
which makes Q the initial point. If the positive sense of g is determined 
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so that b has the same positive sense, it follows that if W is any point 
of g, and g is traced out in the positive sense beginning at W, along any 
branch if g has a multiple point at W, the point W’, congruent (m, n) 
to W, is reached by a simple segment of g and this segment has the 
same R-length as the basic segment determining g. Moreover g consists 
of any such segment and the segments congruent (km, kn), k any integer. 

It follows that g can have no multiple points. For if so, let W be 
such a point and let b, be the simple segment of g obtained by tracing g 
in the positive sense along one of the branches through W to the point W’. 
Let bd, be the simple segment obtained by moving along another branch. 
The segment b, cannot have a point, other than the end points, in common 
with b,, for then a geodesic segment of R-length less than that of }b and 
joining points congruent (m, m) could be obtained. Now g consists of }, 
together with all geodesic segments congruent (km, kn), k any integer. 
If g is to contain b, as a subsegment, one of these geodesic segments 
congruent to b, must contain b, as a subsegment. But this is impossible for 
then the R-length of b, would necessarily be greater than the R-length of bs. 

THEOREM II. Corresponding to any period (m,n), m and n not both zero, 
there exists a simple periodic geodesic having this period. 

Now suppose that an unending geodesic is determined by a basic (m, m) 
segment, where m and m are not relatively prime. What is the relationship 
of this basic segment with a basic (uw, v) segment, where (uw, v) is the 
primitive period corresponding to (m,n)? If m=kpu, n= ky, the basic 
(m,n) segment is obviously of R-length not greater than |k| times the 
R-length of a basic (uw, v) segment. Can it be of less R-length? The 
answer is in the negative in the case of a two-dimensional manifold, but 
as shown by the example of § 9, the answer is in the affirmative in the 
case of more than two dimensions. It will now be proved, for the case 
in hand, that the basic (m, n) segment, m = kw, n = ky, consists of |k| 
congruent basic (u,v) segments. The proof is suggested by considering 
the geodesic as on an orientable surface of genus one. 

LEMMA 5.1. A basic (m,n) segment, b, can be broken up into a finite 
number of geodesic segments and these can be grouped into |k| groups such 
that if the members of a group are properly translated by transformations 
Ti, j), each of the \|k| groups of segments forms a broken geodesic joining 
points congruent (uw, v). 

There must be a point P, on g, such that the point P’, congruent (u, ») 
to P, is also on g. For let e be the straight line joining a point Q of g 
and the point Q’, congruent (m,n) to Q. Of the points of g on one side 
of e, consider those which have the property that the distance of any 
such point from e is as great as that of any other point of g on the 
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same side of e. If there are no points of g on this side of e, let the 
points under consideration be the points of g on e. All such points lie 
on a line, ¢;, which has the period (m, m), and hence the period (wu, »). 
Let the line ¢ be defined similarly for the points of g on the other side 
of e. It may happen that 4 and ¢, coincide, in which case g is this line. 
If so, any point of g is such that the point congruent (uw, v) is also ong, 
and the lemma is proved. Otherwise let U be a point of g on ¢,. If U’, 
congruent (uw, v) to U, is on g, Uand U’ satisfy the desired condition. If U’ is 
not on g, it lies on the boundary of a simply connected region, 6, bounded 
partly by a segment of ¢,, and partly by a segment of g. Let V be a point 
of g on t,. If V’, congruent (u,v) to V, lies on g, the desired condition 
is satisfied. If not, assuming that U’ does not lie on g, V’ lies outside the 
region 6. Let g’ be the geodesic congruent (u,v) to g. Both U’ and 
V’ lie on g’. The geodesic g’ cannot cross either ¢, or fz, hence it must 
cross g at some poiut P’. This point and the point P, congruent (—», —») 
to P’, are both on g. The segment of g between P and P’ will be the 
first of the |k| groups stated in the lemma. 

Now consider . geodesic segment, gs, of g, between P’ and P”, 
congruent (m,n) to P. The end points of this segment are congruent 
(m—p, n—v). If |k| equals two, the desired division of g is attained. 
If |k| is greater: than two, let g be the curve determined by g. and the 
segments congruent [i(m—w), i(n—v)], 7 any integer. By a repetition 
of the reasoning of the preceding paragraph, there is a point of g which 
is congruent (uw, v) to a second point of g. The segment of g between 
these two points constitutes the second of the desired |k| groups of the 
lemma. If || is three the lemma is proved. It is evident that by a con- 
tinuation of this process the lemma can be proved for |k| any positive integer. 

With the aid of this lemma the following theorem can now be proved. 

THEOREM III. A periodic geodesic, g, of period (m,n), determined by 
a basic (m,n) segment, is transformed into itself by the primitive trans- 
Jformation corresponding to T(m,n). If T(u,v) is this primitive trans- 
Jormation, g is a geodesic determined by a basic (wu, v) segment. 

From the lemma it was seen that the basic (m,n) segment, b, deter- 
mining g was composed of |k| sets of segments, m = ku, n = kv, which 
could be translated by transformations 7'(i,7), thus leaving the R-length 
unchanged, such that each set constituted a broken geodesic with end 
points congruent (u,v). The R-length of each of these sets must then be 
at least +, the R-length of a basic (u,v) segment. But the R-length of 
a set cannot be greater than r, for if this were the case, b would be of 
fi-length greater than |k|r. This cannot be, for a geodesic segment of 
f-length |k\r with end points congruent (m, n) can be formed from a 
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basic (w, v) segment and (A —1) congruent segments. One of the sets of 
the lemma was a segment of g between P and P’, congruent (uw, v) to P. 
It follows that this geodesic segment must be of R-length 7, and hence 
a basic (w, v) segment. But a basic (w, v) segment has the same tangent 
directions at its end points, hence g is made up of this basic (w, v) segment 
and the segments congruent (¢w,7v), 7 any integer. It evidently satisfies 
the condition stated in the first part of the theorem. 

THEOREM IV. Two basic segments cannot have the same end points. 

For let r be the A-length of a basic (m,n) segment with end points 
P and P’. If there were two basic (m,n) segments joining P and P’, 
a broken geodesic of R-length 27 could be formed joining P and P”, 
congruent (2m, 2n) to P, with a corner at P’. Then a basic (2m, 2n) 
segment would not necessarily be of twice the R-length of a basic (m, n) 
segment, which contradicts the preceding theorem. 

THEOREM V. Given a periodic straight line, there exists a class A wnending 
periodic geodesic of the type of the given straight line. 

If the straight line is of period (m, n), let (uw, ) be the primitive period 
corresponding to (m,m), and let g be a periodic geodesic determined by 
a basic (wu, v) segment. If g is not of class A, there are on it two points, 
P and Q, which can be joined by a geodesic segment of R-length less 
than that of the segment of g joining these points. If k is a sufficiently 
large integer, there are two points P and Q of g, which are congruent 
(ku, kv) and such that P and Q lie on the segment of g joining P and Q. 
The R-length of the segment PQ of g is kr, if r is the R-length of a 
basic (uw, v) segment. But if the segment PQ of g can be replaced by 
a curve of less R-length, it follows that P and Q can be joined by a 
geodesic segment of R-length less than kr. This contradicts Theorem III. 
This proves Theorem V. 

Now let g be a class A periodic geodesic with period (m,n). Then g 
must be the geodesic determined by a basic (m,m) segment. For let P 
be any point of g and let P’ be the point congruent (m,n) to P, and 
hence on g. Suppose that the segment of g between P and P’ is not 
a basic (m, n) segment and is of R-lengths. The R-length, r, of a basic 
(m,n) segment, QQ’, is then less than s. The points P and Q can be 
joined by a geodesic segment of R-length t. Let k be an integer, so 
chosen that k(s—r)>2¢. The points Q and Q”, congruent (km, kn), 
can be joined by a geodesic segment of R-length kr. Let P” be the point 
into which P is transformed by the transformation which carries Q into Q”. 
Since P and Q can be joined by a geodesic segment of R-length ¢, the 
same is true of the points P” and Q”. Hence the points P and P" of g 
can be joined by a broken geodesic passing through Q and Q” such that 
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the R-length of this broken geodesic is kr-+2t<ks. This contradicts 
the hypothesis that g is of class A. 

THEOREM VI. <A class A periodic geodesic with period (m,n) consists of 
a basic (m,n) segment and the segments congruent (im, in), 7 any integer. 

6. A uniform property of class A periodic geodesics. From 
Theorem VI, any class A periodic geodesic of period (m, m) is composed 
of basic (m,n) segments. The straight lines, 4; and 4, described in the 
preceding paragraph and associated with a class A periodic geodesic g will 
be called the bounding tangents of g. The only points of g on these 
straight lines are points of tangency, and all points of g are.either on 
these lines or in the region between them. 

Let e, and ey, be class A periodic geodesics of the types of the u- and v- 
axes respectively. The first is made up of basic (1, 0) segments and the 
second of basic (0, 1) segments. Denoting by e.(m, n) the geodesic con- 
gruent (m,n) to e,, the geodesics e, (0, k), k any integer, cannot intersect. 
For if two members of this family did intersect, from the periodicity 
they would intersect in an infinite number of points, which is impossible. 
Likewise no two members of the family e (k, 0) can intersect. 

These two families divide the (wu, v) plane into a network of congruent 
regions. The boundary of any one of these regions consists of four basic 
segments, two of which are basic (1, 0) segments, the other two being 
basic (0, 1) segments. A region has four vertices, the extremities of the 
bounding basic segments. That one of the regions, the boundary of which 
consists of segments of ev(p,0), ev(p+1, 0), eu(O, gq), and eu (0, g+1) 
will be denoted by R(p,q). More precisely, R(p, gq) will consist only of 
the interior points and those boundary points which do not lie either on 
év(p+1, 0) or en(0, g+1). 

Let d be the least upper bound of the distance between any two points 
of one of these regions. 

THEOREM VII. The distance between the bounding tangents of any class A 
periodic geodesic g cannot exceed 2d. 

Case 1. The geodesic g is of the type of the v-axis. The distance 
between the bounding tangents of e is not greater than the distance 
between the two points M and N on a basic segment, the tangents at 
which are the bounding tangents. The distance between M and N cannot 
exceed d, hence the same is true of the distance between the bounding 
tangents of e,. The periodic geodesic e,(k, 0) is congruent to e, and its 
bounding tangents have the same property. The transformation 7'(1, 0) 
moves a line which is parallel to the v-axis to the right a distance ,, 
which is not greater than d. The set of left bounding tangents of the 
geodesics e,(k,0) thus divide the plane into strips of width not greater than d. 
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From the hypothesis that g is periodic and of the type of the v-axis, 
the bounding tangents of g are parallel to the v-axis. Let us suppose 
that the distance between the bounding tangents of g is 2d-+«, «>0. 
At least one of the left bounding tangents of the geodesics e,(k, 0) lies 
to the right of the left bounding tangent of g, and at a distance not ex- 
ceeding d-+«/2. The right bounding tangent of the geodesic e,(7, 0) thus 
determined lies to the left of the right bounding tangent of g. The 
geodesic e,(2, 0) lies entirely between the bounding tangents of g, and 
must intersect g in an infinite number of points, which is impossible. 

Case 2, The geodesic g is of the type of a line of positive slope. The 
positive side of a straight line, not parallel to the v-axis, will be defined 
as that side which contains points on the v-axis for which v is arbitrarily 
large and positive. The positive side of a line parallel to the v-axis will 
be that side which contains points for which w is arbitrarily large and positive. 

A class A periodic geodesic g has two distinct bounding tangents except 
in the special case when g is a straight line. If g is not a straight line, 
and not of the type of the v-axis, the positive bounding tangent of g will 
be that one of the bounding tangents which has the greater v-intercept. 
If g is not a straight line, and is of the type of the v-axis, the positive 
bounding tangent will be that one of the bounding tangents which has 
the greater u-intercept. The other will be the negative bounding tangent. 
If g is a straight line, g itself is both the positive and negative bounding 
tangent. 

The positive side of g will be that side, not including g, which has 
points in common with the positive side of the positive bounding tangent 
of g. The negative side will be th other. m 

LEMMA 6.1. The interior points of the region R(p, q) lie on the positive 
side of ey(p, 0) and on the positive side of eu(0, q). 

By definition, the interior points of R(p, g) form a region bounded by 
the segments e,(p, 0), ev(p+1, 0), eu(0, g) and e.(0,qg+1). The curve 
év(p-+1,0) cannot intersect e,(p,0), hence e(p+1, 0) lies either on 
the positive or negative side of e,(p, 0). The positive bounding tangent, 
Uri1,0, Of e(p+1, 0) is obtained from the positive bounding tangent, 
Up, 05 of ey(p, 0), by a translation parallel to the w-axis and to the right. 
It follows that bf41,0 lies on the positive side of bt, and thus on the 
positive side of e(p,0). But e(p+1, 0) has “a least one point on 
ee and hence all points of e,(p+1,0) lie on the positive side of 
év(p, 0). Likewise eu(0, q+ 1) lies on the positive side of e, (0, q). 

Any interior point of R(p, q) can be joined to some point of e (p+ 1, 0) 
without crossing ¢y(p, 0). Since ev(p+1, 0) lies on the positive side of 


év(p, 0), it follows that any interior point of R(p, q) lies on the positive 
48 
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side of e,(p, 0). Similarly, any interior point lies on the positive side of 
éy (0, q), and the lemma is proved. 

Now suppose that the distance between the tangents bounding g is 
Q2d+e,e>0. Let M be a point of g on the positive bounding tangent, 
and N a point of g on the negative bounding tangent. The point J lies 
in some region R(p,q) and the point N in some region R(s, ft). Since 
the distance between the bounding tangents of g is greater than 2d, 
the distance between VM and N is greater than 2d, and they cannot lie 
in regions which have a common interior or boundary point. The point M 
lies on the positive side of the negative bounding tangent of g, and is at 
a greater distance than 2d from this line. Since M is in the region 
R(p, q, no point of the region R(p+1, q—1) is at a distance greater 
than 2d from M, and all points of R(p--1, q—1) must lie on the positive 
side of the negative bounding tangent of g. From the lemma, & lies on, 
or on the positive side of, e.(0, g), and on the negative side of e (p+1, 0). 

Since the slope of the bounding tangents of g is positive, there is some 
point, P,, of g which lies on the negative side of both e,(0,q) and 
év(p+1,0). There is a second point P, of g which lies on the positive 
side of both e, (0, q) and e,(p+1,0). Since P, is on the negative side 
of e. (0, qg) and M&M is on, or on the positive side of, e. (0, gq), g must cross 
éu(0,q). Since both P, and M are on the negative side of e,(p+1, 0), 
the point at which g crosses e,(0, g) must likewise be on the negative 
side of e,(p+1,0). Moreover, this is the only point in which g crosses 
éu(0O,q). Similarly, g crosses e,(p-+1, 0) just once and on the positive 
side of e.(0, q). Thus g can have no points in or on the boundary of 
the quadrant which consists of the points simultaneously on the positive 
side of e,(p+1,0) and on the negative side of e,(0,q). For if so, 
g would cross either e,(p+1, 0) or eu (0, g) twice, which is impossible. 
Since the slope of the bounding tangents of g is positive, the points of 
this quadrant and its boundary lie on the negative side of g. The 
region Rk(p+1,q—1) consists of interior or boundary points of this 
quadrant and likewise lies on the negative side of g. 

The transformation 7 (p-+1—s, y—1—#?) takes the point N into a point 
N’ in the region R(p+1,q—1). The point N’ lies on the negative 
side of g and on the positive side of the negative bounding tangent of g. 
Denoting by g’ the geodesic into which g is thereby transformed, the 
negative bounding tangent of g’ has one point, N’, therefore all points, 
on the positive side of the negative bounding tangent of g. It follows 
that the positive bounding tangent of g and hence M’, the image of MU, 
lies on the positive side of the positive bounding tangent of g. The 
point 1’ lies on the positive side of g and the segment M’N’ of g’ must 
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cross g at some point Q. From the periodicity g’ must cross g in an 
infinite number of points, which is impossible. 

Cases 3 and 4. The geodesic g is of the type of a straight line of 
negative or zero slope. The proofs in these cases are so similar to the 
proofs already given that they may well be omitted. 

7. A fundamental class of class A unending geodesics. 

LemMA 7.1. There exists a constant D such that no class A geodesic 
segment can wander a distance greater than D from the straight line 
segment joining its end points. 

The end points, P, and P;, of a class A geodesic segment, ¢, lie in 
regions R(a, b) and R(c, d), respectively. It can be assumed without loss 
of generality that if a+c, then a<c. 

Casel. atc. O<(d—b)/(c—a)<1. There is a class A unending 
periodic geodesic g of period (¢c—a, d—b) which passes through Ria —1,b+1) 
and R(c—1,d+1). As was proved in paragraph 6, R(a, b) and R(c, d) 
lie on the negative side of g, and ¢ cannot cross g, for if so, it would 
cross it in two points. Similarly, ¢ cannot cross g’, congruent (2, —2) to g, 
and ¢ lies entirely on the positive side of g’. 

A point M on the positive bounding tangent of g is at a distance not 
greater than 4d from the point M’, congruent (2, —2) to M, and on the 
positive bounding tangent of g’. From Theorem VII, the point W/’ is at 
a distance not greater than 2d from the negative bounding tangent of 9’. 
It follows that the distance between the positive bounding tangent of g 
and the negative bounding tangent of g cannot exceed 6d. From the 
assumption that the slope of these bounding tangents is less than one, 
the vertical distance between them is not greater than 6d V2. 

Since c>a, the point P, lies on the positive side of e,(a, 0) and the 
point P, lies either on or on the positive side of the same geodesic. No 
point of ¢ can lie on the negative side of e(a,0), or on the negative side 
of the negative bounding tangent of e(a,0). Similarly ¢ cannot have © 
a point on the positive side of the positive bounding tangent of e,(c+1, 0). 

If through a point Q, of ¢, whose w-coérdinate is greater than or equal 
to that of P,, and less than or equal to that of P,, a line is drawn 
parallel to the v-axis, it will intersect the line P, Ps, in a point Q’, and 
the distance QQ’ cannot exceed 6dV2. This distance is at least as great 
as the distance of Q from P, P;. 

The point P, lies on the negative side of the positive bounding tangent 
of e(a+1,0) and either on or on the positive side of the negative 
bounding tangent of e(a, 0). The distance between these tangents is not 
greater than d, from the definition of d. A point of ¢ whose u-codrdinate 


is less than that of P, cannot be at a greater distance from P, than 
48* 
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The same is true for the distance from a point of ¢ with w-codrdinate 
greater than that of P, to the point P,. The lemma is proved for Case 1. 
The proofs in the remaining cases: 


Case 2. c$a, 1<(d—b)/(c—a); Case 3. c$ a, —1 < (d—b)/(c—a)<0; 
Case 4. ca, (€—b)/(c—a)<—1; Case 5. c=a, or d=), or both; 


are similar and can well be omitted. — 

This is the fundamental lemma needed and with its aid the following 
theorem can now be proved. 

TuxoREM VIII. Corresponding to any straight line, there exists at least 
one class A geodesic of the type of this line. Conversely, every unending 
geodesic of class A is of the type of one straight line. 

An element is defined as a point and a direction through the point. 
An element on a curve of class C’ in the (u, v) plane is a point of the 
curve and the direction of the tangent at that point. An element has 
four codrdinates (u,v, @, 8), where wu and v are the codrdinates of the 
point and « and £ are the direction cosines of the given direction. The 
elements (u,v, @, 8) and (wu, v, —a, —) will be considered identical. A set 
of elements (u,v, @,8) will be said to have a limit element (uo, vo, &0, Bo) 
if (wu, v, @, 8) considered as a point in four dimensions has (w%, vo, &o, Ao) 
as a limit point. 

A geodesic g will be said to be a limit geodesic of a set of geodesics, gn, 
not including g, if every element on g is the limit of a sequence of elements 
on the members of the set gn. The proof of Theorem VIII requires the 
fact that if a geodesic g is the limit geodesic of a set of class A geodesics, 


then g is itself of class A. For a proof of this proposition the reader is 
referred to Morse.® 


Given a straight line L, let 
++ Ps, Piss By HR B-- 


be an ordered sequence of points on Z such that both Py P_» and Py Pr 
become infinite with increasing m. Let g, be a class A geodesic segment 
joining P_, and P,. Let K be the straight line passing through Py and 
perpendicular to Z. The end points of any gp lie on opposite sides of K, 
and gn must cross K in some point Q,. From Lemma 7.1, none of the 
points Q, can be at a distance greater than D from Py. The set of 
elements E,, on g at Qn, must have a limit element E at some point Q 
whose distance from Py does not exceed D. The element E determines 


° Morse, loc. cit., p. 44. 











an unending geodesic gy, any segment of which is the limiting geodesic 
segment of a sequence of class A geodesic segments. Hence g is of class A. 

The geodesic g thus determined is of the type of the straight line L. 
For from Lemma 7.1, no point of any one of the g» lies at a distance 
greater than D from the line Z. It follows that no point of g can lie at 
a distance from ZL exceeding D. For if this were not the case, since 
every point of g is a limit point of points of the g,, some point of one 
of the gn would lie at a distance from Z exceeding D and we arrive at 
a contradiction. Thus g is confined to the region @ consisting of all points 
at a distance not exceeding D from L. This region consists of the points 
in and on the boundary of a strip determined by two lines, Le and Lg, 
parallel to Z and at a distance apart 2D. It remains to prove that if 
T is any point of L, there is a point of g at a distance not exceeding D 
from 7’. This will be true if the line L’, perpendicular to L at 7’, inter- 
sects g. Since g is unending and of class A, it is easy to prove that g, 
traced out in either sense from any point of g, cannot remain in a bounded 
region of the plane. Suppose that g did not cross L’ and that L’ inter- 
sects L on the interval P_;Pii,i<0. Then g would be confined to a 
half-strip and if traced out in either sense it would intersect all the line 
segments cut off by Le and Lg on the lines L; perpendicular to L at P;, 
j>1. Let M; and N; be points of g on Z; such that the segment of g 
between these points passes through Q. Evidently if 7 is sufficiently large, 
these points can be joined by a geodesic segment of less R-length than 
the segment of g between them. It follows that g is of the type of L. 

Conversely, given a class A unending geodesic g there exists a straight 
line Z such that g is of the type of Z. Let 


oy ay Te ee eee 


be an ordered sequence of points on g such that the R-lengths of the 
segments P_»P) and P)P, of g become infinite with increasing n. From 
Lemma 7.1, on each of the straight lines P_»P, there is at least one 
point Qn, whose distance from Py) does not exceed D. The set of points Q, 
has at least one limit point Q, and the set of elements on the lines P_, P, 
at Qn has at least one limit element E at Q. Let L be the straight line 
with the element £ at Q. 

The geodesic g is of the type of the line Z. For let P be any point 
of g. There exists an integer N such that if n>, P lies on the seg- 
ment P_»P» of g. From Lemma 7.1, on each of the straight lines P_n» Pn, 
n>N, there will be a point 7; whose distance from P does not exceed D. 
As n becomes infinite, the points 7), have at least one limiting point 7’ on 
the line L. The distance of P from any one of the 7;, does not exceed D, 
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so that the same is true of the distance P7. As in the proof of the first 
part of the theorem, if U is any point of L, there is a point V of g such 
that the distance UV does not exceed D. 

From Theorem I, it is possible to state Theorem VIII readily in terms 
of R-distance. 

8, Theorems concerning geodesics of class A. A number of theo- 
rems concerning the geodesics on a closed orientable surface of genus 
greater than one can be slightly modified so as to hold here. These theo- 
rems are stated without proof, for the essential features of the proofs are 
given by Morse in the paper cited. 

THEOREM IX. Jf two straight lines intersect, corresponding geodesics of 
class A cross. 

THEOREM X. Jf two geodesics of class A are of the types of parallel lines, 
they lie within a finite R-distance of one another. 

THEOREM XI. No two geodesics of class A which are asymptotic can intersect. 

THEOREM XII. Jf a set of straight lines, M, have a straight line L as 
a limit line, the geodesics of class A of the type of the lines of M will have 
at least one geodesic of the type of L as a limit geodesic. 

THEOREM XIII. A geodesic g, of class A, which if traced out in one of 
its senses comes and remains at a distance less than an assignable constant 
From a periodic straight line L, is either a periodic geodesic of the type 
of L, or else is asymptotic in both its senses to periodic class A geodesics 
which are of the type of L. 

THEOREM XIV. If two periodic geodesics of class A are of the same type, 
they are of the same length. 

This theorem is obvious from Theorems III and VI of this paper. 

THEOREM XV. A geodesic a of class A which is asymptotic to a periodic 
geodesic b of class A cannot cross any periodic geodesic of the type of b. 

Given two sensed geodesics, b and c, of the same type, they will be 
said to have like senses if two points on b and c respectively, can be moved 
in the positive senses an arbitrarily great distance on b and c without 
receding more than a fixed distance from one another. 

THEOREM XVI. Jf there exist two different periodic geodesics of class A, 
namely, b and c, of the same type, and if between them there are no other 
periodic geodesics of class A, then if like senses be assigned to b and c, there 
exist at least two geodesics of class A lying in the region between b and c, 
of which one geodesic is asymptotic to b in b’s positive sense and to cin c’s 
negative sense, while the other geodesic is asymptotic to b in b’s negative 
sense and to c in c’s positive sense. 

THEOREM XVII. A geodesic of class A cannot be asymptotic in both its 
senses to the same periodic geodesic, 
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9, A negative theorem. The question arises as to whether theorems 
analogous to those which have been proved concerning the geodesics on 
a two-dimensional Riemannian manifold with periodic coefficients can also 
be proved for the case of an n-dimensional Riemannian manifold with 
periodic coefficients. Let the coefficients of the differential form 


n 
(9.1) ds* = > Ay dada; 
‘,j=1 
be functions of class C* of the variables (z,, ---, 2») in the entire space E 
of (a%1,+++, @m), and periodic with period ; in 2, i=1,---,n. Also it 


will be assumed that the coefficients are such that the quadratic form (9.1) 
is non-singular and positive definite for any fixed set of values of the 2, 
a=1,---,n. 

The geodesics corresponding to (9.1) will be curves of class C’ and a 
broken geodesic will be defined as in § 2. The R-length of an ordinary 
curve in E will be the value of the integral 


(9.2) J = JV S40 xi xj At 
evaluated over the given curve. Distance will mean Euclidean distance. 
It will be assumed that if P and Q are distinct points of EF there is a 
geodesic segment joining P and Q which has as small an R-length as that 
of any ordinary curve joining P and Q. The value of (9.2) taken over 
this geodesic segment will be called the R-distance between P and Q. 
Class A geodesic segments and class A unending geodesics will be defined 
as in the two-dimensional case. The condition that two curves be of the 
same type is unchanged. 

The group of transformations considered here is the group of trans- 


lations 
(9.3) T(Ni, +++, Nn): x= utN wi, a= 1,2,---,n, 


where J; is an integer. Again the axes are considered fixed and these 
transformations move sets of points about. If Z stands for a set of points, 
the set of points into which Z is carried by 7'(N,, ---, Nn) will be denoted 
by Z(N,,--+, Nn). It will be said that 7 and Z7(M,---, Nn) are con- 
gruent (N,, +--+, Nn). It can readily be proved that any transformation (9.3) 
transforms a geodesic into a geodesic. A curve is periodic with period 
(Ni,-+-+, Nn) if it is transformed into itself by 7(M,---, Nn). 
The set of points 
(9.4) 0< 24< w, i=1,---,n, 


will be called the fundamental region, and denoted by R. The symbol 
R(N,,+-+, Nn) then stands for the set of points 
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(9.5) No; < ri<(Mi+1) wi, $= 1,---,2. 


If each point P is joined to the point P’, congruent (m, ---, mn) to P, 
by a class A geodesic segment, among the segments thus determined there 
is at least one whose R-length is as small as that of any other. Such 
a segment will be called a basic (m,, +--+, mn) segment. 

Let g be the periodic curve formed from a basic segment with end 
points congruent (m,,---, mn) and the geodesic segments congruent 
(km,,--+,kmn), where k is any positive or negative integer. By a method 
similar to that used in the case of two-dimensions, it can be readily proved 
that g has no corner and is thus a geodesic. It follows that there exists 
a periodic geodesic of the type of any given periodic straight line. In 
the case of two dimensions the geodesic g thus determined is of class A. 
That this might not be true in the case of more than two dimensions is 
to be expected, for the proof in the two-dimensional case depends on the 
fact that a simple closed curve divides the plane into two parts. We now 
prove that g is not of class A. 

THEOREM XVIII. The unending periodic geodesic g formed from a basic 
segment and congruent segments is not necessarily of class A when the 
number of dimensions of the manifold exceeds two. 

The example proving this theorem is given for the case of three dimen- 
sions, but the generalization to more dimensions is obvious. 

Consider the differential form 


ds* = Aduv?+ Bdv?+Cdw* 

A = (a—cosv)”-+ (a—cosw)”" 

B = (a—cos [w—7/2))" + (a—cos[u— 2 /2])” 

C = (a—cos[u—))” + (a—cos[v—a])™ 

where m is a positive integer. If a is chosen greater than one, the form 
is positive definite. The coefficients are analytic for all values of (u, v, w) 
and have the period 27 in all variables. 


Let 6 be a positive number less than 7/8. The constant a is then 
chosen, once and for all, so that 


(9.6) 


0 
a — C08 > = 1, 
and thus 1<a< 2, 


Let 
S(v) = (a—cosv)". 


Since (0) >1, given an arbitrarily large positive constant MV, an integer NV 
can be determined such that 


S()>WM?’, n>N. 
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From the properties of cosv, 
(9.7) S(v)> M*, n>N, 
except in the intervals 
lu—2ka|<), k= 0, +I,- 
Moreover, since 
Sf (2k) = (a—1)", 


given ¢>0, N’ can be chosen so large that 
2 
(9.8) f@kn<Z, n>N’. 


Denoting by N an integer larger than either N or N’, (9.7) and (9.8) hold 
simultaneously if n > N. 
If v is replaced by w, similar conditions hold for the second term of A. 
It follows that given « and M, there exists an integer N such that 


(9.9) A>M?*, n>WN, 
except in the fubes defined by 





lu—2in|<d, |w—2ja|<6, i,7=0,+1,---, 


and 
(9.10) A< &, n>N 


on the axes of these tubes, which are the lines 
v= 2in, w= Qn, i,j = 0, +1,---. 


This choice of WN likewise demands that 


(9.11) B>M?’, n>N, 
except in the tubes 


w—2in—| <6, |u—2jn—= < Jd, 1,j7=0,+1,---, 


and 7 
(9.12) B< #, n>WN, 


at any point of the axes of these tubes. Similar conditions hold for C: 


(9.13) C>M’*, n>WN, 
except in the tubes 

|ju—(2i+1a|<d, |v—(2j)+))a|\<4, i,j =0, +1,--- 
and A 
(9.14) C<e%, n>N, 
on the axes of these tubes. 
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The distance between any two points on the axes of different tubes 
cannot be less than 7/2. The distance between any two points of different 
tubes cannot be less than 7/2—20>7/4, 

Given a curve of class C’, the value of the integral 





=f Vi+e tw dt 


evaluated over the given curve will be called its Euclidean length and 
denoted by sz. If a curve has no points in the tubes it follows from 
(9.9), (9.11), and (9.13) that its R-length, sz, satisfies the condition 


(9.15) se = Msz. 


If a curve is a segment of an axis of a tube, it follows from (9.10), (9.12), 
and (9.14) that 
(9.16) Sk S &Sn. 


For any fixed n, the coefficients of (9.6) are bounded and less than some 
positive number M;. It then follows that for any curve of class C’ 


(9.17) SR< Mn: sz. 


There is a basic segment 6 joining points congruent (1, 1, 0) and it can 
be assumed that its initial point Q is a point of the fundamental region. 
Since the Euclidean length of b is at least 2a7V 2, if there are no points 
of b in a tube, from (9.15) the R-length of b is at least 20V2M. If 
there is a point of b in a tube, this may be considered as an end point 
and the other end point must lie in a congruent tube. At least the Euclidean 
distance 7/2—206 must hve ‘een traversed outside of the tubes, and 
the R-length of b is at leas /2—206)M. In either case the R-length 
of b is at least (7/2 —20)M>Mn/4. 

If the periodic geodesic g determined by b were of class A, two points 
P and P’ on g and congruent (q, q, 0), qg any positive integer, could not 
be joined by a geodesic segment of R-length less than gMz/4. The falsity 
of this will now be proved. 

It can be assumed that P is a point of the fundamental region. This 
point can be joined to some point P, of the line segment 


0Ssu< 2a, y = @, q = @, 


by a line segment of Euclidean length not greater than 2V 2, and hence 
from (9.17) of R-length not greater than 27M, V2. The point P, can be 
joined to the point P,(2qa-+7/2,0,0) by a segment of the u-axis of 
length not greater than 2q~-+ 7/2, and from (9.16) of R-length not greater 
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than (2g~%-+ 7/2)e. The point P, can be joined to the point P;(2ga+7/2, 
0, «/2) by a segment of length 7/2 and hence of R-length not greater 
than M,2/2. The point P; is on the tube axis " 









u = 2qn+7/2, w = n/2, 






and can be joined by a segment of this axis to an arbitrarily chosen point P, 
of the line segment 
(9.18) w=2qnu+7/2, w=n/2, 2qa<vs2q4+)a, 






by a segment of A-length not greater than 2(g+1)ae. Finally, the 
point P’ in R(q, g, 0) can be joined to some point P, of (9.18) by a line 
segment of R-length not greater than 2M,2V 2- 

Summing these results, P can be joined to P’ by the broken line 
PP, P; Ps P,P’, the R-length of which is not greater than 







(9.19) q:-4me+ My, (40V24m/2)4+5 78/2. 





We wish to prove that if m is chosen properly so as to restrict Mand « 
to certain values, qg can be chosen so large that the expression (9.19) is 
less in value than gMz/4, First let m be so chosen that 







(9.20) 16e< M. 






This is evidently possible from the preceding, and then M, is determined 
since it depends only on m. Then it is possible, in consideration of (9.20), 
to chose q so large that 


qg:16¢+(16V2+2)M,+10e<q-M. 








It follows that P and P’ can be joined by a geodesic segment of R-length 
less than the R-length of the segment of g joining these two points, and 
g is not of class A. 

Without the fact that a periodic geodesic formed from basic segments 
is of class A, it is impossible, by the methods used here, to prove the 
fundamental lemma that there exists a constant D, fixed by the given dif- 
ferential form, such that no class A geodesic segment can wander a distance 
greater than D from the straight line segment joining its end points. The 
example would seem to indicate that such a constant does not necessarily 
exist. The example also indicates that there need be no more than m class A 
geodesics of the types of straight lines if the manifold is »-dimensional. 


Bryn Mawr Co.LiteGce, Bryn Mawr, Pa. 
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ON THE SINGULAR POINTS IN THE PROBLEM 
OF INVERSION.' 


By Wituram F. Oscoop. 


Let an arbitrary algebraic configuration of deficiency p be given. It 
may be thought of in the form 
(1) G(x, y) = 0, 


where G is an irreducible polynomial. Iet the functions be uniformized 
by means of the automorphic functions with principal circle, 


a=), y= vl, 


and let % be a fundamental domain of the automorphic group. Denote 
by uwe(t), @=1,2,---, p, the p normal integrals of the first kind, 
and let 


t 
Ue (2) ={ O.(t) dt, a@==1,-+-, p. 


The functions ®,(t) are analytic throughout the whole interior of the unit 
circle, |t|<1. 
The problem of inversion may now be formulated as follows: 


(2) ve = Ue (41) + sie + ual), dle 4, see, Dp, 


where (v) = (%), +++, vp) is an arbitrary point of the (v)-space, and where 
it is required to determine all values of 4,,---,%, which satisfy these 
equations. There will always be a reduced set of values ya, each lying 
in %, if ve is replaced by va+ a, where (w) = (w,,---, @») is a suitable 
period. To the points y correspond points (vc, ya) of the Riemann’s 
surface belonging to (1), and it is the set of values (x) = (a, ---, Zp) 
that is usually meant in speaking of the problem of inversion. 
If (v) is a point of the manifold 


Mp2: Va = —Uals,)—--- — Ua(Sp—2), a=1,---,p, 


where the s,,---,s8p—2 are chosen each arbitrarily in the unit circle, |¢|<1, 
there will still be a solution of (2), but it will not be unique; some of 
the points 4. may be chosen arbitrarily. If (v), however, does not lie 
on Mp2, the p reduced points lying in § are uniquely determined. These 





’ Received February 3, 1932.—For a detailed treatment of the properties of the func- 
tions ®q(t) cf. the Author’s Funktionentheorie II, p. 420. 
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give rise to p! points (y) in the (y)-space, and to the reproductions of these 
points under the automorphic group. 

Let & denote the cylindrical domain (%, ---, %) in the (y)-space, and 
let B be its image in the (v)-space. Then each point (y) of YX leads to 
one point (v) of Y; but a point (vy) of BV not lying on Mty~» leads to 
p! points, in general distinct, in 2. 

We propose to examine the map in the neighborhood of the singular 
points of the transformation. The results illustrate the value of the method 
of uniformization 7m Grofen by means of the automorphic functions. 

The Jacobian of the transformation has the value 
O(%1, +++) Up) __ 1 (m1) +++ Op(as) 
O(m, as . %p) 





(3) J — . . ° ie 
| D, (jp) +++ Dp (Hp) 

A necessary condition for a singular point consists in the vanishing of J. 
The locus 


(4) J (mi, +++; Mp) = 0 

consists in part of the surfaces* 

(5) Ya—4g = 0, a,f8 =1,---,p, 
and in part of a second surface 

(6) D(m, +++, %p) = 0. 


Definition of associated. p points (xa, ya) of the algebraic curve (1) are 
said to be associated (= verkniipft) if an adjoint Qn—s can be passed 
through them. A necessary condition is, that the equations 


(7) Cy Dy (ga) + +++ + Cp Py (ga) = 9, oo 1,-++,D, 


admit a solution C,,---, Cp, in which some Ce +0, and hence the de- 
terminant (3) must vanish. 

Conversely, this condition is sufficient if the y« are all distinct. But 
if some of the points (xe, ya) coincide, the definition of associated is as 
follows. Let 


1 = @s - ae = Tk 
Then 7, shall satisfy the k equations 
(8) C, 0 (9) + --- +0, 0% () = 0, 4=0,1,---,k—-1. 
Likewise, if 
k+1 — Khe See ES Yk+k’ 5 





2Qutside the domain Y% there will also be the surfaces 
1 = Ln); 

where ¢’ = L(t) is an arbitrary substitution +1 of the automorphic group. The sur- 

face (6) shall not include any of these. 
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then +1 shall satisfy the &’ equations 
(9) O, OF (m1) + +++ + Cp OF (e412) = 0, w = 0,1,-+-, k'—1; 


and so on. A necessary and sufficient condition that the present system 
of p linear homogeneous equations in the Ci,---, Cp admit a solution in 
which some Ce + 0, consists in the vanishing of the p-rowed determinant 
whose principal diagonal can be written in the form 


| D; (41) D5 (qx) «+» OL (qx) 
Dy41 (qe41) Pero (nets) «++ Oe” (ye42) ete. |. 


More generally, we shall speak of g points on (1) as associated when 
more adjoint curves Qm—s pass through them than is in general the case 
for that value of g. Here, @ in equations (7) runs from 1 to q, and the 
matrix is of lower rank than is in general the case. If, in particular, 
m, counts k times, then equations (8) must be satisfied etc. Obviously 
1<q<2p—2. 

When p points 7, ---,%p are associated, we shall speak of the corres- 
ponding point (7) of the (y)-space J = 0 as associated. 

THEOREM 1. Those points of (4) which lie on (6), and only such, yield 
points (m1, +++, np) =(y) which are associated. 

A point (7°) which lies on (6), but on no one of the configurations (5), 
is a point in which the determinant (3) vanishes, no two 7° being equal 
to each other. Such a set of values 7}, ---, 7? is always associated. It 
follows, furthermore, from continuity that, if now (7°) be a point of (6) 
through which planes (5) pass, this point will also be associated. For, 
if a point (y) is not associated, then the same is true of all points of 
. a certain neighborhood of this point in the (y)-space. 

On the other hand, a point (7°) which lies in one or more of the planes 
(5), but not on (6), is not associated. Consider first the case that only one 
plane (5) goes through (7°),— say 
(11) ™—% = 0. 


Develop J into a series proceeding according to powers of y7,—%. The 
first term vanishes, and the coefficient of the second term is the determinant 


(10) 


(12) | D; (41) D2 (yx) Ds (ys) --- Dy (Hp), 
or 

@, (yi) --- Dy, (41) 

Di (1) +++ Dy (my) 
(13) D, (ys) +++ Dy (qs) |: 

QD, (np) eas 0, (np) 
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This determinant does not vanish identically, and hence J admits 7, — 7, 
only once as a factor. Since no other surface (5) goes through (7°), and 
since (4°) does not lie on (6) it follows that J has no further factor in 
the point (7°), and so, in particular, the determinant (13) does not vanish 
in the point (7°). Consequently the point (7°) is not associated. 

Turning now to the general case, that (y°) lies on several of the planes 
(5), but not on (6), we find that a similar treatment is possible. For 
simplicity, let 

u=n=% Y= 
where 4°, 4%, 7°, «++, yy, are all distinct. Then 


(72—%1) (Ys — %1) (93 — Ye) X (Ys — 44) 


will be a factor of J im Kleinen at (y°), and there will be no other 
factors there. Let 


(14) J(q, +--+, Mp) = (Y2—41) (4x — 11) (43 — 42) (Ys — 4s) B41, +++, 4p), 


where, now, & (y?, ---, 99) +0. Develop & according to powers of 7,,—1!,, 
a = 1,2,3, and a = 4,5. The constant term is found to be the 
determinant 

(15) | Dy (41) D3 (qs) D5 (41) Dy (y4) D5 (ys) De (ys) +++ Dy (yp)|, 


formed for the point (7°). Since this determinant does not vanish, the 
point (7°) is not associated. The proof is now complete. 

THEOREM 2. The function J(m1, +--+, Np) contains no multiple factors. 

The proof has already been given for the factors 7—yg, and covers 
at once the case of the further factors 7.—L (yg), where ¢ = L(t) is 
any transformation of the automorphic group. 

Let (4°) be an arbitrary point of (6), whether on (5) or not. Consider 
a factor ¥ of J, irreducible in (7°), but not pertaining to (5). Let (7) 
be an ordinary point of the surface 


(16) Su, +++) we) = 0, 
arbitrarily near to (7°). Then some derivative of ¥ is different from 0 
there—say, 29/07, +0 — and we can solve for 7: 
(17) mM = S(t, +++, Up) 
Here, 72, ---, 9» are independent variables, and so we can find a point 
(2, +++, mp) near (42, +++, 7p), in which the rank of the matrix 

D, (y31) «++ Dy (3) | 
(18) aie a os 2 « 
Q, (yp) ail O, (yp) 
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is p—1. Now %, as given by (16), is a root of the equation 


@,(t) --+ Dy(?) 
(19) ae vail fi aa 


0, bis O pl) 


a 


We can find a point (y2",---, mp’) near (y2,---, 9p) such that all roots 
of (19) will be distinct. Let 


mi = f(y2", +++) Ip), 


and develop J by Taylor’s Theorem about the point (y’’’). The constant 
term vanishes, and the coefficient of the linear term in 4i1—41' is 


| D; (1 A D,, (41 
@,¢ mr P my 
(20) 13.42 )- ~— 


| O(n’) .@ (nt) 


This determinant cannot vanish, for its Stas would mean that 71’ is 
a multiple root of (19), when ye = yu’, «=2,---,p. Hence linear terms 
appear in the above expansion, and so the cae $(m, +++; Yp) of J is 
simple. This completes the proof. 

THEOREM 3. The surfaces (5) belong to Case 1; the surfaces (6) to Case II.’ 

For, in the neighborhood of an ordinary point of (5), the inverse trans- 
formation is finitely multiple-valued; in every point of (6) it is infinitely 
multiple-valued. 

THEOREM 4, Let (y°) be a point lying on one or more of the configur- 
ations (5), but not on (6). In the neighborhood of (n°) the inverse trans- 
formation is finitely multiple-valued. 

Since the point (7°) is not associated, the corresponding point (v°) leads 
only to isolated points in the (y)-space, and hence, in particular, to no 
second point of the neighborhood of (7°). It follows, then, from Theorem 2 


of p. 139, Funktionentheorie II,, that 7» is given by an irreducible equation 
of the form: 


(21) 4) +A,(,,°°°; Up) MN +++ + Av, +++, 0) = 0, 


where Ag(%4,---, vp) is analytic in the point (v°), and that 4, ---, %p-1 
are single-valued and continuous, and in general analytic, on (21);—or con- 
ceivably the 7,,---, 4» must first be subjected to a linear transformation, 





* Cf. the Author’s Funktionentheorie II, p. 143. 
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the above statement then holding for the transformed 7}, ---, 7). More- 
over, NV is equal precisely to the number of points (y) that coalesce in (7°), 
namely, k,! ke! ---kg!, where 


0 = 0 =——-eces == 0 
1), TH V4+k,—v? ete. 


Each point (v) of the neighborhood of (v°) goes over into a unique point (») 
of the N-leaved Riemann’s surface corresponding to (21). 

The full import of the generality of the foregoing theorem is shown by 
the following example. 

An Example. Consider the transformation: 


z= », 
(22) y = vw—u, 
z = svw*?—uw. 
Here, 
_ 9%, y,2) _ 
(23) J(u, v, wv) = ne. u. 


It is seen that the surface « = 0 belongs to Case I, since that surface 
is mapped, in general, in a one-to-one fashion on a surface 


(24) L=v, yrvw, e= tv’, 


and not on a manifold of lower dimensionality. But a curve in that 
surface, namely, the axis of w, goes over into a single point, the origin. 

Thus in Case I, even when an irreducible factor of J, set equal to 0, 
yields a surface that has no singular point, it cannot be inferred that the 
inverse transformation is finitely multiple-valued. That, in the case of (4), 
this is indeed true in an ordinary point of a configuration (5) is much; 
that it is true of every point of (5) not lying on (6), is all that could 
be desired. 

We note furthermore that, although each point of the surface vu = 0 
is carried over into a (single) point of the surface 


(25) A(x, y,2) = y>—2xz = 0, 
the converse is true only in general. A point (%, yo, 2) of (25) on the 
line z = 0, y =O has no point corresponding to it unless 2 — 0; and 
then every point of the axis of w corresponds to it. 
The inverse transformation is: 
u = xrw—y, 
(26) v= 2, 
taw*—yut+e = 0. 


The discriminant of the last equation is 4 (x, y, 2). 
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For completeness we add the explicit statement of the following theorem, 
although the result is contained implicitly in the foregoing considerations. 

THEOREM 5. ach point of (6) is mapped on a point of My-2; each point 
of Mp2 is mapped on an infinite number of points of (6). 

The manifolds (5), exclusive of their points which lie on (6), are mapped 
in a one-to-one manner and continuously on a Riemann manifold, in the 
interior points of which at most a finite number of leaves are joined together. 

The surface (6) may be wholly free from singularities. This is the case 
when p = 3 and Noether’s Normal Curve — here, the plane quartic, the 
hyperelliptic case being excluded — has 28 distinct double tangents. For 
now, every point of inflexion is a simple point, i. e. the inflexional tangent 
cuts the curve there in only three points. But if, as may happen, there 
is a point of hyperinflexion, i.e. a point in which the inflexional tangent 
cuts in four coincident points, the surface (6) will be singular at the 
corresponding point. 

In general, a point of (6) which lies in no plane (5), or which lies at 
most in a single plane (5), will be non-singular. On the other hand, 
a point (7°) of (6) not lying on any surface (5) will be a singular point 
of (6) if every set of p—1 points chosen from the 7}, ---, 7), is associated. 

Finally, let (4°) be an arbitrary point of (6), in which 


4s = 73 =—= +30 SS Mi, Mi 44 = eee SSS 1,9 etc., 
where 4, + 1,41: Then the determinant whose first column is 
®, (7), 1 (n°), vee, DE,—D (99), ,(N%, 4a) (7. aa) oes, OF (G2 4.1) axe 


vanishes. In order that (7°) be a singular point, it is necessary and 
sufficient that each of the following determinants vanish. Replace the 
(ky —1)st row by DM) (n’), O&) (49), --., oe, (79). Next, returning to the 
initial determinant, replace the row beginning with Of (yi. 4,) by a row 
in which each Of 41) is replaced by O%) (i. 4,), and so continue 
to the end. 


HARVARD UNIVERSITY, 
January 1932. 








ON THE WEIERSTRASS CONDITION FOR THE PROBLEM 
OF BOLZA IN THE CALCULUS OF VARIATIONS.! 


By LAWRENCE M. GRAVEs. 


In a recent number of these Annals* Bliss has discussed sufficient 
conditions for a minimum in the problem of Bolza. For this problem, 
the present paper derives the necessary condition of Weierstrass by a new 
method, applicable to minimizing arcs which are assumed to be normal 
only on the whole interval (x, 22) relative to the given end-conditions. 
For certain types of abnormal arcs, the new method yields a new necessary 
condition for a minimum, which is also expressed in terms of Weierstrassian 
E-functions, but not so simply as the well known condition of Weierstrass. 
The new method is suggested by the well known method due to Bliss for 
deriving the multiplier rule. 

The problem of Bolza is that of finding in a class of ares 


y= ylz), &—1,---,n23s Mm Sem), 
satisfying the differential equations and end-conditions 
Pal(X, Y, y') = 0, (@ = 1, +++, m<n), 


1 “a 
” Wu [x1, y (a1), 2, y(a)] = 0, =1,---, p< 2n+2), 
one which minimizes 


—_ {re, Y; y’) dz+G [x, y (2%), 2, y (x2)]. 


For historical references, notations, and a precise statement of . the 
hypotheses, the reader is referred to the paper of Bliss already cited. 
We shall set 


LG = J uae fal} da—f@d +S (eo Fs 


+ aa, ity, & L ———_ 4; (2%) + 8 yi2 Ni (Xz), 


0 Yin 
ow ow 


ay oy 
HE, = Ge hts ht ay, wat Gy, Um) 


and suppose that for arbitrary sets of admissible variations (§6, 40) of the 
minimizing arc 

















' Received February 29, 1932. ‘ 
2 Bliss, The problem of Bolza in the calculus of variations, this volume pp. 261-274. 
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Ex: yi = yi (a), 
the matrix 


(2) || H, (So, 4°) || (u,o = 1,---,p), 


has maximum rank p—q+1. If g=1, then Zy is normal relative to 
the end-conditions y, — 0, and it is a necessary condition for a minimum 
that the matrix 


T, (6, %o 
(3) | ides 


Fy (Ec, No) 


also has maximum rank p. If g>1, we make the restrictive hypothesis 
that the matrix (3) has the same maximum rank as the matrix (2). Then 
there exist g linearly independent sets of constant multipliers 4, li, ---, lp, 
such that 


(4) LE, +h Hu, 4) = 0, (vy =1,---,@) 


(wu =1,---+,D; o=0,1,---, p) 











for every admissible variation (§, 7). We may choose 


(5) A=1, H=---=—=HM=0. 


It may be shown in the usual way*® that with each such set there are 
associated multipliers 4” (2) and constants cy such that, if 


(6) F" = f+ haga, 
then along the minimizing arc E\, 
xe 
(7) Fy, = [Fy de +c, 
(8) Ay Gy,.+ al Wut Fy, (%) = 0. 


The equations (8) are the only ones of the transversality conditions we 
shall need to use. 

Let t,, (v= 1,---,q), be points interior to the interval (a, 22) which 
do not correspond to corners of the arc Ey, let yi = yi(t,), and let Yi, 
be such that the sets (¢,, yy, Yy) are all admissible. Then as usual we 
can adjoin additional functions gmii,---, 9n, with arguments x, y, 9’; 





* See Bliss, “The problem of Lagrange in the calculus of variations”, American Journal 
of Math., vol. 52 (1930), pp. 674-744; “The problem of Mayer with variable end-points”, 
Transactions of the American Math. Soc., vol. 19 (1918), pp. 305-314; Morse and Myers, 
“The problems of Lagrange and Mayer with variable end-points”, Proceedings of the 
American Academy of Arts and Sciences, vol. 66 (1931), pp. 235-253. 
*See Bliss, The problem of Mayer with variable end-points, loc. cit. 
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having mone” continuity properties, and such that the matrix Piy; 
(i, 7 =1,---,m), is non-singular along E,, and also at the elements 
(ty, Yr, Y), Let 
gi(x, y,y') = a(x) along Eye, 
gilty, Yr; Yy) aaa Ziv; 
% (x, B, é.) = Zy» on (ty, ty + By), 
2i(x) + &6 Cic(x) on tixe set 8. 


Here S is the complement of the set of intervals (t,, t,-+,), and it is 
understood that the first m components of the sets z2(x), Ziv, Cic(x) are 
zero, While the Cie(x) are otherwise arbitrary functions having only 
a finite number of finite discontinuities. Then the differential equations 
and initial conditions 


giv, y,¥) = %, Yiltr) = yi) + 0 nia (a), 
have a unique continuous family of so)=tions, 
(9) yi = yila, B, 8), 


containing E,, for 8, = & > = 0. On each of the sub-intervals into which 
the points t,, t,+ 4, divide the interval (x, 7), the functions (9) have 
continuous partial derivatives with respect to all their arguments. If we set 


Oi(0, 1) = Viy, Vit Viv; Ni 
we find that 


__ _ 
Nio(x) =e Ge Vi, 0, 0), Biv (x) ae A, vi 0, 0) 


satisfy respectively the equations 


(10) O;(4o, No) =< lic, 


Since ¥;(a, 8, €) is independent of 4, on the interval (x, ty +£,), we have 
(12) Oiv(z) = 0 on (KH, b), 

and by differentiating 7: (t,-+ 4, 8, «) with respect to 4, we find 

(13) Oi (ty +0) = Yie—yi lb) = Yiy— Yir- 


Now suppose that $10, $20, tic, (6 =1,---,p—q+1), are chosen so 
as to give the matrix (2) its maximum rank p—q+1. If we substitute 
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Yi (x, B, &), X (e) = 1, + & Eig, Le (€) = 2 + &o S25, (6 = 1, “++, p—q-+1), 
in the expressions J and y,, we obtain p+ 1 functions J(4, «), Wy(B, «). 
If the functional determinant D of the equations 


I(8, e) = 10, 0)+u, 
Wy (B, e) = 0 


with respect to the variables 1, ---, Ag, €1,°°+, €p—qg+1, does not vanish 
for 8 = «=O, then equations (14) have solutions &(u), és(u) for u 
sufficiently near zero. If all the derivatives £)(0) are negative, then 
there exist admissible arcs ¥; (x, 8, €) satisfying the end-conditions wy, = 0 
and making the variable « in (14) negative. Hence a necessary condition 
for a minimum of the expression J is that if the equations 


(14) 


Sz ee 
Ble Pete, 1s 
(15) au, 2 u, 
be at od +t es — aoe 
0 Bo Bo 0&5 &o 0, (u 1, »P); 


have a unique solution A, ¢, then not all the 4 are negative. By use 
of equations (11), (12), (7), (1), and (13), we find that 


y OL » , ; , . 
Ao 0 Bo =F (to, Ye» Y))—F" (to, Yo, Yo) — (Yio — yie) Fy (to, Ye; Yo) 
+ Fy; (ae) Bio (a2) + Ay Gy, Vio (x2), 


where there is no summation with respect to the index g. Also by (12) 
we have 0 Wy/d 8p = Wyy,, Bio (v2). Hence if we multiply the equations (15) 


by the multipliers 2, 7, and add, we obtain by recalling equations (4), 
(5) and (8) the new system of equations 


(16) Ee Bo = 1, 
Vg 
Eo Bo = (vy = 2,---,) 
where 
(17) Eo = F’ (te, yo, Yo)—F” (te, yo, yo) 
—(Yie— Yio) Fy; (te, Yo; Yo), (o, » = 1,---,q). 


It is readily verified as a consequence of the choice of the variations 
(c, 4c) that the determinant of the coefficients of equations (16) is a non- 
vanishing multiple of the determinant D. 

The statement: “If equations (16) have a unique solution, not all its 
components £, are negative”, is equivalent to the statement: “The minors 
obtained from the matrix of g rows and g+1 columns 
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Bias-+ 4 
(18) Ey +» Ey 0 
Ei .-- Ej 0 


by deleting single columns cannot be all different from zero and of alternate 
sign.’ 

In the special case g = 1, the are Ejz is normal with respect to the 
end-conditions jp, = 0, (16) becomes the single equation E(x, y,y’, ¥’)’ = 1, 
and the necessary condition reduces to the well known condition of Weier- 
strass, H>0O. In case g= 2, the necessary condition that the two-by- 
two minors of the matrix (18) do not alternate in sign is equivalent to 
saying that either 


(19) Ej E; >0 
or 
(20) Ei—E Ei/E: >0 


for every t:, Yi, t2, Y2 satisfying the conditions imposed. If the inequality 
(19) holds true for every such #4, Yi, fe, Yo, then the are Ej, satisfies 
the multiplier rule and the necessary condition of Weierstrass for the 
Mayer problem of minimizing or maximizing one of the functions wy, in 
the class of admissible arcs for which the remaining wy, —0O. But if 
inequality (19) fails for a pair of points ¢,, ¢,, then the class of admissible 
ares satisfying the end-conditions ~, —0 is certainly non-singular, and 
that is why an additional condition (20) may be obtained. 

The preceding results are summarized in the 

THEOREM. Let Ey, be a minimizing arc for the expression I im the 
class of admissible arcs satisfying the end-conditions W,—0. If Ey is 
normal relative to the end-conditions, then the Weierstrass condition 


E(x, y, y’, A, Y') = F(z, y, Y’,4—Fir,y, y’, A) 
—(Yi—yi) Fy (a, y,y¥,4)=>0 


holds at every element (x, y, y’, 4) of the arc Ey2, for every Y' such that 
(x, y, Y') is admissible. If Ej, is not normal, and if the matrices (2) and 
(3) have the same maximum rank p—q+1, then for every set of admissible 
elements [t1, y(t), Yi], --+) [te, y(ta), Yi], with the points [ty, y(ty)] on the 
arc Ey2, the minors obtained from the matrix (18) by deleting single columns 
cannot be all different from zero and of alternate signs. The elements Eo of 
(18) are defined by (17), (6), (4) and (5). 


5I am indebted for the last form of statement of the condition to L. L. Dines. 
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As a simple example, consider the isoperimetric problem, that is, the 
problem of minimizing an integral 


t= {fey xan 


in the class of curves for which a second integral 


T= foe.y,y) de 


takes a prescribed constant value. Suppose the minimizing curve £,, is 
an extremal for both integrals. Denote the Weierstrass H-function for 
the integral J and the curve HF by Erx(x, Y’), and for the integral J and 
the curve E by Eyz(x, Y’). Then it is necessary that for every pair 
(t:, Yi), (t2, Y2) for which 


Ex(ti, Yi) Ex(t, Y2)<0 
we have 


Ex(t,, Y)— E(t, Y2) Ex (th, Yi)/ Es (tz, Y2) = 0. 


It is plain that this condition is always verified if the Weierstrass condition 
for the integral J is satisfied along the curve EZ. 


THE UNIVERSITY OF CHICAGO. 








ON A THEOREM OF GROSS AND IVERSEN.! 


By JosrerH L. Doos. 


One of the most powerful generalizations of the theorem of Picard and 
allied theorems is a theorem proved by W. Gross and F. Iversen.? The 
purpose of this paper is to show how the proof can be simplified using 
a theorem due to W. Seidel.* Before stating these theorems, certain con- 
cepts due to Painlevé will be defined. 

Let f(z) be a function meromorphic in a domain‘ y, bounded by a closed 
Jordan curve I (i.e. a one to one and continuous image of the perimeter 
of a circle;. In the following discussion, points of the extended plane, or 
of the Riemann sphere corresponding to it by stereographic projection, 
will be considered. “Closed”, “open”, etc., used of point sets in the plane 
will refer to the corresponding point sets on the sphere. The point © is 
then in no way exceptional. Let {P,} be a sequence of points in y ap- 
proaching P on IT as a limit. Then if lim /(P,)=—«, e@ will be called 


no 
a cluster value of f(z) in y at P. The set of all cluster values of f(z) 
in y at P is called the cluster set of f(z) in y at P. This set is closed 
and connected. Cluster values on given paths are defined by restricting 
the sequences {P,} to lie on those paths. If there is a continuous curve 
to P on which f(z) has only one cluster value, this value is called a con- 
vergence value of f(z) iny at P. If (2) is continuous on F (except perhaps 
at P), the cluster set of f(z) on I at P is defined in an obvious way. 
This set is the sum of two closed connected point sets—the cluster sets 
of f(z) on I on each side of P. The cluster set of f(z) on TF at P can 
be defined even if f(z) is not defined on ZT. Let {Pn} be a sequence of 
distinct points on I in a neighborhood of P, on one side of P, such that 
Pris is between P, and P and such that lim P,—P. Let C, be the 


non 
sum of all the cluster sets of /(z) in y at the points of I between P, 





1 Received January 15, 1932. 

2 W. Gross, Monatshefte fiir Mathematik und Physik, vol. 29 (1918), pp. 3-47; Mathe- 
matische Zeitschrift, vol. 2 (1918), pp. 242-294. 

F. Iversen, Recherches sur les fonctions inverses des fonctions méromorphes, (thesis) 
Helsingfors 1914; Oversikt av Finska Vetenskaps-Societetens Férhandlingar, vol. 58 
(1915-1916), Section A, No. 25; ibid., vol. 64 (1921-1922), Section A, No. 4. 

3 W. Seidel, Transactions of the American Mathematical Society, vol. 34 (1932), pp. 3-4. 

‘In this paper, every open connected point set will be called a domain. 
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and P, (not including P), and let C, be the set C, together with all its 
limit points. Then C,2Chn4: and the cluster set of f(z) on I at P (on 
the side considered) is defined as the product of all the sets Ci, C2, ---. 
This set is seen at once to be closed and connected and independent of 
the sequence {P,} chosen. The cluster set of f(z) on TF at P is then 
defined as the sum of the cluster sets on either side. The theorem of 
Seidel can now be stated as follows. 

THEOREM 1. Let f(2) be analytic and bounded in a domain y bounded 
by a closed Jordan curve. Let P be a point of I and let the cluster sets 
of f(e) in y and on T at P be s and S respectively. Then the maximum 
distance from any (finite) point O to a point of s is not greater than the 
maximum distance from O to a point of S. 

This theorem is proved by an application of the maximum principle for 
analytic functions. The essential reason for its power is that the bound 
of f(z) does not enter into the conclusion. The theorem will now be shown 
to be equivalent to the following, stressed by Iversen in the second and 
third of his articles referred to above. 

THEOREM 1’, Let f(z) be meromorphic in a domain y bounded by a closed 
Jordan curve T, Let P be a point of T and let the cluster sets of f(z) 
in y and on T at P be s and S respectively. Then every frontier® point 
of s is a point of 8. 

Theorem 1’ implies Theorem 1. For if Q belonged to s and if OQ 
were greater than the distance from O to each point of S, there would 
evidently be a frontier point of s outside or on the circle of radius OQ 
about O and so not belonging to S. 

Theorem 1 implies Theorem 1’. For if Theorem 1’ were not true there 
would be a point 4, a frontier point of s, but not belonging to S. Let 
every point of S be at distance greater than d>0O from A°, and so at 
distance greater than d/2 from a point A’ if 


(1) |B’—B\<d/2. 


We can choose # not belonging to s since & is a frontier point of s. 
Then 1/[f(z)—’] is bounded in a neighborhood of P, so by Theorem 1, 
taking O as the origin, 


1 2 
2 sitll ities 


IA 


which contradicts (1). 
The theorem of Gross-Iversen will now be proved. 





°A frontier point of a point set is a point every neighborhood of which contains 
a point both of the set and of its complement. 


°If £ is not finite, the argument proves the statement for the function 1/f(z) which 
is equivalent to proving it for f(z). 
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THEOREM 2. Let f(z) be meromorphic in a domain y bounded by a clos: 
Jordan curve I. Let P be a point of I and let the cluster sets of f (2) 
in y and on I at P be s and S respectively. Then every point of s not 
belonging to S is assumed by f(z) in y in every neighborhood of P, with 
two possible exceptions. If there are any exceptions, they are convergence 
values of fle) my at P. If there are two exceptions, every other point 
of the (extended) plane is assumed by f(z) in y in every neighborhood of P. 
If « is a point of s but not of S, s includes the domain containing « and 
bounded only by points of 8". 

(a) Every point of s not belonging to S and omitted by f(z) in some 
neighborhood of P is a convergence value of f(z) in y at P. For sup- 
pose & is such a point. We suppose that £ is finite; otherwise the func- 
tion 1/f(z) would be substituted for f(z). Then we can suppose also 
that 8 =0. Since & does not belong to S, points A, B on I can be 
found so close to P, (different from P), one on each side of P, that every 
cluster value of f(z) in y at a point of APB other than P will be out- 
side the circle |w| = 2, >0, w= (f(z). The points A, B can be joined 
by a Jordan arc ACB (i.e. a one to one and continuous image of a line 
segment) lying within y except for the points A, B, such that in the 
region R bounded by APB and by this arc, f(z)+0, and such that 
|f(2)| >2e,>0 on ACB. Since 8 = 0 belongs to s, there is a point P, 
in R such that 
(3) IS(Pd|<e 


where ¢>0, e< &, €<&. Let D, be the largest domain containing 
P, and consisting only of points at which |f(z)|<«. At every boundary 
point of D, in y, |f(z)|—«. Then D, lies in R. The points A, B 
were so chosen that D, can have no boundary point on APB except 
possibly at P. Since f(z)+0 in D,, | f(e)| cannot take on its minimum 
in D, at an interior point of D,, applying the maximum principle to the 
function 1/7 (2); (we suppose that the function f(z) is not constant when 
we suppose that a point # exists). Then f(z) must approach its lower 
bound in D,, which is less than ¢, on a sequence of points approaching 
a boundary point of D,. Since |f(z)| = « at a boundary point of D, 
in R, the boundary point in question cannot be on the are ACB. It 
was noted above that no boundary point of D; can be on the arc APB 
except perhaps at P. Then P must be a boundary point of D,. Now 
the function 1/f(z) is not bounded in D,. For suppose the contrary. 
Let P have the coérdinate § and choose the constant k +0 so that 








7A domain will be said to be bounded only by points of a given point set S if every 
frontier point of the domain is a point of S. 
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(4) lk(e—8| <1 


for z in D,. Then if o is any positive number less than 1, the branches 
of [k(¢—a)]° form single-valued analytic functions in y by the monodromic 
theorem. Moreover 

_ ke—sl 


(5) y (2) Fo 


choosing some definite branch, is a bounded analytic function in D, which 

is not greater than 1/e¢ in modulus at all boundary points of D, except 

perhaps at P, lim y (2) = 0 when z approaches Pin D,. Then |g (z)| < 1/e 
2—> 


in D,, Letting o approach 0, we have 


(6) If@| Ze 


in D, which contradicts (3). Thus 1/f(z) is not bounded in D,,° and 
there is a point P, in D, such that |f(P,)|<«/2. Determine D, as the 
largest domain containing P, in which | f(z)|<«/2. Then repeating the 
above argument, D,C D,, Dz, has P as its only boundary point on 7’, and 
1/f(z) is not bounded in D,. This can be continued indefinitely, getting 
a sequence of domains D,, Dz,---,D,2D,:>D;>--- and a sequence 
of points P,, P:, --- such that P, belongs to D, and such that 


(7) If @|<e/2"- 


in Dn. Join Py to Pnii by a Jordan are lying wholly in D,. The curve 
composed of the sum of all these Jordan arcs is a continuous curve 
approaching P on which f(z) has the limit 80. The curve must 
approach P as a limit since the sequence of domains {D,} shrinks to 
the point P. If the sequence of domains did not have this property, there 
would be a continuum common to them all, at the points of which f(z) = 0, 
which is impossible since f(z) is not constant. It is easily seen that the 
curve can be replaced by a Jordan arc. 

(b) The theorem can now be proved. If there were two points of s 
which did not belong to S and which were not assumed by /(z) in some 
neighborhood of P, they would be convergence values of the function, 
as was just proved. Then by a well-known theorem of Lindeléf,® which 
the theorem of Gross-Iversen generalizes, f(z) would assume every value 
in the extended plane in y in every neighborhood of P with two possible 
exceptions, which must be the two exceptional values already known. 





* This result could also have been proved using Seidel’s theorem, but an examination 
of the boundary of D, would have been necessary. 


° E. Lindeléf, Acta Societatis Scientiaram Fennicae, vol. 46 (1915), No. 4, p. 13. 


ON A THEOREM OF GROSS AND IVERSEN. 757 


If @ is a point of s but not of 8, s includes every point of the domain D 
containing «@ and bounded only by points of 8. For otherwise there 
would be a frontier point of s in D and so not in S. This contradicts 
Theorem 1’. 

It will be noted that the theorem does not state all the conclusions 
which can be drawn. For instance if there is just one exceptional 
value 8, as defined in the theorem, let f(z) converge to this value on the 
Jordan are C. Then C divides the domain y into two further domains, 
near P. Applying the theorem to these domains, we have the result 
that every point of one of the domains bounded only by points of the 
cluster sets of f(z) on © at P on either side, and containing 4 is assumed 
by /(2) in y in every neighborhood of P, except the point £ itself. 


HARVARD UNIVERSITY, 
January 13, 1932. 
























ON THE SUMMABILITY OF POWER SERIES’. 


By L. 8S. BosanQquET. 


In this paper I obtain some extensions of the results of Hardy and 
Littlewood concerning the summability of power series analogous to those 
alveady obtained for Fourier series. The main results for Fourier series 
are embodied in the following two theorems’. 

THEOREM A. If f(t) is integrable in the general Denjoy sense in the 
interval (— 7, 1) and is periodic with period 2m, and if 


g(t) = 4 {f@+)+f@—h—2s}-0 (C, a)® 


Hf as t>0, where «> 0, then the Fourier series of f(t) is summable (C, «+9) 
| for t=<« to the sum s provided 6>0 and a+ > 1*, 

t THEOREM B. Jf f(t) is integrable in the general Denjoy sense in the 
A interval (— 2, m) and is periodic with period 27, and if its Fourier series 
oe is summable (C, «) to the sum s for t= 2x, where a > —1, then 


: 9) = HS@+)+S/@—D—25} +0(C, a +148) 
‘ as t>0 provided 0>0. ! 

There are analogous results for Allied series’®. 

Hardy and Littlewood proved® that if’ f(z) = > an 2 then the necessary 
and sufficient conditions that >an be summable by some Cesdro mean to 


the sum A are that a, = O(n) for some K and that there be an integer k 
such that 








‘Received February 4, 1932. 

* Bosanquet (2). See also Hardy and Littlewood (9), (11) and (12), Paley (15), Ver- 
blunsky (16) and Wiener (18) and (19). For extensions to logarithmic scales of sum- 
mability see Bosanquet and Linfoot (5) and (6). 


*Le. & fw 9 du—0, if a>0, and g(f)—0 in the ordinary sense 
if«e=0. 

‘The last restriction is unnecessary in the case of a function integrable in the Lebesgue 
sense. It arises from the fact that the nth Fourier coefficient is o(m), and examples 


show that this cannot be improved, even in the case of a function integrable in the 
Cauchy-Lebesgue sense. 


*Paley (15). See also Hardy and Littlewood (10) and Bosanquet and Linfoot (6). 
°Hardy and Littlewood (9). 
co 


7Here and elsewhere > is to be interpreted as Bs . 
0 
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1 * de 1 dz 1 
al asf ea ef S (ex) dzn—> A 


as 21 in |z|<1.8 
This condition may be expressed by saying that f(z) > A (H,k) as z>1 
in |z|<1, and is equivalent® to 








1 
ae I (u—zF f(u)du>A 


as g>1 in |z|<1, or f(2)>A(C,k) as e>1 in |z|<1. I show in 
this paper that if a, = o(n”), where y>0O, and f(e)> A(C, a) as e>1 
in |z|<1, where a@>0, then >a, is summable (C, «+4) to the sum A 
provided 6>0O and a+d>y. Conversely, if >'a, is summable (C, a) 
to the sum A, where a > —1, then f(z) >A(C,a+1+0) as z>1 in 
|2| <1, provided d>0.'' The case « = 0 of Theorem 1 was given by 
Dienes’* for y > 1 and has recently been completed by Offord.'* 

Although the complications of real variable analysis are naturally absent 
from this problem there are some additional difficulties that arise, owing 
to the use of Cauchy’s theorem, which seem to give Theorem 1, in particular, 
an independent interest. Here the argument is from the inside to the 
circumference of the circle of convergence, but in Theorem 2, where the 
argument is from the circumference to the inside, the difficulties are mainly 
formal. In the real variable problem the Riemann reduction to local hypo- 
theses in Theorem A was easy,’* but in the present problem I was at first 
unable to obtain the desired result in Theorem 1 without an additional 
hypothesis, such as f (2) = 0 {(1—|z|)-7}, which is stronger than a, = 0(n/7). 
This difficulty was finally resolved by Mr. A. C. Offord’ and I am now 
able to quote from his work. The other difficulty is contained in the proof 
of Lemma 4,'® which plays a fundamental role in the problem. In this 
connection I am indebted to Dr. Mary L. Cartwright for making the point 
clear to me. 





8T.e.as z tends to 1 in any manner from within the unit circle. The limit thus exists 
uniformly in directions of approach. 

®See lemma (4). 

‘0Theorem 1. 

Theorem 2. 

2 Dienes (7). See also Dienes (8). 

13 Offord (14). 

4 See e. g. Bosanquet (2), 149. 

8 Offord (14). 

6 Due to Hardy and Littlewood. 
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1. MEAN CONTINUITY OF POWER SERIES. 
Suppose f(z) = > anz”, and let 


1 
Sale) = oe (u— 2)" f(u) du, a>0d, 


the integral being taken along the straight line (¢,1).‘7 Then /o(z) is 
called the fractional integral of f(z) of order @ taken at z=—1. Writing 
Sole) =f, we have for k 21, 


Si (2) = [feat du. 
(1 —z)-* F(@+1) fale)> A 


If 


as z>1 in |z/<1, where « >0, we say that f(2)>A(C, a) as z>1 in 
|z|<1. We also define the corresponding (H,k) limit in the manner 
already indicated.*® 

It will be seen that if f(z)>A (C, «) as z>1 in |z|<1 then f(¢)>A (C, 0) 
as z>1 in any angle inside the unit circle whose vertex is z—1, and 
so we say that f(z) is continuous (C, «) at g—41 from within the unit 
circle. 

The properties of these fractional integrals and means are embodied in 
the next three lemmas. 

Lemma l. If fa(z) exists, where a>0 and |\z|<1, then 


a1 
furs = oy f (u— 2) fo(u) du, 
provided B>0. 

Lemma 2, If f(z) > A(C, «@) as z>1 in |z|<1, where «a =>0, then 
J (@)>A (C, +8) provided B= 0. 

Lemma 3, If k is an integer and f(2)>A(C,k) as 271 in |z|<1, 
then f(z) >A (H, k) as 2-1 in |z|<1, and conversely. 

The proofs of these lemmas are similar to their real variable analogues 
and are discussed elsewhere.’® 

2. : 

THEOREM 1. Lf f(z) => anz", where an = (nr), y>0, and f(2)> ACC, @) 
as 2>1 in |z|<1, where a@>0, then > an is summable (C, 8) to the sum A, 
provided B>a and B>y. 

The proof depends upon the following five lemmas. 





_ ‘ 
7 Here and elsewhere f is to be interpreted as jim 7. where ¢—>1 along the line (z, 1). 
ser 


18 
p. 759. 
See Bosanquet and Cartwright, 4. Cf. Hardy and Littlewood, 13, and Bosanquet, 
1 and 3. 
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Lemma 4. If f (2) satisfies the hypotheses of Theorem 1 and k is a positive 
integer, then fx (2) is regular for |z|<1 and 


Kk = f o™ (u)\du = J fes (u) du— J, i? (u) du, 


the integrals being taken along straight lines. 

This is analogous to a lemma given by Hardy and Littlewood.®° It is 
important to notice that its truth depends (a) upon the existence of f; (z) 
as a Cauchy integral, which is a consequence of the second hypothesis, 
and (b) upon the fact that f(c) = O {(1—{2|)-*} in an angle inside the 
unit circle whose vertex is g—1, which is a consequence of the first 
hypothesis. The proof involves difficult theorems of Phragmén and Lindeléf. 

LeMMA 5. Under the hypotheses of Theorem 1 fi (2) is regular in |\z|<1 
for eery A=0. 

This lemma is proved elsewhere.*’ It may also be deduced from Hardy 
and Littlewood’s theorem. 

LEMMA 6. Under the hypotheses of Theorem 1, if k is a positive integer 
less than y-+1, then 

Su (2) = 0 {((1—|z2|F-7} 
as |z|>1 from within the unit circle. 

By Lemma 4, we have 


A@=c-—> eer eH = C+ Do(nr-) 2+ = 0 {1—|z))}, 


and the complete result is readily established by k applications of this reasoning. 
Lemma 7. If f(2) = D> az" is regular for \z|<1 and f(2)>0(C, a) 
as 2>1 in |z|<1, and if his the greatest integer not greater than a, then 


Srti (2) = o({1—2|") 


as z>1 in |z|<1. 

This is simply a particular case of Lemma 2. 

LEMMA 8. Under the hypotheses of Theorem 1, with A= 0, if 0O<&<y 
<2&, and h is the greatest integer not greater than a, then 


Fara {1 —0) 7} — fays {(1— 0) e#} = of (ELe)* (gy —S+-*} 
as § and e>0. 


*° Hardy and Littlewood (9), 80, though they attribute the proof to A.E.Ingham. See 
also Bosanquet and Cartwright, (4), where more general results are given. 

If for a moment we assume the theorem of Hardy and Littlewood stated in the intro- 
duction it follows, under the hypotheses, from Lemmas 2 and 3 and their theorem that 
> is summable (C). It then follows from Hoélder’s extension of Frobenius’ theorem 
that f(z) is continuous in the closed triangle (0,1, 2) and Lemma 4 simply becomes 
Cauchy’s theorem for a triangle. But of course this is not a proof since Lemma 4 is used 
in the proof of Hardy and Littlewood’s theorem. 

*1See Bosanquet and Cartwright, 4. 
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Let r= 1—ge. Then, by Lemmas 1 and 5 and Cauchy’s theorem, 
we have 
Sarvs (re) — firs (re) 


1 1 
a ,— » ifjh—« 2 ‘ 
ri+hi—a) fet re ye te (u) du 


(u— r em r—* fF. (u) du 








1 is 
~— A+h—a) ia 


are!) 
é (u— r eMr—-* fo. (u) du 
e 


1 

~ (l+h—a) J 
1 . 

Tt Fa+h—a) J glu ret — (ur 4} fale) du, 








the integrals being taken along straight lines. Here, in addition to Lemma 5, 
we have used the fact that f.(z) is continuous at 21 from within the 
unit circle, and also that a—h<1. 

Observing that |1—7e’| — O(e+ 6) as @ and 6-0, we see that in 
each integral fa (uw) = o {(§ + @)*}. 

The length of the path of the first integral is O(y—&), and hence this 
integral is easily seen to be 

o{(§ +e)" (q@— s+}. 
The second integral is 


0 KG + 0)" ¥ | (w—r eS )h-& — (u— rein | | du| , 


the integral being taken along the straight line (re*,1). If we now 
write |w—re®| =v, |1—re#| =a, this is 


oO 
0 le + orf {v*—* —(v-+q—S)-*} d | 

= of +9 ot" — (0-4 q— «+ (g@— HH} 

= o[(§ + 0)* (q—§)""*], 
since 6 = O(§ +g) and a*—y* = O{(z—y)*} when 0<k <1, e>y>0 
and «> 0. 

Proof of Theorem 1. There is no loss of generality in supposing that 
A=0 and &=y. Writing 
> ” = i—2z**? > A, 2", 


> ort ” — —z2ztF , 
we have 
Ss? dz 
one = O(n-8) IS (athe? 





jzj|=r 


where 0<7<1, and we have to show that SP ont? = o0(l). 
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Now it has been shown by Offord**, on the sole hypothesis a, = o(n’), 
that this may be reduced to showing that 


i) 
| ae (2)Q@)z™ dz = o(n), 


where the integral is taken along |z| = 1—1/n, Q(z) = (1—2)"-’+-4+¢ 2 
and ¢, ¢ are constants depending on d, which is arbitrary but fixed. 
It will be seen that the constants q,c, play no further roéle in the proof. 
This is due to the application of Lemma 6, which depends on Lemma 4, 
and so ultimately is due to the local hypothesis. 

After A integrations by parts, where / is the greatest integer not 
greater than «, we obtain 


[re Q(z) zg "-1dz 
p. Ih HQ) e" Tero Je _,h@s ~1Q(2) el} dz 


3 jae cam {Q@e- af. - 


+ | ine _yiOas .. (Q(e) e-"} dz, 


the integrals being taken along |z| = 1—1/n. 
The terms outside the integral are 


h 
> o(n-*+7+) O(n) = o(n”) 
k=1 
by Lemma 6. Now write 


J qh 
J(n) =f oF tee e"—1} dz 


1fn t—1 (v+1)/n IW 
= +2 f +f 
amz=0 v¥=1J/amz=ryr/[n am z=T/n 


ti 


= To+ 2 Iv + Sos 


where r is the greatest integer not greater than nd. Then we need only 
show that J(n) = o(n4), the proof for the remaining integral being similar. 
Let d be chosen so that, for O<&<qy <2 <6 and n>1/9, 
Sarrlre) —fasstre®)|<e (E+ —) 5 


where 7 >1/n and « is an arbitrary positive number. Then, forO<»<r—1, 
2 Offord (14). 





50* 
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(v+)D/n 


iL til) _ (Ql) e-"} de 


amz=vin 





(v+1)/n 





h 
= |- tis —fartrerm) & (Q@ 2] 


amz=vin 


i (y+D/n ght1 
Me +f { Sr4i)—Sr4i lr evn 4 [gett {Q(2) 2} dz, 





am z= yin 
and hence 


scefeEAT EY Bol 
of (PE Solfey 


<ev*-B-! O(n?) 
ae uniformly in y. In the same way we can show that 


; 4 | Jz |< er*-8-! O(n). 
ie Thus we have 











Tt Tt 
> |J,|<eO(nt) D ve-#1 = ¢ O(nF) O(1), 
vy=1 
since >a. 
Finally we have 


1jn 


qh 
dg = Si) Fa 1Q@) got) ds 


amz=0 
1/n 


— |-s ye (z) | 
— h+il4 dz Q 2)zZ \ - 
f- a —n—1 
+ amr—0 HO Garr (20) 2 \ dz 
_ flr } fp1)\-A 
= ola) ol) 
AVAL yp 4| 
toll) ea) 
= o(n?) + o(n?). 
Thus J(n) = o(n8) and the proof is complete. 












3. 

In this section I consider the reciprocal problem. For this purpose it 
is necessary to construct a function to play the réle of Young’s function™ 
in the corresponding real variable problem.** 





*8 Or, more precisely, the function yg(t) = <OO =[" (1—u)#— costu du, where 


Cg(t) is Young’s function. Young (17). 
*4 Cf. Bosanquet and Linfoot (5) and (6) where a similar process is carried out. 
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The function Gg(n, 2). Let 
1 eg 
= ——— — »)f—1 a,n 
Ga(n, 2) a—a»? J (wu— z)P— u" du, 


where 8>0, n is a positive integer and |z| <1. The integral is as usual 
taken along the straight line (z, 1). 
Let 
AGg(n, 2) = Ga(n, 2) — Ga(n+1, 2) 
1 1 


ae (u—z)P— (1—w) u" du. 


In general let 
Ak Ga(n, 2) = A* G(n, 2) — A* Gg(n +1, 2) 


1 
= aaa I (u— z)F (1— u), w* du, 
Zz 


where A°Ga(n, z) = Ga(n, 2). 
Then the properties of the function Gs(n,z) and its differences are 
embodied in the following lemma. 


Lemma 9. If B>0, |z| <1 and k is a non-negative integer, then 


< Ali—e/, for all n=>0, 
| A* Gs (n, 2)|)< Al1—2z| Fn, 0<f8<k+1, 
< Ali—z|7n, &>k-+1, 
where A denotes some number independent of n and z. 
Let 1—z = (l— y) e* and 1—u = (i—v)e*. Then 


1 
Ak Ga(n, 2) = ae I (u — z)8&-! (1 — uk ur” du 


1 e 
J |a—z|A- |1—w|F | du| 


|1—2|é 
1 : P ye 
ay ator { (v—y)P* (1— of du 
(l1—y) y 
< a—yr [ (v—y)? dv 
y 
< A(i—y), 


which proves the first part. 
Now write 


Zz 


2+ie@ 


1 1 zs . 1 n — t 
aul. (u—z)P- (1—u uu" du = al + (i—z otto 
= I,+d:. 
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Then, if 8<1, 
. 1 
y+— 


1 n 
a — 
lS qtr, (ead —wae 
yt— 
(1— y)*-B f (v— yf dv 
y 
A(1— yk FB n-P, 


1 1 

i awl, Pl Aina Ai ta: 
ay 

an eB y ‘ 3 sii 

<(l-—y (-. max |j, “do 


ysd<msl 
< A(l—y-Pn-?, 
Here we have used the fact that (v—y)* !(1—v)* is a positive decreasing 
function, and applied the mean value theorem separately to the real and 
imaginary parts of w”. 

The lemma is thus proved for the case 8<1. It can be completed 
for the case 8 >1 by means of a preliminary integration by parts, and 
reasoning of a similar nature. 

THEOREM 2. Jf > an is swmmable (C, «) to the sum A, where a = —1, 
then f(z) = D> anz is regular for |\z\|<1 and f(2)>A(C, 8) as z>1 in 
\z| <1, provided B>a+1. 

The proof depends on the following two lemmas, analogous to 
Lemmas 7 and 8. 

Lemma 10. If > a, is summable (C, «) to the sum 0, where « > —1, 


then 
gh — ny 


This is simply a consequence of the consistency theorem for Cesaro 
summation. 

Lemma 11. If > an is swmmable (C, @) to the sum 0, where a>—1, 
and 0<p<q< 2p, where p and q are integers, then 


S7t— spt? = o{p"*(q—p)**} 
as po, 


We have 
grt et 
al 1 gst r(q—n+1+h—a) 
C-h—a) —&" “‘Tq—n+h 
ms 1 a (p—n+1+h—a) 
T(i+h—a) zs T(p—n+}) 
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1 « '(gq—n+1+h—a) 
TU+th—@) zu” r(q—n+1) 


ae 1 ag Tera tt the) Tig atith—e) 
T(it+h—e@) =o "| T(p—n+1) Tq—n+1) $° 


By Stirling’s formula, the first term is 














ofp" > @—n+1-«| -<re-?), 


while, if « > 0, the second is 


o| v* > {(p—n+ ye" (g—nt-9)| 


n=0 


= ¢o [ p® { pi th—e = git« +. (q —s p)th—« } ] 
= o(p*(q—ph**}, 


as in Lemma 8, since 0<1+h—e <1. 
If —1<a<0 the last result is still true. The details are left to 


the reader. 

Proof of Theorem 2. There is no loss of generality in supposing that 
A=0, e>—1 and 8<h+2, where h is the greatest integer not 
greater than «. Since by hypothesis > a, is summable (C) to the sum 0, 
it follows that f(z) is continuous in any angle | am(1—z)| <4a—d and 
tends to zero as z->1 in the angle. Therefore, if |z|<1, 


; | 
ao J (u— 2h f (w) du 
“1 
= aca J (w— 2) > anu" du 


1 ' , 
inom. —z)—1 lim > An vr” u" 


1 1 
li oe | —zh3 D> anru" du 
uae (i—2z¥ J, ila 2 , 


1 1 
; . _— 6-1 nd 
jim 2 anr G-aF f (w—zP-* u" du 


lim > anv” Ga(n, 2) 


r—>1—0 


2, te Ga (n, 2). 
(A) 
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Now write 
0 n k k-1 
Sh, = Daur, Shr = Dit 


n=zN ns 


Then, for a fixed positive r<1, a,7"=o(1), and hence, if k be any 


positive integer, SXr = o(N**). 
Therefore, for a fixed z, |z|<1, and a fixed positive r<1, we have 
by h+1 partial summations, 


2 mn r" Gs (n, 2) 
= Sir Ga(N+1, + 2 Snr AGa(n, 2) 
ns 


h 
= 2 Si, A" Gs(N+1, + 28m ahh Gs (n, 2) 


= 2 o(N**) O(N) + Pp Sn, A" Gg (n, 2). 
Now letting No, we have 
> anr” Gg (n, 2) = LD Snr A Ge (n, a), 
and then, letting » 1, we obtain 
ain Gp (n, 2) = > Sn A’ Ge (n, 2). 
It remains therefore to show that 


Se) = > Sh A Gan, 2) = oft) 
as g>1 in |z| <1. 
Let be the greatest integer not greater than |1—z|—!, and write 
co (vtlo 


ZHANG A= B+ DZ Dy =ht+ DI 


v=1 n=vw-+1 


Then 
de 2 ot in Gs (n, 2) 


— git srt Gp (@-+1,2)+ P 2 git re Gg(n, 2) 
n=0 


o(@"*) O(j1—z 4) + 2 o(n"") o(ji—e|") 
o(1)+0(1). 
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Again, by a partial summation, if » >0, 










(v+1)w ae 
y= DD SA Gs (n, 2) 
n=vw+1 
= {Seto —Sro } A Gs (+ Do +1, 2} 
(v+-1) w 
a 2, {ont — ght") Ah? Ge (n, 2) 
= of(vayt ot*-«} 0{|1—2/-# way-A} 
(v+1) w 
+ D of(vw)* (n—vo)+*—«} 0 {|1—z2+4-8 nA} 
n=vw 
= 9 {v®-B wtth-B | 1 — z[t+h-p} 





(v-+1) w 
+ o(vw)* O|1—zP+-8 > (n— vo) y-8 
n=VOW 


= o(v*) + o(v w)* O(|1—zP**-8) O {2h (vy w)-P} 
= 0(v*-#) + o(v*?) 
uniformly in vy as z>1 in |z| <1. Hence 


ae = S007) = o(1) Sy o-* = o(1) O(1), 


since 8>a-+1. This completes the proof. 

Finally I state a theorem which is an extension of Theorem 1. 

THEOREM 3. If f(z) = Danze”, where an = o(n”), y>0, and if 
S(2)>A(C, @) as e>1 in |1—2| < BA—|z|4, 0< A <1, and further, 
in the neighbourhood of z = 1, f(z) = o{(1 —|z|)-*} as |z| > 1, k>0, 
then > an is summable (C, 8) to the sum A, provided B>a, B>y and 
B=>k/(li—aA). 

This theorem was originally obtained by Miss Cartwright in a rather 
less precise form and was the starting point of our joint work.” Theo- 
rem 1 corresponds to the case 4 = 0. 
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NON-SUMMABILITY OF THE CONJUGATE SERIES 
OF A FOURIER SERIES.' 


By B. N. PRasap. 


1. There is a very intimate relation between the conjugate function 


i 1 
(1.1) 99) = s= | {f(0+4)—f(e— 0} cot tdt 
Q7 0 2 
in which the integral is taken in the sense of Cauchy, and the conjugate series 
(1.2) > (bn cos 26 — ay sin n 6) 
n=1 


of the Fourier series corresponding to the function /(6) which is periodic 
and integrable in the sense of Lebesgue. The various properties of the 
conjugate series regarding convergence, summability, etc. are made to depend 
upon the behaviour of the integral (1.1). Thus, if (1.1) exists as an ordinary 
convergent Cauchy integral, it is known that the series (1.2) is summable 
(C, 6) for every d>1,? and summable (C, 6) for every 6>0 if /(6) is 
bounded,® while if the oscillating integral (1.1) is summable in some Cesaro 
sense, the conjugate series is also summable (C, 6) for a suitable value 
of 6.4 The question arises: what is the behaviour of the conjugate series 
when the integral (1.1) diverges to +c or —o? I formally prove that 
in that case the Abel limit of the conjugate series also diverges and hence 
a fortiori the series cannot be summable (C, 6) for any positive value of 0. 
2. THEOREM. If the integral 


g(0) = wl {f(6 + t) —f(6 — 6)} cots t dt 


diverges to +0 or —o, the Abel limit of ‘the conjugate series (1.2) will 
also diverge to the same value. 


Let us write 
w(t) = f(o+)—f(o—d, 
and 
x(t) ={ y(t) cots t dt. 
We have 


iv?) 
F(x) =n > (bn cos nO — ay Sin n 4) x” 
n=1 


a i 2x sin (a — @) . 
ae i 1— 2x cos (a — 6)+ 2° . 


‘Received February 19, 1932. 

? Paley, 2 (Theorem 2, with « = 1). 

3 Prasad, 3, p. 274. 

‘Hardy and Littlewood, 1 (Theorem 3); Paley, ibid. (Theorem 2). 
771 




























B. N. PRASAD. 


ax sin t 


= ["0+0—10— 9) at 


2x sin® > a’ 


°7r t 
= wt na : 
J a 2 1—2zcost+2° ” 
Integrating by parts, we get 




















| 2x sin’ o d | 2a sin’ > 
rd F(x) = |—2 i—2acost+2 ef uO GF 1— 2zcost+2? - 
iv Now, since as ¢>0, we have 

H , x(t) = 0 (cot 5] = O(t), 

a and also 4(7) = 0, we get 

t x(1— x)? sin ¢ 





F(a) ={ x(t) (1— 2x cos t+?) at. 


Suppose the integral (1.1) diverges to -+-0o. Then corresponding to an 
arbitrarily great positive number M, an interval (0, 7) of ¢ can be found 
in which x(f)>M. Let A be the maximum absolute value of x(¢) in (7, 7). 
Then 

/] 26% 7 8.: 
x(1— x) sin t = f x(1— x)* sin t 
F@)>M { (1— 2a cost+ x’)? os 7 i—Scwstta 
9 7 a 
2x sin 9 = on a 2x sin 9 
1— 2x cosy +2? (ite)? 1—2zcosy+2’ 








= M 











2a sin? 
ail 2 Pale” 2x2 
= Ul eect 4A Gta 


Hence we have 


lim F(a) = 
xw—>1 


which proves the theorem. 


The case in which the integral (1.1) diverges to —oo, can be treated 
in a similar manner. 


M, 


bo| He 
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ON A METHOD OF SUMMATION OF FOURIER SERIES.* 


By A. F. Moursunp. 


1. Introduction. In a paper published in 1921 F. Nevanlinna sets up 
and discusses an interesting method of summation.’ In this paper we 
consider the effectiveness of his method (the N,-method) for the summation 
of Fourier series. 

2. The N,-method. Let F(n) be a function of defined for all values 
of nm>0O and let it be desired to consider a “generalized limit” of F(n) 
as noo. The N,-summation method consists in forming the N,-trans- 
form or mean 


N,F(n) = [' a F(ab at 


and then considering the limit 
lim N, F(n), 
no 


where 
(1) q(é) is non-negative and monotone increasing for 0< t<1; 


1 
(2) f q(t) dt = 1; 


(3) g(é) is such that the limit 
4 JS 

lim f q(b log—— at 
0 1—f 


J—>0 
exists. 

When the limit of N, F(n) as n> exists it will be called the N,-limit 
of F(n). It is essential for the application of the N,-method that F'(m) 
be defined for almost all values of n >0, hence if this function is defined 
only for discrete values of m, for example the nth partial sum of a series, 
it is necessary to define it for the intermediary values by some method 
such as linear interpolation. 

For the convenience of the reader we state Nevanlinna’s results in the 
form of lemmas. 

Lemma 2.1. The N,-method is regular and preserves uniformity of ap- 
proach to a limit. 


LemMA 2.2. If the kernel 
q() = a(1l— 4)’, (0<e@<1), 





* Received November 18, 1931.—This paper is a part of a dissertation presented for the 
degree of Doctor of Philosophy at Brown University. 
1F. Nevanlinna, Uber die Summation der Fourier’schen Reihen und Integrale, Oversikt 
av Finska Vetenskaps-Societetens Férhandlingar, 64, A, No. 3, 14 pp. (1921-1922). 
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then the Nj-method reduces to the Riesz method, (R, «), and is consequently 
essentially equivalent to the Cesaro method, (C, «). 

Lemma 2.3. The N,-method is effective for summing the Fourier series of 
any Lebesgue integrable function f(x) to f(x) at all points x for which 


S(a+s)+ f(a — s)—2f(a) = o(1); 


moreover the approach to f(x) is uniform in the interior of any interval 


of continuity of f(x). 
We add the following lemma which will be useful later. 
Lemma 2.4. If F(n) is such that the double integral 


1 1 
[oa at fa |F(ts)| as 

exists, then the two N,-limiting processes, Ny, and Ng,, are permutable, i. e. 
Na, No, F(n) = No, No, F(n). 


Proof. By the well known Fubini theorem we have 


J a at { als) F(nts) ds =r (s) ds [qd F(nts) at. 


3. Notation. The following notation will be used throughout the paper. 

We consider only functions f(x) which are periodic of period 27 and 
either Lebesgue integrable [f(x)CL] or of bounded variation [/(2)CB]. 
We set 


ie 

ny = — J (s) cosns ds, 
Uw J—n 
7 

bh, = — J (s)sinns ds. 
au J—a 


Then /(x) generates the Fourier series 


oo 
s4+2 (adn cosn x-+ by Sinn x) 
n=1 


whose conjugate series is 


oo 
p> (— bn cosn x4+- ay, Sinn x). 
We designate by n(x), On(x), sn(a), and o4(x) the sum of the first » terms 
of the Fourier series, conjugate Fourier series, derived series of the Fourier 
series, and derived series of the conjugate Fourier series, respectively; and 
by Sn(x) the mth Fejér partial sum of the Fourier series. The same symbols 
preceded by N, are then the corresponding Nevanlinna transforms. 





ON A METHOD OF SUMMATION OF FOURIER SERIES. 


We set 
g(s) = f(et+s+/f@e—s)—2f (a), 


O(s) =|" polar, 
or() =f pioat, 


Fo) =f" lage); 

Yo) =fet9—fe—9—2f'), 
a) =f" \ayo); 

y*(s) = f(e+s)—f(x—s), 

we(s) = [| rol at. 


We say that with respect to f(x) a point z is: 
Def. 3.1. (Ff) regular if (s) = o(1), as s>0. 
Def. 3.2. (ZL) regular if O(s) = o(s), as s>0. 
Def. 3.3. (F) regular if (i) f(x) is continuous and (ii) 


(3.2) 


(3.3) 


et ¥ 8 
S(x) = “= tim {, w*(s) cot > ds 


exists and is finite. 7 
Def. 3.4. (ZL) regular if (i) 4*(s) = o(s), as s>0, and (ii) f(x) exists 
and is finite. 
Def. 3.5. (L’) regular if (i) f'(x) exists and (ii) G(s) = o(s), as s>0. 
Def. 3.6. (L’) regular if (i) the limit 


x, a 1 ; 7% _sk 
T' (a) = —- im { 9(0){sin =| ds 
exists and is finite and (ii) F(s) = o(s), as s>0. 

It is well _known’ that, except for sets of measure zero, all points 
are (ZL) and (L) regular for f(x) C L and (L’) and (L’') regular for f(z)C B. 
In particular all (F) regular points are (Z) regular and all (F) regular 
points, are (Z) regular. 

We say that a summation method is: 

Def. 3.7 [3.8]. (F) effective [(Z) effective] if it sums the Fourier series 
of f(a)C L to f(a) at the (F) regular [(D) regular] points. 

Def. 3.9 [3.10]. (F) _effective [(D), effective] if it sums the conjugate Fourier 
series of f(x)C L to f(x) at the (F) regular [(LZ) regular] points. 

2 Hobson: The Theory of Functions of a Real Variable, vol. I. A. Plessner, Zur Theorie 


der konjugierten trigonometrischen Reihen, Mitteilungen de’ Mathematischen Seminars der 
Universitat Giessen, Heft 10 (1923). 
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Def. 3.11. (L’) effective if it swms the derived series of the Fourier series 
of f(x)C B.to f' (x) at the (L’) regular points. 

Def. 3.12. (L’) ) effective 7f it sums the derived series of the conjugate 
Fourier series of f(x)C B to r (x) at the (L’) regular points. 

4. The Nevanlinna transforms. We have 


8x (x) = zt la cosna + by sin nz) 


aft ee 5) @-9 rm 


sin 2s 
2 





1 - sin (n+) 
= ai, [f(a+s) +f («— s)] . ds 


sin — 
2 





sin (n +5] 8 
ds. 





= fats [oo 
ok 


Hence 


1 1 sin (ne-+ >] 8 
Ng Sn (x) = rote [i aoar | y (s) ds 


sin —— 
1 1 (an 1 fd 
10+ aL I tS Se 
1 7 
+f, q(t) arf y(s) sinnts cot 5 as| 
0 J 2 


2 
1 1 7U 
tof oat { y(s) cos nts ds 


S J(@)+ Ki+ Ke+ Ky+ Ky. 





On (x) = 2(—bn cos nx + am sin nx) 


1s J (6 sin n(a— dt 
1 —7 


1x f [/(«—s)—f(x+s)] sinnsds 
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8 1 
cos (n ++] 8 


1 cos 

= —1f w* (s)- : ds 
~n 2 sin > 
2 





Sy 8 
— —+ ff. w*(s) cot 5 [1—cos ns] ds 


1 7 
+f y*(s) sinnsds, 


whence 
1 F - 8 
Ng On (2) = sf, aioat { w* (@) cot [1 —cos mst] ds 


1 “1 7 
acim * (9) si 
sf oat { w*(s) sinnst dt 
-— oe *(s) cot d 
27 * S 2 , 


1 1 m1/n ‘ 
ae - * 5. —_ 
an J ayat { w* (s) cot 5 [1—cos nst] ds 


1 1 fd 1 Ld P 
+H Jot J aoaef wy* (s) cot > cos net ds| 


1 1 7 
—- s« * i 
af, goat f w*(s) sinnst dt 


- —3-{" vo cots ds+Iy+In+Iy+Ly. 


It is readily seen that 
1 (7 5 sin (n+) (a —s) 
$n (x) = — _ se a d 
2 sin 

2 

. 1 
1 7 5 | Sin (n+ 5) (x—s8) 

mr dual he ane 
2 sin 9 





ds 





1 (7 9 sin (n+) 
= -if [f@+s—f@—s] = re 


2 sin oy 





. 1 
1 7 sin fn+3)s 


=S@+ Zs, } dp (s) 





sin — 
2 
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wherever /’ (x) exists, whence 


Ngsn(x) = f* @+ pf a(pat { — 2)" dw (s) 


sin > 


oo nro EP Ah SI 


= f'(*)+M+M4+Ms. 
In an analogous manner, 
r—s8 1 
n 9 | 08 —g— — cos (n+) (x—8) 
Las os 


2 








ds 


Te eo 

_— -” sin 
| xr—s 

n 9 | 285 — cos (n+ 5 5) @—9) 

= fO=, poco 

2 

*—eos(n-+ 5) @—3) 


ia 
2 


ds 





sin 


x 
a COS 9 





d f(s) 





d »(s), 


8 1 
a i cos-5—c08 (n+) s 
0 


21 8 


sin — 
2 


and 


n e085 — cos (nt + 
Ny Gn(x) = vad aoat { : 


sin — 





1 
—“— cot 5} = a 9 (s) 


“min COS 5 — 008 (n t+ 5)s 
“af aio at f d 9(s) 


sin= 
2 


1 f¢é 1 a COS (nt-+5)s 
im) +f aoa f d »(s) 
—— on . sin 


— 1 y 8 
=— 5 |" cots d9+m4+m+™. 
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Finally,* 
= f@+— 96 (Sms r 


sins 
= = f@+— @* a sin? 4 


; {= sin ns \2 
@* 
+ nr Jo (8) cots ( sins ds 


if" @*(s) sin2ns 


Jo sins sins 


= f(x) + Pilz, n) + Po(x, n) + P(x, n), 


ds 





and 
1 
N, Sn (x) = rot, q(t) Py(a, nt) dt 
C18 +f a Pala, né) att ao Pyla, nt) dt 
= f(z)+R+R.+ Rs. 


5. Some preliminary lemmas. We assume, as everywhere in this 
paper, that the kernel g(¢) of the method N, satisfies the three conditions 
given in section 2. We set 


1 
7t 
Q(A) = [aa k= va 
We have then: 
1. 
Lemma 5.1. f sn | nst a(t a < Qi). 
0 cos 


LemMA 5.2. Q(h) is a continuous monotone increasing function of h, 
Q(0) = 0 and Q(h) <1. 


1 
Lema 5.3. f 20 ag exists. 
0 


Proof of Lemma 5.1. We can write 


1 
f sin nst q(t) dt 
0 


1—h 
— f sin ns(t-+h) q(t+h) dt 


1—h 
os —{ sin nst q(t+h) dt 
—h 


if! _ of. 
if sin nstq()dt—-> ; sin nstqg(t+h)dt 
0 


—— 





3 Hobson, loc. cit., p. 557, pp. 563-564. 
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1 *1—h 


= -if' sin net q() dt+— ; sin nst [qg()}—q(t+h)] dt 


h 
7 sin nstq(t+h) dt. 
Then 


1 


sin net q(o at| 
0 





= 9 si se 
sy J _aidt+s f fat-+—golatt + [ gttmat—= ow. 


Throughout this proof sin may be replaced by cos. 
Lemma 5.2 follows from the definition of Q(v). 
Lemma 5.3 follows from condition (3) on q(é) [section 2], for we have 


1 1 1 
f Q@ 9, = J asf qi dt 
0 s o § 1—s 
1 14 1 1 
-{ goat) as san f q(t) log Ta 4 


6. The effectiveness of the N,-method. In this section we will 
state our principal theorems and give their proofs. 

THEOREM 6.1. The N,-method is (F) and (L) effective. 

Proof. At the (Z) regular points we have, from (4.2): 





1 1 m/v ; 2 
|Kij< xf ato at |9(s)| |sin nts| ds < *o(=] = o0(1); | 


also by an interchange of the order of integration, integration by parts, 
and Lemmas 5.1, 5.2, and 5.3, 
1 


30 i cot sas {a0 sin nts at| 

< 1" p@ite(Z)a 

= a) 7 0), 5 [eee (Z) ae 
+5 ft 0 Mae) 


* Q(s) 
< + o(t)+ott) f ~ as = o0(1), as 6-0; 


| Ks| = 








ds 
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and finally by the Riemann-Lebesgue theorem and Lemma 2.1, 


| Ks| = o(1), for a fixed 0, 
|_K, | => o(1). 
Hence 
Ngsn(x)> f(x) as n>, 


The (Ff) effectiveness follows from the (Z) effectiveness since the (F) 
regular points are a subset of the (Z) regular points. Uniformity of 
approach in any interval of continuity (see Lemma 2.3) follows from 
Lemma 2.1 and the fact that in such an interval ®(s) = o(s) uniformly 
with respect to x. 

THEOREM 6.2. The N,-method is (F) and (L) effective. 

Proof. At the (L) regular points we have, from (4.4): 


|\Iy| < wh goat { wri). 2 sin? —— me ds < “uw (=| = 0(1); 


and by computations like those in the proof of Theorem 6.1 for the K’s 
having the same subscripts, 

|Z.| = o(1), as 6-0, 

|Zs| = o(1), for a fixed 0, 


and 
| Lg| = o(1). 
Hence 


J ” 
No On(x) = —s [ wre cot $ dst ot) >in as n>, 


The (F) effectiveness follows from the fact that the (F’) regular points 
are a subset of the (L) regular points. 

THEOREM 6.3. T'he N,-method is (L’) effective. 

Proof. At the (Z’) regular points we have from (4.6): 


1 1 m|\ Sin (nt-+s}s . 
Ml < fanart f 2! law 


sin — 











2 
1 
< 2nt! J qjata(=) = o«) 
|\Ms| < o gern, q(f) sin nts dt] 





a ” awe f q(t) cos nts dt | 

























782 


a 


A. F. MOURSUND. 


: $3 f° (= + y o(=) |dp(s)| 


10 [ of2) Leon 
243 \ (=) a of ~ [tee (Z)as 


d 1 1 
+ J[5 400 (Z.)as} =o, as 3-0 


as in the proof of K, = o(1); and finally 


| Ms | 


Hence 


IA 


Sc (cots +1) @(2) lave 
(cot +1)5— 


IA 


= @(55) G(x) = o(1), for a fixed 0. 


Ng 8n (x) > f' (x) as n>. 


THEOREM 6.4. The N,-method is (L’) effective. 


Proof. At the (Z’) regular points we have from (4.8): 




























ai _ 2n+1 i —_—— 
IM| < al i’ (2n+1)|dy(s)| = On F(=) = o(I), 
since 
cos — cos (ne-+ 5 + cos -5-(1 — cos nts) 
é 
af. < ae + |sin nts| 
2 =" 
< =. 9sint 28 +1 < 2n+41; 
and ¢ 
|N2| = o(1), as d6>0, 
|Ns| = o(1), for a fixed 4, 
as in the proofs of |Mz| = o(1) and |M,| = o(1). 
Integrating by parts we have, 
1 7 1 v4 
-~ f° cot — a 4 9(s) = — scot £960] es 






1 (7 gs) P 

a ———— ds>f' (x) as n>, 
. via mn * 9 8 
y sin o 
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since at the (L’) regular points the term containing the integral tends to 
f' (x), a finite limit for the existence of which it is necessary that 


aT aa — o(1). 


sin —— 
2n 


Hence ? 
Ny Gn(x)>f' (x) as n>. 


7. THEOREM 7.1. If the function f(x~)CL and is periodic of period 2n, 
then the (C,1)-Nq sum of its Fourier series is equal to f(x) at each point x 
Sor which ®*(s) = o(s), as s>0. 

Proof. At a point x for which 





@*(s) = o(s) 
we have 

@O*(s) 

sins o(1); 


and then from (4.9) and (4.10) by Lemma 2.1: 


Ry, — o(1), 
since obviously P,(x, n) = o(1); also 
Rk; = o(I), 


since P(x, n) = (1) being the Fejér partial sum of the continuous function 
cot o* (=) at the point X=0. Finally 


m=f t's fi+f iP = ot+n+5, 


and we have immediately 


oF 72m | M*(s)| | sin 2nts| 
I%|s if coat { sins sins 


1 71/2n * | 
Ze i{ al tan [ 1®*Oi 3, 
— 0 0 sins 


4n wc ; 
= — — o(1); 





also by an interchange of the order of integration and Lemmas 5.1, 5.2, 
and 5.3 












ns 
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1|(% wo 1 i | 
_ * t 
| Ts | — i oo * aes ds ‘ q(® sin 2nts d 
Lye _ 
cif 8H 2 Lele, 
= 0 Jnjon sins sins 8s 2n8 
7 
é o(==] 
< Seti lg 
a m/2n s 
1 
< [2 { QW) as| 01 = (1), as 6-0, 
“~~ | TE J0 s 
and 
1 7/2 @* (s) . ‘ | 
|7| = _ f sin’s ds 4 q(t) sin 2nts dt 
1 71/2 | O* (s) | aa 
m= if sin? s of. - 
71/2 * 
i oy 2 f O"®) ag = o(1), for a fixed J. 
nx Jy  sin®s 
Hence 


Ng Sn>f (x) as n>. 


By Lemma 2.4 the order of application of the two transformations is 
immaterial. 

We may choose g(t) = «(1—7)*" and obtain as a special case of our 
theorem the usual theorem on summability (C, 1+-«).‘ 





‘We plan to consider the summation of the pth derived series of the Fourier series in 
a second paper. 








REMARKS ON A PROBLEM OF TOEPLITZ.' 


By F. BoHNENBLUST AND E. HILue. 


In this note we desire to make some additions and corrections to our 
paper “On the absolute convergence of Dirichlet series”.2 The additions 
refer to the following problem of Toeplitz:* 

Let Max|Q(x)| denote the maximum of the absolute value of the 
quadratic form 


n 
Vz) = De, tikti te 
i,k= 


in the unit cube |aj|<1. We normalize these quadratic forms by making 
the coefficients symmetric ax = ag, and the sum of teir absolute values 
equal to one: > |a«|— 1. Considering all normalized quadratic forms 
we determine the one, Q(x), whose maximum is the least possible and put 


Gia -ceis 
. ~~ Max | Qo (ax) | 





= Max SCT : 


thus defining a number theoretic function g(n). Toeplite’s problem is the 
study of this function. He showed (2) = V2, and y(n) <n, while 
y(n) > Vn for certain n tending to infinity. 

There exists naturally a similar problem for normalized m-ic forms 


n 
Qnia)= D> a..+, Vi, +++ Xi,5 
i ++ty = 1 . 


we denote the corresponding function of the dimension » by 





Pm (n) = tee fecteaei- 


We have been unable to find an exact expression for the non-decreasing 
function ym(n), but the order of its growth follows immediately from our 
results. To be precise we prove 


Ym (n) = 0 (nH?) and [pm(n)] = O(n—m—D?); 





1 Received April 19, 1932. 

2 These Annals, (2) 32, (1931), pp. 600-622. 

30. Toeplitz, Ober eine bei den Dirichletschen Reihen auftretende Aufgabe aus der 
Theorie der Potenzreihen von unendlich vielen Veranderlichen, Gott. Nachr. (1913), pp.417-432. 
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where the constants involved in these O-results depend only on m. The 
first of these evaluations follows readily from equation (1.12) on page 608 


of our paper: 


2 
Max | Qm(x)| > Am} 2, j,i lO aes wai ; 


for the left hand side of this inequality reaches a minimum as the 
coefficients vary subject to the condition >)|ai,...;,| = 1, when each is 
equal to n-”. The minimal value is n—”"—? and hence 


Max | Qm(x)| > Am n—™—-0?2, 


proving the first assertion. 

The second result is equivalent to equation (3.3) on page 612 for all n 
which are powers of the chosen prime p>m. But it can be extended 
to cover all integers n, due to the monotonic character of 9» (n) and the 
sufficient density of p*. 

The corrections are the following ones: 

1)On page 615, lines 7 and 9 read p%™—/? instead of p?. 

2)On page 622. In the remark at the end of the paper, take the 

function ¢(4-+o-++s) instead of ¢(1—o-+s) in order to obtain a function 
for which o, —o, =o. 


PRINCETON UNIVERSITY. 








A NOTE ON TAUBERIAN THEOREMS:.! 


By NorBert WIENER. 


The following is a list of corrections to my paper Tauberian Theorems 
in this volume of the Annals, pp. 1-100. 
Page 3, formula (0.07). Read 


lim >> An x — A 


x—>1-—0 0 


for lim > An x” = 


x—>1—-0 


Page 4, formula (0.19), Read 
lim t~a9 See 


xz—>1—0 
, S NAn x” 
f ] = A, 
- i” 1—z* 
Page 20, line following formula (2.63). Read x for 4. 
Page 24, sien (3.225), second line. Read 


+0 
< ¥ max seal Fetal, lim al ®,(y) dy 


eee —" 





‘aon z ksaxsk —o 
+00 
for < - wr....w Vet lim Te O,(y) dy. 


Page 28, sis 9. Delete “not be ames to 0, and let it”. 

Page 40, formula (9.06). Read 4(n) for pn. 

Page 45, formula (10.15). In the second line, delete the minus sign 
before the integral. 

Page 47, formula (10.26). Insert a — after the sign of equality. 

Page 47, line 10. For 2(cos Bx —1) read 2(cos Bx —1)/Bz". 

Page 66, formula (18.15). Insert du after M(u). 

Page 67, formula (18.22). Insert dw .after _* (u). 


Page 72, formula (19.35). Read g(z) = 7Va 


Page 81, line 4. Delete “the same”, and insert in its place “implied 

by this boundedness”’. 

Page 84. The phrase “and hence by an application of (22.32)” should 
be raised from the line following (22.321) to a position directly to the left 
of the last line of that formula. 

Page 86, line 2. The expression on this line should be squared. 

Page 86, formula (22.48). The expression in the first line of this formula 

should be squared. 

Page 88, formula (22.60). The formula should end “== 0”, 


‘Received April 18, 1932. 








787 

















NOTE ON A PRECEDING PAPER.' 


By GrorGce D. BIRKHOFF. 


In a preceding number of these Annals* in an article entitled “A Set 
of Postulates for Plane Geometry Based on Scale and Protractor”, the 
proof of the second part of Theorem 5, correctly given for right triangles, 
was incorrectly extended to the general triangle. 

Dr. Dorroh had previously called my attention to an alternative proof, 
but unfortunately I looked over my proof once more too hastily, so that 
the necessity of revision escaped me. The following short proof is designed 
to replace my own earlier reasoning. 

In any non-degenerate A A BC let the point B, for instance, tend toward 
the point C along the line BC. The angle y at C will remain constant; 
the angle « at A will vary continuously according to Postulate III, part 2, 
and will approach 0. During this process the angle «@ can never become 
equal to 0 or 2, since A ABC is never degenerate. 

Similarly, in view of the first part of Theorem 5, the angle sum is 
congruent to 7 in all these positions. It follows, therefore, that the angle 8 


must vary continuously (mod 27) and will tend towards a limiting value A). 
Furthermore, during this variation 8 can never be equal to 0 or # for 
the same reasons as before. 


But when @ is very sizall and £ is very near to fo, it is clear that 
&-+y will differ very little from (mod2z), according to the first part 
of Theorem 5. This shows that when e@ is small, the least residues of 8 
and y must necessarily both lie between 0 and 7 or between 0 and 
—a(mod27). Since 8 and 7, which were any two angles of the triangle, 
thus have least residues of the same sign, the third part of the theorem 
is obviously true. 





‘Received May 16, 1932. 
?This volume, pp. 329-345. 





ZUSATZE ZUR ARBEIT 
»ZUR OPERATORENMETHODE ...“?2. 


Von J. v. NEUMANN, PRINCETON. 


1. Als erstes soll ein Fehler berichtigt werden, der dem Verf. beim 
Abfassen der zitierten Arbeit unterlaufen ist. Im Hauptsatz von Teil II, 
§ 3, d.i. Satz 2 (der die Zerlegbarkeit aller Strémungen in ergodische 
Strémungen aussagt), wird u.a. behauptet, daB die dort konstruierten 
Mengen X® und M(x) m-Raume sind*, also u.a. vollstandig*. Dabei wurde 
iibersehen, daf die zu Satz 2 fihrende Konstruktion die Vollstaindigkeit 
nicht sicherstellt. Die Vollstindigkeit ist aber insofern wichtig, als z. B. der 
zweite Teil von Satz 5‘ auf Satz 1 der vorhergehenden Abhandlung des 
Verf. beruht®, der seinerseits die Vollstandigkeit als Pramisse hat. 

Da jeder absolute G y-Raum bekanntlich so ummetrisiert werden kann, daf 
seine Topologie ungeandert bleibt und er vollstandig wird ®, wiirde es geniigen, 
X® und die M (x) als Gj-Mengen zu wihlen, um diese Liicke auszufiillen — 
was in der Tat durchfiihrbar ist. Wir ziehen aber vor, zu zeigen, da die 
Volistindigkeit fiir unsere Zwecke, 4d. h. fiir die Giiltigkeit von Satz 1, 2 
und 3, a. a. O. Anm.°, entbehrlich ist — d.h. daB der Begriff des ,,m-Raumes“ 
ohne sie’ gefaBt werden kann. Dies ist erwiesen, wenn es uns gelingt, einen 
metrisch separablen Raum 2, in dem ein /-Maf * definiert ist, derart zu 
einem metrischen, separablen und vollstandigen Raume 2 mit einem /-Vab p* 
zu erweitern, dab w* fiir Mengen C 2 mit u* iibereinstimmt und « *(2—s.)=0 
ist. (Denn dann iibertragt sich die Primisse von Satz 1 ohne weiterzs von 
Q, 2 auf 2, Q' und seine Aussage von 2, 2 auf 2, 2’. Dasselbe gilt fir 
Satz 2 ebendort, allerdings ist dort die Existenz einer eineindeutigen Ab- 
bildung von a—2 auf 2’— 2’ notwendig, was z. B. sicher geht, wenn beide 
die Machtigkeit des Kontinuums haben*. Satz 3 gilt auch, da er direkt 
aus Satz 2 folgt.) 


‘ Annals of Math., Bd. 33, 3. Heft (1932), S. 587-642. 

2 Received September 6, 1932. 

3 Vgl. die Definition D, auf 8. 588 a. a. 0. 

48. 629 a. a. 0. 

5 Annals of Math., Bd. 33, 3. Heft (1932), S.574-586; vgl. insbesondere Def. 1-5 und Satz 5. 

6 Vgl. z. B. Hausdorff, ,Mengenlehre“ (Berlin und Leipzig, 1927), 8. 214, Satz III. 

7D. h. als metrisch und separabel sowie, wie sich w. u. zeigen wird, absolut Borelsch. 

8 Sei C die nirgendsdichte Cantorsche perfekte Menge in ihrer urspriinglichen Topologie, 
u* werde fiir alle Teilmengen von C gleich 0 definiert. Wir figen 2,C zu 2 zusammen, 
u. zw. unter Beibehaltung ihrer Topologien und 4*, aber voneinander isoliert. Dann spielt 
2 die Rolle von 2, und 2—2>C hat die Machtigkeit des Kontinuums. 
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Wahlen wir 2 als vollstandige Hiille von 2° und definieren fir die 
MCQ p*(M)=-4* (M-2) (M-2C Q), so ist alles Gewiinschte erfilllt, 
bloB beziiglich des J-MaS-Charakters des neuen mw* sind I., V.° zu 
verifizieren. Dies gelingt in der Tat: 

Ad I.: Ist K eine Kugel in 2 mit einem Mittelpunkt aus 2, so ist 
K.2 eine Kugel in 2, also w* (K) = w* (K-2) endlich; gehért 
der Mittelpunkt von XK nicht zu 2, so ist doch X Teilmenge einer 
solchen Kugel, also ~* (K) wieder endlich. 

Ad V.: Dies braucht nach Anm.? a. a. O. nur mit Borelschen O bewiesen 
zu werden. Wenn 2 absolut Borelsch ist, d. h. Borelsch in seiner 
vollstindigen Hiille 2"', so schlieBen wir so: Zu MC 2, also M-2C 2, 
gibt es ein in 2, also auch in 2 Borelsches ND M- 2 mit p* (N) 
= p*(M-2). Dann ist N+(2—2) auch Borelsch, >M, und 
sein w* gleich u* (N) = w* (M- 2) = u* (M), was zu beweisen war. 

Wir haben also gezeigt: 

Die wesentlichen Satze 1, 2 und 3 aus der in Anm.°® 
zitierten Arbeit gelten auch, wenn der Begriff des 
m-Raumes weiter gefaBt wird: indem neben der Metrizitat 
und Separabilitat keine Vollstandigkeit, sondern bloB 
absolut Borelscher Charakter™ gefordert wird. 

Zu Satz 2 der in Anm.? zitierten Arbeit ist dann zu sagen: da die M (x) 
(in 2) Borelsch sind, sind sie in diesem Sinne gleichzeitig mit 2 m-Raume 
(X® kann durch seinen mafgleichen F-Kern ersetzt werden, es ist also auch 
Borelsch, d. h. m-Raum). Im neuen Sinne gilt also Satz 2 ohne weiteres. 

2. Im Zusammenhange mit dem Problemkreise des Ergodensatzes sind 
noch zwei Abhandlungen von Herrn T. Carleman zu nennen, die nach 
Abfassung der w. 0. zitierten Arbeiten des Verf. erschienen sind: 

I. Application de la théorie des équations intégrales linéaires aux équations 
différentielles de la dynamique, Arkiv fér Mat., Astr. och Fys., 22 B(1932), 
No.7, S.1-5, eingegangen am 27. Mai 1931, erschienen am 2. Marz 1932; 

II. Application --- aux systémes d’équations différentielles non linéaires, 
Acta Math., 59 (1932), S. 63-87, eingegangen am 10. Februar 1932, 
erscheint demnachst. 

Carleman gelangt in diesen Abhandlungen unabhangig zu Koopmans 
Operatorenansatz und zu einem, mit demjenigen des Verf. verwandten Beweise 
des Ergodensatzes’*® unter Beschrankung auf differentiierbare Strémungen. 





* Vgl. Hausdorff, S. 106-107. 

0 Aus Def. 2, a.a.0., Anm. >. 

" Vgl. Hausdorff, S. 121 und 208. 

 Vgl. die Arbeit Koopmans, Proc. Nat. Ac., Bd. 17, Mai 1931, S. 315; diejenige des Verf., 
Proc. Nat. Ac., Bd. 18, Jan. 19382, S. 70; sowie Teil II, § 2 der in Anm.' zitierten. 
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Da fiir diese der zur Schar U; gehérige Operator R (vgl. zur Bezeichnung 
die Arbeit des Verf. a.a.O. Anm.’, 8.592, und die zweitvorhergehende, 8.571, 
sowie a. a. O. Anm. '*, S. 71) direkt angebbar und seine Hypermaximalitit 
leicht beweisbar ist, kann der Stonesche Satz vermieden und unmittelbar 
die Theorie des Spektrums von FR benutzt werden. Diesen Weg schligt 
Carleman ein. 

Indessen ist sein Beweisverfahren in I. wesentlich liickenhaft, denn seine 
Betrachtungen beruhen auf der dortigen Formel (4), welche bei den meisten 
Strémungen unrichtig ist. In der Tat zeigt der Vergleich von (4) mit der 
vom Verf. benutzten Form der Spektraltheorie, daB das dort auftretende 
6(po, Go| 4) der Integralkern des Operators 1— E (3 (4 >0) bzw. — EB +} 
(A4<0) sein mu8. Bereits auf der Energiefliche des harmonischen linearen 
Oscillators besitzen aber die genannten Operatoren iiberhaupt keinen 
Integralkern. (In Carlemans Ausdrucksweise ist dann n = 1,0<2, <1, 
x, =0 mit x, =—1 wm identifizieren, 4; = 1 — dh. 2(U) =7 << : 

1 
falls die Einheiten geeignet gewahlt werden. Es liegt also ein reines 


Punktspektrum bei + = 0, +2a,+472,--- vor, zu 0 gehért die Eigen- 


funktion 1. Somit wire a Pos Ye = —0 (vo, wo|—~] +1 der Integral- 


kern von (1— E(x))—(— E(— 2) + Pu = 14+ Pu— (LE) — E(— 2) = 1, 
aber der Einheitsoperator 1 hat keinen Integralkern. Hierbei haben wir 
die Normierung 6(p, qo|0) = 0 wesentlich benutzt, aber andere Beispiele 
setzen auch diese nicht voraus.) 

In Il. wird dieser Fehler durch einen besonderen Kunstgriff (Einfiihrung 
der Hilfsvariablen §, 7 an Stelle von yo, Qo) vermieden. Die Rolle der 
Formel (4) von I. tibernimmt die richtige Formel (19) von II., und der 
Beweis wird liickenlos. 
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